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Abstract. This paper is a continuation of our previous research
reported in the two last IMA conferences. While in our previous works
the driving modulation was a modulation of the temperature gradient,
here the temperature gradient is fixed in the whole liquid layer and
the liquid is vertically vibrated with some fixed driving frequency. Two
kinds of waves can be generated in this system. The first kind of waves
are transverse (capillary-gravity) waves. The second kind of waves are
longitudinal (Marangoni) waves caused by the dependence of the sur-
face tension on the temperature and the surfactant concentration. A
linear analysis with arbitrary wave numbers is performed. Two different
heating regimes were considered. Multiple instability regions depending
on the heating conditions are analyzed. Among three possible modes
of the system’s response to external forcing, the most “dangerous” one
is the subharmonic instability mode.

1 Introduction

It is well known that the influence of external parametric excitation on a physical
system can change the behavior of this system. Faraday was a pioneer who docu-
mented the parametric resonance, observing capillary-gravity waves with frequency
of half the driving frequency in a fluid-filled container under vertical vibrations [1].
Later, Melde [2] was the scientist who first observed the phenomenon of paramet-
ric resonance in structural mechanics, finding that a string could oscillate laterally
although the driving force was longitudinal. Only in two decades Lord Rayleigh
(J.W. Strutt) [3] theoretically interpreted these phenomena and his analysis led to
new experiments with other physical systems (for example, electrical circuits [4]). The
quantitative theory of the Faraday instability has been developed by Benjamin and
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Ursell [5] in the case of an ideal liquid and by Kumar [6] in the case of a viscous
liquid.
Historically, the hydrodynamic systems under parametric excitation are the ones

most extensively studied [7–9]. Depending on the amplitude and frequency of the
driving force, the instability thresholds as well as the nonlinear dynamics of the
convective systems are modified.
Here we continue to consider the hydrodynamic systems represented by the hor-

izontal liquid layer heated from below or above and with the upper free surface of
this liquid volume covered by insoluble surfactant. The system described above is
subject to two kinds of oscillatory motions, (i) transverse waves (deformations of the
surface) caused by a joint action of gravity and surface tension, and (ii) longitudinal
waves (redistributions of temperature and surfactant concentration along the surface)
driven by the gradient of the surface tension. Normally, both kinds of waves decay
due to dissipative effects. However, by heating from above, mode mixing can create
an instability which manifests itself as a spontaneous excitation of a definite mixed
mode (for details, see [10–12]). By heating from below, the advection of the surfac-
tant by the liquid motion creates a surface tension inhomogeneity, which generates
tangential stresses directed opposite to the liquid motion. That circumstance can lead
to a longitudinal oscillatory instability [13–15].
In the present paper we consider the parametric excitation of this system by

shaking the liquid volume vertically up and down with a given driving frequency.
The applied driving mechanism is not crucial, thus with some level of abstraction
we can say that this work is a continuation of our previous works, where the driving
mechanism is the modulation of temperature gradient [16,17]. Because our main point
of investigation is processes near the surface, we consider a semi-infinite liquid layer.
Section 2 contains the formulation of the problem. Section 3 briefly describes the
applied numerical method. Computation results are presented in Section 3. Section 4
consists of conclusions.

2 Formulation of the problem

2.1 Basic equations and boundary conditions

We consider a semi-infinite volume of an incompressible Newtonian liquid with free
upper deformable boundary z = ζ(x, t). The undisturbed surface is located at z = 0,
and the bottom of the volume approaches negative infinity, z → −∞ (the z-axis is
directed vertically upward). The liquid volume is subjected to vertical harmonic
vibrations a cos(2Ωt), as well as to a transverse temperature gradient, −A, main-
tained throughout the liquid. The thermal gradient is directed downward, A > 0, for
heating from below and directed upward, A < 0, for heating from above. Here a is
the amplitude of the external vibrations, 2Ω is the external modulation frequency,
and t is time. The upper surface of the liquid volume is covered by insoluble surfac-
tant with concentration Γ(x, t). For a linear analysis of the problem the consideration
of a two-dimensional problem is relevant. The scheme of the problem is depicted in
Figure 1.
On the disturbed upper surface z = ζ(x, t) the evolution of the surfactant concen-

tration Γ(x, t) is governed by the equation

Γt − ζt(ez · ∇s)Γ +∇s · (vτΓ) + (∇s · n)(v · n)Γ = D∇2sΓ, (1)

see [18]. Here v = (u, 0, w) is the velocity field, ∇s = ∇− n(n · ∇), ∇ = (∂x, ∂z), n =
(−ζx, 1)(1 + ζ2x)−1/2 is the unit vector normal to the interface, vτ = v − (v · n)n is the
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Fig. 1. Scheme of the problem.

tangential component of velocity, D is the surface diffusion coefficient, and ez = (0, 1)
is a unit vector directed upwards. The subscript denotes the partial derivative with
respect to the corresponding variable.
On the upper free surface the standard Newton’s cooling law is applicable

λ∂nT + q(T − Tg) = 0, (2)

where λ is the thermal conductivity of the fluid, q is the rate of the heat transfer by
convection at the free surface, and Tg is the bulk temperature of the gas above the
liquid layer. The surface tension linearly depends on the deviations of the temperature
and the surfactant concentration from their reference values:

σ = σ0 − σ1(T − T0)− σ2(Γ− Γ0). (3)

Here σ1 = −∂Tσ > 0, σ2 = −∂Γσ > 0, σ0, T0, and Γ0 are, respectively, the reference
values of surface tension, temperature and the surfactant concentration.
The process in the liquid is governed by the following equations of momentum,

mass and energy conservation

vt + (v · ∇)v = −ρ−1∇p+ ν∇2v + g − 4aΩ2 cos(2Ωt)ez, (4)

∇ · v = 0, (5)

Tt + (v · ∇)T = χ∇2T, (6)

where ρ, ν, and χ are density, kinematic viscosity, and thermal diffusivity, respectively.
To complete the formulation of the problem we add to conditions (1)–(3) the

balance conditions for the normal and tangential stresses on the upper free surface
as well as the kinematic condition,

z = ζ(x, t) : −p+ 2μn · D · n+ 2Hσ = 0, (7)

2μn · D · t = ∇σ · t, (8)

ζt + uζx = w, (9)

where μ = νρ is dynamic viscosity, D is the deviatoric stress tensor, H is the mean
interfacial curvature. Here we disregard the dilational and shear viscosities of the
surface.
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Disturbances are located near the upper free surface and decay downwards, while
the temperature gradient is retained, i.e.

u,w → 0; Tz → −A at z → −∞. (10)

The reference solution corresponding to the quiescent state of the fluid is

ub = wb = 0, ζb = 0, Γb = Γ0, pb = −ρg(1− bcos(2Ωt))z, Tb = −Az + T00.
(11)

Here b = 4aΩ2/g, T00 is a constant unimportant for the analysis.

2.2 Nondimensional system for perturbations

Before performing the analysis of system (1)–(10) we rescale it. Here we introduce the
following scales: the capillary length, lc = (σ/ρg)

1/2, is taken as a length scale, l2c/χ
is a time scale, χ/lc is a velocity scale, μχ/l

2
c is a pressure scale, Alc is a temperature

scale, and Γ0 is a scale of the surfactant concentration.
Rewriting the system (1)–(10) in dimensionless form, we obtain a system of equa-

tions containing the following dimensionless parameters: P = ν/χ is the Prandtl num-
ber, L = D/χ is the Lewis number, B = qlc/λ is the Biot number, M = σ1Al

2
c/μχ is

the Marangoni number, N = σ2Γ0lc/μν is the elasticity number, G = gl
3
c/νχ is the

Galileo number, F = 4aΩ2/g is the ratio between the forced acceleration and gravity
acceleration, and ω = Ωl2c/χ is the dimensionless vibration frequency.
Eliminating the pressure and the horizontal component of velocity field from the

linearized system of governing equations near the reference solution and introducing
normal perturbations of the form

f(x, z, t) = f̂(z, t) exp(ikx+ Λt),

where f is any variable (vertical component of velocity, w, temperature, θ, deviation
of the upper surface from the undisturbed position, ζ, surfactant concentration, γ),
k and Λ are the dimensionless wave number and the growth rate of disturbances,
we obtain the final set of equations with boundary conditions (later on the hats are
omitted):

P−1(wzzt + Λwzz − k2wt − Λk2w) = wzzzz − 2k2wzz + k4w, (12)

θt + Λθ = θzz − k2θ + w, (13)

z = 0 : ζt + Λζ = w, (14)

θz +Bθ = 0, (15)

γt + Λγ − wz = −k2Nγ, (16)

wzz + k
2w = −Mk2(θ − ζ)− k2Nγ, (17)

P−1(wzt + Λwz) + 3k2wz − wzzz +Gk2(1 + k2 − F cos(2ωt))ζ = 0, (18)

z → −∞ w,wz, θ → 0. (19)

The computations presented below have been carried out in the limit B � 1, which is
typically satisfied due to the low heat conductivity of the air compared to that of the
liquid. Let us emphasize that the condition B � 1 does not mean that the liquid layer
is thermally isolated: according to (2), the heat flux at the interface is maintained by
the correspondent temperature difference between the liquid surface and the bulk of
the gas. The amplitudes of variables are periodic in time functions with period π/ω.
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Fig. 2. Typical neutral curves. Solid line is for monotonic mode, the dashed line is for
oscillatory mode. Parameters: N = 0.1, L = 0.01, G = 100, P = 10, F = 0. There are two
eigenvalues with ReΛ > 0 in U(2) and one such eigenvalue in U(1). Letter “S” indicates a
stable region.

3 Results

3.1 Oscillatory instabilities without parametric excitation

The system (12)–(19) without external parametric excitation (F = 0) has been ana-
lyzed in detail in our recent work [19]. Here we present some results of that work.
Analysis of the dispersion relation of the system (12)–(19) without external forcing

(F = 0) was performed for two different regimes of heating: heating from below and
heating from above. In the case when the liquid is heated from below (M > 0) we
have both monotonic and oscillatory instabilities. The threshold for the monotonic
instability boundary can be calculated by the formula

Mm = 8k
2 + 4Nk/L. (20)

The threshold of oscillatory instability can be calculated numerically. Figure 2 shows
typical neutral curves. The solid line is for the monotonic mode, the dashed line is for
the oscillatory mode. For the oscillatory mode, we find that the critical Marangoni
numberM = O(k) and the frequency Ω = O(k2) in the longwave limit, k � 1. The full
longwave dispersion relation is obtained in [19]. Here we present only the asymptotics
in the limit L→ 0 and P → 1:

Mosc = 2(1 +
√
3)Nk + o(k), Ω0 =

(1 +
√
3)31/4√
2

k2 + o(k2). (21)

Expressions (21) do not include the Galileo number, because the oscillatory mode
generated in the case of heating from below is longitudinal.
In the case of heating from above (M < 0) an analytical investigation of the prob-

lem in the longwave limit gives the following leading order dispersion relation

(Λ2 +GPk)

(
Λ2 +

|M |Pk2
1 + P 1/2

)
= 0. (22)

Relation (22) determines two oscillatory modes, transverse (capillary-gravity) waves

with frequency Ω1 =
√
GPk and longitudinal (Marangoni) waves with the frequency
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Fig. 3. Neutral curves for oscillatory instability modes and frequency of oscillations. Para-
meters: G = 100, P = 10, N = 0.1, and L = 0.01. Letters “S” and “U” indicate a stable and
unstable regions, respectively.

Ω2 = |M |1/2P 1/2k/(1 + P 1/2)1/2. Mixing of modes, which is observed in the next
order of the asymptotic expansion, leads to an instability [10,11]. Numerical calcu-
lation of the complete dispersion relation gives us the neutral curve for oscillatory
modes (Fig. 3a) and the frequency of oscillations (Fig. 3b). The instability region is
bounded from below and from above. The lower boundary corresponds to the excita-
tion of capillary-gravity waves, the upper boundary corresponds to the stabilization
of Marangoni waves.

3.2 Oscillatory instabilities under parametric excitation

Here we consider the parametric excitation of the oscillatory modes described in the
subsection above. Three types of response to the external parametric excitation are
known. The first mode of instability is harmonic, where the response on external
forcing occurs with frequency equal to the driving frequency. The second mode of the
parametric instability is subharmonic, where the response has frequency equal to half
of the driving frequency, and the third mode of the instability is quasi-periodic, when
the frequency of response is not commensurate with the driving frequency.
It is necessary to distinguish between two qualitatively different cases. If there is

no instability in the absence of vibration, i.e., the origin of the instability is solely the
resonant parametric excitations of otherwise decaying waves, the instability in the
presence of vibration is typically subharmonic or harmonic, while the quasi-periodic
instability is either absent or irrelevant [6]. However, if the vibration acts on a system
which has an intrinsic oscillatory instability in the absence of vibration, the situa-
tion is quite different. If the dependence of the frequency on the neutral curve in the
absence of vibration is Ω(k), then neutral disturbances in the presence of vibration
have the form of a Floquet function, i.e., they have nonzero Fourier components on
the values of frequency Ω(k)± 2mω, where m is integer. Because Ω and ω are typi-
cally incommensurate, one observes a quasiperiodic neutral curve which replaces the
former oscillatory neutral curve. At the same time, for specific values of k satisfy-
ing the condition Ω(k) = nω, where n is integer, the parametric resonance take place,
which leads to the appearance of “bubbles” of subharmonic and harmonic instabilities
attached to the quasiperiodic instability curve.
To find numerically the instability boundaries for harmonic and subharmonic

modes we assume Λ = 0 in system (12)–(19) and decompose variables into the sets
of harmonic functions as the Fourier expansions

{w(z, t), θ(z, t), ζ(t), γ(t)} =
∑
m

{wm(z), θm(z), ζm, γm}eimωt. (23)
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Fig. 4. Typical neutral curves. Dashed lines are boundaries for subharmonic regions, solid
lines correspond to harmonic response. Parameters: N = 0.1, L = 0.01, G = 100, P = 10,
M = 0.

Here m = ±1,±3, . . . correspond to the subharmonic instability mode, and m =
0,±2,±4, . . . to the harmonic one. To find the quasi-periodic mode we apply
Floquet theory. For that kind of instability Λ = Λr + iΛi and on the stability bound-
ary Λr = 0. The imaginary part Λi is defined modulo 2ω. Because the imaginary
eigenvalues of the system (12)–(19) appear in pairs we can assume 0 ≤ Λi ≤ ω. Note
that Λi = 0 corresponds to harmonic mode, Λi = ω corresponds to the subharmonic
mode.
First, let us mention the case where the system is not heated, so there is no

thermocapillary effect (M = 0). In this case, the typical neutral curves (parameter
F as a function of wave number k), see Figure 4, are a set of alternately changing
instability regions. The first region, closest to k = 0, is a subharmonic one, then follows
a harmonic region, then again a subharmonic region, etc. This case is considered in
detail in our paper [20].

3.2.1 Heating from above

Let us consider now heating from above. We fix the driving frequency at 2ω = 20.8
(in that case, the parametric excitation of waves is initiated near the minimum of
the neutral stability curve found at F = 0) and begin increase the amplitude of the
external forcing. As it is seen in Figure 5 the oscillatory mode is transformed to quasi-
periodic (dashed line) and around that line a bubble of the subharmonic instability
grows with increasing values of the parameter F (cf. [16]). This bubble appears at
k = 0.1 at which the oscillatory frequency of the non-excited system exactly equals
one-half the driving frequency of the external forcing (ω = 10.4). At F = 0.083 the
subharmonic bubble touches the line M = 0. With further increase of the parameter
F , as seen from Figure 6, new subharmonic instability regions appear.
In the plane (F, k) we can see that for small heating (small values of |M |) the

stability regions are similar to those in the case without heating (Fig. 4), but for
greater values of |M | the instability tongues overlap one another, see Figure 7b.

3.2.2 Heating from below

In the case of heating from below the oscillatory instability is characterized by smaller
values of the frequency. For example, without external periodic forcing the threshold
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Fig. 5. Neutral stability curves for driving frequency 2ω = 20.8. Red color region is for
F = 0.05, the magneta color region for F = 0.1, the black color bubble touches line M = 0
at F = 0.083.

Fig. 6. Neutral stability curves for driving frequency 2ω = 20.8. Additional subharmonic
regions: brown color region at F = 0.3, purple color region at F = 0.5 and green color region
at F = 1. Dashed line – the oscillatory instability neutral curve for F = 0.

Fig. 7. Stability tongues, (F, k) plots. (a) M = −1000, (b) M = −3000. Parameters: G =
100, P = 10, N = 0.1, and L = 0.01.
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Fig. 8. Neutral stability curves for driving frequency 2ω = 2.25348. Subharmonic regions:
red color region at F = 9, purple color region at F = 9.5, black color region at F = 10 and
brown color region at F = 12. Dashed line – the oscillatory instability mode for non-excited
situation.

value of the oscillatory instability at k = 3 equals Mosc = 73.864 and the oscillation
frequency is ω = 1.12674. Now, let us take the external forcing with driving frequency
2ω = 2 · 1.12674 and growing value of the forcing amplitude. We can see that the
neutral curve for the oscillatory mode is transformed to a quasi-periodic one. On
this quasi-periodic instability line at wave number k = 3 corresponding to the driving
frequency, a subharmonic bubble appears as in the previous case, but with increasing
values of the parameter F this bubble does not grow as fast as in the case of heating
from below. With further increase of the parameter F , this subharmonic bubble on the
quasiperiodic line is merged with a bigger region of Faraday subharmonic instability.
Figure 8 shows a part of the neutral curves close to k = 3. The red color corre-

sponds to a subharmonic region at F = 9, a purple color region is for F = 9.5, the
black color is for F = 10 and the brown color region is for F = 12. The merging of
this growing subharmonic region with the subharmonic bubble occurs at F = 9.8.

4 Conclusions

As shown in our previous works, different oscillatory modes can appear in a semi-
infinite liquid volume covered by an insoluble surfactant, depending on heating con-
ditions. If the system is heated from below then we have longitudinal dilational wave
(Marangoni wave) on the free surface, but if the system is heated from above, then
there exist two different types of possible waves on the free surface of the liquid: one
is longitudinal and another one is transverse, or capillary-gravity, called also Faraday
waves.
In this paper we consider the parametric excitation of these waves by periodic

vertical vibration of the system. We find that periodic vibration can generate a set
of alternately changing instability regions – subharmonic, harmonic, again subhar-
monic, etc. The most easily excited mode is the subharmonic one at the smallest
values of the wave number. In the case of heating from above, at large values of the
Marangoni number the subharmonic regions overlap with the harmonic ones. In the
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plots (M,k) we see that by heating from above at small values of fixed parameter F
a subharmonic bubble appears and grows with increasing parameter F . For greater
values of parameter F new subharmonic regions appear, and it makes the instability
map very complex.
Another example is heating from below. There exist two subharmonic regions

under the parametric excitation. The first one appears, as in the previous case, on
the oscillatory neutral curve and looks like a bubble, but it does not significantly
grow with increasing F . However, there exists also the second subharmonic zone
corresponding to Faraday waves, which propagates fast along the oscillatory neutral
curve and merges with the small subharmonic bubble.

AM was partially supported by the ERAU Research Award No.13373. The authors acknowl-
edge unknown referees for their assistance in evaluating the manuscript.
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