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Abstract. This short note draws some connections between
Mandelbrot’s empirical legacy, and the interdisciplinary work that
followed in finance. Much of this work is now labeled econophysics, but
some has always been more in the realm of economics than physics.
In a few areas the overlap is even becoming quite complete as in market
microstructure. I will also give some ideas about the various successes
and failures in this area, and some directions for the future of agent-
based modeling in particular.

1 Introduction

Agent-based financial and economic modeling has been greatly influenced by the
work of Benoit Mandelbrot. Now over 50 years old his work still influences researchers
from many different backgrounds who have become interested with some of the most
basic problems in finance.

In this short note I will look at the current state of agent-based modeling through
some of its ties to Mandelbrot’s work, and other more recent results. As with
Mandelbrot himself, much of this work has occurred in an interdisciplinary realm be-
tween finance, physics, mathematics, and computer science (with a little biology too).
It would be foolish to attempt a survey of this literature, and would go well beyond the
bounds of this note. Therefore, my goal is more to poke the reader into new directions
and literature that is just appearing, than to summarize the past. I will also present
some thoughts on best practice for building financial models, and some general
directions.

Since this is not a survey of econophysics it is important to point out some recent
excellent surveys which are available. These include [18,22], and [86], which come
from a physics background. Many of the most important empirical contributions
in this area have come in the subfield of finance known as market microstructure.
This area looks at the dynamics of financial markets at detailed trade by trade level.
Again very nice surveys of this area are [19,31]. Also, I will be presenting a lot of
commentary on agent-based models which appear more in the economics world, but
have an interdisciplinary overlap. The reader may be interested in three surveys from
the same volume [26,60,77]. All bring a slightly different perspective to the field.
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Therefore, my goals in this note are to acknowledge the legacy of Mandelbrot’s
work. I will then discuss some of the empirical impact of interdisciplinary work
that has come after him. Here, I will comment on what has been most influential in
our understanding of market dynamics, and where ideas from the interdisciplinary
realm have been accepted into mainstream financial thinking. Finally, I will be
discussing agent-based models in general, both from a standpoint of what they have
accomplished, but more important, I will try to lay out a prediction of where they
may be going.

2 Mandlebrot’s legacy and empirical econophysics
2.1 Return distributions

Mandelbrot changed how we view financial time series in a deep way. His early work
discovered several important features which are still not completely understood today.
For many of us it is probably true that we touch on his work, at least tangentially,
every day.

I need to first do one quick definition for a possible interdisciplinary readership.
In the world of finance we are most often more interested in returns, and not prices
per se. If an asset price at time ¢ is given by P;, then its one period return would be

PP

R =
t+1 P,

or in logs where p; = log(P;),

Ti41 = D1 — P = log(Piq1) — log(P;).

For relatively short time horizons and small returns one gets r; ~ Ry, so for most of
the commentary in this note the units are irrelevant.

Mandelbrot’s first critical result showed that the returns of various assets at rela-
tively high frequency (daily) were not Gaussian, but were fat tailed. We simply take
this fact for granted now, but in 1963 [79] was revolutionary to the emerging field
of quantitative finance.! The importance of this result was somewhat ignored by the
finance community. Financial economists and practitioners were more interested in
approximate pictures of the entire distribution, and not the tails. They often felt a
Gaussian approximation was not bad, and also relied on a key result that longer hori-
zon returns do get closer to a normal distribution. The feeling was that the average
investor could ignore these disturbing features. The appearance of options markets,
and the advent of modern risk management changed this. In both cases the entire
distribution comes into play, and in the latter case the distribution of extreme events
is critical to determining behavior in stressed situations. By the 1990’s Gaussian
approximations were showing their many weaknesses, and empirical and theoretical
work on tail behavior began to take off.

Much empirical work in econophysics has centered around better understanding
of these facts. It is often gone places that financial economists were unwilling to go,
or simply not looking at. It also operates outside the bounds of certain constraints
in the more traditional economics world which is often skeptical of broad atheoretic
empirical work. A research paper in economics almost always needs to start with a
relatively well understood model, and then moves from there to empirical work which
is connected to the model. At times this approach can be useful, but it often leads

L This result is also in [45] as well. To get a general feeling of where researchers were at

that time see [33].
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to a kind of local search for empirical facts. The empirical side of econophysics is not
subject to these constraints.

A critical starting point for empirical econophysics was the publication of [80].
This paper is an example of several of the important extensions to Mandelbrot’s
work which are common to other papers in this field. First, it moved to much higher
frequency data since that had started to become available at the time. Also, it takes
the quantitative estimation of power laws much more seriously than Mandelbrot did
in his earlier work. The actual value of a tail exponent, measuring the tail shape was
now something of great interest. It appeared we could estimate it very reliably, and it
also appeared to be relatively stable across many return frequencies from 5 minutes
through nearly two weeks.

The usefulness in power-law behavior in returns has certainly been under appreci-
ated in the economics and finance worlds. Given that a distribution for returns is not
normal, power-law exponents (or more formally tail exponents) give us an estimate
of probabilities of extreme return events. From a risk management perspective these
can be extremely important. Also, a related result is that higher order moments de-
pend on the tail exponent. For example a tail exponent of 3 implies that all moments
E(X*) for k > 3 do not exist. Given that exponents in the range of 3-4 have been
commonly estimated in the literature, we should be wary of many common measures
such as kurtosis, and some forms of volatility estimates, all of which require the exis-
tence of moments beyond 3. Though traditional asset pricing models have generally
ignored tail exponents, they are beginning to acknowledge their usefulness as in [62].

What are the weaknesses present in this vast literature which sits mostly in the
physics world? One is that it has generally failed to connect itself to the related
area of extreme value theory which looks at the behavior of distribution tails [40]. A
stronger unification with this area would have been useful in the early parts of this
line of research. Another would be a greater appreciation that the tail exponent itself
is a complicated object to estimate. Many papers in this area probably over estimate
the precision of their estimates. In practical risk management applications one can
often be frustrated with the abilities to estimate tail behaviors when only limited
amounts of data are available. Estimating tail exponents is a classic bias/variance
trade off problem. Moving too far out into the tail reduces the amount of data avail-
able (variance increases), but not moving far enough moves away from the log/log
scaling region (bias increases). Balancing these can be tricky.?

Another interesting question is exactly what are these distribution tails about?
Mandelbrot argued that they are part of the unified distribution generated by the
price dynamic. There is no different process going on in the tail. I think this clean
notion would be consistent with the spirit of much of econophysics research, and also
all agent-based modeling which is thinking about a unified model for heterogeneous
agent behavior and price movements. In finance an alternative idea is represented by
the idea of jump processes which model prices as a diffusion with occasional large
jumps drawn from another distribution [82]. This idea has obviously been around for
a long time, but it is making a kind of empirical comeback in finance. First, high
frequency modeling has given us new econometric technology to separate the jumps
from the diffusion components.? If jumps are somehow special then days with jumps
should be different. There is some evidence that this is true both for returns, and
the estimation of correlations across returns. In [42] the author shows that leaving
out a small number of large move days greatly reduces the performance of long term

2 [29] is a nice summary of power-law estimation technologies. [35] presents evidence on

how difficult tail estimation can be in real-world risk management situations.
3 This comes from the field of realized volatility. Recent work on the econometrics of
jumps is in [8].
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investment strategies. Further evidence on this can be found in [84] who show that
there are almost two different types of markets, one when announcements occur and
the other without. Announcement days yield larger returns, and more informative co-
movements across assets. It is also possible that most large moves can be connected
to more endogenous changes at the level of detailed trading dynamics [48]. Although
there has been a lot of progress, the question of where large price moves come from
is still not answered.

2.2 Volatility persistence

Not as many people realize Mandelbrot’s second contribution. In his early papers he
noted in passing that beyond the fat tailed distributions there was a second unusual
piece of behavior in the returns series he was looking at. Large returns (of either sign)
tended to follow other large returns. In other words, the magnitudes of returns are
persistent. This notion led to discoveries of markets moving through periods of high
and low volatility (or turbulence). It is interesting that this important feature did
not get fully recognized until much later.* The reason for the slow digestion of this
fact is probably similar to previous one. It needed to wait for a quantitative finance
community that was highly motivated to measure and understand the dynamics of
changing conditional distributions.®

The econophysics literature has extended our knowledge of this feature as well. It
stressed the stylized power law decays in autocorrelations of the absolute values of re-
turns, |r¢|, and showed these to be robust across many asset classes and length scales.®
The fact that volatility dynamics appear to generate a relatively regular dependence
decay that is strongly supportive of a long memory process is a major fact. I think
the impact of this in our thinking about learning models is still under appreciated in
the world of building agent-based models.

Again, the beauty of this mathematical result may also be at odds with some
empirical facts. The calendar often appears as a driver of volatility itself as there are
strong seasonalities over the day and at longer horizons. One of the most subtle of
these involves asymmetries across time horizons. In a famous set of early papers that
eventually became the definitive early book on high frequency foreign exchange mar-
kets [34] show that the impact of high frequency volatility on low frequency volatility
is not symmetric.” In an interesting paper [78], show that there are patterns in how
these volatility asymmetries appear in the data, and many of these are related to
specific calendar time periods.

Once one begins talking about variance, then covariances should not be far from
the discussion. Modern portfolio theory stresses that the investors should look at
covariances of securities in their portfolios as opposed to the variance of any one
security. Financial data contains a wealth of information on covariances. I often say
that stylized fact number one is that markets often move together, and this might be

4 See [11] for an early reference to changing volatility patterns. These results created an

entire econometric industry of ARCH/GARCH models which are still very important [41]
and [13].

5 Our continuing appreciation of the economic importance of the predictability of variance
(and therefore risk) can be seen in modern investment vehicles known as“volatility control”
strategies, and recent research such as [83].

6 Tt is difficult to tell where this literature starts, but [28] is one of the earliest papers.
Similar findings on the extreme persistence in volatility can be found in [4,17,37] and [69].

7 Much of this work comes from the interdisciplinary work at the foreign exchange research
firm, Olsen and Associates, from the 1990’s. It was definitely a part of the interdisciplinary
Mandelbrot legacy.
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for rational or irrational reasons. Econophysics has tackled this problem with several
technologies including extensive work on random matrix theory. Another area has
been to try break out pockets of correlation, or correlation hierarchies from the data.
This has always seemed like a very promising area, and in the current excitement of
big data and sophisticated unsupervised learning technology it still seems very ap-
pealing.® None of these techniques have really caught on in the traditional realm of
academic finance. There may be several reasons for this. One is that finance is locked
to its own beliefs about the factor structure of asset returns. However, another is that
estimating correlations may be a very difficult task statistically, and it is possible that
these are changing over time and over time scales.’

2.3 Limit order books

In market micro structure and limit-order book modeling the econophysics world has
been even more successful. A field with lots of data, and very few established eco-
nomic theories was ready for more people to enter and plow through its vast amounts
quantitative information. Also, distributional analysis, such as power-laws and long
memory have proved to be very effective here. Empirical results summarized in [19]
show many interesting empirical facts from high frequency trading behavior. Many
facts describe the various states of the limit order book which is a mechanism used
for trading. Some Mandelbrot like features are repeated as in fat tailed return distrib-
utions, and a new related feature was added in the long memory of signed order flow.
One example of this would be if you line up buyers as (+1) and sellers as (—1) over
time the time series would have very long range autocorrelations as in long memory.
A definitive explanation for this important feature is still not agreed on, but it is
common in most markets.

Another feature for which the physics community has been actively involved is
documenting the shape of the market impact function. This critical property of mar-
kets determines how far a certain buying or selling action will move the price as a
function of the number of shares traded. If you are a buyer, you push the price up, and
a seller you will push it down. The quantity of the price change is the market impact.
This is obviously of great interest both to researchers and market participants. It is
been determined that this impact function must be close to a square root function of
the order size. Testing this result has been one of the more important contributions
from the econophysics literature.'®

This is also an area where there is relatively little economic theory to go by and
equilibrium models of the market at the micro second level seem to be pushing some
limits to rationality [55]. Here, the physics community has a moved to building highly
stylized and very stripped down models for order book dynamics. Models have been
built to simulate order book dynamics subject to some reasonable random order flow
for some time as in [30]. Several examples of low intelligence order flow from econo-
physics are [32] and [49]. Similar mechanisms can be seen in [68]. Most of these are
developed around either random flows of orders into a market clearing mechanism,
or else they use relatively low (zero) intelligence agents as traders.!! All generate

8 There are many papers in both these areas, but one of the crucial early papers on
hierarchical classification was [81].

9 See [56] for recent information related to both of these issues, and [65] for information
on how correlations patterns change at different time frequencies.

10 Tt is interesting that organizing data by universal ratios and scaling invariants has
definitely made it into the main stream as in this example [67].

11 A slightly more intelligent, but not sophisticated, agent is used in the benchmark model
of [27].
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relatively realistic market dynamics replicating many of the basic stylized facts of
high frequency markets. None are completely successful, and there is no accepted
model, nor accepted level of sophistication for high frequency traders. However, the
low intelligence trader approach has been remarkably useful empirically, and is a very
important part of how we think about trading dynamics at high frequencies.

3 Agent-based models and Mandelbrot facts

Agent-based financial models, populated with anywhere from two to thousands of
diverse agents and strategies have often taken replication of the facts Mandelbrot
discovered in the 1960’s as a key goal. This obsession in the agent-based community
is matched by almost no theoretical attention in the standard asset pricing world to
these same empirical details. The features include the already mentioned fat tailed
distributions, and volatility persistence, along with uncorrelated returns which are
common in almost all financial series. How well have agent-based models done on
these tests? Fortunately, or unfortunately, depending on your perspective, they have
been too successful. The world is now loaded with a plethora of agent-based models
which replicate the “stylized facts.”

The econophysics oriented models fall into two broad categories. First, relatively
simple models with stylized structure and relatively few agent types have been built.
The emphasis is often on model tractability, and ease of empirical estimation. Some
early examples of this are [16,76], and [21]. These are all models which are capa-
ble of matching most of the basic features of stock returns, but sometimes require a
few minor tweaks to line them up with data.'? Their dynamics are usually relatively
tractable, and various forms of these models can be taken to the data and estimated.
For the physics community [16] has probably led to the most activity and extensions
as it is built from an Ising model which still feels like a natural structure for informa-
tion contagion and social interactions [18]. However, this literature still does not seem
to empirically favor the Ising model over other approaches. For these simple models,
and the basic facts, a definitive empirical test has not been found. We will return to
the question of whether these models might be too simple in the next section.

Another interesting early model is the Farmer/Joshi model in [46,47]. This model
makes a major move from the other early models in the direction of realistic strate-
gies. The authors are able to still show the impact and dynamics of most of the basic
strategies. However, bringing them all together requires computational approaches.
The complexity of of this model has made it difficult to estimate relative to some of
these other earlier approaches [44].

Another model which overlaps into financial applications is the minority game.
The literature on this model is vast. Reference [24] is a good early summary of this
large literature. This highly stylized model is an interesting study in game theory,
dynamics, and learning, and is a huge and active area for econophysics.'® From its
origin it was suggested to be a good representation for financial market dynamics [23].
This has always seemed like a bit of a stretch. First, it is not a model where price
dynamics is part of its core. Prices are usually an add on to the model. Second, it
is a model where being a contrarian always wins out. This is not exactly the case
when thinking about bubbles and excessive price dynamics in finance. Good strate-
gies in these markets probably follow the herd for a while, but time their departure
to avoid the inevitable market crash. At its core, this model is not about this subtle

12" Examples of these tweaks are in [54] or [50].

13 The model has roots in the El Farol problem [6] and also shares connections to various
earlier models in [85].
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aspect of financial market timing. It does have one interesting feature that is a clear
contribution of the modeling style in econophysics. Because of its simplicity it is able
to enumerate the entire strategy space. For a given history, strategies can be created
which cover all possible functions of this history. This is a powerful modeling tool
that many more complex models don’t have. It is also important to note that this is
a model where much of the herd and anti-herd behavior can be viewed as emergent
since it does not build in any specific desire to move as a group.'4

One group of agent-based models that are different from the stylized econophysics
models are several early, highly computational, approaches.'® All these markets push
the idea of emergence by leaving the agent strategy set relatively open ended. Agents
can learn whatever happens to work, and successful strategies coevolve in a general
evolutionary pool of possible forecasts. While intellectually appealing, since little
structure is preprogrammed into agents’ behaviors, these models can become in-
tractable, and they are also loaded with many parameters. This style of modeling
remains distant from the mainstream of econophysics that prefers the much more
streamlined models mentioned previously. These models are often capable of replicat-
ing the basic empirical features, and in some cases probably do this more effectively
than the other simpler models. It remains to be seen whether these models were
simply too complex, or maybe slightly ahead of their time.

4 Challenges for agent-based models

Agent-based models are not all that common in the world of economics and finance.!6
If they have such promise, and we are so convinced that heterogeneity matters why
aren’t these models generally accepted? Some of this has been some general stickiness
to behavior in the economics world, but there are definitely other issues that have
kept them from broad use.

The first is agent granularity. Most agent-based models depend on some aspect of
lumpiness or granularity in the agents. At some point in the system the law of large
numbers is breaking down in some subtle way. There is a very good example of this
in [39] who take a simple financial model, and then take the limit as the number of
agents goes to infinity. The dynamics change dramatically, and most of the interesting
features go away.'” If these models rely on some kind of small numbers issue, which
may be important and realistic, we will often need to take the number of agents into
account in modeling and estimation. How idiosyncratic noise is added to individual
agents is also a problem when they may represent groups rather than true individuals
in the model. Also, models where lumpy agents matter may have tricky dynamics
which makes analysis either difficult or interesting.

Second, and closely related, is the issue of dynamics. Almost all agent based mod-
els generate rich and interesting nonlinear dynamics.'® These dynamics make these
models interesting, and powerful noise generators and amplifiers. Their ability to
generate lots of variability in prices from almost no underlying noise is impressive,
but it can make estimation difficult. Given that nonlinear dynamical systems can be

14 Another interesting early model which stresses this emergent grouping in a relatively
simple way is [89].

15 Some early examples and their respective computational technologies are: classifiers [7],
neural networks [10,70], genetic programming [25], and fuzzy logic [88].

16 An interesting exception of an agent-based model in main stream finance is [61].

7 TIn a slightly more simplified version [3] perform some similar experiments.

18 See [58] for the definitive work on how to formally analyze many of these models which
often display low dimensional chaos.
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very sensitive to parameter values, they often hand us difficult parameter estimation
problems. °

Related to estimation is the problem of model comparison. As previously men-
tioned, when it comes to the Mandelbrot facts, the agent-based world has given us
many models which meet the test of feature replication. Therefore, it is probably time
to move beyond the basic set of features to others. [74] examines some possibly new
facts on the exact dynamics of bubbles [73] looks at a wide array of features at many
different time horizons. Finally [20] turns to cross sectional asset pricing relation-
ships. This is a novel approach for the world of agent-based modeling which is often
concerned with the price movements of a single asset. I think it is likely that some
of these directions in testing will provide tests capable of distinguishing amongst the
many models currently in play.

Adaptation and evolutionary dynamics itself can be tricky as well. For finance
the agent objectives, or fitness, seem to be well defined in that agents move to better
performing strategies. However, what objective is used here? Is this risk adjusted?
Should it be? How is this very noisy value estimated from past data? Finance of-
fers some interesting challenges in this area. There actually may be two objectives
at work. One coming from direct movements along agents’ utility based preferences,
and another related to basic wealth growth. The survival of optimal wealth growth
portfolios has a long tradition in finance going back to [63], and is directly tied to
some basic ideas from information theory. Financial markets that allow for wealth
adjustments along with some form of response to recent performance implicitly are
operating with two evolutionary objectives [71]. This combination of dynamics is still
not a well understood area.?° Even just one fitness measure is tricky since the market
demands will often depend critically on its numerical values. This means the magni-
tude of a relative comparison across two strategies can be very important since this
will feed into a gradient flow of agents between the strategies. As researchers we may
be very sure of making relative comparisons between these strategies, but the quanti-
tative comparisons necessary to determine agent dynamics is probably something we
are much less sure about.

Many agent based models stress their adaptive dynamics. Sometimes this comes
from evolutionary models, and sometimes models for social interactions. Whichever
mechanism is used, little modeling effort is made at the level of the agent forecasting
or behavioral rules. This is even true in places where there is data available to calibrate
these rules. Researchers work on models with rich and interesting dynamics across
agents who may simply be optimists or pessimists, buyers or sellers, trend followers, or
fundamentalists. These very simple agent behaviors are a weak link in this modeling
chain. There is more information out there, and we can do better. Some of this data is
not pretty, but it can be brought in to build a better agents. A recent example of this
is [1] where the authors use investor forecasting data to calibrate learning memory
lengths for a set of trading agents. References [64] and [51] are other examples of
agent calibration. Another method is used in [72] which replaces what are often ad
hoc rules for fundamental traders with strategies based on common price/dividend
ratio regressions. Beyond information from the field, there is also a vast amount of
information from controlled laboratory experiments that can be used as well for cal-
ibrating agents. Reference [57] is a good survey of this. Also, see [59] for some very
interesting connections between experimental results and computational simulations.

19 See [14] for an example where the difficulty of estimating some critical model parameters
is very clear. Another example of model estimation is [2]. An early simple experiment on the
difficulties of estimating a chaotic model using traditional methods is [53].

20 See [5] and [15] for some early directions. Also, a very complete survey of this area is
in [43).
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Getting more detailed agent calibration information is an obvious forward step for
agent-based analysis.

5 Sumary and future

As T've mentioned, replicating Mandelbrot’s puzzles is something agent-based models
have been very successful at. Unfortunately, this is not going to gain them acceptance
into the more traditional economics modeling toolkit. What will eventually be needed
is some model that dramatically changes how we think about a problem, and hope-
fully delivers some new and previously not considered policy advice. For the most
part this has not happened yet.

Sometimes agent-based models may make policy recommendations which are too
far reaching and radical to be believed. This might be the case in [36] who hinted at
some of the dangers of changing the way prices were quoted on NASDAQ. The model
is relatively complex, and the change from eighths to decimal trading seemed to be
destined to happen regardless of the authors’ simulated markets showing the possible
appearance of new parasitic strategies under the different institutional arrangement.
Another example coming from politics is in [66]. They use an agent-based model along
with some intuition coming from simulated annealing to suggest certain optimal vot-
ing systems for local politics. I don’t think much of this has been implemented in real
election systems. In both cases we may have met the intellectual bar of an interesting
and important model, but the world was not ready for its message.

Agent-based models are often asked to do what we ask from traditional models.
This usually is in some form of out of sample prediction, or prediction subject to some
policy intervention or treatment. They may not be the best models for doing this. It
is possible that these models will never be any better (or might be worse) than more
traditional models at predicting financial crises. Given that they need to calibrate
agents to data pulled from the rare periods when markets are under stress, and also
that they involve interesting, but challenging, nonlinear dynamics, predicting extreme
events may not be something they can do well. This should not be held out as a test
for their usefulness.?! In their defense, agent-based models may be perfect counters to
the Lucas Critique [75] in which empirically derived policy recommendations can go
terribly wrong as agent behavior changes under a new regime. Well designed agent-
based models would learn around the new policies predicting the new outcome. This
is interesting, but is admittedly a stretch given our current technologies.

More important results will come from challenging more traditional approaches. A
notion of breaking standard models might be a more fruitful approach. An interesting
engineering example of this is the Millennium Bridge [12]. Building bridges involves
taking well tested models and taking them “out of sample.” The laws of physics and
mechanics hold well as civil engineers have used these successfully for thousands of
years. The Millennium Bridge was built based on our usual bridge making technolo-
gies, but it failed to take into account the endogenous dynamics caused by pedestrians
walking across the swaying bridge. An agent-based model might have captured this
phenomenon and offered some useful design interventions. Another example is the
concept of “slower is faster” [52] in which putting barriers into a flow pattern can
have the impact of speeding up pass through. It would be interesting to find big,
nonintuitive features such as these for financial markets.

Econophysics has followed in the legacy left by Benoit Mandelbrot. Often defiantly
operating outside the bounds of economics and finance, it has made contributions

21 Though I remain cautious about building early warning indicators, some recent research

suggests this may be feasible. See [38] for measures of liquidity near a crash, and [87] and
[9], for predictions using banking network information.
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that have added to our knowledge about financial market operations. On the empir-
ical side, by concentrating more on big stylized facts, it has revealed many patterns
in financial data. It is important to single out market microstructure, and in partic-
ular limit order books, as a major success for the field. As for agent-based modeling,
econophysics has probably fared no better, or worse, than the fringe of economics
involved in this modeling. It has purposefully concentrated on highly tractable, very
stripped down models of behavior. My fear is that they may be too stripped down
for what they are trying to do. As our data and computing resources continue to
expand, I remain optimistic about this research area operating between the physical
and social sciences.
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