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Abstract. In this paper, we investigate the existence of positive solu-
tions for a system of nonlinear fractional differential equations with
sign-changing nonlinearities. The result obtained in this paper essen-
tially improves and extends some well-known results. An example
demonstrates the main results.

1 Introduction

In this paper, we consider the system of nonlinear fractional differential equations:

{ngu(t) + A fi(t,u(t),v(t) =0, €(0,1), (1)
D‘O"jv(t)+)\2f2(t,u(t),v(t)) =0, te(0,1),
with the integral boundary conditions
u(0) = hy ( fy (Bru(s) + %v(S))daﬁl(S)) W (0) = -+ = u=2)(0) =0,
w(1) = g1 (fo Bruls) + &10(s))dBi(s) ) o)
0(0) = ha ( [ (Bau(s) + 20(s))doa(s)) , v/ (0) =+ = v(m=2(0) =0,
o(1) = g2 (o (Gu(s) + &20(5))db(s) ) ,

where n — 1 < a3 <n, m—1< ay <m, for n,m > 3, A\ and Ay are positive
parameters, (1, 52,71,72,51, d2,&1, & are nonnegative real numbers. Dt and Dg? are

the standard Niemann-Knoxville fractional derivatives, fo 51u( ) 4+ y1v(s))doi(s),

fo (51u(s) + &1v(s))db (s fo (B2u(s) +72v(s))dg2(s) and fo (Gau(s) + Ev(s))dba(s)
are Nlemann Stilettoes 1ntegrals we give the followmg assumptions:

(Ho) hi, ha, g1, g2 [0,+00) — [0, +00) are continuous and nondecreasing;
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(H1) é1, ¢2, 01, 02: [0,1] = (—o00, +00) are increasing nonconstant functions;

(Hz) there exist M; > 0 such that f; € C([0,1] x [0,400) X [0, +00), [-M;, +00)), for
i=1,2.

Driven by the wide range of the applications, the FLAPS have been studied by
more and more researchers. However, to the best of our knowledge, few papers can be
found in the literature for the FLAPS with sign changing nonlinearity, most papers
are dealing with the existence of positive solutions when the nonlinear term f is
nonnegative, see [1,3,11-14,16,17,19,20]. In fact, (Hz) implies that f is not necessarily
nonnegative, monotone, superlunar and sublimer. And also this assumption implies
that FLAPS (1) and (2) is semiquinone.

Let h;(t) =0, g;(t) =t, for i = 1,2, §; = & = 1, & = 62 = 0, the boundary
conditions (2) becomes the following boundary conditions:

{U(O) =0.0/(0) =+ = u"2(0) = 0,u(1) = I u(s)db; (s), )
v(0) =0,v

(0) (0) = -+ =v™=2(0) = 0,0(1) = [ v(s)dba(s).

The existence of positive solutions for the system (1) and (3) has been investigated
in [4-6,15).

If hi(t) =0, gi(t) = t, for i = 1,2, & = 02 = 1, § = & = 0, the boundary
conditions (2) becomes the following boundary conditions:

{U(O) 0,4/(0) =+ = u"2)(0) = 0,u(1) = Jihv(s)dos (s), @
v(0) =0,v

(0) = --- = om=2)(0) = 0,v(1) = [ u(s)dbs(s).

The existence of positive solutions for the system (1) and (4) has been studied by
several authors, see for example [7-10].
By applying the well-known property of the Niemann-Stilettoes (see Lemma 1 in

fol x(t)dp(t) = 2(n)(p(1) — ¢(0)) = Cx(n), for n € (0, 1), the boundary conditions
(4) becomes the following there-point boundary conditions:

(5)

u(0) = O7u:(0) = =u"2(0) = 0,u(1) = Gv(m),
v(0) = 0,0 (0) = --- = v™=2(0) = 0,v(1) = Gu(ns).

In [18], the authors studied the existence and multiplicity of positive solutions for
system (1) and (5) with a3 = ag, A\ = Ao, m1,m2 € (0,1), 0 < (11 Came < 1.

It is to be observed that there is no literature to discuss the other types of works
on the FLAPS (1) with the conditions (2) except the conditions (3)—(5) which are
the special cases of (2). In the other words, the FLAPS (1) and (2) we studied in this
paper are more extensive. It is noticed that we could obtain the corresponding results
if we give the similar assumptions and use the same method in [4-10,15,18]. However,
in this paper, the assumption (Hy) is different from the corresponding assumptions in
[4-10,15,18]. This is more controllable and convenient for practical applications. The
purpose of this paper is to establish the existence of positive solutions of the FLAPS
(1)=(2) by using Guo-Krasnosel’skii fixed point theorem in cones. The associated
Green’s function for the above problem is given at first, and some useful properties
of the Green’s function are also obtained. As applications, an example is presented
to illustrate the main results.
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2 Preliminaries and lemmas

For the convenience of the reader, we recall some basic concepts on fractional calculus.
For more details, we refer to [4,11].

Definition 2.1 ([11]). The fractional integral of order a > 0 of a function f :
(0, 400) — R is given by

T30 = Fag [ €= @as 10,

provided the right side is pointiest defined on (0, +00).

Definition 2.2 ([11]). The Niemann-Knoxville fractional derivative of order @ > 0
of a function: f :[0,1] — R is given by

o 1 v [* f(s
(Dgs+ f)(t) = m%/o (tsga)nﬂd&

where n = [a] + 1, provided that the right-hand side is pointiest defined on (0, +00).

Lemma 2.3 ([4]). Let a > 0, n be the smallest integer greater than or equal to
a € (n—1,n] and y € L*(0,1). The solutions of the fractional equation D, u(t) +
yt)=0,0<t <1,

t 1
t _ «
u(t):—/o (F(Z)[)y(s)ds—l—clta_l—i—CQto‘_Q—l—- et for somet € (0,1),

where ¢; (i =1,2,...,n) are arbitrary real constants.

Lemma 2.4. Let w € L0, 1], then the FLAPS

Daﬁu( )+ uw(t) =0, te(0.1),
0) = hn (Jy (Bru(s) +70()dor(5)) ' (0) = =D (0) =0, (g)
U(l =0 (fo (01u(s) +§1U(5))d91(3)) ;

has a unique solution

/ Gi(t, s)w(s)ds + 1™ 7g (/01(51U(3) +§1U(3))d91(s))
HET =t Ty (/Ol(ﬁlu(s) + 71U(5)>d¢1(3)> ;

where

R R
Gl(t75) = to‘lfl(l—s)al(g%)
T T ==

Proof. From Lemma 2.3, we have

t 1

t—s)M

u(t) = ¢’W(S)d8 + Cltalil —+ Cthan B Y AL
o ()
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By u/(O) = ... =u("2(0) = 0, we get that ¢; =0, for i = 2,3,...,n — 1, so,

t «@ 1
3 5)% — a1 —n
U(t):_/o (F(qu)w(s)ds+cltm U et

By u(0)=hy (fo (Bru(s)+71v(s ))d¢1(s)) and u(1)=

we have

91 (fy Gru(s)+&10(s))db1(5)),

o= [ 1 U usyds + 0 (/ (ru(s) =) o))
n ( / (Buu(s) + w(s))dasl(s)) ,
e = hn ( / (Buu(s) + 71@(8))6@1(8)) .

Hence,

u(t) = /Ot (tpfo):;lw(s)dw/ol (1= 5}?;1;ta11w(s)ds
reos g ([ Guuto) + vt o))
(T — Ty (/1(51U(8) +V1U(S))d¢1(8)>
/ Gi(t, s)w(s)ds + +t*1 7 ( /0 1<61u<s> +§1v(s)>d91(s))

1 / (Brats) + 20006 (5))

Lemma 2.5 ([15]). The Green function G1 defined by (7) satisfies the following
properties:

(i) Gy :[0,1] x [0,1]

(t.5ye [0.1] x [0.1] d[07+oo) is a continuous function, G1(t,s) > 0 for all
an

G1(t,s) > 0 for all (t,s) € (0,1) x (0,1);

(ii) G1(t,s) < 1(s), for all (t,s) € [0,1]

s(1—s)*1 71
x [0, 1], where ¢1(s) = =p =y

(1i1) G1(t,s) > k1(t)p1(s), for all (t,s) € [0,1] x [0, 1], where

ap—1
o (1 _ t)ta1_2 toa—1 B tozll—l , 0<t
i) = mm{ ar—1 Tap—1f |01 oy
a;—1 ! 2 —

— l\)\)—t

<
<
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Remark 2.6. We can also formulate similar results as Lemmas 2.4 and 2.5 for the
FBVPs

Do“f o(t) +wlt) =0, te(0,1),
= hz (3 (B2u(s) +120(9))dea(s)) , v/ (0) =+ =0 D) =0, (g)
v(l) = g (fo (62u(s) +§2v(s))d92(5)> .

We denote by Ga, 2, ko the corresponding functions for the FBVPs (8) defined
in a similar manner as Gy, @1, k1, respectively.

The main tool we will use is the following Guo-Krasnosel’skii fixed point theorem
in a cone.

Lemma 2.7. Let E be a Banach space, K C E be a cone, and 21, {22 be two bounded
open balls of E centered at the origin with 21 C (2. Suppose that T : KN (22\ 1) —
K is a completely continuous operator such that either

(i) |Tz| < ||z|l, v € KNOy and ||[Tz|| > ||z||, . € K N2 or
(i) |Tx| > ||z||, w € KNOy and | Tx| < ||z||, x € K N0,

holds. Then T has a fized point in K N (25 \ £21).

3 The main results and proofs

We consider the system of nonlinear fractional boundary value problems:

{D(()Xix(t)""_)‘l(fl(ta [.%‘(t) —UQ(t)]*,[y(t) _UO(t)}*)"i'Ml) =0 € (051 ) (9)
Dzy(t) + Ao (f2(t, [2(t) — uo ()], [y(t) — vo(t)]") + M) =0, t € (0,1),
with the boundary conditions
2(0)=h1 (f3 (Brlz(t) — wo(t))* +ly(t) — volt >] Jdon(s)) @' (0) =+ =22 (0)=0,
z(1)=g (fol(él[ ) — uo(t)]" +&1[y(t) — vo(t)]*)db: (s )
y(0)=hs (fJ(ﬁz[ — wo(t)]" +2ly (1) — vot >1 Jdgn(s)) ,y' (0) =+ -=y ™D (0) =0,
y(1) =gz (J (Gale(t) = wo (O] +&ly(t) — vo(D)] )doa(s))
(10)
where [z(t)]* = {g(t), zg; i 8’
_ ! MMy,
’LLo(t) = )\1M1/0 Gl(t78)d8 = mt 1(1 — t),
! oMy -
Uo(t) = )\QMQ/O Gg(t,s)ds = mt 1(1 — t)

We shall prove that there exists a solution (x,y) for the problem (9)—(10) with
x(t) > up(t) and y(t) > vo(t) on [0, 1], 2(t) > ue(t) and y(t) > vo(t) on (0, 1). In this
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case, then (u,v) with u(t) = z(t) — uo(t) and v(t) = y(t) — vo(t) is a nonnegative
solution (positive on (0, 1)) of the problem (1)—(2). Since for ¢ € (0, 1), we have

=X (fa(t, [2(t) —uo(D)]", [y(t) — vo(B)]") + M2) + Ao My
_)\2f2(tvu(t)av(t))v

Dgtult) = Dgialt) - Dytus(t)
= —M(fi(t; [2() —uo(®)]" [y(t) — vo(®)]") + M1) + A My
=-Mf1 (t7 u<t)a v(t)>7

DEto(t) = D2ty(t) — D2tuo(t)

and

1
u(0) = 2(0) — up(0) = hy ( [ Gt + ’nv(t))dm(S)) ,

0
' (0) = 2'(0) — up(0) = 0,...,u2(0) = 2"=2(0) — u" > (0) = 0,

v(0) = y(0) = vo(0) = ha
v'(0) = y/'(0) = 5(0) = 0

1
w(1) = (1) — vo(1) = go ( [ e + @v(t))de)z(s)) .

(/ (Gault) + o (0)dn(s) )

..... =2 (0) = y=2(0) — o{" "> (0) = 0,

Thus, in what follows, we will concentrate our study on the problem (9)—(10).

Let the Banach space E = C[0,1] be endowed with the norm ||z|| = Jnax |z (t)]

and ||(z,y)I* = ||lz|| + ||yl , for (x,y) € E x E. Define the cones K;, Ks C E by

Ky ={z e E:2(t) > ki(t)|z[|, vt € [0,1]},
Ky ={y e E:y(t) > kao(t)|lyl, vt € [0,1]},

and K = Ky x Ky C E x E. Define the operators T; :K; — E (i = 1,2) by
Tiwa)(0) = A1 [ Galt,s)(se [o(0) ~ wa(O [0) = wn(0)]") + M) s
1
T, ( [ ulatt) = wote) + w0 - vo<t>1*>d91<s>)
1
e, ( JRCIEUEtIe [y(t)vo(m*)dm(s)) ,
1

Ta(o)(0) = ha [ Galt,o) Jalt, 1(0) — wa(O (1) = wn(0)]") + Me)ds

T a=ig, ( | alet@) ~ ua(o)” + alyte) - Uo(t)]*)d92(5))

T (e ooy ( [ Gatet®) - w022 [y(t)—vou)}*)d@(s)) ,
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and an operator T : E x E — E x E by
T(z,y) = (T1(z,y), Tz(x,y)), for (z,y) € ExE.

It is clear that the existence of a positive solution to the system (9)—(10) is
equivalent to the existence of fixed points of the operator T.

Lemma 3.1. If (Hy)—~(Ha2), then T : K — K is completely continuous.
Proof. For all (z,y) € K, by view of Lemma 2.5 and (Hs), we have

1
Ty (. y)(t) = A / Gi(t, ) (fu(t, [ () — wo(D]", [y () — vo(8)]") + My)ds

-lg (/0 (81 [x(t) — uo(8)]* + &[y(t) — Uo(t)}*)del(s))
+ (to‘l—n _ tal—l)hl (/0 (61 [x(t)—uo(t)]*_f_fyl [y(t)—vo(t)]*)d¢1 <5>>
< [ 8 () = w0 ) — w(0]) + 1)
1
+ g1 (/0 (01[x(t) — wo(B)]* + &1 [y(t) — vo(t)]*)d91(s))
1
+h < /0 (Bilz(t) — uo(H)]* +71[y(t) — vo(t)]*)d¢1(g)) , (11)

On the other hand, for all (z,y) € K, from (3.3), Lemma 8 and n — 1 < a3 < m,
n > 3, we get

1
Ty (x,y)(t) 2 Alkl(t)/o p1(s)(fr(t; [2(8) = uo(®)], [y(t) — vo()]") + My)ds

tal—l

S ([ @rlelo) - w0 + &1u(0) - wlo)])a01(5))

+

tal—n _ tozl—l

ety ( [ i) = sl + luto) - vo<t>1*>d¢1<s>)

a1—1

> Alkl(t)/o p1(s)(fr(t; [2(t) = uo ()], [y(t) — vo(D)]") + Mi)ds

tOtl—l

2o ([ @rleto) — w0 + 61000 - wlo])a01(5) )

ta1—2 _ tozl—l

o] — 1 hl (A (ﬁl[x(t) — uo(t)]* + ’Yl[y(t) _ vo(t)]*)dd)l(s))
> ki(t) {)\1/0 o1(8)(fr(t, [2(t) — uo ()], [y(t) — vo(t)]*) + Mi)ds
+ g1 <‘/0 ((51 [l'(t) — uo(t)]* + 51 [y(t) _ Uo(t)]*)d91(s))

+hy (/0 (Brlz(t) — uo(O)]" +mly(t) — vo(t)}*)d@(s))}
> k(0T (z, )]
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Consequently, Ti(x,y) € K;. Similarly, we can show that Ta(x,y) € K,. Hence,
(Th(z,y), Ta(z,y)) € K, and so T(K) C K. In addition, standard arguments in the
literature guarantee that 7" is a completely continuous operator.

Theorem 3.2. Assume that (Hp)—-(Hsz) hold. Suppose the following conditions hold:

(H3) there exist nondecreasing functions 1; € C([0,00),[0,00)), (i = 1,2) and
Yi(x) >0, forx >0,4i=1,2 such that

filt,u,v)+M; < ;(u+v), for all (t,u,v) €[0,1] x[0,00) x[0,00), i=1,2,

(Hy) there exists T € (0,3) such that lim  min W = 00,

u—=00 tE[T,l—T]

fa(t,u,v)
v

lim  min = 00.
v—+00 te[r,1—-7]

Thus there exist constants \f > 0, (i =1,2) such that for any X\; € (0,\}], (i =1,2),
the system of RSVP (1)—(2) has at least one positive solution.

Proof. We choose 21 = {(z,y) € EX E : ||z|| <r, |ly|| <r} with

> max {20 (r(Bi-+75) (6:(1) = 64(0)))+20: (r(3:+€)(6:(1) = 0,(0))), 1}, for i = 1,2.

We introduce

I'(a;+1)

* H Mi(aifl)’ .

A= mm{ 5= et (0 (=8O g (O ()= O x+) }  fori=1,2.
Ozifl ’L/Jl 2r

Then for all (x,y) € K NI, we get ||| =r or ||y|| = r, and

o) ) = {0 ol SO <720~ 0lt) 20
[y(t) —vo(t)]* = {gft) —vo(t) <z(t) <, ZEQ :228 i gi

Thus, [z(t) —uo(t)]* € [0,7], [y(t) — vo(t)]* € [0,7], then, for all ¢ = 1,2, we get

Filt, [2(8) —uo()]", [y(t) — vo()]") + My < 9hi([2(t) — uo(t)]" + [y(t) — vo(t)]")

< ¢ (2r), 2
9 (/01(61[x(t) —up(t)]* + &1y (t) — Uo(t)]*)d91(3)>

< g1 (r(0y +€0)(6:1(1) — 62(0))) , 1)
hy (/01(51 [2(t) — uo(t)]* + 71 [y(t) — vo(t)]*)d¢1(s)>

< ha (r(Br+ 1) (01(1) — ¢1(0))), )

0 ( [ Gata(t) ol + &luto) - vo<t>]*>daz<s>)
< g2 (1(02 + &2)(02(1) — 62(0))), (15)
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b ([ 500) = o0 +2a1u) — (o))t
< ha (1(B2 +72)(¢2(1) — $2(0))) - (16)
If [l = r, by (12) (14) and Lemma 2.5, we have
Ti)(0) =0 [ Gult ) 000~ w0 ()~ wo0)) + M)

1
+ talflgl <A (61 [l'(t) — uo(t)]* + 51 [y(t) _ Uo(t)}*)d91(3)>
1
+ (tchf’ﬂ — ta171)h1 (A (61 [x(t) — uo(t)]* + 7 [y(t) _ UO(t)]*)d¢1(5)>
1
< [ (e o) = @ ) — w(]) + 1)
+ hy (/O (Ba[z(t) — uo(£)]* + mly(t) — Uo(t)]*)dgbl(s))

(1—s)n-t

< (@) [T (6 + )0 ()~ 02(0)

+h1 (r(B1 +71)(P1(1) — ¢1(0)))

Y1(2r)(ag — 1)

W + g1 (r(61 +&1)(0:(1) — 61(0)))
+ Ry (r(B1 +71)(#1(1) — ¢1(0)))

r
5"

<\

<

If ||ly|]| = r, from (12), (15), (16)and Remark 2.6, we also obtain
Ty(z, y)(t) = >\2/0 Ga(t, 5)(f2(t, [#(t) — uo ()], [y(t) — vo(t)]") + M2)ds

1
+ tarlgz </0 (52[x(t) — Uo(t)]* 4 éz[y(t) _ vo(t)}*)deg(s))
1
e = ([ Galolt) — w00+ 20) ~ (0] )doa) )
1
= /0 e2(5)(fa(t, [2(t) = o (D] [y(t) = vo()]) + Mo)ds
+ 92 (/0 (8a[z(t) — uo(t)]* + Exly(t) — Uo(t)]*)d¢92(s))
+ hy (/0 (Ba[z(t) — uo(t)]" +2ly(t) — vo(t)]*)d¢2(s)>

X % + g2 (r(82 + &2)(02(1) — 02(0)))

+ ha (r(B2 + 72) (62(1) — $2(0)))

IN

<

N3
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Then,
1T (z, )" = | Ta (2, )| + | T2(z, )l

< <l + Nyl = 11z, y) forall (z,y) € KNo.  (17)

",

It follows from condition (Hy), that there exist constants B > 0 and N > 1 with
ANTH T A-D[A—r) T o] 1, for i = 1,2 such that

T (o +2)2%
filt,u,v) > Nu, for te[r,1—7], w>B, v>0, (18)
fa(t,u,v) > Nv, for te[r,1—7], w>0, v>B. (19)

Let 25 = {(z,y) € Ex E : |z]| < R, |ly|| < R} with R = max{zr, Bla-1)

Bla—1) } then for all (u,v) € K N0£2, we get [lz|| = Ror |ly|| = R. If [[z]| = R, we

=
have
2(0) = uo(t) = 2(t) = ot T (1= 0 2 Ol - F T -

- ijljllR_ F(/;lﬁl 1)’56!171(1_75):%1% {1 B %(l_t)}

> ;jtllR {1 - %(1 77)} > :‘1_1%1 for te|[r, %], (20)
2(0) = uo(t) = 2(t) = Tt T (1= 0 2 Ol - FE T =

- ta:j(jzt)R_ F(/;A{rll) (0= = 1291 = [l B AJI%AJ{ES:S) ]

> (i)lal_ijTR [1 - AT%;SO‘JIFI)D (1- r)} > ;al_Rl for te [%, 1—7]. (21)

It follows that (20) and (21), we deduce
2(t) — uo(t) > :1_R1 for telfrl—1]. (22)

By (18) and (22), we have

Y

Jr(t, [2(8) — wo(®)]", [y(t) — vo()]") = N{a(t) — uo(t)]" = N[z(t) — uo(t)]

for t € [r,1 — 7], [2(t) —uo(t)]* = x(t) —uo(t) = T > B, [y(t) — wo(t)]* 2 0.
It view of Lemma 2.5 and (23), we have

<t<1

I3 s, 0) | = ma [Al / G (t, ) (2 (1, [ () — wo(D]7, [y(t) — vo(6)]") + My)ds

st [ @1te0) o) + elyte) - w(O])i01(5) )

0

(g e, ( / (Bulelt) — uo ()" + mly() — Uo(t)]*)d¢1(5))]
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ZAlmwkmﬂ/‘fw@uuuww—MMMtww—wdmw@

0<t<1

alNR 1—7
>
>0 T2 (o) [ a9

MTYNR 1
ar—1  20-T(ag — 1)
arT(l—7)* —ap7m (1 —7)+ (1 —7)* — 701
' ar(og + 1) (oq — 1)
MTNR 7(1—7)* —79(1 —7)
= 201 (g + Dag(og — DI(ag — 1)
M N7t (T — 1) [(1 — 7)1 — a1
_ o T2 2R > 2R.

So, ||T1 (u, v)H >2 for all (u,v) € K NO(2s.
If ||yl = R, we have
W0 = 0(t) = 3(0) = Tt (=0 2 ka0l - gt A=)
- ;:2—_11 ‘r(fffl)t“rl“‘t): ot:Q—_llR {1 - /\12%]\1{25224:1;) (1_t)]
> ;:2:113 [1 - %(1 —r)] > ;:iRl, for telr %],
) = 00(t) = 9(t) = st (1= 0) 2 ka0l - ot (=)
- e et et - O 1 e )
> (i):i_iTR {1 - /\Ezjﬂ‘ﬁiai;)l) (1- 7')} > ;:iRl, for te [%, 1—1],
which implies that
y() = vo(t) > O;az_Rl for telrl—rl. (24)
From (19) and (24), we have
fa(t, [2(t) —uo(®)]", [y(t) — vo(t)]") = N[y(t) — vo()]" = N[y(t) — vo(t)] = ::7]_\7?»
(25)

for t € [7,1 = 7], [2(t) —uo(t)]* 2 0, [y(t) — vo(t)]* = y(t) — wo(t) > T2 > B.
It view of Remark 2.6 and (25), we have

I, = o [Az || G290, o0) = w0 [n(®) — 0o 0]) + M)
e, ( [ Galolt) = w0 + €xlyte) - vo<t>]*>d92<s>)

0

oz g2y, (/01 (B2[z(t) —uo ()" +2[y(?) —Uo(t)]*)d@(s))]
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> o max ka(t) [ (o)l [n(t) = wo(0)] [y(t) = vo(0)]")ds

ag 1—71
> )\2 NER max ka(t )/ p2(s)ds

az — 1 0<i<1
_ XT*2NR . 1 . (1 —=7)" — a2 (1—7)+ (1 — 7)*2 — 722
- o — 1 2‘)‘2_1(&2 — 1) ag(az + 1)F(042 — 1)

> MT2NR ' T1=7)*2 —792(1—1)
- 2a2-1 (OQ + 1)0(2(0[2 — 1)F(O¢2 — 1)
Ao N7 (1 — 7)[(1 — 7)*2~! — 722~ 1]

= 2R > 2R.
T(az + 2)2°2 =

So, ||Ta(u,v)|| > 2R, for all (u,v) € K N d§25. Then,

1Tz, II" = [IT1(z, y) || + | T2(, y)|
2 2R > |lz[ + llyll = l(z, 9)|I", for (z,y) € KN (26)

Therefore, it follows from Lemma 2.7, relations (17) and (26) that 7" has a fixed
point (z,y) € K N (25 \ £21). That is, (z,y) = T(x,y) & = = Ti(z,y),y = Ta(z,y)
and r < ||z|| < R, r <|ly|| < Rwith (t) > k1 (t)]|z|l, y(t) > ka(t)||lyll, for all ¢ € [0, 1].
Let u(t) = x(t) — uo(t), v(t) = y(t) — vo(t), for all t € [0,1]. Thus we have

u(t) = x(t) = uo(t)

A1 M,y 1
> k t — 7t041 1— t
> b (0] - gt 1=
)\lMl -1
>kt)r— ———tM (11—t
> ki (t)r T+ 1) ( )
a1 —1
_ tafﬁ?‘— Fa gyt (1 = 1), 0<t<i,
10{1 (11 t)’f‘ o F?{if\ill)tal 1(1 *t) % § t < 1’
@1—1 M Mi(ar—1
_ tall_l [r 1 (;(1—:1) )(1 _t)} 0<t< %,
= t”‘172(1—t) Ny M ( 1 1
a;—1 [ 11“(;1(111) )t} 5 <t<1,
@11 M Mi(ar—1 1
N e )] 7 0<t<i,
jtl tal 2(1 t MM (@ 1 1
) [T TatD) )}7 3 St<l,
_ /\1M1 041 — 1)
- I'(ar +1)
)‘*Ml 0[1 - 1)
S T(on+1)
t)(r—1)>0, forall te(0,1), (27)
and
v(t) = y(t) — vo(t)
Ao Mo 1
t27 (1 — ¢
(Ol = ot )
Ao M.
> ka(t) 272 e (1 —¢)
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o2l AoMo  pan— 1
. 22—17'*1“(;#21)’5 271 - 1), 0<t<g3
- ag—201__ o —
et e ) L <ra
agz—1 Ao Mo (an—1 1
N {7‘7 2F(f1(2j1))(17t)}, 0<t<l
) 22 (1—¢ Ao My (a;—1 1
() {r— 2Malon )t] l<t<t
az—1 Ao Mo (az—1) 1
> 22—1 [ 2F(22-51) } 0<t<s
=) t*272(1—¢ Ao My (ag—1 1
a1 ) {T - 2F(2a(2-f1) )} pst<l
)\QMQ(OZQ— 1)
= ko(t -
2(t) [r T(as +1)
)\*MQ(OZQ —1)
> ko(t _erme\me 7
> hat) |~
>ko(t)(r—1) >0, forall te(0,1). (28)

By (27) and (28), we have

u(t) +uo(t) = (t) = Ta(z,y)(t)

1

=\ /0 Gi(t,s)(fr(t, [2(t) — uo()]", [y(t) — vo(1)]") + My)ds

4 iolg ( /0 (01 (t) = uo(t)]* + & fy(t) — vo(t>]*>491(5)>

(o ey, (/0 (Brlx(t) —up(®)]" +mly(t) — UO(t)]*)d¢1(8)>
_ Al/o Gi(t, ) fi(t, [u(t)}*,[v(t)]*)der/\lMl/o Gi(t, s)ds

+ it 1gy (/0 (61 [u(®)]” +§1[v(t)}*)d91(8)>

+ (T — Ny (/O (Brlu@®)]" +m [v(t)]*)d¢1(8)>
= ,\1/ Gi(t, ) f1(t,u(t), v(t))ds + uo(t)

0
vty ([ o + i)
1
+ (T — Yy </O (Bru(t) + Vlv(t))dqsl(s)) ;

this implies that

u(t) = A /0 Gr(t s) fu(t, u(t), v(t)ds + gy ( /0 (61u<t>+éw(t>>d91(s>)
s e i ([ G+ o)) (29)
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From (27) and (28), we also obtain
o(t) +vo(t) = y(t) = To(z,y)(t)

- )\2/0 Ga(t, s)(f2(t, [2(t) — uo(t)]", [y(t) — vo(t)]") + Mz2)ds
+ 192 g, ( / (Bal(t) — uo (V)" + Ealy(t) — m(t)}*)d%(s))
(02 ey, </ (Balz(t) - uou)]*+v2[y<t>—vo<tﬂ*>d‘f’2(s))
= [ Galt ) ot )] o] s+ 2a [ Gt
w27 ([ Galuto) + o] o))
(e 2Ty ( / (Ba[u(®)" + 7 [v<t>1*>d¢>z<s>)
= / Galt, 5) fa(t, u(®), v(t))ds + vo ()
+ %27 gy (/0 (02ul(t) +§2U(t))d92(3))
(e ey, ( | (Bt + wv(t))d@(s)) 7
which implies that
1 1
u(t) = )\2/ Gal(t,s)fa(t, u(t), v(t))ds + t*2 " gy (/ (2u(t) + fzv(t))d92(3)>
0 0
1
+ (2™ — 2=, </ (Bau(t) + ’72”(’5))d¢2(3)> : (30)
0

Thus, from (27)—(30), we deduce that (u,v) is a nonnegative solution (positive on
(0,1)) of the system of RSVP (1)—(2).

4 Example

Consider the system of fractional differential equations VP

Déu(t) +Aif(u+0) +In((e”? =Dt +1)] =0, te(0,1), (31)
Dgo(t) + Ao[(u+v)" +In((1 —e M)t +e7M2)] =0, t€(0,1),
with the boundary conditions
1 s / 1 &2
u(0) = fol(%U(S) + %v(S))ng, (0)=0, u(1)= [y (uls ;r%v s))d%, \
v(0) = [y (Buls) + Zu(s))d%, v'(0)=v"(0) =0, wv(1)= [, (Guls)+gu(s)d%,
(32)
where a > 1,b>1, M; >0, My >0
WenOtethatalzga a2:%an:3am:47ﬁl:%771:%7 61:%7§1:%7
Bo=2 =2 0=¢% =2 g1=g=h=h =t filtuv) = (u+v)"+



Fractional Dynamical Systems 3565

In((e=* = 1)t+1), fot,u,v) = (u+v)’ +In((1—e M)t +e7M2), 61(t) = §, da(t) =
§.0()=5 6:()=%.

Let ¢y (z) = 2% + My, o(x) = 2° + My, for > 0, then f;(t,u,v) for i = 1,2,
(t,u,v) € [0,1] x [0,00) x [0, 00) satisfied the following conditions:

filt,u,v) = (u+0)* +In((e™™ = 1)t +1) > —My;
fl(t,u,v)+M1:(u+v) ‘Hn((efMl — Dt +1)+M; < (u+v)*+ M =11 (utv);
fa(t,u,v) = (u+v) by In((1 — e M2yt 4 e_MQ) > —Moy;

( )

fa(t,u,v)+Mo=(u+v)’+In((1 — e M2)t4e=M2) 4 M) < (u+v)"+ My =1 (u+v);

lim  min filt,w,v) =400 and lim min fat,u,v) = 400,
u—+00 te[r,1—7] U v—=+00 te[r1,1—7] v
which implies that (Hg)—(Hy4) hold.
Let r = 1.4, an easy computation shows that
N — mi I'(3.5) 0.2I'(4.5) ~02r(45)  1.5509
e 1.5M;  1.5(2.84 + M;) f — 1.5(2.84 + M;) ~ 2.8% + M;’

c_ o [TA5) 020(5.5) _020(55) 41874
27 2.5My " 2.5(2.8° + M) |~ 2.5(2.80 + My) 2.8 + My’

Thus, all the hypotheses of Theorem 3.2 are satisfied. Hence, the system of RSVP
(31)—(32) has at least one nonnegative solution (positive on (0, 1)) for any A; € (0, A¥],
(i =1,2).
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