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Abstract Mixed convection in a rectangular double lid-driven cavity filled with hybrid nanofluid (Al2O3–
Cu–water) subjected to insulated sidewalls and sinusoidal temperature on horizontal walls is numerically
investigated. Using the SIMPLE algorithm for pressure, velocity coupling, the momentum, mass conser-
vation, and energy equations are numerically solved by the finite-volume method (FVM). The data were
validated by comparing the present results with the results of the problem solved by Sarris et al. (Numer
Heat Transf Part A Appl 42(5):513–530, 2010) for pure liquid. The effects of amplitude ratio, phase devi-
ation, and Reynolds numbers on the flow and heat transfer characteristics are discussed. It is found that
the rate of heat transfer is improved as the volume fraction of the hybrid nanoparticles and the amplitude
ratio are increased. The non-uniform heating at cavity walls tend to provide higher heat transfer rate and
the heat transfer rate increases with respect to Reynolds number.

1 Introduction

Mixed convection in lid-driven cavity is an important
research topic in the field of fluid mechanics due to
its significance in several engineering applications and
various industrial devices such as heat-exchangers, air-
condition refrigerators, lubrication technologies, refrig-
eration of electronic devices, atmospheric flows, dry-
ing technologies, solar energy storage or solar collec-
tors, mixing, coating and drying applications including
nuclear reaction systems [1–5]. A new type of medium
with high thermal conductivity, called as nanofluid has
been considered as the most potential heat transfer
fluid in various fields including energy, chemical indus-
try, construction and microelectronics [4]. On the other
hand, the displacement of the lid including the doubly
driven become an attractive ongoing research topic [5].
Tiwari and Das [6] examined numerically the behavior
of nanofluids in a differentially heated lid-driven square
cavity. In addition, Hillal and Sameh [7] simulated the
steady MHD of mixed convection in a lid-driven cavity
filled with nanofluid, where non-uniform heating were
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imposed at the vertical side walls. The authors con-
cluded that the fluid was slowed down due to the pres-
ence of a magnetic field.

A lot of researchers consider steady wall tempera-
ture/heat flux; however, these boundary condition are
rarely seen in practice. In many applied cases such as
solar energy collection and cooling of electronic compo-
nents, the thermally active walls may be subjected to
non-uniform heating due to shading or other effects.
Therefore, the study of natural or mixed convection
that considers non-uniform heating is crucial. Sarris et
al. [8] simulated the natural convection in an air-filled
rectangular cavity subjected to sinusoidal temperature
at the top wall. Basak et al. [9] performed the numeri-
cal study on laminar natural convection in an air-filled
square cavity subjected to both non-uniform and uni-
form heating at the lower wall. Bilgen and Yedder [10]
studied the natural convection with sinusoidal tempera-
ture profiles at the side walls. In addition, Sathiyamoor-
thy et al. [11] imposed linear temperature distributions
at both side walls of a cavity. Sameh et al. [12] exam-
ined the impact of non-uniform heating on both verti-
cal side walls. They studied MHD mixed convection in
an inclined lid-driven cavity and concluded that non-
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uniform heating at both side walls would increase heat
transfer rate. Furthermore, Sivasankaran and Pan [13]
simulated the mixed convection in the (porous) square
lid-driven cavity subjected to unsteady heating at both
side walls. On the other hand, Sivasankaran et al. [14]
studied the mixed convection in a rectangular enclo-
sure by imposing sinusoidal temperature distribution at
both vertical side walls. Moreover, as outlined in [13]
and [14], the non-uniform heating at both side walls
tend to give higher heat transfer rate. Sivakumar and
Sivasankaran [15] simulated the mixed convection in
an inclined square cavity with non-uniform tempera-
ture distributions at both side walls. They have con-
cluded that heat transfer increases dramatically in the
dominant buoyancy mode when the angle of inclina-
tion of the cavity increases if both walls have identi-
cal heating and cooling zones. Arani et al. [16] studied
numerically the mixed convection in a lid-driven cav-
ity filled with nanofluid (Cu–water) subjected to sinu-
soidal heating at the side walls. They have reported that
while maintaining the Reynolds number, the heat trans-
fer rate increases with respect to Richardson number.
In another study, Sivasankaran et al. [17] have inves-
tigated the effect of magnetic field on the mixed con-
vection in a square lid-driven cavity by imposing sinu-
soidal temperature profiles at both side walls. Oztop
et al. [18] have investigated the natural convections
of nanofluids (Al2O3–water) and, (TiO2–water) inside
an inclined enclosure by considering sinusoidal tem-
perature profiles. Deng and Chang [19] have investi-
gated analytically the natural convection in a rectan-
gular cavity subjected to sinusoidal temperature dis-
tributions at the right and left sidewalls. By varying
the phase or amplitude of the sinusoidal function, the
heat transfer can indeed be manipulated. Sathiyamoor-
thy and Chamkha [20] and [21] studied the natural
convection in a square cavity with linearly-heated side-
walls. Bhuvaneswari et al. [22] simulated the magneto-
convection in a square cavity subjected to sinusoidal
boundary temperature distributions at both vertical
walls using FVM. Using the Galerkin finite-element
method, Basak and Chamkha [23] conducted the heat-
line experiment on natural convection in a square cav-
ity filled with nanofluids. In contrast, heatline on ther-
mal management with conjugate natural convection in
a square cavity was studied by Basak and Chamkha
[24]. The vulnerability of heat function boundary con-
ditions was examined by Biswal and Basak [25] on
the invariance of Bejan heatlines for natural convec-
tion in enclosures with various wall heating. One of the
key aims in performing such heat transfer studies is to
improve the heat transfer rate inside an enclosure. Dip-
ping nanoparticles, such as copper and alumina into a
base fluid like water (hence nanofluid), is among the
current development in accomplishing this aim. Hybrid
nanofluid, which is consisting of one base fluid and
more than one type of nanoparticles, has been used in
many practical engineering applications (see Nield and
Bejan [26], Vadasz [27], and Vafai [28]). Suresh et al.
[29] conducted an experimental analysis using hybrid
nanofluid (Al2O3–Cu–water) for heat transfer augmen-

tation. Their experimental results showed that in the
case of hybrid nanofluid, there is a 13.56% increase in
Nusselt number relative to the pure fluid at Re =1730.
A computational analysis of the time-dependent con-
jugate convective flow of hybrid nanofluids in semi-
circular enclosures was conducted by Chamkha et al.
[30]. Alsabery et al. [31] and [33] conducted a study
of hybrid nanofluid within enclosure with a wavy wall.
While, Rashad et al. [35] simulated the MHD natu-
ral convection of hybrid nanofluids in triangular cav-
ity. Beg et al. [37] studied numerically the transient
Marangoni thermo-convection flow of an Newtonian
fluid in an isotropic Darcy porous rectangular semi-
conductor melt enclosure with buoyancy and internal
heat generation effects. Venkatadri et al. [38] conducted
a theoretical and numerical study of natural convec-
tion in two-dimensional laminar incompressible flow in
a trapezoidal enclosure in the presence of thermal radi-
ation and found that the local Nusselt number and
velocity are increasing functions of the Rayleigh num-
ber and radiation parameter. Chandanam et al. [39]
investigated laminar viscous MHD natural convection
flow in a triangular shaped porous enclosure contain-
ing two hot obstacles filled with electrically conducting
air. Devi et al. [40] examined numerically the buoyancy-
driven flow of Casson viscoelastic fluid in a square cav-
ity in the presence of magnetic field and found that
the temperature gradient is an increasing function of
the buoyancy force. Venkatadri et al. [41] investigated
numerically a steady MHD convection flow of a Car-
reau nanofluid past a vertical plate with radiative heat
flux using Buongiorno model and studied the impact
of thermophoresis and Brownian motion. Venkatadri et
al. [42] studied the effect of magnetic wire position on
natural convection of nanofluid in square cavity. While,
Venkatadri et al. [43] studied a natural convection of
heat transfer in a trapezoidal enclosure at various wall
temperatures at four walls with various Prandtl number
using a finite-difference method.

While many research works have been conducted on
studying natural and mixed convections in air-filled
cavities subjected to non-uniformly heating, the con-
vection study involving single and hybrid nanofluid in
enclosures is lacking.

2 Mathematical formulation

The physical model of the current research is schemat-
ically explained in Fig. 1. The problem considered in
this work is the lid-driven cavity flow of an incompress-
ible, laminar, viscous fluid with two moving horizon-
tal walls. Both the top and bottom lids move with a
uniform velocity in any indicated direction either from
left to right or vice versa. Here, two-dimensional mixed
convection in a rectangular lid-driven cavity filled with
hybrid nanofluid (Al2O3–Cu–water) is considered by
insulating the vertical side walls and imposing sinu-
soidal temperatures at horizontal walls with length (L)
and height (H). The no-slip condition for all solid walls
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Fig. 1 Physical model of convection in a rectangular cavity
together with the coordinate system

is assumed. It is also assumed that the nanoparticles are
in thermal equilibrium with the base fluid. Steady con-
vective flow is a flow in which the velocity and temper-
ature of the fluid do not change with time. With these
assumptions, the dimensional governing equations for
the mixed convection, namely the continuity, momen-
tum, and energy equations, can be expressed as follows:
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= 0 (1)
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∂2T

∂y2

)
(4)

subjected to the boundary conditions [7,10,16]

top wall: u=±u0, v=0, T =Tc+At sin(2πx/L + γ) (5)
bottom wall: u=±u0, v=0, T =Tc+Ab sin(2πx/L) (6)

left and right walls: u = v = 0,
∂T

∂x
= 0 (7)

Here, x and y are the Cartesian coordinates of both
horizontal and vertical directions, g refers to the grav-
itational acceleration, ρhnf denotes the density of the

hybrid nanofluid, and νhnf refers to the kinematic vis-
cosity of the hybrid nanofluid. The physical properties
related to hybrid nanofluid are [31]:

Hybrid nanofluid density ρhnf given as

ρhnf = ϕCuρCu + ϕAl2O3
ρAl2O3

+
(
1 − ϕCu − ϕAl2O3

)
ρf (8)

Hybrid nanofluid heat capacitance (ρCp)hnf given is

(ρCp)hnf = ϕCu (ρCp)Cu + ϕAl2O3
(ρCp)Al2O3

+
(
1 − ϕCu − ϕAl2O3

)
(ρCp)f (9)

Hybrid nanofluid buoyancy coefficient (ρβ)hnf can be
determined by

(ρβ)hnf = ϕCu (ρβ)Cu + ϕAl2O3
(ρβ)Al2O3

+
(
1 − ϕCu − ϕAl2O3

)
(ρβ)f (10)

The dynamic viscosity ratio of nanofluids can be
determined as Corcione [32]:

μnf

μf
=

1

1 − 34.87
(

dp

df

)−0.3

ϕ1.03

(11)

and the thermal conductivity ratio of nanofluids can be
calculated as (Corcione et al. model [32]):

knf
kf

= 1 + 4.4Re0.4
B Pr0.66

(
T

Tf

)10(
kp

kf

)0.03

ϕ0.66

(12)

Depending on these models, we now devise the
dynamic viscosity ratio and the thermal conductivity
ratio of (Al2O3–Cu–water) hybrid nanofluids from the
particle sizes of 33 nm and 29 nm [33] in the ambient
condition as follows:

μhnf

μf
=

1

1 − 34.87(df )0.3
[
(dCu)

−0.3 (ϕCu)
1.03 + (dAl2O3)

−0.3 (ϕAl2O3)
1.03

] (13)
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(
T
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)10

(kf )−0.03

× [
(kCu)

0.03 (ϕCu)
0.66 + (kAl2O3)
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(14)

where ReB is defined for hybrid nanofluid as

ReB =
ρfuB (dCu + dAl2O3)

μf
(15)
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uB =
2kbT

πμf (dCu + dAl2O3)
2 (16)

where kb = 1.380648 × 10−23 (J/K) is the Boltzmann
constant, lf = 0.17 nm is the mean path of fluid parti-
cles, df is the molecular diameter of water as [32]

df =
6M

N∗πρf
(17)

where M denotes the molecular mass of the working
fluid, N∗ is the Avogadro number, and ρf indicates
the density of the working fluid at regular temperature
(310K).

Now, the non-dimensional variables are presented as
follows:

X =
x

L
, Y =

y

L
, U =

u

U0
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v

U0
,
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=
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,
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pL2

ρfα2
f

, Ri =
Gr

Re2
,

Gr =
gβ (Th − Tc) L3

ν2
. (18)

Then, the non-dimensional governing equations can
be written as
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The dimensionless boundary conditions are
Top horizontal wall:

U = λ, V = 0, θ = ε sin(2πX + γ) (23)

Bottom horizontal wall:

U = λ, V = 0, θ = sin(2πX) (24)

Left and right walls:

U = V = 0,
∂θ

∂X
= 0 (25)

where λ = ±1 and ε = At

Ab
.

Heat transfer in the cavity is characterized by the
Nusselt number. The local Nusselt numbers along the
lower and upper horizontal walls are defined as

Nub−hnf = −
(

∂θw

∂Y

)
Y =0

, (26)

Nut−hnf = −khnf
kf

(
∂θhnf
∂Y

)
Y =1

(27)

The fluid in the enclosure gains heat upon heating
half of the horizontal wall, which gives (Nu > 0). How-
ever, the fluid loses heat upon cooling half of the hor-
izontal wall, which yields (Nu < 0). The total heat
transfer rate at the cavity wall is the sum of the aver-
age Nusselt number together with the heating halves of
both horizontal walls, as defined by the following aver-
age Nusselt number:

Nuhnf =
khnf
kf

[∫
heating half

Nub−hnf dy

+
∫
heating half

Nut−hnf dy

]
(28)

3 Numerical method

By employing the finite-volume method [34], the gov-
erning equations (19)–(22) are numerically solved. The
convection–diffusion terms are discretized by the power-
law scheme. The pressure and velocity components
are coupled using the SIMPLE algorithm. Then, the
tri-diagonal matrix algorithm (TDMA) technique is
employed to solve iteratively the coupled set of dis-
cretized equations. The algorithm is coded using FOR-
TRAN90. The relaxation coefficient of below 0.5 can be
used for momentum and energy equations to achieve
convergence. The convergence criterion is calculated
using the following expression:

ε =

∑m
j=1

∑n
i=1

∣∣ηk+1
i,j − ηk

i,j

∣∣∑m
j=1

∑n
i=1

∣∣ηk+1
i,j

∣∣ ≤ 10−7, (29)

where ε represents the tolerance, m and n denote the
number of grid points in the x and y directions, respec-
tively, η denotes any computed field variable, and k
refers to the iteration number.
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4 Grid-independence test

To check the grid independence of the solution, a
numerical experiment is performed with different grid
resolutions. The grid independence test is performed
using uniform grid in X and Y directions. The grid
sizes of 100 × 50, 120 × 60, 140 × 70, 160 × 80,
180 × 90, and 200 × 100 with the following chosen
parameters (see Table 1): Re = 100; Ri = 1; L = 2;
ϕ = 0.02; Pr = 6.2 and direction of the moving walls
(Udown = −1, Uup = +1) are considered. Table 1 shows
that the grid of 200 × 100 is sufficiently accurate for
studying the problem considered in the current work.
For the purpose of data validation, the present results
are compared against those reported by Sarris et al. [8]
as shown in Fig. 2. It is found that both results are in
good agreement.

5 Results and discussion

Numerical simulations are conducted with non-uniform
heating at both horizontal walls in a rectangular cav-
ity. The following parameters are considered: Reynolds
numbers (Re = 2,10,50,100,200), amplitude ratio (ε =
0, 0.3, 0.7, 1), phase deviation (γ = 0, π

4 , 3π
4 , π), Length

(L) and Prandtl number (Pr = 6.2), volume fraction
(ϕ = 0.02) of hybrid nanoparticles (Al2O3–Cu) and
Richardson number (Ri = 1). The thermophysical char-
acteristics of the basic fluid (water) and Al2O3, Cu
nanoparticles are shown in Table 2.

Figure 3 shows the effect of Reynolds number on the
streamlines and isotherms due to the horizontal wall
movement (the top wall moves to the right, λt = 1
while, the bottom wall moves to the left, λb = −1). At
Reynolds number (Re = 2, 10, 50, 100, 200), a single
streamline cell rotating in the clockwise direction can
be seen. Obviously, the direction is synchronized to the
both top and bottom lids movement. The streamlines
are distributed along the whole cavity instead of being
confined near the top and bottom walls. The special
curve form of flow pattern can be observed clearly at
the top left and bottom right corners of the cavity at
high Reynolds numbers Re = 100, 200. This pattern
formed due to the constant lids movement and can be
expected obviously in Fig. 4 when various directions of
the lid-driven are observed.

From streamline plot, it shows that the flow is cir-
culated clockwise. Starting from the sinusoidal heated
bottom left wall due to buoyancy effect, that is the low-
density hot hybrid nanofluids rise and reach the sinu-
soidal heated top wall with the effects of phase devi-
ation γ = π/4 and ε = 1. However, due to the con-
stant movement of top lid-driven to the right with the
effect of adiabatic wall on the left, the special curve
form of flow pattern is formed at the corner of top
left of the cavity. Later, the flow moves following the
direction of the upper wall until it reaches right adia-
batic wall. Here, the effect of cold bottom right wall is

much more dominant compared to the heated top right
upper wall. With the temperature gradient, the consid-
ered cold hybrid nanofluids becomes more high-density
and moves downward along the adiabatic right vertical
wall and reaches the cold bottom wall. With the effect
of movement of bottom lid-driven to the left, the spe-
cial curve flow pattern is formed at the bottom right
corner of the cavity. This circulated motion is repeated
and one form of hybrid nanofluids is rotating clockwise
in the whole cavity. As Ra increases, the formation of
special curve form of flow pattern of streamlines is more
visible at the top left and bottom right corners of the
cavity. The isotherm contours are formed clearly in the
pattern of sinusoidal heating at top and bottom walls
at low Reynolds number due to the significant effect of
high viscous term. With the increase in Re, isother-
mal lines become vertical at both vertical walls due
to movement of hybrid nanofluids. Isotherm rotation
is improved with an increase in Re. It is worth men-
tioning that an increase in Re increases heat transfer
rate.

Figure 4 shows the effect of direction of the mov-
ing wall on the streamlines and isotherms at Richard-
son number (Ri = 1), Reynolds numbers (Re = 100),
ε = 1 and γ = π/4. The combination of various direc-
tions of the upper and bottom lids are considered upon
four cases. For Case 1, the top wall moves in the pos-
itive direction to the right, λt = 1, while the bot-
tom wall moves in the negative direction to the left,
λb = −1. Figure 4a shows that the motion of hybrid
nanofluid is characterized by a single primary vortex
rotating in a clockwise direction. For Case 2, the top
wall moves in the negative direction to the left, while
the bottom wall moves in the positive direction to the
right. Figure 4b shows that a single primary vortex
is rotating counter-clockwise due to the movements of
the top and bottom surfaces. Owing to this counter-
clockwise rotation, the warmer fluid ascends near the
right wall and arrives at the upper wall, while the cold
liquid descends near the left wall. Therefore, isothermal
lines with higher temperatures are observed near the
right wall and isothermal lines with lower temperatures
appear near the upper and left walls. The formation of
streamlines and isotherm are contradicted to the Case
1. In Fig. 4 (Case 3), the upper and lower walls move
in the positive direction to the right. Flow symmetry
is observed which is characterized by two primary vor-
tices of identical size. This occurs due to the movement
of cavity walls thus leading to clockwise and counter-
clockwise rotations (Fig. 4c). Lower fluid layers rotate
counter-clockwise while upper fluid layers rotate clock-
wise.

Two rotations at the boundary have an almost zero
velocity. Conduction is the key concept of heat flow,
where laminar is the transfer and isothermal lines in
this region are nearly horizontal. The warm fluid at the
left wall rises and mixes with the top cold fluid. Upon
mixing, the fluid descends near the left wall, thus form-
ing a counter-clockwise rotation. Isothermal lines with
higher temperatures are hence seen near the left wall.
Near the top wall, the reverse process clockwise of the
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Table 1 The average Nusselt number and the number of grids

Size Udown = − 1 Uup = +1

100 × 50 31.280525 32.235118
120 × 60 33.828616 34.903835
140 × 70 35.436954 36.569290
160 × 80 36.434526 37.608566
180 × 90 37.082129 38.27793
200 × 100 37.500932 38.717358

Fig. 2 Streamlines (a),
Sarris et al. [8] (left),
present study (right),
isotherms (b), Sarris et al.
[8] (left), present study
(right) for Raf = 105,
ϕ = 0 and Prf = 100

Table 2 Thermo-physical properties of water, Cu, Al2O3 nanoparticles at T = 310 K [35]

Physical properties Fluid (water) Cu Al2O3

k (Wm−1 K−1) 0.628 400 40
μf × 106 (kg/ms) 695 – –
ρ (kg/m3) 993 8933 3970
Cp (J/kgK) 4178 385 765
β × 10−5(1/K) 36.2 1.67 0.85
dp (nm) 0.385 29 33
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Fig. 3 Stream function (left) and temperature contours (right) for non-uniformly heated up and down walls at various
Reynolds number
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Fig. 4 Stream function (left) and temperature contours (right) for non-uniformly heated up and down walls with effect of
direction of the moving walls

rotation pattern has been observed. The fluid is heated
upon mixing with the warmer fluid; therefore, the fluid
that rises near the left wall cools down because when it
comes in contact with the cold wall, then after the fluid
has moved towards the wall right and consequently the
rotation has been completed. Therefore, the warmest
region is near the top of the left wall. In Fig. 4d, the
movement directions of the lower and upper walls are

opposite to those in Fig. 4c. Therefore, the bottom-layer
rotates in clockwise direction and the top-layer rotates
in counter-clockwise direction.

Therefore, it is shown that the movement of the lid
plays a significant role, leading to different fluid flow
patterns. The fluid velocity at the center of the vortex
is faster when the lids are in a different direction. Here,
the special curve form of flow pattern can be observed
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at: Case 1: top left and bottom right; Case 2: top right
and bottom left; Case 3: top left and bottom left; while,
Case 4: top right and bottom right, of the corners of the
cavity.

Figure 5 shows the streamlines (left) and isotherms
(right) for the following parameters: Richardson num-
ber (Ri = 1), Reynolds numbers (Re = 100), volume
fraction (ϕ = 0.02) of hybrid nanoparticles (Al2O3–
Cu), phase deviations (γ = 0, π

4 , 3π
4 , π) and horizontal

wall movement (the upper wall moves to the positive
direction, while the lower wall moves to the negative
direction). As shown in Fig. 3, for all the phase devi-
ations considered, a single large vortex rotating in a
clockwise direction is formed inside the cavity. The flow
of the hybrid nanofluid is mainly driven by the shear-
ing effect of the lid motion. As the Richardson number
is constant, the variation of phase deviation does not
affect the flow pattern significantly. The core region of
the cavity is isothermal while the temperature gradient
occurs near the horizontal walls with the Richardson
number being constant, and the thermal boundary lay-
ers condense along the horizontal walls of the cavity.
Here, the natural convection is weak, and the forced
convection prevails due to the motions of top and bot-
tom lids. Under these conditions, the high thermal con-
ductivity of the hybrid nanofluids has little effect on
the thermal field in the cavity. This has been previously
observed by Arefanish and Mahmoudi [36]. It is found
that the changes in phase deviation affect the velocity
of the fluid. When phase deviation values are changed
from 0 to π, the core region of the cavity is isothermal
while the temperature gradient occurs within a region
near the horizontal walls with the Richardson number
being constant, and the thermal boundary layers con-
dense along the horizontal walls of the cavity. As heat-
ing zone is moved upward on increasing, and we con-
clude that the velocity of fluid is first increased and
then decreased.

Figure 6 shows streamlines and isotherms for the
following parameters: Richardson number (Ri = 1),
Reynolds numbers (Re = 100), volume fraction (ϕ=0.02)
of hybrid nanoparticles (Al2O3–Cu), amplitude ratio
(ε = 0, 0.3, 0.7, 1) and horizontal wall movement (the
upper wall moves to the positive direction, while the
lower wall moves to the negative direction). As shown
in Fig. 6, for all the amplitude ratios considered, a
large vortex rotating in clockwise direction is formed
inside the cavity. In addition, the velocity of the fluid
is increased on increasing the amplitude ratio.

The impact of varying phase deviation on the aver-
age Nusselt number along the horizontal walls at Ri = 1
is shown in Fig. 7a. The heat transfer rate rises with
increasing Re. By raising Re, convection heat transfer is
consistently increased, while the lower and higher phase
deviation provides the highest average Nusselt number
along the horizontal walls. Increasing the phase devia-
tion to π, however, creates a significant improvement in
the convection heat transfer. Figure 7b illustrates the
effects of varying amplitude ratio on the average Nusselt
number along the horizontal walls at Ri = 1.When the

amplitude ratio is zero, there is a strong enhancement
of convective heat transfer

Figure 8a shows the effects of hybrid nanoparticle
volume fractions on the average Nusselt number along
the horizontal walls at Ri = 1. Due to the increased
thermal conductivity of the nanoparticles, heat trans-
fer rate increases with respect to nanoparticle volume
fraction. As Re increases, the rate of the heat transfer
increases as well. Nevertheless, raising the volume of
hybrid nanoparticle fractions to 0.04 provides a signif-
icant increase in convective heat transfer. The impacts
of different nanoparticles on the average Nusselt num-
ber are presented in Fig. 8b. Hybrid nanofluid provides
higher heat transfer rate due to the higher thermal con-
ductivity of hybrid nanoparticles (Al2O3–Cu).

Figure 9 shows the effects of amplitude ratio on the
local Nusselt numbers at the top and bottom walls at
Ri = 1. As seen, convective heat transfer is enhanced
with increasing amplitude ratio. At the bottom wall,
similar to the previous case, increasing the amplitude
ratio from 0 to 1 causes the heating domain to move
upward and the cooling domain to move downward,
which causes the local Nusselt number to take a sinu-
soidal shape. Higher non-uniform heating (ε = 1) leads
to strong enhancement of the local heat transfer rate.
At the top horizontal wall, no change occurs for the
local heat transfer rate with the absence of the ampli-
tude ratio (ε = 0). However, significant enhancement
of local heat transfer occurs with increasing amplitude
ratio, and higher amplitude ratios (ε = 1) strongly
enhance heat transfer, obtaining the maximum value
of the local average Nusselt number.

The impacts of differing phase deviation on the local
Nusselt numbers at the top and bottom horizontal walls
at Ri = 1 are illustrated in Fig. 10. Because of dif-
ferent temperature profiles, the increase in convection
heat transfer at the top is greater than that at the
bottom horizontal wall. At the bottom wall, as phase
deviation increases from 0 to π, the heating domain
tends to move upward and the cooling domain down-
ward, which causes the local Nusselt number to take a
sinusoidal shape. The temperature distribution is sig-
nificantly enhanced at the top horizontal wall by chang-
ing the phase deviation, whereas higher phase deviation
(γ = π) produces adverse effects on the local heat trans-
fer rate. Thus, increasing γ causes the heating domain
to move downward and the cooling domain to move
upward.

The results of differing Re on the local Nusselt num-
bers at the top and bottom horizontal walls at Ri = 1
are shown in Fig. 11. The convective heat transfer rates
at the bottom and top walls increase with respect to Re.

6 Conclusions

The current numerical study focuses on 2D steady
mixed convection in a rectangular cavity filled with
hybrid nanofluid subjected to sinusoidal temperature
distributions at the top and bottom horizontal walls.
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Fig. 5 Stream function (left) and temperature contours (right)for non-uniformly heated up and down walls with effect of
phase deviation
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Fig. 6 Stream function (left) and temperature contours (right) for non-uniformly heated up and down walls with effect of
amplitude ratio

The primary objective is to study the impact of param-
eters such as Reynolds number (Re), amplitude ratio
(ε), phase deviation (γ) and direction of lid motion on
the fluid flow and heat transfer characteristics of hybrid
nanofluid. The major findings are:

– The increase in phase deviation greatly impacts
the flow behavior and the temperature distribu-

tion inside the cavity. This is due to the difference
between the sinusoidal temperature variations on
the horizontal walls. Overall, as the phase deviation
increases, the temperature distribution decreases
except for 3π

4 .
– The convective heat transfer is significantly

enhanced upon imposing the sinusoidal temperature
profiles at both horizontal walls.
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Fig. 7 a Variation of average Nusselt number interfaces with Re for different phase deviations γ, b variation of average
Nusselt number interfaces with Re for different amplitude ratios ε

Fig. 8 a Variation of average Nusselt number interfaces with Re for different ϕ, b variation of the of average Nusselt
number with ϕ for different particle types

Fig. 9 Variation of local Nusselt number interfaces with Y for different amplitude ratios ε for Cu–Al2O3–water
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Fig. 10 Variation of local Nusselt number interfaces with Y for different phase deviations γ for Cu–Al2O3–water

Fig. 11 Variation of local Nusselt number interfaces with Y for different Reynold numbers Re for Cu–Al2O3–water

– Because of the greater thermal conductivity of
hybrid nanoparticle, the average Nusselt number
increases substantially with respect to the hybrid
nanoparticle volume fraction. Convective heat trans-
fer increases with respect to phase deviation as well.

– At the lower and upper walls, heat transfer rate
increases upon increasing the Re value.

– The velocity of fluid is increased as increasing the
Richardson number and amplitude ratio. The non-
uniform heating on both walls provides higher heat
transfer rate than non-uniform heating of one wall.
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