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Abstract In this work, we aim to derive various soliton solutions to the Wazwaz—Benjamin—Bona—Mahony equation with con-
formable and M-truncated derivatives. The considered equation models long waves in the ocean engineering field. Unified Riccati
equation expansion and Kudryashov auxiliary equation methods are used to the model, and so, kink, singular, and periodic-singular
soliton solutions are successfully obtained. It is also reported on the constraint conditions that assure the validity of novel wave
forms. By choosing appropriate parameters, numerical simulations of the obtained results are depicted by using two- and three-
dimensional plots and the comparative results between the solutions for the conformable and M-truncated derivative are shown
in two-dimensional graphs for various orders «, 8. Moreover, the effects of the parameters in the obtained solutions are shown.
The methods might be useful for obtaining the analytical solutions of many physical phenomena in nature since they are effective,
robust, and easily applicable. Finally, this study contributes to extract both various solutions to the literature and to investigate wave
behavior while the parameters change.

1 Introduction

Nonlinear partial differential equations are vital in mathematical modeling. The equations are commonly used in modeling many
phenomena encountered in nature [ 1-4]. Numerous PDE models are derived from a fundamental balancing or conservation law which
is a mathematical identity to certain symmetry of a physical system. The propagation of nonlinear waves is a crucial phenomenon in
nature, and there is an increasing interest in studying nonlinear waves in dynamical systems. In addition to the differential equations
including integer orders, fractional partial differential equations (FPDEs) also occupy a large place in modeling. FPDEs have become
very popular in recent years thanks to the analysis capability obtained depending on the change in fractional order and new fractional
derivative operators. There are various forms of fractional derivative and integral operators in the literature. Which of these forms will
be used depends on the properties of the equation to be used. For more detailed information, you can take a look at Riemann—Liouville
[5], Griinwald—Letnikov [5], Caputo [6, 7], Caputo—Fabrizio [8, 9], Hadamard [10], Weyl [11], Atangana—Baleanu [12] derivatives,
etc. Besides, there are also local fractional derivative operators on which there are discussions. The main reason for the discussions is
that local derivative operators do not provide some of the properties that other fractional derivative forms provide. Some of the other
derivatives operators, which satisfy the main properties of integer derivative operators, are conformable [13, 14], M-truncated [15,
16] and beta [17] fractional derivative operators. In the literature, some methods used in solving FPDEs are exp(—¢(€))-expansion
method [18], <I>6-expansi0n method [19, 20], Sardar sub-equation method [21], Kudryashov-expansion method [22], homotopy
analysis method [23] and homotopy decomposition method [24].
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Many phenomenon equations are utilized to model the nonlinear propagation of long waves. One of the most important of
the NLPDEs is the Korteveg de Vries (KdV) equation. There are many variations of the KdV equation in the literature [25].
Benjamin—Bona—Mahony (BBM) equation, one of the variations, is given by [26]:

&1 + b + P*bx — P = 0. (1

Many researchers studied the BBM equation for obtaining an analytical solution with the first integral method [27], making a
comparison between analytical and numerical study [28], investigating the existence and uniqueness of the equation [29] and
analytical solution of the equation by Wazwaz [30]. Wazwaz also studied a generalization of the BBM equation to (3+ 1)-dimensions.
The equations named as Wazwaz—Benjamin—Bona—Mahony (WBBM) equations are given by [30]:

G+ by + $2 Py — Przy = 0, 2
G+ dp+ 2y — duye =0, 3)
G+ Py + $2h; — Prar = 0, 4

in which ¢ = ¢(x, y, z, t) denotes the wave propagation and the subscripts represent the partial derivatives of the unknown function
¢(x, y, 2, 1).

Obtaining the solutions of nonlinear partial differential equations such as WBBM equation that models wave propagation in ocean
engineering is one of the remarkable topics to understand the behavior of wave phenomena. Especially, the WBBM equation with
M- truncated derivative has been rarely studied in the literature yet. So, this article’s main aim is to derive various analytical solutions
for the WBBM equation with conformable and M-truncated derivatives. To our best knowledge, the conformable and M-truncated
WBBM equations have not been solved by the unified Riccati equation expansion method (UREEM) [31-33] and Kudryashov
auxiliary equation method (KAEM) [34, 35]. Another important aspect of this study is examining wave behavior according to the
effects of the parameters in the obtained solutions of the considered equation. On the other hand, these methods used in this article
are easily applicable and are useful for producing various solitons for nonlinear models, especially in water waves and optics.

In the literature, some of the solution methods for the WBBM equation are modified extended tanh method [36], hyperbolic
solutions via simple ansatz method [37], Sardar sub-equation method [38], (% and é)-expansion method [39], Kudryashov method
and new extended direct algebraic method [40], new ®%-model method [41], bifurcation method and investigation of existence of
solution [42]. Also, some of the used methods for solving the 3D fractional WBBM equation are improved auxiliary equation
technique [43], tanh-coth method [44], sine-Gordon method [45] and modified auxiliary equation mapping method [46].

The structure of the paper can be given as follows: In Sect. 2, the preliminaries are given. The governing model with various
derivative operators are dealt with and the methods are applied to the considered models in Sect. 3. The methods to be used are
analyzed in Sect. 4 and are applied to the considered equation in Sect. 5. In Sect. 6, some graphs of the obtained solutions and the
discussion about the results are included.

2 Preliminaries

2.1 Conformable derivative

Definition 1 Suppose that v : [0, o0) — R is a function. Conformable derivative of v(y) of order y w.r.t. y is given as follows [13]:

vy +hy!™7) —v(y)
- ,

D} (w(y) = lim 3)

where y € (0, 1], y > 0.

Theorem 1 [13] Let v(y) and w(y) be y-differentiable functions for y € (0, 1], y > 0. Then,

D{' (cv(y) +dw(y)) = cD’y/ v(y) + dDgw(y), forc,d € R,
D;(yn) - nyn_y7 ne ]R;
If v(y) = c where c is a constant, then Dy (c) = 0,
DY (w(y)(y)) = w(y)Dyv(y) + v(Y)Dy w(y),
v v _ wODYv»)—v(»DYw(y)
7 (40y) = HOIBED MBI () £,

When the first derivative of w(y) exists, we have D;/(w(y)) =y

S N

1—y dw(y)
dy -
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2.2 M-truncated derivative

Definition 2 The truncated Mittag—Leffler function is given by [15]:
i k

w
iEg(w) = kgms (6)

where 8 > Oand w € C.

Definition 3 M-truncated derivative of & : [0, c0) — R of order y € (0, 1) with respect to y is defined [15]:

h(t + iEﬁ (Sy_y)) — h(y)
B s

Dy h(e) = lim (7

where 8,y > 0 and ;Eg() is truncated Mittag—Leffler function.
Theorem 2 Let h(y) be y-order differentiable function at yo > 0 with y € (0, 1] and B > 0. Then, h(y) is continuous at yo [15].

Theorem 3 [15] Let 0 <y < 1,8 > 0, p, g € R and suppose that g, h are y-differentiable at a point y > 0. Then,

@L’ﬁ,(pg + fh)y)=p @}(,[’ig(y) + f @X,I’gh(y), where p, g are real constants,

2. 75 ey = g(») D) + h(y) T8,
2 247 ) —h(») 217 2(3)

v.B (g _ A
3. _@Myy(ﬁ)(y)_ , h(y)2 , )
, () 23,5 h()—=h(y) 2}, 8()
4 I (§)0) = TP
. . . s 1- d
5. If g is differentiable, then @Li(g)(y) = Ft(ﬂ+y1) %y).

3 Governing equation

In this section, the nonlinear WBBM equation with different definitions of derivatives is considered.

3.1 WBBM equation with conformable derivative

The WBBM equation with conformable derivative considered equation with conformable derivative can be given as follows [37]:

Dip+ DY + D¢’ — D% = 0. ®)
For conformable derivative, we consider the following wave transformation [37]:
xoz o tOt Z()l
o(x,y,z,1) =U®), n:a—+by—+c——d—. )
o o o o

Applying the wave transformations in Eqgs. (9)—(8), we obtain the following ODE:
(—=d +a) + U + acdU” =0, (10)

where U = U(n) and the superscript ” denotes second derivative of & w.r.t. . Applying the balancing principle to the equation in
Eq. (10),we get N+2=3N = N = 1.

3.2 WBBM equation with M-truncated fractional derivative

The WBBM equation with M-truncated fractional derivative can be given as follows [37]:

, , , 3a,
Diho+ Aiho+ 7l — 7y le =o0. (a1
For M-truncated fractional derivative, we consider the following wave transformation:
ra+
d(x,y,z, 1) =Um), n = M(ax“ +by* +ct® —dz®). (12)
o

Inserting the wave transformations in Eqgs. (12)—(11), we obtain the same nonlinear ODE in Eq. (10) and same balancing constant
N=1.
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4 Methods

In this section, we focus on finding ¢/(n), the solutions of Eq. (10), using the UREEM and KAEM.
Let us assume that Eq. (10) have some solutions as follows:

N
U = oi(Rm), oy #0, (13)
i=0
where o9, 01, 02, ..., o are constants to be determined, N is the balancing number and R(n) is a trial solution function that varies

on the considered methods.

4.1 Unified Riccati equation expansion method (UREEM)

According to the UREEM, R(7n) in Eq. (13) can be considered as follows:

R*(n), A = c% —4cocy > 0,
R ={ R~ (), A =c]—4cocr <0, (14)
Ro(n), A= c% —4cocr =0,

where R(n) is the solution of the differential equation below:
R'(n) = co + 1 R() + c2R(m)”. (15)
In Eq. (14), R*(n), R (n) and RO(n) are defined by:

RY )=~~~ V(b () ) (16)
22 2¢) (n +r tanh( n ) ’

N——"

~5

where it is non-trivial and nondegenerate if and only if r, # +rq, ”12 + r22 # 0.

R*(n):_i.p M(mtan(@n) —r4), -
2¢2 2¢y (r3 +ry tan(% n))

where it is non-trivial and nondegenerate if and only if r32 + rf # 0.

>

RO(I}) = —— — A= C% —4cocer = 0. (18)

4.2 Kudryashov auxiliary equation method (KAEM)

The novel approach named KAEM has been recently introduced by Kudryashov [34]. According to the KAEM, R(n) in Eq. (13)
can be considered as follows:

4y
R(n) = , 19
) (92 +4y x)eV7o + 2 +e=VVoN (19
where R(n) is the solution of the differential equation below:
2 _[dRmT?
[R(]” = [T = 2RO (y — 9RO — X R(?). (20)
n
5 Application
In this section, we apply UREEM and KAEM to the WBBM equation with conformable and M-truncated derivatives.
5.1 UREEM
Substituting N = 1 into Eq. (13), we derive:
Um) = oo + o1 R(). 2D
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Inserting Eq. (21) and its required derivatives into Eq. (10) by considering Eq. (20), we can find a polynomial in powers of R().
Gathering the terms with the same power of R(#) and then setting each coefficient to zero, we obtain the algebraic equations given

below:
Ro(n) T acdoicicy +bUO3 +aog — 8o =0,
Rl(n) 1 2accocrdoy + acc%éal + 3bo§01 +ao; — 801 =0,
Rz(n) : 3accicrdor + 3b00012 =0,
R3 ) : 2aCC%(SO‘1 + b(fl3 =0.

The following set is extracted when the system in Eq. (22) is solved by a computer algebraic system:

[6 . 2a C]\/b(4aCC()Cz —acc} — 2)ca

,00 =%
daccocr — ac c% -2 b(4aCC()C2 —ac C% — 2)

)

2./b(4accocy — acc? — 2)c caa
LA 1-2) }

b(4accocz —ac c% — 2)

So, we get the solutions of the main FPDE as follows:

For A > 0,
2
JE( +ax¥+b y® +c7°‘)< +6<0002—F7')a)>
Ty | ri tanh 3 +r
2( £+C<Cocz—%>a>0(
oC(x,y, 2, =F Lz
x/Z(‘” +(a x¥+b y*+c 7"‘)(—7+c cocr— 71 a
b| ri +rptanh ¥
2(7%+C<C()6‘27L7)
VAT (B+1)(—2a 1%+(a x*+b y*+c z%) (2+cAa))
y T (rl tanh( 20+cAa)a 2
oy, =7F VAT (B+1)(=2a 1% +(a x%+b y*+c 2%) 2+cAa))
sz (}"1 +r tanh( 2(2+cha)a ))
where

T = \/b(4accocz — accf — 2)c a\/—4cocz + c% , T = 4accocy — acc% -2,

and the constrain condition for the existence of the solutions in Eqs. (24) and (25) is b(4accocz —ac c% - 2)c > 0.

For A <0,
2
«/—A( +(a x¥+b y* +cz“‘)< +c<cocz——l>a>>

2 — T4
2( é+c<L0¢2——])a>a
2 ’

V=A (%Ha x%+b y”+cz°‘)(7%+c<coczf%>a>)

7 bT

2( £+c(cocz—%>a>a

—AT(B+D)(—2at* “+b y*+c z%)(2+cA

VBT3¢ ay/=A (r3 tan( SELEDC2 Ll tae 200t ) oy )

V=AT(B+1)(—2a t%+(a x%+b y*+c z%) (2+cAa))
(2+cAa) <r3 +ry tan( 2(2+cAa)a b

VbTycas/—A | r3tan

oS (x,y, 2,0 =F

r3 +r4 tan

oM (x,y, 2, 0) = F

where the constrain condition for Egs. (27) and (28) is b(4accocs — ac ¢} — 2)c > 0.
For A =0,

a~/bThca

Sy, ) =F 2 ’
2(% +(ax®+by” +cz°‘)<—% +C(C062 - %)"))b

2aa~/bTrc
b(—2at* + (2+c(—4crco + 2)a)(@x* +by* +cz9))T(B+ 1)’

oM,y )=7F

where the constrain condition for Egs. (29) and (30) is b(4aCC()C2 —ac c% — 2)c > 0.

(22)

(23)

24)

(25)

(26)

27)

(28)

29

(30)

@ Springer



1120 Page 6 of 12 Eur. Phys. J. Plus (2022) 137:1120

0.8 -
0.6 —

02 0.4

02— 02~

(x,1,1,1)
(x,1,1,1)

C
1
S
~
M
1

-0.2

@
@

-0.4 -
-0.6 -

06 -0.8 -

(a) 3D plot of conformable (b) 3D plot of M- truncated

+.C + M
¢1 (CC,]_,l,t). ¢1 (.’B,].,l,t).
— 5(x1,1,0), t=0 |
—_— C(x =14 { T T T 3
¢;A( 11,14, =14 N K —oM(x,1,1,2), a=p=0.4
Mx1,1,0),t=0 |7 08 \ " 1
0 I A A W SR NN LR Mx1,1,2),0=p=05
=== (x,1,1,14), t=14 | 06l \ M o
. \ ¢1 (x,1,1,2), a=5=0.6
- i 0al \ = =oM(x1,1,2), a=6=0.7|
g 7 < 0.2 \
< | = \
% O \
s
7 02 \
| \
04t
\
7 0.6 - ‘
0.8 ‘
35 4 45 \
x -1 L L )
0 1 2 3 4 5 6 7 8
X
(c) Comparison between conformable
and M- truncated for various t. (d) A comparison using various « and (3.

Fig. 1 Comparison between Eqs. (24) and (25) fora =0.3,b = —0.2,¢ =0.3, andd = 0.4

Figure 1 shows the plots of the solutions in Egs. (24) and (25) for the appropriate parameters. In Fig. 1a, 3D view of the conformable
solution+¢>lc(x, 1,1,t)in Eq. 24)isdepicted withae = 0.7, c =1,y =1,z=1,co = —l,c1 =4, =6,a=—-1,b=1,r1 =1
and rp, = —0.6 values. Figure 1b shows the plots of the M- truncated solution +(b{” (x, 1,1, 1) in Eq. (25) with 8 = 0.7 value. In
Fig. 1c, we depict 2D plots of both conformable and M-truncated solutions. According to Fig. 1c, the wave travels along the negative
x—direction. In addition, the solutions are almost overlapped due to both blue and yellow lines or red and purple lines. When the
fractional orders « and B are equal, the solutions overlap. In Fig. 1d, we depict the M-truncated solution in Eq. (25) with «, 8
parameters. There is a negative correlation between fractional order parameters and the wavelength. In Fig. 1d, when the parameter
of the fractional order increases, the wave has a smaller wavelength (purple-styled plot). On the other hand, all sub-figures in Fig. 1
show that the solutions in Eqgs. (24) and (25) are kink soliton solution.

Figure 2 demonstrates the solutions in Egs. (27) and (28). Figure 2a, b shows the 3D plots of the solutions in Egs. (27) and (28) as
conformable and M-truncated respectively, where y =1,z =1, c=1l,co =1l,c1 =1, =2, a=—-1,b=—-1,r3=—-0.1,r4 =
—0.3, 0 = 0.7 and B = 0.7 values. Figure 2a, b clearly shows that the solutions are periodic-singular soliton solutions. In Fig. 2c,
we depict 2D plots of both conformable solution in Eq. (27) and M-truncated solution in Eq. (28). According to Fig. 2c, the wave
travels along the negative x —direction. Lastly, Fig. 2d represents M-truncated solution +¢é” (x, 1, 1, t) with different @ and 8 values.
While the parameters of the fractional order increase, the wave moves through the positive x —direction.

Figure 3 shows the results obtained in Egs. (29) and (30). In Fig. 3a, b, we depict the 3D view of conformable solution +¢3C (x,y,2,1)
in Eq. (29) and M-truncated solution +¢§”(x, v, z,t) in Eq. (30), respectively, where z = 1,y = l,c = l,co = l,c1 = 1,2 =
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Fig. 2 Comparison between Eqs. (27) and (28) fora = 0.3, b = —0.2,¢ =0.3, andd = 0.4

0.2,a = —0.1,b = —1,a¢ = 0.7 and B = 0.7 values. According to these Fig. 3a, b, the solution is singular-soliton solution.
Figure 3c shows the 2D plots of both conformable solution in Eq. (29) and M-truncated solution in Eq. (30). It is clearly seen that the
wave travels in positive x —direction and the solutions almost overlap at the same « and 8 values. Lastly, Fig. 3d shows the 2D plots
of M-truncated solution in Eq. (30) with different o and B values. The wave goes to the left while the parameter of the fractional
order increases.

In Fig. 4, we represent some effects of the parameter on wave behavior. In Fig. 4a, we depict 2D plots of conformable solution
+¢1C(x, ¥, z, t)in Eq. (24) according to the parameter a and time. The decrease in the parameter a causes an increase in the wavelength
and a decrease in the speed of the wave. This change is seen in the blue and yellow styled wave at + = 0 and the red and purple
styled wave at t = 14. When @ = —1 which are blue and red-styled waves, the wavelength is less, but the displacement is more.
In Fig. 4b, we depict conformable solution +¢>2C (x,y,z,t)in Eq. (27). We aim to investigate wave behavior according to change in
the parameter b. There are four different styled waves in Fig. 4b. Red and blue-styled waves are plotted for » = —1; on the other
hand, yellow and purple-styled waves are plotted for b = 4. According to the decrease in the parameter b, affects the displacement
of waves increasingly. As can be seen from Fig. 4b, the distance between the yellow and purple-styled wave, where b decreases, is
greater than the other red and blue-styled waves. In Fig. 4c, we plot 2D graphs of conformable solution +¢§: (x,y,z,t)in Eq. (29).
We represent the change of the parameter b effects on wave behavior. There are four different styled waves. When the parameter b
decreases in red and purple-styled waves, the wave displacement increases according to blue and yellow-styled waves.
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Fig. 3 Comparison between Eqs. (29) and (30) fora = 0.3,b = —0.2,¢ =0.3, andd = 0.4

5.2 KAEM

Substituting N = 1 into Eq. (13), we derive:

Um) = Ao+ A1 R(n). 3D

Inserting Eq. (31) and its required derivatives into Eq. (10) by considering Eq. (15), we can find a polynomial in powers of R(n).

Gathering the terms with the same power of R(7) and then setting each coefficient to zero, we obtain the algebraic equations given
below:

Ro(n) : b003 +aog — 6og =0,

Rl(r]) : ac8301 + 3bo§01 +ao)] — 801 =0,
3

Rz(n) : 3b00<712 — 5a08301(p =0,

R3(n) : —2ac8301)( + b013 =0. (32)
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Fig. 4 Comparison between Eqs. (34) and (35) whena = 0.3,b = —0.2,¢ =0.3, andd = 0.4

When we solve the system in Eq. (32) using a computer algebraic system, we get the set below:

{ 2(=8+a) s —b(=8 +a) (=8+a)p }
C = —— :——,0'02:&770.2 _oray
a8y 4y b —b(=85+a)y
So, we get the solutions of the main FPDE as follows:
—bT. 4T
i¢f@,yz,ﬂ::ivfgggi 3¢ __
b ﬂé(ax“+by“+;§%_3,a)
\/TT:’) 2(,0 +e a
—bT: 4T
ot (x,y, 2. 0) =+ 34 39 _ |
’ T )
\/TTE} 2(/) +e ]

where 73 = a — § and the constrain condition for Egs. (34) and (35) is:

—b(=8+a) > 0.

(b) The effect of the parameter b on

(33)

(34)

(35)

(36)
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Fig. 5 Comparison between Eqs. (34) and (35) fora =0.3,b = —-0.2,¢ =03,y =¢ =1andd = 0.4.

In Fig. 5, we depict the obtained solutions via KAEM in Egs. (34) and (35). Firstly, in Fig. 5a, b, we plot the 3D view of
conformable solution +¢1C(x, v, z, t) in Eq. (34) and M-truncated solution +¢>{” (x, ¥, z,t)in Eq. (35), respectively, where y = ¢ =
,b=—-1,a=2,=—-1,y=1,z= 1,0 = 0.7 and B = 0.7 values. Figure 5c shows 2D plots of the solutions in Eqs. (34)
and (35) for various ¢ values. According to Fig. Sc, the both of solutions travel along the negative x —direction according to time
also conformable and M-truncated solutions overlap almost for some values. Lastly, Fig. 5d shows the wave behavior due to the
changing of fractional order o and 8. In Fig. 5d, the wave shifts along to the negative x —direction while & and § increase.

6 Conclusion

In this paper, we have investigated the analytical solutions of the WBBM equation with conformable and M-truncated derivatives.
The solutions have been obtained via two techniques named UREEM and KAEM. As a result of the methods, we have obtained kink,
singular, and periodic-singular soliton solutions. We have included 3D and 2D graphics of the derived solutions and also compared
conformable and M-truncated derivative operators with 2D graphics by selecting different values of the fractional orders. In addition,
we have shown the effects of some parameters and fractional operators on wave behavior in 2D graphics. Thus, the paper has novel
results because of investigating wave behavior when the parameters change. Also, we have checked that the derived solutions satisfy
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the WBBM equation with the different derivative operators via Maple. Consequently, we believe that both the derived solutions
might contribute to the literature, and the figures and interpretations of the solutions might be useful for understanding the physical
aspects of the solutions of the equation used to model long waves. Since the approaches are efficient, reliable, and simple, the
methods may help finding some analytical solutions to many physical events in nature.

Data Availability Statement Data sharing is not applicable to this article as no datasets were generated or analyzed during the current study.
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