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Abstract Immiscible flow has been extensively emerged in science and technology. Researchers and archi-
tects were delighted by the concept of multiple fluid transport by the means of shear pressure. The reliance
of drag impact of the two immiscible liquids is very much aspired but yet challenging. A mathematical
examination has been conveyed to understand the free convection inside a vertical vessel. There are two
immiscible liquids filled in the enclosure which are synthesized as two discrete regions encompassing a
nanofluid and permeable fluid. The Tiwari–Das model and Dupuit–Forchheimer is utilized to define the
nanofluid and permeable fluid, respectively. Southwell over-relaxation technique subject to suitable inter-
face and boundary conditions is bestowed to solve the conservation equations. Essential criteria defining
the fluid flow and energy transfer are studied deliberately. The outcomes demonstrate that the Grashof,
Brinkman and Darcy numbers augment the velocity, whereas inertial, solid volume fraction, viscosity and
thermal conductivity ratios depletes the momentum. The temperature distributions are not much mod-
ulated with any of the controlling parameters. By sagging nanoparticles, the flow is not much reformed
but reckoning copper nanoparticle as ethylene glycol–mineral oil base fluid regulates the supreme flow.
Diamond nanoparticle dropped in water catalyzes the highest rate of heat transfer.

List of symbols

Note (-) implies dimensionless

Ai Ratio of length to width
(

ai

2b

)
(-)

ai Length of the conduit (m)
b Breadth of conduit (m)

Br Brinkman number
(

μ3
f

Kf ρ2
f b2 (Tw2 −Tw1)

)

Da Darcy number
(

κ
b2

)

Gr Grashof number
(

g ρ2
f βf b3(Tw2 −Tw1)

μ2
f

)

Knf Thermal conductivity (W/mK)
Nxi, Ny Number of grid points in x and y direc-

tions (-)
n Ratio of densities

(
ρ2
ρf

)
(-)

P Pressure (Pa)
p Pressure gradient in no dimension(

ρf b3

μ2
f

∂P
∂Z

)
(-)

Ti Temperature (K)
Twi Temperature on the walls (K)
Wi Velocity (m/s)
wi Velocity with no dimension (-)

a e-mail: drumavathi@rediffmail.com (corresponding
author)

x, y, z Coordinates with zero dimension (-)
Δxi and Δy Grid size (m)
Xi , Y, Z Dimensional ordinates (-)

Greek symbols

λ Proportion of the viscosity
(

μ2
μf

)
(-)

βi Thermal expansion coefficient (K)
β Proportion of heat expansion coefficients

(
β2
βf

)

(-)
K Proportion of the thermal conductivity

(
K2
Kf

)

(-)
μ Dynamic viscosity (-)
θ Dimensionless temperature (-)
ρ Density of the fluid (kg/m3)

Subscripts

i = 1, 2 Quantities for region-1 and region-2, respec-
tively.

nf Nanofluid
f Base fluid
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s Solid nanoparticles

1 Introduction

Industrial applications’ analysts will in general utilize
various techniques to drive liquids, like enforcing exter-
nal forces. This work is motivated by the two layers
of immiscible fluids applied in modern technology. The
convective not immiscible flows are relevant in mate-
rial construction because of thickness contrast of differ-
ing fluids. The subject of immiscible liquids has been
explored in many fields such as oil industry, plasma
physical science, and geophysics. The other applications
also include film-covering, co-expulsion and greased
transport mechanism. Exploration of multiple liquid
momentum incorporate, yet not restricted to, cooling
hardware, heat exchangers, atomic reactors, and so
forth.

Most multi-facet streams happen in three distinct
circumstances. To begin with, development of co-
expulsion and lubricated measured, numerous polymer-
composed substances are appended into the liquid poly-
mer layer (Himmel et al. [1]). These added substances
work as greases, which lie in layers between the bound-
aries of a conduit and the conveyed liquid (Lee et al.
[2]). Second, the film-glazing includes a multi-facet,
where an alternate layer is utilized on every liquid sub-
strate (Khan et al. [3]). Third, the transmission of driv-
ing a conducting stream by a non-conducting liquid
utilizing the thick shear pressure is broadly utilized in
the electro-osmotic driven flow in equipment (Huang et
al. [4]). Dia [5] made analyses on the gravity current
initiated from a twofold layer. Golia and Viviani [6]
executed a mathematical review of buoyancy-induced
double-layer liquids in chambers with various compo-
sition of Prandtl and Reynolds numbers. They docu-
mented that there is a favorable compactness among
analytical and numerical solutions. Koster and Nguyen
[7] concentrated on free convection in not miscible liq-
uids with density inversion in a rectangular coliseum.

Al Omari [8] and Khaled and Vafai [9] distinguished
a huge energy entrust upgrade from the liquid con-
fronting the heated boundary of a mini-channel, by
co-streaming of a cool immiscible liquid with it. Has-
nain et al. [10] worked on the impact of porosity on
the energy on not blending liquids. They claimed that
both the energy and the speed were diminished with
the expansion of the third-grade parameter. To build
the durability of the materials, specialists add nano-
sized particles into the liquefying condition of materials,
which brings nanofluids to industrialized productions.
From 1995, since Sus and Ja [11] first suspended nano-
sized particles into the regular fluids, the ‘nanofluid’
has been effectively applied in many fields in indus-
tries for its exclusive compound and physical qualities.
Bahiraei et al. [12] inspected the flow properties of the
hybrid nanofluid inside miniature channels. Milani et
al. [13] scrutinized the double-pipe heat-exchanger uti-
lizing aluminum oxide nanofluid. The homogeneous–

heterogeneous reactions for the nanofluid stuffed inside
a cylinder was measured by Zhao et al. [14]. Zeng and
Xuan [15] probed the qualities of binary nanofluids with
applications in solar plants. Numerical simulation of
entropy generation driven by natural convection in a
trapezoidal chamber under the influence of nonuniform
temperature distribution along the vertical wall was
performed using the finite-element technique by Khan
et al. [16]. The observations made was that the aver-
age Nusselt number was an increasing function of the
Rayleigh number and amplitude and a decreasing func-
tion of wave number. The non-uniformity of the wall
temperature distribution can be considered as a pas-
sive technique for optimization of the heat transport
and entropy generation.

Thermal and flow analysis was performed for free
convection in a porous trapezoidal cavity considering
a non-equilibrium thermal energy transport model by
Khan et al. [17]. They claimed that the local Nusselt
number and average Nusselt numbers showed a dom-
inant enhancement for both fluids and solid phases
assisted by Rayleigh numbers while decreased with
an increase in the heating domains. A comprehensive
study of ferrofluid flow of nanofluid and heat trans-
fer enclosed in a triangle cavity was conducted numer-
ically by Usman et al. [18]. They concluded that by
enlarging the heated portion of the vertical wall, there
was a significant improvement in heat transfer enclosed
in a triangular domain. Further an increase of 10% in
the volume fraction of Fe3 O4 particles increases more
than 12% raise in the average Nusselt values, whereas
20% increase in the volume fraction of Fe3O4 particles
increases more than 30% raise in the average Nusselt
values. Sheikholeslami et al. [19] investigated mathe-
matical modeling of natural convection and magnetic
effects on hybrid nano-material convective transporta-
tion. The obtained results were that the isotherms were
significantly affected due to an augment in applied mag-
netic field and increasing values of Darcy number while
domain change in the streamlines pattern was per-
ceived for the same intensity of magnetic and Darcy
numbers. Hamid et al. [20] studied the heat augmen-
tation and hydromagnetic flow of water-based carbon
nanotubes (CNTs) inside a partially heated rectangular
fin-shaped cavity. Their study remarked that the com-
ponents of velocity were perceived maximum at a ver-
tical corner while minimum at the horizontal corner. It
was demonstrated that the local Nusselt numbers were
increased by introducing both solid volume fraction of
CNTs and radiation effects, while the Nusselt number
noticed maximum at the corners. Khan et al. [21] exam-
ined the flow and heat transfer of hybrid nanofluid in a
square cavity with a Y-shaped obstacle. The solid vol-
ume fraction of both nanoparticles reduced the temper-
ature and increased the local and average Nusselt num-
bers. The Y-shaped obstacle enhanced the heat transfer
rate in the cavity. Isaac Lare Animasaun [22] consid-
ered the modified version of buoyancy-induced model to
investigate the flow of 47 nm alumina-water nanofluid
along an upper surface of horizontal paraboloid of rev-
olution in the of revolution in the presence of nonlin-

123



Eur. Phys. J. Spec. Top. (2022) 231:2583–2603 2585

ear thermal radiation, Lorentz force and quartic auto-
catalysis kind of homogeneous heterogeneous chemical
reaction. He concluded that at large value of volume
fraction/the heat capacity and other properties of 47
nm alumina-water nanofluid greatly generate more heat
energy which account for the overshoot in velocity and
temperature functions. Further larger values of thick-
ness parameter correspond to higher concentration of
the homogeneous bulk fluid and lower concentration of
heterogeneous catalyst. He also concluded that increase
in velocity index parameter corresponds to an increase
in local skin friction coefficient and decrease in local
Nusselt number.

Cooling problems and maintenance of products are
some of the challenges in the industries due to ever-
increasing heat generation. However energy saving and
reduction process time have led scientists to embrace
the unique nature and thermal characteristics of some
fluids formed by adding solid particles (on microme-
ter and millimeter scales). Significance of haphazard
motion and thermal migration of alumina and cop-
per nanoparticles across the dynamics of water and
ethylene glycol on a convectively heated surface was
explored by Song et al. [23]. The outcome of their find-
ings was the there was a significant difference in the
temperature gradients at various haphazard motions
of alumina/copper nanoparticles near the wall and
free stream when the wall was highly heated convec-
tively. Also increasing thermo-migration of nanoparti-
cles corresponds to a growth in the square of tempera-
ture gradient, thus widen the domain of migration sig-
nificantly at a more significant haphazard motion of
alumina/copper nanoparticles. The partial differential
equation suitable to unravel the implication of increas-
ing partial slip and viscous dissipation on the dynam-
ics of the mixture of (i) blood and nano-size of gold
nanoparticles (ii) air and dust particles on an object
with an increasing diameter was investigated by Koriko
et al. [24]. They remarked that enhancement in the rate
of viscous dissipation was a major factor suitable to
increase the velocities of both fluids, boost tempera-
ture distribution across both fluids, and local skin fric-
tion coefficients. There existed a significant difference
between the effect of partial slip on the dynamics of
blood-gold nanofluid and dusty fluid.

Kefayati [25] examined non-Newtonian shear-thinning
base liquid with a suspension of copper nanoparticles in
a square duct. Micropolar nanofluid was inspected by
Rashidi et al. [26] with the effect of uniform blowing
of two equal co-axial permeable and conducting bodies.
Umavathi and her collaborators measured the thermo-
physical characteristics of nanofluids in different geome-
tries [27–29]. Free convection of nanofluids through per-
meable wavy cavity along with thermal dispersion was
researched by Sheremet et al. [30]. A numerical inves-
tigation of natural convection heat transfer stability in
cylindrical annular with discrete isoflux heat source of
different lengths was carried out by Mebarek-Oudina
[31]. His results showed that the increase of heat source
length ratio decreased the critical Rayleigh number.
The flow stability and heat transfer rate in can be con-

trolled by varying of the length of heat source. The
sensitivity analysis of the inclined magnetic field and
nanoparticle aggregation effects on thermal Marangoni
convection in nanoliquid was explored by Mackolil and
Mahantesh [32]. The observations made was that the
heat transfer rate was positively sensitive towards ther-
mal radiation and negatively sensitive towards the lin-
ear and exponential heat sources. Among the heat
sources, the heat transfer rate was enhanced more by
the exponential heat source. The problem of unsteady
nanofluid flow over a bidirectional stretched surface
embedded in a porous medium with a magnetic field
in the boundary layer region was studied by Ahmad et
al. [33]. They found that the large values of the Brown-
ian motion and thermophoresis parameters increase the
width of the thermal and concentration boundary layer.

In like manner, many examinations zeroed in on the
impact of type and volume part of nanoparticles in the
liquid to improve heat move in fenced in areas (Tayebi
[34] and Kolsi et al. [35]). Abu-Nada and Chamkha [36]
explored that expanding CuO–EG nanoparticle concen-
tration in the base liquid, the Nusselt values increased.
Zargartalebi et al. [37] surveyed the natural convec-
tion in a closed conduit loaded with nanofluid concen-
trated on the laminar regular convection in a walled
in area filled by nanofluid. The outcome shows that
Nusselt number increments with increment of porosity.
The average heat transfer coefficient was improved by
expanding the nanoparticles volume fraction as proved
in Jou and Tzeng [38]. The experimental analysis was
discussed by Ho et al. [39] and Hu et al. [40] to inspect
the consequences of the nanofluid on buoyancy driven
flow in a rectangular chamber with a heat source at the
left and cooling at the right, inculcating the upward
and base of the chamber. They showed that with incre-
ment of nanoparticles in base fluid, heat transfer rate
was improved. In the literature, studies reveal that the
convective heat transfer is enhanced with the presence
of nanoparticles and porous medium. Further examina-
tions on the nanofluid saturated with porous bed can be
counseled through the investigation [41–43]. Recently,
Umavathi et al. [44,45] surveyed the impacts of com-
posite fluids in a conduit.

Industrial applications of two immiscible nanoflu-
ids in enclosures are significant in various thermal
duct systems, materials processing and chemical engi-
neering technologies. The numerical solutions on this
topic in the literature is very meager. Propelled by
the above work, two-layer fluid flow with the lower
region filled with porous bed and the upper region sat-
urated with nanoparticles is explored. For permeable
medium, Dupuit–Forchheimer model is utilized which is
an expansion of Darcy’s law model. Tiwari–Das model
is incorporated for the nanofluid. Furthermore, gener-
ally, the vast majority of studies have concentrated only
on one type of nanoparticles and one type of base fluid,
i.e., unitary nanofluids. Mixed convection of a mix-
ture of different base fluids (engine oil, ethylene gly-
col, kerosene, and water) and different nanoparticles
(copper, titanium oxide, and diamond) is investigated.
Graphical results on the velocity and temperature are
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analyzed extensively on all the governing parameters.
Volumetric flow rate, skin friction and heat transfer
rates are also analyzed for all the parameters.

2 Mathematical formulation

Figure 1 traces the co-ordinates, boundary and interfa-
cial conditions. Two immiscible non-Newtonian fluids
flowing inside a vertical rectangular duct are analyzed.
The viscous and Darcy dissipations are also included.
The height of the duct is

(
a1
2 + a2

2

)
and b is the thick-

ness. The upper and underneath boundaries of the duct
are isolated. The other tow sides of the duct are kept at
constant temperatures Tw1 and Tw2 respectively such
that Tw2 > Tw1. The no-slip conditions is assumed
at all rigid boundaries. The conditions at the inter-
face are considered to be continuity of velocity, con-
tinuity of shear stress and continuity of heat flux. The
Tiwari–Das model and Dupuit–Forchheimer model is
taken into account to model the nanofluid and perme-
able fluid, respectively. All the physical properties of
the fluid are treated to be constant. It is also assumed
that the nanoparticles move consistently with the base
fluid. The Zone-I contains the nanofluid having den-
sity ρnf , viscosity μnf , thermal expansion coefficient
βnf , thermal conductivity Knf and Zone-II contains
permeable fluid having density ρ2, viscosity μ2, ther-
mal expansion coefficient β2, thermal conductivity K2

and porosity κ. Copper, diamond, titanium oxide and
engine oil, mineral oil, kerosene, and ethylene glycol
are selected as nanoparticles and base fluids, respec-
tively. The momentum and energy transport equations
incorporating the above-mentioned assumptions along
with Oberbeck–Boussinesq approximation reduces to
(following Mahdi et al. [4] and Ozotop et al. [49])

Fig. 1 Physical configuration

Zone-1 (Nanofluid)

∂2W1

∂X2
1

+
∂2W1

∂Y 2

+
ρnf Eg βnf (Tw1 − T0)

μnf
=

1
μnf

∂P

∂Z
(1)

∂2T1

∂X2
1

+
∂2T1

∂Y 2

+
μnf

Knf

[(
∂ W1

∂X1

)2

+
(

∂ W1

∂Y

)2
]

= 0 (2)

Zone-2 (Permeable fluid)

∂2W2

∂X2
2

+
∂2W2

∂Y 2

+
ρ2 Eg β2 (Tw2 − T0)

μ2
− 1

κ
W2

− ρ2CF

μ2
√

κ
W 2

2 =
1
μ2

∂P

∂Z
(3)

∂2T2

∂X2
2

+
∂2T2

∂Y 2

+
μ2

K2

[(
∂ W2

∂X2

)2

+
(

∂ W2

∂Y

)2
]

+
μ2

K2 κ
W 2

2 = 0

(4)

The reference temperature is considered as T0 =
(Tw1+Tw2)

2 . The convection is generated owing to the
gradients of temperature. The no-slip condition is
approved at the periphery. Under these assumptions,
Eqs. (1)–(4) are computed using boundary and inter-
face conditions:

Zone-1

W1 = 0, T1 = Tw1

at Y = 0 for 0 ≤ X1 <
a1

2
W1 = 0, T1 = Tw2

at Y = b for 0 ≤ X1 <
a1

2

W1 = 0,
∂T1

∂X1
= 0

at X1 = 0 for 0 ≤ Y ≤ b

Interface

W1 = W2, μnf
∂W1

∂X1
= μ2

∂W2

∂X2

at X =
a1

2
for 0 ≤ Y ≤ b

T1 = T2, Knf
∂T1

∂X1
= K2

∂T2

∂X2

at X =
a1

2
for 0 ≤ Y ≤ b
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Zone-2

W2 = 0, T2 = Tw1

at Y = 0 for
a1

2
< X2 ≤ a2

2
W2 = 0, T2 = Tw2

at Y = 0 for
a1

2
< X2 ≤ a2

2

W2 = 0,
∂T2

∂X2
= 0

at X2 =
a1 + a2

2
for 0 ≤ Y ≤ b (5)

The dimensionless variables utilized are

x1 =
X1

b
, x2 =

X2

b
, y =

Y

b
, w1 =

ρf b

μf
W1,

w2 =
ρf b

μf
W2,

θ1 =
T1 − T0

Tw2 − Tw1
, θ2 =

T2 − T0

Tw2 − Tw1
(6)

Equations (1)–(4) are rewritten as
Zone-1

∂2w1

∂x2
1

+
∂2w1

∂y2
+ GR θ1 = p1 (7)

∂2θ1
∂x2

1

+
∂2θ1
∂y2

+ BR

[(
∂ w1

∂x1

)2

+
(

∂ w1

∂y

)2
]

= 0 (8)

Zone-2

∂2w2

∂x2
1

+
∂2w2

∂y2
+

Gr n β

λ
θ2

− 1
Da

w2 − I n

λ
w2

2 =
p

λ
(9)

∂2θ2
∂x2

2

+
∂2θ2
∂y2

+
Br λ

K

[(
∂ w2

∂x2

)2

+
(

∂ w2

∂y

)2
]

+
Br λ

Da K
w2

2 = 0 (10)

Substituting Eq. (6) in Eq. (5), the conditions on the
borderline and at the interface become

Zone-1

w1 = 0 , θ1 = −1
2

at Y = 0 for 0 ≤ x1 < A1

w1 = 0, θ1 =
1
2

at Y = 1 for 0 ≤ x1 < A1

w1 = 0,
∂θ1
∂x1

= 0

at x1 = 0 for 0 ≤ y ≤ 1

Interface

w1 = w2,
∂w1

∂x1
=

λ

(1 − φ)2.5

∂w2

∂x2

at x = A1 for 0 ≤ y ≤ 1

θ1 = θ2,
∂θ1
∂x1

=
K Kf

Knf

∂θ2
∂x2

at x = A1 for 0 ≤ Y ≤ 1

Zone-2

w2 = 0, θ2 = −1
2

at y = 0 for A1 < x2 ≤ A2

w2 = 0, θ2 =
1
2

at y = 0 for A1 < x2 ≤ A2

w2 = 0,
∂θ2
∂x

= 0

at x = A1 + A2 for 0 ≤ y ≤ 1 (11)

where

Gr =
g βfb3 (Tw2 − Tw1)

ν2
f

, Da =
κ

b2
,

I =
CF b√

κ
, p =

ρf b3

μ2
f

∂P

∂Z
, p1 = p (1 − φ)2.5 ,

Br =
μ3

f

Kf ρ2
f b2 (Tw2 − Tw1)

,

GR = Gr

(
(1 − φ) + φ

(ρβ)s

(ρβ)f

)
(1 − φ)2.5 ,

BR =
Br

(1 − φ)2.5

(
Ks + 2 Kf + φ (Kf − Ks)

Ks + 2 Kf − 2 φ (Kf − Ks)

)
,

β
β2

βf
, n =

ρ2

ρnf
,

λ =
μ2

μf
, K =

K2

Kf
, A1 =

a1

2b
, A2 =

a2

2b
(12)

Following Brinkman [46] and Maxwell [47], correlations
between the carrier fluid and the solid particles used in
deriving the above equations are

(ρ)nf = (1 − φ) ρf + φ ρs (13)

(β)nf = (1 − φ) βf + φ βs (14)

μnf = μf (1 − φ)−2.5 (15)

Knf = Kf

(
Ks + 2Kf − 2φ (Kf − Ks)
Ks + 2Kf + φ (Kf − Ks)

)
(16)
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3 Numerical solutions

The solutions of Eqs. (7)–(11) which are coupled and
nonlinear along with two-fluid interface and bound-
ary conditions are evaluated numerically employing
finite-difference method. A Taylor series expansion is
employed to derive the first, second and central dif-
ference approximations neglecting higher order terms
of the series. The finite mesh is attained by dividing
zone-1

(
x
(1)
i , yj

)
into Nx1, zone-II

(
x
(2)
i , yj

)
into

Nx2 divisions along x−direction with the step length
Δx and Ny divisions along y-direction with the step
length Δy. Substituting the finite difference approxima-
tions into Eqs. (7)–(11) results in the following finite-
difference equations:
Zone-1

(
w1(i+1,j) − 2w1(i,j) + w1 (i−1,j)

(Δx1)
2

)

+

(
w1(i,j+1) − 2w1(i,j) + w1(i,j−1)

(Δy)2

)

+ GR θ1(i,j) − p1 = 0 (17)
(

θ1(i+1,j) − 2θ1(i,j) + θ1(i−1,j)

(Δx1)
2

)

+

(
θ1(i,j+1) − 2θ1(i,j) + θ1(i,j−1)

(Δy)2

)

+BR

[(
w1(i+1,j) − w1(i−1,j)

2 Δx1

)2

+
(

w1(i,j+1) − w1(i,j−1)

2 Δy

)2
]

= 0 (18)

Zone-2

(
w2(i+1,j) − 2w2(i,j) + w2(i−1,j)

(Δx2)
2

)

+

(
w2 (i,j+1) − 2w2(i,j) + w2(i,j−1)

(Δy)2

)

+
Gr β n

λ
θ2(i,j)

− 1
Da

w2(i,j) − I n

λ
w2

2 − p

λ
= 0 (19)

(
θ2(i+1,j) − 2θ2(i,j) + θ2(i−1,j)

(Δx2)
2

)

+

(
θ2(i,j+1) − 2θ2(i,j) + θ2(i,j−1)

(Δy)2

)

+
Br λ

K

[(
w2(i+1,j) − w2(i−1,j)

2Δx2

)2

Table 1 Grid independence test
[

dθ
dy

]
y=0

Br = 0.1, Gr =

10, P = − 1.0, φ = 0.01, Da = 0.01, I = 4.0 water-
copper

Grid size Zone-I Zone-II

11 × 11 0.02326099320450027 0.008803168145548816
51 × 51 0.02161611815765082 0.008519655609385944
101 × 101 0.02156251862467837 0.008508831731162205
151 × 151 0.02155257465868549 0.008506809073403638
201 × 201 0.02154909286038501 0.008506099717824072

+
(

w2(i,j+1) − w2(i,j−1)

2Δy

)2
]

+
Br λ

Da K
w2

2 = 0

(20)

The associated boundary conditions are
Zone-1

w1(i,0) = −w1(i,1)θ1(i,0) = −1 − θ1(i,1)

atY = 0 for 0 ≤ x1 < A1

w1 (i,Ny+1) = −w1(i,Ny)θ1(i,Ny+1)

= 1 − θ1(i,Ny) atY = 1

for 0 ≤ x1 < A1

w1(0,j) = −w1(1,j)θ1(1,j) = θ1(0,j)

at x1 = 0 for 0 ≤ y ≤ 1

Interface

w2(Nx2+1,j) = w1(Nx+1,j) + w1(Nx1,j) − w2(Nx2,j)

w1(Nx+1,j) = λ Δx1
Δx2(

w2(Nx2,j) − w2(Nx2+1,j)

)
+ w1(Nx1,j),

⎫
⎬

⎭

at x = A1 for 0 ≤ y ≤ 1

θ2(Nx2+1,j) = θ1(Nx+1,j) + θ1(Nx1,j) − θ2(Nx2,j)

θ1(Nx+1,j) = K Δx1
Δx2(

θ2(Nx2,j) − θ2(Nx2+1,j)

)
+ θ1(Nx1,j),

⎫
⎬

⎭

at x = A1 for 0 ≤ Y ≤ 1

Zone-2

w2(i,0) = −w2(i,1), θ2(i,0) = −1 − θ2(i,1)

at y = 0 for A1 < x2 ≤ A2

w2(i,Ny+1) = −w2(i,Ny), θ2(i,Ny+1) = 1 − θ2(i,Ny)

aty = 0for A1 < x2 ≤ A2

w2(0,j) = −w2(1,j)θ2 (1,j) = θ2(0,j)

atx = A1 + A2for 0 ≤ y ≤ 1 (21)

Equations (17)–(21) are computed using the South-
well over-relaxation method (SOR). The iterations are
stopped till the tolerance value is as of 10−8is achieved.
Double-precision arithmetic is employed in the coding.
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The validation of the code is carried with grid indepen-
dence and comparing the solutions with the published
work. The average Nusselt values are laid out in Table 1
for different grid size. This table report that the values
of Nusselt number are almost equal for 101 × 101 or
201 × 201 grids. Therefore, 101 × 101 grids are chosen
for the evaluation. The computations for the values of
solid volume fraction φ = 0, Da = 0 and I = 0,
agree with Umavathi and Bég [48]. The results in Uma-
vathi and Bég [48] was achieved via careful benchmark-
ing with the finite-element solutions of Oztop et al. [49],
finite volume solutions of Moshkin [50] for two-layer sys-
tem and finite-difference computations of De Vahl Davis
[51,52]. The code is further is justified by observing the
nature of the values of the average rate of heat trans-
fer in Table 2. The present model consists of nanofluid
in zone-I and permeable fluid in zone-2. The values in
zone-1 and zone-2 are almost equal to the values of
Umavathi and Bég [48]. Hence the numerical solutions
computed can be considered as grid independence and
the validation are satisfied.

4 Results and discussion

In this section, to understand the behavior of Grashof
number (Gr), Brinkman number (Br), Darcy number
(Da), inertial parameter (I), nanoparticle volume frac-
tion (φ), viscosity ration (λ), conductivity ration (K),
different nanoparticle, different base fluid on the flow
and heat distributions are sketched in three, two, one-
dimension patterns. The one-dimensional graphs are
plotted at x = 0.5 for variations of y from 0 to 1.
The study have been performed over reasonable ranges
−25 ≤ Gr ≤ 25, 0 ≤ Br ≤ 2, 0.000001 ≤ Da ≤
1.0, 0 ≤ I ≤ 8, 0 ≤ φ ≤ 0.5, 0 ≤ λ ≤ 8,
0 ≤ K ≤ 1, the nanoparticles used are copper, dia-
mond and titanium oxide using water as base fluid,
the combinations of engine oil–mineral oil, ethylene
glycol–kerosene, ethylene glycol–mineral oil in zone-1
and zone-2, respectively, using copper as nanoparticle
with fixed values of Gr = 10, Br = 0.1, Da =
0.01, I = 4.0, φ = 0.01, λ = 1, K = 1, P = 1
for the numerical computations.

The exploration of Grashof number on the veloc-
ity and temperature are presented in Fig. 2a–c (veloc-
ity) and d–f (temperature). As the Grashof number
increases, flow increases in both the upper and lower
zones (3D). However, for Gr = −25 and Gr = −1,
the number of contours are more in the lower region.

For Gr = 0 (the flow occurs only due to forced con-
vection), there is only one cell formation and the con-
tours are dense at the left wall of the duct. But for
Gr = 0.01, there are two cell formations indicating
that the flow is due to convection. For Gr = 25 and
Gr = 1, the number of contours are more in the upper
zone and there are two cell formation. However, the
contours are dense at the right plate for Gr = 1
and dense at the left plate for Gr = 25. The 3D
graph shows that curvature is convex in the upper and
lower directions for Gr = ±25, however, the convex-
ity occurs at the lower part and then switches to the
upper part for Gr = −25 and the reversal pattern
is attained for Gr = 25. For forced convection, the
convexity occurs only in the upper part and flat in the
lower part as seen in Fig. 2a. Figure 2b shows that there
is no convexity in the lower region for Gr = −1 but it
starts appearing slightly for Gr = 0.01 and grows for
Gr = 1 indicating that as Grashof number increases
flow increases. This is the similar result obtained by
Isaac Issac Lare Animasaun [53] in his analysis while
studying dynamics of unsteady magnetohydrodynamic
convective fluid flow with radiation and thermophore-
sis of particles past a vertical porous plate moving
through a binary mixture in an optically thin envi-
ronment. The observations made by him was that the
velocity increased with increasing value of temperature-
dependent viscosity parameter when Grashof number
is greater than 1; velocity decreased with increasing
values of temperature-dependent viscosity parameter
when Grashof number is less than 1 and the two effects
existed when Grashof number is moderately small.

Figure 2c demonstrates that the velocity increases
at the left wall and decreases at the right wall for
Gr = −25 and reversal flow occurs for Gr = 25.
For forced convection Gr = 0, the velocity profile is
almost linear. There are two reasons for having this
type of profiles. The flow reversal occurs because of
mixed convection as the velocity depends on the values
of the pressure and Grashof number. The second reason
is that the physical properties are different at the inter-
face though the assumption of continuity of velocity and
skin friction is assumed. Further it is also assumed that
the constant temperature at the left wall is less than
the temperature at the right wall. Figure 2d–f illus-
trates the temperate distributions. The 3D plot shows
that there is no significant variations for any value of
Gr. The number of temperature contours (2D) are sim-
ilar, linear and symmetric. The one-dimensional graph
(Fig. 2f) also depicts that the Gr does not transform
in a wider range for the impact of Gr; however, when

Table 2 Similarity of
[

dθ
dy

]
y = 0

for Br = 0.1, Gr = 10, P = −0.1

Present φ = 0.01, Da =
0.01, I = 4.0

Present
(φ = 0, Da = 0, I = 0)

Umavathi and Bég [66]
(φ = 0, Da = 0, I = 0)

Zone-1 Zone-2 Zone-1 Zone-2 Zone-1 Zone-2

1.03338624 1.02657869 1.00379682 1.00379682 1.00455555 1.00455555
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Fig. 2 Momentum (a–c)
and energy (d–f) contours
for various Gr
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Fig. 2 continued
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the graph is magnified, the temperature is enhanced as
Gr increases and the magnitude is high for Gr = 25 in
comparison with Gr = −25. The reasons for having
less influence on θ is due to the insulating temperature
conditions adopted at the top and bottom plates of the
duct. Figure 2c, e shows that in the absence of ther-
mal buoyancy force, the velocity curve is parabolic and
the temperature curve is a straight line. As Grashof
number increases, the velocity increases in the range
of 0.5 ≤ y ≤ 1 (flow acceleration) and decreases (flow
deceleration) in the range of 0.0 ≤ y ≤ 0.5. The 1-D
graphs are plotted at the location x = 0.5 and y rang-
ing from 0 to 1. Figure 2f shows that the temperature
profiles are boosted by increasing Grashof number. This
is a classical result for the influence of buoyancy forces.
Increasing the buoyancy forces physically implies the
increase in convection currents which energizes the duct
flow.

The consequence of Br on the momentum and ther-
mal fields are exhibited in Fig. 3a–c, respectively. The
3D visualization confers the convexity in curvature in
both the zones; however, the steepness of the curve is
large in the upper zone in comparison with the lower
zone. There are two cell formation for all values of Br.
The number of contours are more in the upper zone and
dense at the left wall of the duct. One-dimension graph
expose that the velocity increases as Br increases. The
velocity (Fig. 3b) and temperature (Fig. 3c) increase
as Br increases. The large values of Br heighten the
viscous heating and Darcy dissipations and, therefore,
increases the velocity and temperature. The large val-
ues of Br uphold the kinetic energy within the fluid.
Further kinetic energy converted into thermal energy
results in the elevation of the temperature, and hence,
the velocity is also intensified by the presence of Br.
Figure 3c also shows that the temperature profile is lin-
ear (straight line) for Br = 0 and tends to nonlinear
for Br �= 0, because the distribution of temperature
for Br = 0 is purely by conduction and become hyper-
bolic for Br �= 0.

The repercussion of Da on the velocity and heat fields
are laid out in Fig. 4a–c. As Da increases the curvature
of the velocity changes from convexity to flat in the
lower region only. For Da = 0.00001 , there are no
velocity contours in the range 0.5 ≤ x ≤ 1. The small
values of Da implies that the permeability is very small
(porous matrix is densely packed), hence, there is negli-
gible velocity for Da = 0.00001. For Da = 0.1, 1.0,
the contours are flattened and the number of contours
in the upper zone (nanofluid) are large in comparison
with the lower zone (porous medium). It is also clear in
3D view that the curvature in the upper zone is vigilant
and flat in the lower zone. Figure 4b also reveals that
the velocity profile is almost linear for Da = 0.00001
and the velocity increases as Da increases. The signif-
icance of Da on temperature is negligible as seen in
Fig. 4c. When magnified the figure shows that as Da
increases, temperature is also accelerated. The large
Da implies the corresponding reduction in friction drag
which results in the increase of velocity in the porous
region in comparison with viscous nanofluid region.

Figure 5 accomplishes the inertial parameter on the
momentum fields. It is observed from 3D view that the
convexity is fierce in zone-1 in comparison with zone-2.
The number of contours are more in zone-1 and dense
at the left plate when compared with zone-2. The 3D
and 2D plots looks similar for all values of I. Table
3 provides the values of velocity and temperature at
x = 0.5 for variations of y. The values are almost equal
to three decimal places for velocity and no variation in
temperature. The values of velocity are decreasing for
increasing values of I. This is for the reasons that the
inertial parameter induces the dragging effect and hence
decelerates the flow and the heat is cooled.

Figure 6a–c demonstrates the consequences of φ on
the momentum and heat transfer. The curvature is
convex for all values of φ as seen in 3D plots. For
φ = 0, 0.1, the steepness of the curvature looks sim-
ilar, whereas for φ = 0.5, the lower and upper region
curvatures become sharp. The number of contours are
more in the upper zone and dense at the left plate of
the duct for φ = 0, 0.1, whereas the contours becomes
dense at the right plate for φ = 0.5. The 1D graph
clearly visualizes that the velocity (Fig. 6b) and tem-
perature (Fig. 6c) decrease as φ increases. The magni-
tude of suppression is very less for temperature. The
enlargement of φ informs that for high nanoparticle
concentration (doping percentage) the base fluid can-
not flow fast because of modification in the viscosity
and hence decelerates the flow.

The effect of viscosity ratio λ
(
= μ2

μf

)
on the flow

field is displayed in Fig. 7a–c. The values of λ =
0.1 (μ2 = 10 μf ) indicates that the saturated porous
medium is ten times more viscous than the base fluid,
λ = 0.5 (μ2 = 2μf ) implies the viscosity of the
porous medium is two times the base fluid and λ =
1.0 (μ2 = μf ) implies the viscosity is equal for the
porous medium and the base fluid. The 3D plot for
λ = 0.1 shows the sharp convexity, λ = 0.1, 1.0
shows the flatness in the lower region in comparison
with the upper zone. The 2D contours are more in the
zone-1 when compared with zone-2 and dense at the
right plate. For λ = 0.5, 1.0, the number of contours
are more in the upper zone and dense at the left plate.
Figure 7b, c shows that, as λ increases, both the veloc-
ity and temperature decrease, however, the magnitude
of diminishing is very high for velocity when compared
with temperature. Owing to the difference in viscosity
in both the zones, depending on the relation between
the viscosities in both the zones, the flow field is varied.
The effect of thermal conductivity ratio K

(
= K2

Kf

)
is

visualized in Fig. 8. The 3D and 2D velocity contours
resemble each other for all values of K. The number
of contours in the upper zone are large in comparison
with lower zone and dense at the left plate for all val-
ues of K. Table 1 displays that the values of velocity
and temperature are equal upto three decimal places
for various K.

Figure 9 displays the flow characteristics induced by
trickling copper, diamond and titanium oxide nanopar-
ticles in water. The 3D and 2D plots do not specu-
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Fig. 3 Momentum a, b
and energy c contours for
various Br
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Fig. 4 Momentum a, b
and energy c contours for
various Br
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Fig. 5 Momentum
contours for various I

Table 3 Values of velocity and temperature at x = 0.5

y I

Velocity Temperature

0.0 4.0 8.0 0.0 4.0 8.0

0.005 – 0.00189 – 0.00189 – 0.00189 – 0.49499 – 0.49499 – 0.49499
0.205 – 0.02142 —- 0.02141 – 0.02141 – 0.29463 – 0.29463 – 0.29463
0.405 0.00778 0.00777 0.00776 – 0.09436 – 0.09436 – 0.09436
0.605 0.04470 0.04465 0.04459 0.10579 0.10579 0.10579
0.805 0.06076 0.06068 0.06061 0.30564 0.30564 0.30564
0.995 0.00355 0.00355 0.00355 0.49503 0.49503 0.49503

y K

Velocity Temperature

0.1 0.5 1.0 0.5 0.5 1.0

0.005 – 0.00189 – 0.00189 – 0.00189 – 0.49498 – 0.49498 – 0.49499
0.205 – 0.02133 – 0.02139 – 0.02141 – 0.29434 – 0.29451 – 0.29463
0.405 0.00791 0.00781 0.00777 – 0.09385 – 0.09415 – 0.09436
0.605 0.04482 0.04469 0.04465 0.10642 0.10605 0.10579
0.805 0.06082 0.06072 0.06068 0.30614 0.30584 0.30564
0.995 0.00355 0.00355 0.00355 0.49505 0.49504 0.49503

y Different nanoparticles

Velocity Temperature

Copper Diamond TiO2 Copper Diamond TiO2

0.005 – 0.00189 – 0.00188 – 0.00188 – 0.49499 – 0.49499 – 0.49499
0.205 – 0.02141 – 0.02126 – 0.02123 – 0.29463 – 0.29463 – 0.29463
0.405 0.00777 0.00783 0.00785 – 0.09436 – 0.09436 – 0.09436
0.605 0.04465 0.04457 0.04456 0.10579 0.10579 0.10579
0.805 0.06068 0.06053 0.0605 0.30564 0.30563 0.30564
0.995 0.00355 0.00354 0.00354 0.49503 0.49503 0.49503
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Fig. 6 Momentum a, b
and energy c contours for
various φ
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Fig. 7 Momentum a, b
and energy c contours for
various λ
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Fig. 8 Momentum
contours for various K

Fig. 9 Momentum
contours for various
nanoparticles

late major variations. However, the values in Table 1
interpret that the values changes from third decimal
places whose contribution is negligible. This is owing
to the fact that the upper and the lower phases of the
duct are shielded, and hence, the velocity is not influ-
enced using different nanoparticles as the Grashof num-
ber and Brinkman number are fixed. For flux condi-
tions, the momentum and energy fields are not altered
using different nanoparticles. Figure 10a–c character-
izes the flow properties using different base fluids. The
combination of engine oil (zone-1)–mineral oil (zone-
2), ethylene glycol (zone-1)–kerosene (zone-2) and ethy-
lene glycol (zone-1)–mineral oil (zone-2) are considered.
The 3D view clearly shows that the curvature is con-
vex and steep for engine oil–mineral oil combination
and flat for ethylene glycol–kerosene , ethylene glycol–
mineral oil combinations. The number of contours are
large in zone-1 in comparison with zone-2 and dense
at the right plate for engine oil–mineral oil combina-

tions, whereas the contours are dense at the left plate
for ethylene glycol–mineral oil. It is interesting to see
that the velocity contours are penetrated from zone-1
into zone-2 for ethylene glycol–kerosene combinations
and dense at both left and right plate of the duct. Fig-
ure 10b, c reflects that the velocity and temperature are
maximum for engine oil–mineral oil and minimum for
ethylene glycol–mineral oil. The 3D and 2D temper-
ature plots for the variations of Br, Da, I, φ, λ, K,
different nanoparticles and different base fluid are sim-
ilar to Fig. 2b and hence not presented.

Tables 4 and 5 depict the values of volumetric flow
rate (Q), skin friction and average Nusselt values in
both the zones at the left and right plates, respec-
tively. The Gr, Br, Da access the Q in both the zones,
whereas I, φ, λ, and K depletes the Q in both the zones.
There is no compelling transition in Q using different
nanoparticles in both the zones. The engine oil–mineral
oil attains the greatest flow rate and ethylene glycol–
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Fig. 10 Momentum a, b
and energy c contours for
various base fluids
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Table 4 Volumetric flow rate and skin friction

Zone-1 Zone-2 Zone-1 Zone-2

Q
(

dw
dy

)
y = 0

(
dw
dy

)
y = 1

(
dw
dy

)
y = 0

(
dw
dy

)
y = 1

Gr
− 25 0.019866 0.007901 1.523701 1.194514 1.036586 0.846697
0.0 0.021441 0.008475 0.172763 − 0.172763 0.098279 − 0.098279
25 0.023000 0.008980 − 1.179871 − 1.541433 − 0.841323 − 1.043404
Br
0.0 0.021434 0.008464 − 0.371305 − 0.716733 − 0.278887 − 0.475226
1.0 0.022764 0.008926 − 0.365808 − 0.724851 − 0.276972 − 0.478369
2.0 0.024215 0.009428 − 0.359873 − 0.733724 − 0.274923 − 0.481785
Da
0.000001 0.014370 0.000001 − 0.322515 − 0.584527 − 0.000790 − 0.001193
0.1 0.030548 0.026175 − 0.375229 − 0.812830 − 0.380636 − 0.784846
1.0 0.033957 0.033343 − 0.369534 − 0.840595 − 0.388381 − 0.868717
I
0.0 0.021574 0.008526 − 0.370779 − 0.717667 − 0.278775 − 0.475883
4.0 0.021562 0.008508 − 0.370773 − 0.717515 − 0.278700 − 0.475530
8.0 0.021550 0.008491 − 0.370766 − 0.717363 − 0.278625 − 0.475179
φ
0.0 0.021977 0.008533 − 0.391746 − 0.755846 − 0.279256 − 0.476477
0.01 0.021562 0.021562 − 0.370773 − 0.717515 − 0.278700 − 0.475530
0.5 0.006021 0.066461 − 0.009248 − 0.022603 − 0.249158 − 0.418578
λ
0.1 0.036583 0.055718 − 0.410015 − 0.917306 − 2.405859 − 3.922998
0.5 0.026049 0.015575 − 0.389329 − 0.785821 − 0.531584 − 0.902268
1.0 0.021562 0.008508 − 0.370773 − 0.717515 − 0.278700 − 0.475530
K
0.1 0.021645 0.008619 − 0.370429 − 0.718014 − 0.278284 − 0.476519
0.5 0.021590 0.008528 − 0.370653 − 0.717674 − 0.278622 − 0.475683
1.0 0.021562 0.008508 − 0.370773 − 0.717515 − 0.278700 − 0.475530
Nanoparticles
Copper 0.021562 0.008508 − 0.370773 − 0.717515 − 0.278700 − 0.475530
Diamond 0.021561 0.008508 − 0.366003 − 0.710836 − 0.278489 − 0.475315
Titanium oxide 0.021561 0.008500 − 0.364840 − 0.709212 − 0.278437 − 0.475264
Base fluids
Engine oil–mineral oil 0.039001 0.105253 − 0.399985 − 0.926843 − 6.556423 − 10.141399
Ethylene Glycol–kerosene 0.036576 0.057285 − 0.332396 − 0.838311 0.329019 − 1.211614
Ethylene glycol–mineral oil 0.022045 0.009154 − 0.365813 − 0.716290 − 0.273384 − 0.485458

mineral oil shows the least value of Q in both the zones
as seen in Table 4. The skin friction decreases at the
left and right plates with Gr, I, φ, λ, K, whereas it
increases with Da in zone-1 and zone-2. The Brinkman
number reduces the skin friction in zone-1 and zone-2
at y = 0, whereas it increases at y = 0 in zone-1 and
decreases at in zone-2. The copper attains the max-
imum and titanium oxide attains the minimum skin
friction in both the zones at the left and right plates,
whereas the engine oil–mineral oil shows the highest
value in both the zones. The average Nusselt number
at y = 0 is declined with Gr, I, λ, and K in zone-1
and zone-2, whereas it increases in zone-1 and decreases
in zone-2 for φ. The Nusselt values at the right plate
decrease with Gr, Br, Da in both the zones, whereas
it increase with I, φ, λ and K in both the zones as
shown in Table 3. The diamond nanoparticle shows the
highest Nusselt values in both zones at y = 0 and at

y = 1. The ethylene glycol–kerosene at the left plate
and ethylene glycol–mineral oil at the right plate in
zone-1 attain the maximum Nusselt values and engine
oil–mineral oil at the left plate and ethylene glycol–
kerosene at the right plate in zone-2 attain the highest
values.

5 Conclusions

Two immiscible fluids flowing inside a vertical rectan-
gular duct including the viscous and Darcy dissipation
effects have been presented. The solutions computed
numerically are validated with the published work with
limiting conditions and conclusions drawn are
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Table 5 Average Nusselt number

Zone-1 Zone-2(
dθ
dy

)
y = 0

(
dθ
dy

)
y = 1

(
dθ
dy

)
y = 0

(
dθ
dy

)
y = 1

Gr
− 25 1.056153 1.012353 1.018102 0.986848
0.0 1.031024 1.029302 1.000592 0.999407
25 − 1.179871 − 1.541433 1.013083 0.981400
Br
0.0 1.030163 1.030163 0.999999 1.000000
1.0 1.055667 0.967914 1.020061 0.957919
2.0 1.082175 0.900499 1.041056 0.912682
Da
0.000001 1.031754 1.026230 1.000591 0.999076
0.1 1.033510 1.022048 1.003267 0.992247
1.0 1.033715 1.021419 1.003563 0.991157
I
0.0 1.032680 1.024139 1.001974 0.995909
4.0 1.032677 1.024144 1.001971 0.995918
8.0 1.032675 1.024150 1.001968 0.995927
φ
0.0 1.002651 0.993622 1.002051 0.995795
0.01 1.032677 1.024144 1.001971 0.995918
0.5 3.973227 3.971843 1.000711 0.998155
λ
0.1 1.035871 1.017440 1.008934 0.980793
0.5 1.033307 1.022669 1.003000 0.993605
1.0 1.032677 1.024144 1.001971 0.995918
K
0.1 1.033717 1.022513 1.009408 0.975037
0.5 1.033102 1.023480 1.003097 0.993145
1.0 1.032677 1.024144 1.001971 0.995918
Nanoparticles
Copper 1.032677 1.024144 1.001971 0.995918
Diamond 1.032739 1.024268 1.001962 0.995930
Titanium oxide 1.027267 1.018819 1.001964 0.995928
Base fluids
Engine oil–mineral oil 1.037691 1.015027 1.015943 0.968546
Ethylene glycol–kerosene 1.033737 1.021411 1.003366 0.993618
Ethylene glycol–mineral oil 1.033171 1.023527 1.003020 0.993089

• the momentum is strengthened by incrementing
Gr, Br, Da and decremented with I, φ, λ, K

• using copper, diamond, and titanium oxide nanopar-
ticle in water does not develop noticeable variations
on the velocity and temperature.

• the rate of heat transfer drops at the left plate by
escalating Gr, I, λ, K in zone-1 and zone-2 and it
increases in zone-1 and decreases in zone-2 for φ.
At the right plate, Gr, Br, Da reduces the Nus-
selt values in both the zones, whereas I, φ, λ, K
enlarges the Nusselt values in both the zones. Dia-
mond nanoparticle produces highest rate of heat
transfer in both the zones at both left and right
plates of the duct.

• the solutions for regular fluid in zone-1 and clear
viscous fluid in zone-2 agree with Umavathi and Beg
[48].
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