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Abstract This paper focuses on the distributed-order time-fractional diffusion-wave equations with the Riesz space fractional
derivatives. A combined method based on the midpoint quadrature rule, linear B-spline interpolation, and the Galerkin finite
element method is proposed to obtain the approximate solution. Two steps are used to calculate the approximate solution to this
type of equation. The first step approximates the temporal direction by combining a midpoint quadrature rule and linear B-spline
interpolation. In the second step, a Galerkin finite element method in the space direction is applied to compute a full-discrete method.
Furthermore, the error estimate has been displayed to demonstrate unconditional stability and convergence. Finally, two numerical
examples are reported to show the simplicity and efficiency of the proposed method.

1 Introduction

Fractional calculus has been considered for many physical phenomena in science and engineering due to its attractive concepts
and topics. For example, mathematical models in finance [28], mathematical model of atmospheric dynamics of C O, gas [27],
environmental phenomena [12-14, 38], physical aspects [3, 26, 29, 44], engineering models in optimal control [6] and their references.
The fractional differential equations in fractional calculus play a major and important role in simulating and modeling many practical
and natural phenomena [15]. The importance and key advantages of differential equations in fractional calculus have been reported
in the electrical properties of real materials, the study of rheological properties, and various fields of mathematical and physical
sciences such as probability and electrical networks [19, 23, 40, 42]. Recently, several numerical methods have been proposed to
simulate various types of fractional-order systems [30, 37, 41].

For the first time, the study and analysis of distributed-order differential equations was done by Caputo [11] to study stress—strain
relations in unelastic media. Later, detailed research on the properties of distributed-order operators and on the properties and
solution methods of distributed-order differential equations was made in [8, 33]. The study of fractional differential equations was
done by Gorenflo et al. [20], in which they investigated the solutions using a combination of the Fourier-Laplace transform and the
interpolation method. In [31], the authors studied a method based on the eigenfunctions expansion method in combination with the
Laplace transform to discuss the analytical solutions of distributed-order differential equations. Calculating exact solutions for many
differential equations of distributed order is not easy. For this reason, it becomes important and valuable to check and study numerical
solutions using numerical techniques. Here we describe some of the numerical techniques that are used to calculate the approximate
solutions to such types of equations. For example, compact difference method [47], hybrid functions [34], finite element method [5],
Galerkin finite element method [32], difference method [21], shifted Griinwald formula [49], fractional centered difference formula
[48], orthonormal piecewise Jacobi functions [24], Miintz-Legendre polynomials [43], Laplace and Hankel transforms [1], fast
high-order compact difference method [39], an alternating direction implicit Galerkin finite element method [46], Tau method and
fractional-order Gegenbauer wavelets [35], operational matrices based on the fractional Chelyshkov wavelets [36], finite difference
method and integral transforms [2], Laplace-type integrals, the Gauss-Laguerre quadrature [4] and the known L1 method [25]. The
interest and attraction of distributed-order fractional operators of distributive order go back to the 1990s and early 2000s. The interest
in this topic went beyond the mathematical community and started percolating into several branches of engineering and physics. For
sufficient information in this field, we estimate that more than 200 articles in various fields involving distributive order fractional
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Fig. 1 a Histogram chart of scientific publications per year starting from 1995. b Pie chart

operators have been published. This approximation contains both journal and conference publications spanning a diversity of areas,
including, but not limited to, theoretical and applied mathematics and analytical and control theory.

A complete survey of the scientific studies produced in different fields of distributive order as a histogram chart and Pie chart
is shown in Fig. 1. This Fig. 1 which is taken from reference [17], is intended to provide the reader with a road map to understand
the early development of distributed-order fractional calculus, the progressive evolution, and its application to the modeling of
complex real-world problems. To date, we estimate that a total of approximately 300 papers have been published in the general
area of distributed-order fractional calculus. This estimate includes both journal and conference publications spanning a variety
of fields, including, but not limited to, theoretical and applied mathematics, analytical and numerical methods, viscoelasticity, and
control theory. The fractional operators of distributive order can be expressed as a parallel distribution of derivatives of either integer
or fractional orders. These fractional operators can be used for modeling physical systems, where reactions are determined by a
superposition of different processes operating in parallel and individually studied by either operators of fractional or integer orders
[33].

In this paper, we study the following distributed-order time-fractional diffusion-wave equations with the Riesz space fractional
derivatives:

1 1 i Mw(x,y,T)
BB DPw(x, y,1)dB = 7/ (t — T 2e @D — 2 g
/0 Py Drwee . 0db = w05 ), NPT

' w(x,y, 1)

1 t
bt | =T UTOA T g o(x, 1), (1.1
I‘(,u—l)/(; e §

in which 8 € (0, 1], 1 < u, n, v <2, w > 0, under the following initial and boundary conditions:

w(x,y,0) =¥, y), x,y) €T,

w(x,y,1) =0, (x,y) €', 1 € (0,T), 1.2)
where the symbol b(p) is the non negative weight function, and A,, A, are the positive constants. Here CDﬂ shows the Caputo
fractional operator of order «, 3‘ |’7 is the Riesz fractional operator in spatial direction. Here, we define the Riesz fractional operator

of order 7 as follows [18]:

0Mw(x, y, 1) 1 RL RL

S = oy Dhwte v, 0+ FLDJutr. 3. )
"w(x, y, 1 1

alx|V N coS(”U)(RLDvw(x > t)+RLde(x 1)

where XD, RL D)), RE DY and - D)) are the Riemann-Liouville operators which are defined by the following formulas [42]:

2 d? _
T U ey ). E DYy 0 = T (1w y. 1),

A Dlw(x, y, 1) = e

> 5 .
fLD;w(x, y, 1) = d—yz(lc%, Yw(x, y, 1)), fLD;w(x, v, 1) = d—yz(ldz, Yw(x, y, 1)),

in which I, and / ;7_ are the Riemann-Liouville fractional integrals stated in [42].

In this article, a combined method is used to obtain the approximate solutions of equation (1.1). In the first step, the midpoint
quadrature rule and linear B-spline interpolation are used to discretize the integral part of the distributional order. In the second
step, we use the Galerkin finite element method to discretize the space variable to compute a full plan. As well, in this article, the
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convergence and stability analyses for the proposed method are studied. The main purpose and interest of this article is to develop and
study a numerical method based on the high-order numerical method to enable approximation and rigorously perform its stability
analyses and convergence, which are seldom studied in the current literature. Also, one of the approaches of the numerical method
presented in this article refers to the computational time and high accuracy during the execution of the programme.

The remainder of the paper is divided as below. In Sect. 2, we state a discretization for the integral part of distributed order
applying midpoint quadrature rule and linear B-spline interpolation. Also, in this section, stability analysis is studied. In Sect. 3,
we obtain the full-discrete method based on the Galerkin finite element method and the approximate method described in Sect. 2.
Moreover, in this section, the convergence analysis for the full-discrete method is discussed. In Sect. 4, we present two numerical
examples to verify the effectiveness of the numerical method. In this section, the effectiveness of the proposed method is shown by
drawing a diagram and presenting tables. Finally, in Sect. 5, we state the conclusion section.

2 Discretization for the integral part of distributed order

In this section, we display a numerical method for the discretization of the distributed order integral part in time which is demonstrated
in the equation (1.1). For this aim, we consider #, = nAt, At = % N € Nforn =0, 1, ..., N. To calculate and obtain an
approximation for the distribution order integral part, we first find an approximation for the Caputo fractional operator of order 8,
and then we compute an approximation for the distribution order integral part applying composite midpoint quadrature formula.
Then

—pdwx.y.7)

P (2.1)

In
CDﬁw(x y,t) = (11—ﬂ)/(; (tn —

To obtain an approximation for Eq. (2.1), we use linear B-spline to approximate the first-order derivative, then the linear B-spline
atpoint #; for/ =0, 1, ..., n is displayed as follows:

dw(x,y.1) = S Lt dwloy ) =ty dw(xy.tia)
— =S ,V,1) = S; y V. 1) = . +
o n (X, y,1) /E:o @ y.0) jz:(:)[tf —tj41 ot vl —1j ot
t—1))(t —tjn) Bw(x,y,0;
+ ( /)(2 j+1) w();ty Q/)],Qj € (tj,1j41). (2.2)

By substituting the equation (2.2) into (2.1), we get the following formula:

n—l1 Tt — 1. .
CD'BU)(X y,t) _C D Sn(x v, t)_ (11_ﬁ)2(\/t\ l(tn _‘L')_'Br tj+1 BU)(x,yytj)dT>

t] — t]+1 T
2‘: /tm b T—1j aw(x,y,t_,'n)dT
Ta-p —/3) = tier =ty 0T
1 nZlfoetia —t; Bwx,y,0;
t o= Z / (tn - T)iﬁ ‘ / w(x J QJ)dT . (23)
2I(1 — B) = \Uy T — 1+l at3

With a simple calculation, the following formula is obtained:

(At)1 B 8w(x y,t ) -
CDPwix,y, 1) = Z A= oA, 2.4)
in which the coefficients af,n is calculate as follow:
; (n—1)*F —nl=Pn —-2+p), i=0,
a, = 10— j+ 1P 20— P - j -1, j=12...n—1, (2.5)
1 j=n.
Now, to estimate the distributed order fractlonal integral part, we divide the specified interval [0, 1] into m subintervals [8;_1, Bil,
i=1,2,...,m,m € N. Consider {; = ‘+ L. Thus, using the composite midpoint quadrature formula, we get
1 m
/ BB D wx,y,0dB = h Yy b(&)C Dfiw(x,y,0)+ O(h?). (2.6)
0

i=1
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By inserting the right-hand side of Eq. (2.4) into (2.6), we obtain
1 m
(An'~ aw(JC y,t ) -
| o Dy =y b1 ) Z a, o)+ O+ O((An6)
i=1
n
dw(x, y,1j) -
=Y b, 733 2+ O(h%) + O((Ary> )
j=0

" dw(x, y, t;
= by % + O + (A, 2.7)
j=0

. . i G
inwhich b, = h 30 be) A a% h= L and p; =

Lemma 2.1 [9] Assume that i € (1, 2]. Then the numerical discrete method for the fractional integral in time is computed by

_ 1 In
P weyn| = / (tn — T 2V Du(x, y, 1) dT
=iy Fw =1 Jo
n
= (A Y T,y ) + O((AD), y 2 0, 2.8)
=0

where the coefficients Sl“ s defined by

l
! = QeI Y g ) 3 2.9)
q=0
Lemma 2.2 [10] The following inequality for any real value vector (¢°, ¢', ..., o) € RN+ N e N holds:
N 4
S [ g e erz0.ce a2, (2.10)
p=0 k=0

Lemma 2.3 [18] Assume that u € J$(T) be the closure of C°°(R2) with the norm

el gy =/ ”””Lz(r) + |M|]a(r), oe(l,2),

where |u| J5(I) is the semi-norm and defined by

julpgery= \/IREDgu, FEDGuy2 |+ 1(RE DG, REDGuy?

LZ(F)|
Also, let u is the expansion of u by zero outside of I'. Then, the following relationships are established:
EEDu, BEDYu) 20y = REDYit, RL, DGit) 22y = cos(mo) | K- DY it 12 gey.

FEDYu, REDGu) 2y = (FEDYit, FF Dyt 22y = cos(mo)l|FF DY it 12 g2)-

Lemma 2.4 [18] Assume that u, uy € J{(T'), 0 € (1, 2) such that u over the interval 3T is equal to zero and uy|sr= 0. Here J§ (I")

is the closure of C§° (R2) with the norm
_ / 2 2
”u”J(I"(F) - ”u”LZ(F) + |M|Jf1)‘(1")v o€ (1’ 2)9

in which |u| 72.(T) denotes the semi-norm and defined by

gy =\ IEE DGl )+ IBEDGul2

Then,
EED2u, up) = FEDEu, FEDfuy), (RED%u, up) = FEDiu, FoDjuy),
ELDYu, uy) = (RLDb w, RLDIuy), (KEDGu, uy) = (fLDfu, fLDy%ul).
Definition 2.5 [18] Let o € (1, 2). Then, we introduce the semi-norm
[t |02y = NIs1a ()M L2 (m2)s

where #i(s) is the Fourier transform of u and the following norm
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leelepoqiey = /112 g + 12
in which HC(R?) is the closure of C3°(R?).
Lemma 2.6 [45] Assume that Y, fork =1, 2, ... are the non-negative sequences such that the sequence zj satisfies

20 = ao,

n—1 n—1
anao+ch+Zl/fzz1, n=12,....
=0 =0

Then, the sequence zj satisfies

z1 < ap(l + o) + co,
n—1

Zn <ao]—[(1+lﬁl)+261 H A+Y0)+cn1, n=2,3,

=0 k=Il+1

Furthermore, if ay > 0 and co > 0, we have the following inequality:

n—1

n—1
n < [a0+2cl]e 1=0 W’, n=12,....
=0

To solve the equation (1.1) by using of the midpoint quadrature formula combined with the linear B-spline interpolation and
Galerkin finite element numerical methods, we can be rewritten its equation as below:

aMw(x,y,t) LA 0 w(x,y,t)

1
(B DPw(x,y,t)dp = 1" | A
/()(ﬂ) Put. .08 = 117 [A 5D 4, S

] +9(x,v,1). @.11)

By setting the value 7, _ 1 into Eq. (2.11) and applying the Lemma 2.1, Eq. (2.7), we obtain the following relation:

n 0 SV, 15 " n Mw X, V.t _; 1 9Y (X Vi, 77)
ij,n—l M +O<h2+(At)2+,7) _ (At)“71 Zé__ly_—l A, ( n—l 2) +Ay _

j=0 : ot 1=0 dlx[" alyl
+g(ryt, 1) +O(A0Y)n=1.2,... 2.12)
Letw(x, y, tj) = w/ and g(x, vy, tj) = g/, then we can be written Eq. (2.12) as
dw ynw =13 Jrw i3
b +Oh2+ ADFE) = (ADP! [ +A, ]
Z jnt O +(ADTE) = (AD) gs AT
4" O(A), n=1,2, ... (2.13)

We can be transformed the above equation into the following form:

. ”,1,% avw”7177 ! 5 ) ol
1 "
Z ”_% S = (A Zg [ A L ]+g" PO+ (A + (A n=1,2, ... (2.14)

By taking inner product of (2.14) with ¢ € H" (Hf and omitting the expression O? + (A1)* + (At)2+%), we have

1
n—l—5 v, n—l—5

o Gl
Zb oy ,(p)_(At)“ 125 e R D) RN} 2.15)

With help of the definition of the Riesz fractional operator and the Lemma 2.4, we get

1 1 n n 1 n
Zb,,,,u L)+ Ay 125“ [A A, ((RLw =3 KDl o)+ (RED; w T, D )
=0

+ALA, <(RL D" i—1—} RLD2¢)+( D:uw"" -1 RLwa))]

=(g""2,9) (2.16)
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where A, = ﬁ(%ﬂ) and A, = ﬁ(w) Thus, we obtain the following variational weak formula for any ¢ € ]I-]Ig (M Hy:
1 1 _1
Z ,,,_u ,w>+<At>“ 125“ B2 0) = (" 2.9), (2.17)
1=0
where

] ] 1
B, ) = [AA (S DEw, KD g)+ D w, KD g)) + 4,4, (FEDFw, FDj )+ KEDjw, D] )]
and we find w" € Hg (N H such that it satisfy in the equation (2.17).

Theorem 2.7 Suppose zhat w' e ]HI" (H§. Then the variational weak formula given in (2.17) is unconditionally stable.

Proof. Putting ¢ = w"

n i n
ow’ 1 1 1 VIS S | S —
5 bjn“( o 2)+(At)“ ?Ogﬂ %(w" SN z)z(g" 1" z). (2.18)

Jj=0

3 in the equation (2.17), we obtain

With a simple calculation, the left-hand side relations of Eq. (2.18) can rewritten as below:

w2, [ (* ;z“”><w" G

n

Z ]’l*l(

=0
- ;”A_t/( D" + w'1dr
b
n,n— —
. At2 (I 122y = 10" 2 ) (2.19)

and

n n
- S R | _1 3 a1 3 oa—i—1 L
Zglu "B w13 2)=AnAXZ‘§1 ((RLDz n—I—3 RLDz n 2)+()I§LDb2wn I=3 RLpZyn 2)>
1=0

n
+ A4y Y ! ((fL Dl w' =3 REpu=3) 4 (Rlpw'—1=2, Rl p? w"—%)). (2.20)
Thus, we check one of the expressions displayed in Eq. (2.19), for example
Zgu lRLDz n—i—}% RLDb ‘)’

Therefore,

ZZEIL lRLDz l—%’)lci‘LDb%wn—%)_ZZEu 1/ RLDéwn—l—%][fLDb%wn—%]dl—w

n=01=0 n=01=0
TN TR i1 TRE b )
:/(Z[Zsﬁ REpiur=2|REpwtd)dr @.21)
r
n=0 [=0

From the Lemma 2.2, we conclude that

ZZEH lRLD2 n—l—1 RLDan—%)ZO’

n=0 [=0
50
N n
NN e B w ) 0. (2.22)
n=0 [=
By summing Eq. (2.18), from n = 0 to N, we can obtain
N p N n N ] 1
S (A (1 gy — 10" ) ) + A Y g B = Y @ e, @a3)
n=0 n=0 =0 n=0

@ Springer



Eur. Phys. J. Plus (2024) 139:336

Page 70f 17 336
Applying Egs. (2.19) and (2.22), we have

bNaN*% N2 02 vaN*% N2 0,2 u—1 oA p—1 n—l—% n-1
T (10 2y = 1002y ) = 5 (10 B oy = 102y ) + (A0 30 " g B =202
n=0 =0
N 1 1
=> ("W). (2.24)
n=0
Now, we change the index of the series given above from N to n, then
NG & 1 1
I gy = 1oy < 5—— D (@2 w" ). (2.25)
n,nfj i=0
By using the Cauchy-Schwarz inequality, the formula (2.25) can be displayed as
2A1 1 1
2 02 -4 -l
I oy = 1001y < 5—— D (€72 w"™2)

nn=z i=0

AL T~ iibo - 52
S DL R el | (2.26)
na—3 =0 i=0
By applying the Lemma 2.6, the following inequality is obtained:
At
At " ! b 1
ny2 02 i—52 nn—=
”w ”LZ(I‘) S ["w ”LZ(F) + ﬁ Z ”g 2 ||L2(F)]e 2
nn—z i=0
A[ 5 At
02 n i—12 ] )
< + 2 M=7
= ["w ”LZ(F) bn n_l 112?57(’1 ”g ||L2(r) e
” 2
T 5 At
02 i-1n2 ]
101255, + 5 s s ey Je 2
i 2
< K[’ + Ko max 1877 12, (2.27)
- LA(T) I<i<n LAT)
So, the proof is completed. ([l
3 Convergence analysis study for the full-discrete method

Define the domain I'y as follows:

Iy ={ey ey € Ty},

in which T denotes the triangulation domains and ¥ is the maximum diameter for the triangulation domains. Furthermore, suppose
that finite element subspace X’7§ is defined by the following set:

XL = {8y € C(T), Eylor=0, Eple=Vi(x, ), Eslcx,y)se= 0},

where the V; are the space of linear-piecewise continuous functions. Let Py’ be a interpolation operator. Then, for any w € J*(I'),
we can obtain the following approximate:

lw— P§lwl < CO" " lwllynry, r =0,1,...,m 3.1)
We assume that Yy : J, g(F) — X’,; be the projection operator which is defined by the following map:
B(Tyw,p) = B(w, ), ¢ € X, (3.2)
Lemma 3.1 [5] Forw € J* ﬂjg that n < a <1+ 1, the following inequality is valid:
lw = Yow[[CH* ™ wll jar)- (3.3)
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By setting the value Ey in the equation (2.17), we get the following variational weak form for the full-discrete method:

n i n
ow’ _ - I R S R
Dby (5 ) (AT Y T TIB W By = (8772 E). (3.4)

j=0 1=0

Now, we find W} € J7 (I that

n

] e _ —1-1 _1
3 ,,1,1( L Z) + (AT Y ETIBW T ) = (672 B, (3.5)

j=0 =0

forany Ey € J7(];.

Theorem 3.2 Suppose that w" is the solutions of the equation (1.1) and Wy is the solutions of the equation (3.5). Then, the
full-discrete numerical method based on the finite element estimation for Eq. (3.5) is convergent with order h* + (At)? + 92,

Proof For any By € J" ﬂJB, we have
awj — n—1 - n—1 n—i—1 = n—1i ~ -
Yobi (S B) H (AP Y TETIBW T Ey) = (6777, Ep) + Rars Bo). (3.6)
=2t 9t
j=0 1=0
By subtracting the equation (3.5) from the equation (3.6), for any Ey € J7 ()], we obtain
- w/ ) n—1 pu—1 n—l—1 n— lf—
Zb, n_u . B9) +(Al) Z& Bw" 72 - W72 8y) = Rar Ep). (3.7)
1=0
We consider the following symbols:

e =w— Tyw", = Trw" — Wj. (3.8)

So the equation (3.7) can be rewritten as follows:

‘ v} G . dD)
ij’n,%( ar -, 8p) + (A1) Z%‘l %(\Ifﬁ ,89) :(RAt,cuﬁ)—ij nf%( a7 ,B9). (3.9)
j=0 =0 j=0
1
Put By = \IJ; 2 into the equation (3.9), thus
ﬁ n— 2 u—1 n—l—% n—% n—% - 3®£ n—%
Zb, n_l( Wy D)+ (AD Zs By W) = R Wy 7)) — Dby (5. (3.10)
=0 j=0
With a simple calculation, the left-hand side relations of Eq. (3.10) can rewritten as below:
\IJj _ \IJj_l T lIjnfl
Yy - 7 5 ) s s
Z /"‘l( Yo )_Zb %f( At I 2 Jar
b 1 1
= 2At / (W — W™ (P + W5 )dl
b
n,n —
(193 ey~ 195 ) G.11)

and
" -1 _1 7 _
ZSIM—I%(\IJ; ! 2’\11; )= A A, Zgu 1(RLDX2\IJ; -3 RLDb v 2)+(RLDb\IJ -3 RLp? q,” 2)>
v 1 —
+AvAst/“1((§LD§w§ T RLpEGITE) L (R GITITE KLy 2)) (3.12)
Thus, we check one of the expressions displayed in Eq. (3.12), for example
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nu—lRL%"ERL "2
> g iy Dy %),
Therefore
N n
1 1 n -1 1 _1
D) IUTT NIRRT I 3 3Ll N T e T
n=0 [=0 n=0 (=0
n
S poiRLp by R pd gyt g 3.13
- Z Zgl a X Ty X b TV . ( . )
T =0 1=0
From the Lemma 2.2, we conclude that
N
- n= lRL 2 n 2
> > ¢ D? o Db )>0,
n=0 [=0
SO
N n | 1
Z gl e ) > 0. (3.14)
Due to the above equations, we have the following formula:
N N N n J
1 n—1 2 7% 3@0 "7%
v DLINE (7] PR L) W = 9 (PRl B 3) DU YN (et
n=I1 n=1 n=1 j=0
2
90} Lt
<Z”RN”L2<F>+Zme—% Tar 22| 2
n=1j=0 LX) n=1 LX)
2 2442 2 a2, ! - n—3 ?
<1 (K +(A0*3) e+ can (A0 +9?) 3w
n=1 LXT) (3.15)
Then,
N
h _1
byt (19N 1220y = N9 122 ) = €1 + (ADZ DT +2T((AD? + 922+ A Y 10 2o, (3.16)
n=1
Because \Ilg = 0 and by moving the index N to n, the equation (3.16) can be changed to
n
2 2, 42
oy 195 oy = VeT (2 + (A0 +9%) +220 Y | ) . (3.17)
i=1
Using Lemma 2.6, we have
2At
T b1
[W3] oy < e (B 4 (A2 +92)e) "2 < (R + (A1 +97). (3.18)
/b
n,nf%
Thus, it completes the proof. O

4 Numerical examples

This part studies and discusses the numerical examples using the proposed method to verify and show the efficiency and performance
of the proposed method. Furthermore, in this part, the computational order is studied that the computational order (CO) formula is

calculated with the following formula:
~ log(2)
~log (5L Ly’

where E; and E, are the computed error applying the proposed method in the space-sizes ¥} and ¥, respectively.
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Fig. 2 Graph of the numerical solution for Example 4.1 with different kinds of n and v withw = 0.5and u = 1.5

A t=0.001, n=v=1.25 A t=0.001, n=v=1.95

y 0o X y 0o

Fig. 3 Graph of the numerical solution for Example 4.1 with different kinds of # and v withw = 0.5and u = 1.5

Example 4.1 Letus consider the following distributed-order time-fractional diffusion-wave equations with the Riesz space fractional
derivatives:

1 1 ! aMw(x, y, 1)
I — B DPuwix, y, 1)dp = 7/ (= pyp2ee—n 2T Y. T)
/O B t Yy B r=1J P

2 ! " A
+ 7/ (t _ I—)M—Ze—w(t—f)w(xii)f)dr + g(x’ v, [)’
P =1 Jo dyl
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Fig. 4 Graph of the numerical solution for Example 4.1 with different kinds of n and v withw = 0.5and u = 1.5
Table 1 Comparison of the 9 n=v=125 n=v=1095
L oo-errors and CO with
At = 0.001 for Example 4.1 Loo co Lo co
% 7.2022¢ — 02 — 8.2009¢ — 05 _
% 3.0642¢ — 02 1.7064 3.0075e — 05 1.9888
= 7.0018¢ — 03 1.8890 7.0246¢ — 06 1.9519
% 2.4575¢ — 03 1.9480 2.6031e — 06 1.9198
& 4.8075e — 04 2.0011 5.4111e — 07 1.9919
ﬁlg 1.1405¢ — 06 2.0014 1.1182e — 07 2.0076
Table 2 Comparison of the At n=v=125 n=v=195 CPU —time
Lo-errors and CO with ¢ = 1/80
for Example 4.1 Loo co Loo co
% 2.7670e — 05 . 2.7424¢ — 06 _ 0.335
ﬁ 6.1025¢ — 06 1.9429 6.1013e — 07 1.9424 0.398
% 2.2142e — 06 1.9987 2.2014e — 07 1.9987 0.5100
1]@ 5.5912¢ — 07 2.0057 6.5912¢ — 08 2.0057 1.988

under the following initial and boundary conditions:

w(x, y, 0)=0, (x,y)e[0, 1) x[0, 1),
w(x, y,t) =0, (x,y) €a(0, 1] x [0, 1]), t € (0, 0.5],

in which
t—1
gx, y,t) =10xy(1 — x)(1 — y)I—
nt
5thtle=ol 1 W (wt)y(1 — y) [x" +(1 =) 2x27m 421 — x)z_"]

cos(nm) r@2-m r@G—mn
S5t (onx(1 = x) [yv +(1 = 2y 4200 - y)z_”]
cos(vmr) re—v) ra-—v) ’

Here ,W,(¢) is the generalized Wright function and defined by the following relation:

[17_; Tar + ak) (wr )

B (ar, ani,p ] _y
pYalet) = quq[(bz, B1.q ‘w[ a 1; [1}_ T, + k) k!

where for this problem, the values (a;, ;)11 and (b;, B;)1,1 are considered by (2, 1)1,1 and (u + 1, 1)1, 1, respectively. The exact
solution for this Example is w(x, y, t) = 10 xy(1 — x)(1 — y). To calculate the approximate solutions for this example we consider
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Fig. 5 Graph of the numerical solution for Example 4.2 with different kinds of # and v withw = 0.5and u = 1.5
A t=0.001, p=v=1.25 A t=0.001, n=v=1.95
x107 x10°8
4 4

y 0 o X y 0o X

Fig. 6 Graph of the numerical solution for Example 4.2 with different kinds of n and v withw = 0.5and u = 1.5

w = 0.5 and u = 1.5. The initial conditions describe the wave shape and the boundary conditions explicitly enforced on the
variational solution and therefore exactly satisfied in the approximate solution. Figure 2 shows the numerical solutions using the
proposed method for various choices of 1 and v. Figure 3 demonstrates the numerical solutions applying the proposed method for
various choices of  and v when ¢ = 1/80. Figure 4 demonstrates the numerical solutions applying the proposed method for various
choices of n and v when At = 0.001. Table 1 reports the comparison of L-errors and CO with At = 0.001 for various choices of
¥. Also, Table 2 displays the comparison of Ls.-errors and CO with ¢ = 1/80 for various choices of A¢. From the tables shown
for this example, we understand that the computational order computed applying the proposed method is second order. From these
numerical results which are displayed in Figs. 2, 3 and 4, we seen that the numerical solutions converge to the exact solution.

Example 4.2 We consider following distributed-order time-fractional diffusion-wave equations with the Riesz space fractional
derivatives:
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Fig. 7 Graph of the numerical solution for Example 4.2 with different kinds of  and v with w = 0.5and u = 1.5

Table 3 Comparison of the ¥ n=v=125 n=v=1095

Lo-errors and CO with

At = 0.001 for Example 4.2 Loo co Loo co
% 6.2373¢ — 02 — 8.0373¢ — 05 _
% 3.0074e — 02 1.8064 9.1214e — 06 1.9998
Tlé 7.2240e — 03 1.9990 4.0468¢ — 06 1.9849
% 2.5641e — 03 1.9890 2.2117e — 06 1.9898
& 5.1274e — 04 2.0001 3.7220e — 07 1.9999
ﬁ 2.8423e — 06 2.0004 1.3542¢ — 07 2.0026

Table 4 Comparison of the At n=v=125 n=v=195 CPU —time
Lso-errors and CO with ¢ = 1/80
for Example 4.2 Loo co Loo Cco

2—10 3.6142¢ — 05 _ 8.3104e — 05 — 0.665

% 2.0117e — 05 1.9659 2.5676e — 06 1.9834 0.788

% 5.4368e — 06 1.9997 4.4777e — 07 1.9999 0.8420

ﬁ 5.7726e — 07 2.0021 6.8095¢ — 08 2.0041 1.999
Table 5 The maximum error At =0 n=v=125 n=v=175 n=v=175
calculated by the proposed method
for same selections of 1 and v for 1—10 3.3¢ — 06 2.7e — 06 2.3e — 06
Example 4.2 x 2.4¢ — 06 220 - 06 9.1e = 07

5 8.7¢ — 07 6.2¢ — 07 43¢ — 07

o0 2.8¢ — 07 2.1e — 07 7.7¢ — 08

L 7 aMw(x, y, T)
(= — BDPwx, y, 1)d /t S T G it ARy
[ 1= Dluee, o nap = = o= L

_ 0"w(x, y, T)
I‘(,u— 1)/ (A 2wt~ r)Tdr+g(x, v, t),

under the following initial and boundary conditions:

w(x, y,0)=0, (x,y)e€[0, 1] x[0, 1],
wx, y, t)=0, (x,y) e a0, 1] x [0, 1]), ¢ € (0, 1],

in which
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Fig. 8 Graph of the numerical solution for Example 4.3 with different kinds of n with @ = 0.1
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Fig. 9 Graph of the errors for Example 4.3 with different kinds of  with @ = 0.1

3 3
g(x, y, 1) = 100(xy(1 — x)(1 — y))2W

. 40012+ e= (y(1 — y))>? [xz_" +(1=—x)2"  6x3M46(1 —x)3"

cos(nm) ré-mn NGRS
12647 +12(1 — x)*" (3. D11
e T [(3 Fu D “”’]
.\ 300¢ ¥~ (x(1 — x))? [yz—v +H( =P 6y +6(1 - y) Y
cos(vm) rcé—-v rd-v)
12y +12(1 — y)*" (. Dr
LG —v) ]1%[(3 +u Diy “‘”}'

The exact solution for this Example is w(x, y, t) = 100 t%(x y(1 — x)(1 — y))%. To compute the approximate solutions using the
proposed method, we take w = 0.5 and v = 1.5. Figure 5 shows the numerical solutions using the proposed method for various
choices of 1 and v. Figure 6 demonstrates the numerical solutions applying the proposed method for various choices of 1 and v
when ¢ = 1/80. Figure 7 demonstrates the numerical solutions applying the proposed method for various choices of n and v when
At = 0.001. The comparison of L,-errors and corresponding CO with At = 0.001 for various choices of ¥ is shown in Table 3.
Also, Table 4 shows L.s-errors and corresponding CO with ¢ = 1/80 for various choices of Az. The maximum error computed
applying the proposed method for this example with the same choices of parameters A¢ and ¢ is displayed in Table 5. From the
tables shown for this example, we see that the computational order computed applying the proposed method is second order.
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Table 6 Comparison of the 9 Present method
L oo-errors and CO with
At = 0.001 for Example 4.3 n=v=125 n=v=195
Lo co Loo co
1 2.5796¢-05 - 1.6123¢-07 -
% 3.2245¢-06 1.9859 8.0613¢-08 1.9899
* 1.6123e-06 2.0011 4.0306e-08 2.0018
» 8.0613e-07 2.0020 2.0153¢ — 08 2.0023
% Proposed method in [16]
n=125 n=175
Lo co Loo co
1 6.3121¢-03 _ 7.3108¢ — 03 _
% 2.0741¢-03 1.6054 2.1174¢ — 03 17877
T 6.0017¢-04 1.7890 6.0345¢ — 04 1.8110
- 1.5674¢-04 1.9370 1.7130e-04 1.8167

Example 4.3 We consider the space fractional tempered fractional diffusion-wave model under the interval x € [0, 1] and ¢ € (0,
1] as

1 ! "w(x,y,T)
1) = ——— r— =2 7w(tir)A — Cdt + ,1), 4.1
wy(x, 1) TGi—1) /0 -1 e T T+g(x,1) 4.1

where 1 < u, n < 2 with the initial and boundary conditions:

w(x, 0) =0, x €0, 1],
w(x, ) =0, x €9([0, 1]), r € (0, 1).

For the proposed problem, the exact solution is given by w(x, 1) = 3¢~ (x(1 — )c))2 and this type of problem was studied in [16].
By putting the exact solution into (4.1), we can calculate the source term g(x, f). We solve the proposed model using the presented
scheme for different values of 7 when w = 0.1 and Ar = 0.001. Numerical results for this model using the presented method for
various values of n when At = 0.001 are shown in Fig. 8. Figure 9 demonstrates the absolute error of the proposed method for
various values of n when At = 0.001. In Table 6, we show a comparison between the numerical method presented in this paper and
the numerical method studied in [16] based on the absolute error and computational orders. From the table and figures, we can see
that the proposed method has better accuracy and performance.

5 Conclusion

The equation used in this article is the two-dimensional Riesz space distributed-order diffusion-wave equation, which is one of the
most important and practical equations in mathematical and physical models. This work discussed a numerical method based on
linear B-spline interpolation and the finite element method to solve the proposed equations. For the discretization of an integral
part of the distribution order, the midpoint quadrature rule and linear B-spline interpolation have been used in the time direction.
The Galerkin finite element method has been applied to discretize the Riemann-Liouville fractional integral in terms of the Riesz
fractional operator. The convergence and stability analysis have been displayed using the energy method, and we demonstrated that
the expanded numerical scheme has the convergence order 42 + (A1) + 92. In the end, two numerical examples have been given
to show the efficiency of the proposed method. In the future, the proposed method can be implemented on several types of Riesz
space distributed-order diffusion-wave equations as well as on different kinds of FDEs.
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