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Abstract In this paper, the N-soliton solutions of a (2+1)-dimensional Boussinesq-type equation are obtained by the Hirota’s
bilinear method, and one-, two-, three-soliton solutions and their clear images are given in detail. Then, one breath-wave solution
and two breath-wave solution are obtained by taking the complex conjugate of soliton solutions. The transformation mechanism of
the breath-waves is analyzed systematically. Through the multi-dimensional Riemann theta function and bilinear method, the quasi-
periodic wave solutions are obtained. Among these periodic waves, the high-dimensional complex three-periodic waves are firstly
presented, the one-periodic waves are often applied to one-dimensional models of periodic waves in shallow water, the two-periodic
waves and three-periodic waves are the generalization of one-periodic waves. The asymptotic behaviors of one-, two-, three-periodic
waves and the relations between periodic wave solutions and soliton wave solutions are strictly established and proved by a limiting
procedure. The characteristic line method is developed to analyze the dynamical characteristics of the quasi-periodic waves.

1 Introduction

Nonlinear science is a basic subject to study the commonness of nonlinear phenomena. As we all know, the research subjects of
nonlinear science are chaos, solitons and fractals. Among them, solitons represent unpredictable organized behaviors in nonlinear
science, which is the result of the balance between dispersion and nonlinearity in nonlinear dynamic systems. As a typical nonlinear
phenomenon, it frequently appears in nonlinear optics [1-4], electromagnetism [5—8], plasma physics, condensed matter physics
and biophysics [9-13].

The nonlinear Boussinesq equation plays an important role in marine research. The classical Boussinesq equation describes
the propagation of long waves in shallow water. In addition, the Boussinesq equation also simulates the large-scale atmospheric
and ocean currents leading to cold fronts and jets. The Boussinesq equation of surface gravity wave has been proved to be an
effective tool for simulating wave propagation in coastal and marine areas [14]. In the past decades, researchers have given the exact
analytical solutions [15], bright and dark soliton solutions [16], rogue wave solutions [17] and degenerate breather solutions [18] of
the Boussinesq equation.

Quasi-periodic wave solutions have always been a hot topic of research in the field of integrable systems [19-22]. Some scholars
have given the existence of quasi-periodic wave solutions of coupled Duffing-type equation [23], Vanderpol-Mathieu equation [24],
etc. [25, 26]. The quasi-periodic wave solutions of algebraic geometry are constructed in a unified way on the basis of finite gap
theory [27]. The quasi-periodic wave solutions of Kadomtsev-Petviashvili (KP) equation are obtained by Baker-Akhiezer functions
when seeking compatible solution [28]. The quasi-periodic wave solutions of Saweda-Kotera-Kadomtsev-Petviashvili equation
(SKKP) are gained by asymptotic analysis [29]. The quasi-periodic wave solutions have been also obtained via bilinear Bécklund
transformation [30], the Riemann-Béicklund method [31] and the Riemann theta function [32]. In addition, the quasi-periodic wave
solutions appear in many fields of science and technology [33, 34], including optics, electromagnetism, etc.

The Boussinesq equation is usually written in the form of u;; +u ., — (u)x + %u xxxx = 0, where the index x and ¢ present partial
derivatives. By the transformationu — u+1, (u + )y + (U + 1)y — (u + D?)yx + %(u + Dyxxx = 0, sy + iy — (uZ + 20 + Dy +
%u xxxx = 0, we have got another widely used Boussinesq equation u;; — ux, — W) ,x + %u xxxx = 0, this equation was introduced
by Boussinesq in 1871 [35, 36] to study the propagation of long waves in shallow water. In this paper, we devote to considering the
following (2+1)-dimensional Boussinesq-type equation

2
u,,+clu“+c2uxy+C3(6uX+6uu“+u““):0, (1)

where u = u(x, y, t). Eq. (1) is integrable nonlinear partial differential equations in the sense of the theory of bilinear, the N-soliton
solutions of Eq. (1) are obtained in the following statement, and it is a generalization of classical (2+1)-dimensional Boussinesq
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equation [37-39]. When ¢3 = 1, Eq. (1) can be written into the form of another (2+1)-dimensional Boussinesq-type equation [40].
When ¢, = 0, the above equation reduces to a generalized two dimensional Boussinesq equation [41, 42]. The lump and rogue
wave solutions of this generalized Boussinesq equation have been discussed in [40, 41]. However, there was no discussion about the
breath-wave transitions and quasi-periodic wave solutions, especially the high-dimensional Riemann theta function quasi-periodic
wave solutions. In this work, we shall investigate solitons, transformation mechanism of the breath-waves and quasi-periodic wave
solutions in detail.

The organization of this paper is as follows. In Sect. 2, we briefly introduce the Hirota’s bilinear method and derive the bilinear
form and N-soliton solutions of Eq. (1) and present the Riemann theta function and its properties. In Sect. 3, we obtain one and
two breath-wave solutions via taking the complex conjugate of soliton solutions and briefly introduce the breath-wave transitions.
In Sections 4,5,6, we apply the Hirota’s bilinear method and Riemann theta function to construct one-, two- and three-periodic
wave solutions of Eq. (1). We further apply the limiting method and characteristic line method to analyze the characteristics and
asymptotic behaviors of one-, two- and three-periodic wave solutions in detail. It is strictly proved that under a “small-amplitude”
limit, the periodic wave solutions tend to the known soliton solutions. Finally, some conclusions are given in the last section.

2 Bilinear form and the Riemann theta function

In this section, we briefly introduce the bilinear form of Eq. (1) and some brief conclusions of the Riemann theta function.

2.1 Bilinear form of Eq. (1)

The Hirota’s bilinear method [43—48] is an important tool for constructing exact solutions of many nonlinear equations. If a nonlinear
equation is transformed into a bilinear form by a dependent variable transformation, the multi-soliton solutions are often obtained.
By the dependent variable transformation

u=2(nf(x,y,1),x»
Eq. (1) can be transformed into a bilinear form
(D? +¢1 D} + 2Dy Dy +c3D3) f(x, y, ) f(x, y, 1) = 0, )
where the bilinear differential operators Dy, Dy and D; are defined by
DYDyDY f(x,y,0)8(x, y, 1) = Bx — 3x')" @y — 3y')" (@t — 8t")P f(x, y, (', ¥ ) mr,yr=y.i1=-

These operators have a great property when applying to exponential function, that is

DI'DyDfe™e™ = (e — £2)" (n1 — m)' (@1 — wp)Pe™*72,
where t; = gjx + 1y +w;t +v; (j = 1, 2). Furthermore, we have

B(Dy, Dy, Dy)e™e™ = B(g; — &2, 71 — 12, w1 — w2)e™ 772, 3)

where B(Dy, Dy, D) is a polynomial about Dy, Dy and D,. This property plays an important role in the subsequent construction
of periodic wave solutions.
The N-soliton solutions of Eq. (1) can be found by applying Hirota’s bilinear theory. It can be written in the form of

N N
f=pv=Y exp Y wjoi+d wjmsay |,
j=1

n=0,1 j<s

with phase variable 0; = kjx +1;y + \/—czkjlj —c3kj* — c1k;?t +8;, kj, 1; and §; are free constants,

ehis :(czksl j + Cokijls +4c3kikj + deskiks — 6¢3kTKT + 2c1ksk

+2\/—C3k§ — c1k? — cokgly x \/—czkjl,» — 3k} — cﬂc?)/(czkjls +coksl +desk3k;

+6c3ki ks +4csk kg +2c1ksk; + 2\/—6-31(;1 —c1k? — czksls\/—czkjlj — o3kt — clka.).
The mark > u=0,1 Means summation over all possible combinations of ; = 0,1 (j = 1...N), the Z?’q summation is over all
possible combinations of N elements in the specific condition j < s.
Therefore, the one-soliton solution of Eq. (1) has the form of

uy = 2(In(1 +e%)) “

xx’
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Fig. 1 (Color online) One-soliton wave Eq. (4) with parameters ¢; = —10,¢; = 10,¢3 = —20,k = 0.15,/ = —0.1,§ = —0.1. a Three-dimensional

stereogram of one-soliton wave when ¢+ = 0. b Vertical view of (a). ¢ The wave moves along the x-axis(—65 < x < 65)(red) when y = 0,7 = 0,
y-axis(—65 < y < 65)(blue) when x = 0, r = 0, t-axis(—65 <t < 65)(green) whenx =0,y =0
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Fig. 2 (Color online) Two-soliton wave Eq. (5) with parameters c; = —10,¢cp = 1,¢3 = =20,k = —0.8,11 = 0.5,k = 0.8,/ =0.5,8] = 0,8, = 0.
a Three-dimensional stereogram of two-soliton wave when ¢ = 0. b Vertical view of (a). ¢ The wave moves along the x-axis(—35 < x < 35)(red) when
y=0,7 =0, y-axis(—35 < y < 35)(blue) when x = 0, r = 0, t-axis(—35 <t < 35)(green) whenx =0,y =0

where phase variable o = kx + 1y + \/—czkl — c3k* — k%t + 8, k, [ and § are free constants (Fig. 1).
While the two-soliton solution has the form of

uy = 2<ln(1 +e%l +e*2 +e"‘+"2+A12)> , ©)
XX

(Fig. 2) with phase variable o' = kjx +1;y +\/—Czkjlj — o3kt — okt + 85 (j=1,2), eM12 = efis(j = 1,5 = 2).
Based on the above analysis, the three-soliton solution has the form of

(©)

u3 :2(ln(l+e°‘ +e%2 4 %3 +e(71+(72+A12+eaz+a3 +A23+eal+a3 + A3 401 t02+03 +Apn+Axy3 +A13))xx’

(Fig. 3) with phase variable 0 (j = 1,2,3), e?12 = edis(j = 1,5 = 2), e = etis(j =2,5 = 3), e = eAis(j = 1,5 = 3).
In order to construct the multi-periodic wave solutions, we consider

u=ug+2(n @)y, @

where u is a constant solution of Eq. (1), and phase variable t has the form of t = (71, 12, ..., ‘L'N)T, T =¢gjx+njy+wjt+v; (j =
1,2, ..., N). By substituting Eq. (7) into Eq. (1) and integrating about variable x, we obtain the following bilinear form

B(Dx, Dy, D)¢(t)p(t) = (D? +¢1 D2 + 2Dy Dy + ¢3D} + 6u9D? + ¢)p(2)p(t) = 0, ®)

where c is an integration constant.
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Fig. 3 (Color online) Three-soliton wave Eq. (6) with parameters ¢ = —10,¢p = 1,¢3 = —20,k; = —0.8,11 = 0.5,k = 0.8, = 0.5,k3 = 0.6,13 =
09,87 = 0,87 = 0,83 = 0. a Three-dimensional stereogram of three-soliton wave when ¢ = 0. b Vertical view of (a). ¢ The wave moves along the
x-axis(—40 < x < 15)(red) when y = 0,1 = 0, y-axis(—40 < y < 15)(blue) when x = 0, t = 0, t-axis(—40 < ¢ < 15)(green) whenx =0,y =0

2.2 Riemann theta function and its periodicity

Definition 1. The multi-dimensional Riemann theta function of genus N is defined as the form of

(p(‘L’) — (p(l’, a) — Z e—n(an,n)+27ti(t,n>, (9)

nezZN

where the integer value vector n = (n, na, ..., ny) € ZV, and complex phase variable T = (ty, 12, ..., 3)T e CV. Furthermore,
for two vectors h = (hy, ha, ..., hy)T and p = (p1, pa2, ..., py)7, their inner product is defined by < h, p >= hip1+hopa+---+
hnpn. The a = (a;;) is a positive definite and real-valued symmetric N x N matrix.

Proposition I Let e; be the jth column of N x N identity matrix Iy, a; be the jth column of positive matrix a, a;; be the element
in row j, column j. Then the theta function ¢(7) has the following periodic properties:

(D) o(r +ej,a) = ¢(1, a),

() o(t +iaj,a) = e~ 2miTAmajj (T, g),

3) (Ing(z +ej, a))rm =(ng(t,a);r;. j =1, ... N,
4) (Ing(t +iaj, a))fjfj. = (In ¢(z, )T 1, .., N.

3 Breath-wave solutions and their transitions
3.1 The one-breath-wave solution of Eq. (1)

In this section, we obtain the one breath-wave solution of Eq. (1) by taking complex conjugate about real parameters of two-soliton
solution(5), that is, letting

. . . . o] . o] .
k1 = da] +b11, k2 = da] —b]l, ll = p1 +4q11, lz = p1 — (411, 51 = ln7 +,31 + Y11, 82 = lnE +/31 — Y11, (10)

where a1, by, p1,q1 # 0,21 > 0, 81 and y; are arbitrary real constants. By letting fo = (1 +e®! +e%2 + e®I+®2+A2) i Eq. (5),
and substituting Eq. (10) into f>, we obtain the following expression of the one breath-wave solution

1
fr ~ 2./az cosh() + 3 Inas) + aq cos(Ayp), (11)

where
Ol12G1
4 b
—2ci(a} +b}) +2c2(a1 p1 + biqy) + 2¢3(at — Tbf — 6ab?) + 2,/ A + A}

—2ci(a} +b?) +2c2(a1 p1 + biqr) + 2c3(Tat — b} +6ab?) + 2,/ A + A]

Oy =a1x+pry+hit+p1, Ay =bix+qry+dit+y;, ax =

G| =
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Fig. 4 (Color online) a One

breath-wave of Eq. (1) with
parameters

cr=cp=c3=1,a1 =

03,01 =15,p1 =0.5,91 =
—2,a1 =2,81 =0,y =0. This
figure is three-dimensional
stereogram of one breath-wave
when ¢ = 0. b the corresponding
contour figure of (a), the red line
(1.5x — 2y = 0) and the green line
(0.3x + 0.5y + 1.153310513 = 0)
are two characteristic lines of one

breath wave

A3z = —ci(aj — b7) — ex(a1 p1 — biq1) — c3(af — 6ajbi +bY),
Ay =—c1Qaib) — ca(bi p1 +arq1) — c3(4ajby — 4arby),

VA3 + A4i :h1 +d1i, VA3 — A4i = /’ll — dli.

Then, by substituting Eq. (11) into Eq. (5), we obtain the one breath-wave solution of Eq. (1) as follows,

20 @ cosh(®; + S na)ar® — e cos(ADbi®) 22 /@7 sinh(8) + § Inax)ar — asin(A)by)’
2/ cosh(81 + L Inaa) +ay cos(A+) 2@z cosh(®) + 4 Inaz) — oy cos(A1)

uz

(12)

Based on the work of the transitions of the breath-waves for the (2+1)-dimensional Ito equation [49], one breath-wave solution

(12) of Eq. (1) has the following characteristics.

ey

It can be seen from expression (12) that the one breath-wave solution includes a hyperbolic function (cosh, sinh) and a
trigonometric function (sin, cos), in which the hyperbolic function controls the local properties of one breath-wave, and the
periodic properties are dominated by trigonometric function, so one breath-wave can be regarded as the combination of soliton
and periodic wave.

(2) Itis obviously noticed that the wave velocity of soliton along x-axis is vy = — alZ‘:;lz , and the wave velocity of soliton along
y-axis is U; = _a1gl+};l12’ the velocity of periodic wave along x-axis is v} = — p l;‘fq‘ 5, the velocity of periodic wave along
1 1
avicie P — __qidi
y-axisis vy = — 5" 7.
(3) From Eq. (12), the one breath-wave has two characteristic lines: 61 + %ln oy =aix +p1y+hit+p1 + %ln ar =0, A; =
bix+qy+dit+y =0.
. . . a s -
(1) If one has the following relation of bl Z ! # 0, the two characteristic lines are not parallel, as shown in Fig. (4).
1 q1
ap pi

(i) If one has the following relation of = 0, that is the two characteristic lines are parallel, as shown in Fig. (5).

b1 qi
Based on this special condition, the one breath-wave can be transformed into a series of nonlinear waves including quasi-
anti-dark soliton, M-shaped soliton, oscillation M-shaped soliton, multi-peak soliton, quasi-sine wave, quasi-periodic
W-shaped wave, quasi-periodic anti-dark soliton wave and quasi-periodic wave. In Fig. 5a and b, quasi-anti-dark soliton
(Z—} < 0.4) has only one characteristic line and is symmetrical about extreme line. In Fig. 5¢ and d, M-shaped soliton
04 < Z—i < 1) has two peaks, one valley, three characteristic lines and is asymmetrical about extreme line. With the
value of % increasing, the one breath-wave becomes a asymmetrical oscillation M-shaped soliton (l < Z—; < 2.5), and
the number of characteristic lines also increases, if the value of Z—‘ increases continuously, the oscillation becomes acute,
and the one breath-wave becomes a asymmetrical multi-peak soliton ({2.5 < Z—i < 50}), as shown in Fig. 5e—h. When
the value of 2—1 becomes very large, the one breath-wave transforms quasi-sine wave (z—: > 50), quasi-periodic W-shaped

wave (Z—' ~1 OOO) , quasi-periodic anti-dark soliton wave (b—‘ ~ 1000) and quasi-periodic wave (ﬁ > 1500) . Their locality
1 aj ai
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(f) (8) (h)

Fig. 5 (Color online) One breath-wave transformation of Eq. (1) with parameters c; = ¢ = c3 = l.aa; = 1,b) = 0.01, p; = 2,91 = 0.02,a1 =
2,81 = 0,y; = 0. This figure is three-dimensional stereogram of one breath-wave transformation when + = 0. b The wave moves along the x-axis
wheny = 0, =0.ca; =0.2,b; =02,p; =02,91 = 02,07 = 2,81 = 0,y; = 0. d The wave moves along the x-axis when y = 0,7 = 0.
ea; =02,b1 =05,p1 =04,9q1 = 1,01 =2,81 =0,y = 0. f The wave moves along the x-axis when y = 0,# = 0.ga; = 0.2,b1 =2,p; =
0.4,q1 =4,a1 =2, 1 =0, y1 = 0. h The wave moves along the x-axis wheny = 0,7 =0

almost disappears and the periodicity becomes more and more obvious, as shown in Fig. 6. Finally, the distribution of
diverse transformed nonlinear waves is given in Fig. 7(a).

3.2 The two breath-wave solution of Eq. (1)

In this section, the two breath-wave solution of Eq. (1) is obtained by a similar method as one. The four-soliton solution has the
form of

f4 =1+e(71 +ea’2+eo'3+eo‘4+e(71+0'2+A12+e(71+0'3+A13
+eal+0'4+A14+ea'2+G3+A23+e(72+a'4+A24+eG3+0'4+A34

o1 +02+03+An+ A3 +A3 +eO'1+172+U4+A12+A24+A14

+e
+e% +03+04+A13+A3+Al +eo’2+(73 +04 + A3+ Azq + Ay
+ell +o2+03+03 +An+Ax3+A3+A3 +A34+A24. (13)
By letting
. . . . a3 . a3 .
ks =az +byi, ka =ax — byi, I3 = pr+qoi, ls = pp — qoi, 63 =1In EX + B2+ i, 84 =1n > + B2 — 2, (14)

where az, ba, p2,q2 # 0,3 > 0, B2 and y, are arbitrary real constants and substituting (14) into f4, we obtain the another
expression of

0 a%Glewl o a§G26292
fa=1+aje’ cos(Ay) + — +aze” cos(Ap) + —
2.2
+ aja3G1Gr 2014262
16

+ %e“)l*ezwﬂ cos(A 1 + Aa) — Hay sin(A; + Aa))

(H3g + H3y) (Hig + Hiy)
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AWWWLRL

(f) (8) (h)

Fig. 6 (Color online) One breath-wave transformation of Eq. (1) with parameters ¢y = ¢» = ¢3 = 1l.aa; = 0.04,b; = 2, p1 = 0.05,91 =25, 01 =
2, 81 =0, y; = 0. This figure is three-dimensional stereogram of one breath-wave transformation when # = 0. b The wave moves along the x-axis when
y =0,t =0.ca; = 0.001,b1 = 1,p; = 0.002,9q1 = 2,01 = 0.6,8; = 0,y; = 0. d The wave moves along the x-axis when y = 0, = 0.
ea; = 0.001,b1 =1, p; =0.0015,q; = 1.5,1 = 0.6, 81 = 0, y1 = 0. f The wave moves along the x-axis when y = 0,7 = 0. g a; = 0.0015, b1 =
1.5, p1 =0.002, g1 =3, a1 = 0.6, B =0, y; = 0. h The wave moves along the x-axis wheny = 0,¢ =0

uo3ijos yeas aipotiad Suois
F-3
-

0 0.5 1 LS 2 23
weak periodic, strong soliton

(a) (b) (c)

Fig. 7 (Color online) a The distributions of diverse transformed nonlinear waves, in which "QAN” represents quasi-anti-dark soliton, "MS”’(M-shaped
soliton), "OM” (oscillation M-shaped soliton), "QPW”(quasi-periodic W-shaped soliton”, "QPAN”(quasi-periodic anti-dark soliton), "QP”(quasi-periodic
wave), "MP”(multi-peak soliton) and "QSW”(quasi-sine wave). b Two breath-wave of Eq. (1) with parameters c; = ¢ = ¢3 = 1,a1 = 0.3,b] =
1.5,p1 = 05,91 = —2,ap =05,bp =2,pp =05,90 = -3,01 =2, =0,y =0,03 = 2,8 =0,y = 0. This figure is three-dimensional
stereogram of two breath-wave when ¢ = 0. ¢ the corresponding contour figure of (b), the red lines (1.5x — 2y = 0,0.3x + 0.5y = 0) and the green lines
(0.5x + 0.5y = 0, 2x — 3y = 0) are two sets of characteristic lines of two breath-wave

+ %eﬁ%(mm cos(Ay — Ag) — Hyy sin(Aj — A2))

2
N3G 200403 (pg e Hap + Hay H Aa) — (Hsy Hag — Hag Hap) sin((A
+ 1 ¢ ((H3rHagr + H3y Hap) cos(A2) — (H3r Hap 3R Hap) sin((A2))
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Fig. 8 (Color online) a Two
breath-wave of Eq. (1) with
parameters c; = ¢y = ¢3 =
1,a1 =03,b1 =15, p1 =
0.5,91 = —2,ap=04,by =
vaz = %:q2 = —%,Oll =
07,81 =5y =-5a03=

2, B2 =0, y» = 0. This figure is
three-dimensional stereogram of
two breath-wave when ¢ = 0.

b the corresponding contour figure
of (a), the red lines
(03x+05y+5=

0,1.5x —2y — 5 =0) and the
green lines

(0.4x + 0.6666666667y =

0,2x — %y = 0) are two sets of
characteristic lines of two-breath
wave

2
()[1063 G2 01+20 _ _ 1 15
+ € ((H3pHag — H3yHyp) cos(A1) — (Hzp Hag + H3g Hyp) sin(Ay)), (15)

where

0 = arx + p2y + hat + B2, Ay = box +qoy +dat + 2,

—2c1(a3 +b3) +2c2(ar pa + baqa) +2c3(a3 — Tby — 6a3b3) +2,/ A2 + A2

Gy = ,
—2c1(da3 +b3) +2ca(azpa + baqa) + 2c3(Ta3 — by +6a3b3) +2,/ A2 + A2
Hsg = Re(e?), Hy; = Im(e™), Hyp = Re(e™*), Hyy = Im(e™),
As = —ci(a3 — b}) — ca(azpr — bagn) — c3(a3 — 6a3b3 +b3),

Ag = —c1Qazba) — ea(bapar + arqn) — c3(da3by — 4azb3), v/ As + Agi
=hy +dsi, /A5 — Agi = ho — dai.

It is different from the one breath-wave solution, in Figs. 7, 8, the two breath-wave solution has two sets of characteristic lines:
O =aix+p1y+hit+p1 =0, Ay =bix+qiy+dit+y1 =0and 6, = axx + poy+hot+p> =0, Ay = box+qry+dat +y> = 0.

(1) If two breather waves have

ai pi b1 q1 ai pi ax p2
=0, =0, 0, 0,
a p2 by q» bi q1 7 by ¢ 7
the two breather waves are parallel, as shown in Fig. 8.
(2) If two breather waves have
ai pi br q1
0 0,
a p2 a by g 7
the waves are not parallel.
1 If
ap pi az p2
0, 0,
b1 qi # by q» #

the two breather waves collide, as shown in Fig. 7. Then, in Figs. 9, 10, 11, 12, 13, 14, and 15, the transformation mechanism
of two breath-wave is discussed in detail as follows.
(i) If
a p1
b q1

ax p2
by q»

£0,

one of the breather waves can be transformed into a series of nonlinear waves including quasi-anti-dark soliton, M-shaped
soliton and quasi-periodic wave. In Fig. 9, the two breather waves are transformed into one breather wave and quasi-anti-dark
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(b) ()

Fig. 9 (Color online) a Two breath-wave transformation of Eq. (1) with parameters c; = ¢y = ¢3 = 1,a; =2.3,b1 = 0.23, p1 =23,91 =0.23,a; =
03,bp =15,pp =05,90 = 2,01 =2, =0,y1 =0,a3 =2, 8 =0,y = 0. This figure is three-dimensional stereogram of two breath-wave
transformation when ¢t = 0. b Vertical view of (a). ¢ The corresponding contour figure of (a), the red line (2.3x + 2.3y = 0) is characteristic line of
quasi-anti-dark soliton, the green lines (0.3x + 0.5y = 0, 1.5x — 2y = 0) are two characteristic lines of one breath wave

(b) ()

Fig. 10 (Color online) a Two breath-wave transformation of Eq. (1) with parameters ¢ = ¢; = ¢3 = 1,a1 =0.2,b1 = 0.3, p; = -0.2,91 = —0.3,a; =
03,00 =15,pp =05,90 = 2,01 =2, =0,y1 =0,a3 =2, 8 =0,y = 0. This figure is three-dimensional stereogram of two breath-wave

transformation when # = 0. b Vertical view of (a). ¢ The wave moves along the x-axis when y = —20, t = 0(green), x-axis when y = 20, r = O(red)
soliton ( Z—: = %) = 10). In Fig. 10, the two breather waves are transformed into one breather wave and M-shaped soliton
% = ’ % ‘ ~ 1). In Fig. 11a and b, the two breather waves are transformed into one breather wave and quasi-periodic wave
al — |
wl=|zf <o01).
(iii) If
ar pr| _o |a2p2|_
by q1 by q2 '

the two breather waves can be transformed into a series of nonlinear waves. In Fig. 12, the two breather waves are transformed

into two nonparallel quasi-anti-dark solitons ( Z—; = ‘%’ = Z—; = % = 10). In Fig. 13, the two breather waves are trans-
formed into quasi-anti-dark soliton (‘ Z—i = )%’ ~ 10) and M-shaped soliton (‘ Z—:‘ = |%‘ = 1). In Fig. 14, the two breather
waves are transformed into two nonparallel M-shaped solitons ( Z—} = % = Z—; = % = 1). In Fig. 15, the two breather
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Fig. 11 (Color online) a Two breath-wave transformation of Eq. (1) with parameters ¢y = ¢ =c3 = 1,a; =0.01,b1 =1, p; = —-0.01,¢91 = —1,a2 =
03,bp =1.5,pp =05,90 = 2,01 =2, =0,y1 =0,a3 =2, 8 =0, yp = 0. This figure is three-dimensional stereogram of two breath-wave
transformation when t = 0. b Vertical view of (a). ¢ Two breath-wave transformation of Eq. (1) with parameters c; = ¢ = ¢3 = 1,a; = 0.01,b] =
1,p1 =—-0.01,q91 = —1,ap =0.01,bp = 1.5, pp = —-0.01l,92p = 15,01 =2,81 =0,y =0,a3 =2, B =0, y» = 0. This figure is three-dimensional
stereogram of two breath-wave transformation when r = 0

(b) (c)

Fig. 12 (Color online) a Two breath-wave transformation of Eq. (1) with parameters ¢y = ¢ =c3 = 1,a; =2.3,b1 =0.23, p1 =2.3,q1 =0.23,ap =
23,bp =023, pp = -23,90 = 023,01 = 2,8 =0,y1 = 0,3 = 0.6, B = 0,y = 0. This figure is three-dimensional stereogram of two
breath-wave transformation when ¢ = 0. b Vertical view of (a). ¢ The corresponding contour figure of (a), the red line (2.3x + 2.3y = 0) and the green line
(2.3x — 2.3y = 0) are characteristic lines of two quasi-anti-dark solitons

waves are transformed into quasi-periodic wave ( Z—Z = % < 0.01) and M-shaped soliton ( Z—: = ‘%‘ = 1). In Fig. 11c,
the two breather waves are transformed into bright and dark solitons ( Z—i = ‘% < 0.01), ( Z—; = % < 0.01). Based on

the above analysis, as the radio of aj and b, p; and q; decreases, the periodicity of the two breather waves becomes obvious,
the locality almost disappears.

4 One-periodic waves and asymptotic properties

In this section, one-periodic wave solution of Eq. (1) is obtained via bilinear method and Riemann theta function. When N = 1, the
theta function degenerates the following Fourier series

+00 ) s
(,0('(, a) = Z eZmnr—nn a’ (16)

n=—0oo

with phase variable T = ex + ny + wt + v, and the first-order matrix a > 0.
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"o
0.84
0.6
y 044
- 02
D100 107 - W — % R NIVE -
X % x

40 -30

(a) (b) (c)
Fig. 13 (Color online) a Two breath-wave transformation of Eq. (1) with parameters c; = ¢ = c¢3 = 1,a1 = 1.2,b1 =0.1,p; = 12,91 =0.1,a3 =

02,00 =02,pp =-02,gp =—02,01 =2,81 =0,y1 =0,a3 =2, B =0, yp = 0. This figure is three-dimensional stereogram of two breath-wave
transformation when t = 0. b Vertical view of (a). ¢ The wave moves along the x-axis when y = —20, t = 0 (green), x-axis when y = 20, t = O(red)

044

(c)

Fig. 14 (Color online) a Two breath-wave transformation of Eq. (1) with parameters c; = ¢y = c¢3 = 1,a; =0.2,b1 =02, p; =0.2,91 =0.2,ap =
02,00 =0.2,pp =—-0.2,920 =—-0.2,01 =0.9, 61 =0, y1 =0,a3 =2, f =0, yp = 0. This figure is three-dimensional stereogram of two breath-wave
transformation when # = 0. b Vertical view of (a). ¢ The wave moves along the x-axis when y = —30, t = 0(green), x-axis when y = 30, r = O(red)

4.1 Construction of one-periodic waves

In order to obtain one-periodic wave solution, we take Eq. (16) into Eq. (8), and gain the following relation through Eq. (3):

+00 +00
B(Dy, Dy, D)o(t, a)p(t, a) = Z Z B(Dy, Dyv Dt)e2ninr—ﬂn2a62ﬂimr—nm2a
n=—00 m=—00
+00 +00
= Y Y B@ritr—me, 2mi(n — myn, 2i(n — myw)ePT T 4
n=—00 m=—0o0
, +00 +00
TETNY VST BQrin —me, 2ni@n — m'yy, 2i2n — myw)e I HA—m
m'=—o0 n=—00
+00
% eZﬂim’T — Z §(m/)62nim/‘r, (17)

m’'=—00
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Fig. 15 (Color online) a Two
breath-wave transformation of Eq.
(1) with parameters
cr=cp=c3=1,a1 =

0.01,b1 = —-1.01, p; =

0.01,g1 = —1.01,ap = 0.2, b =
02, pp=—-02,g0 =-02,a1 =
2,p1=0,71=0,a3=2,8 =
0, y» = 0. This figure is
three-dimensional stereogram of
two breath-wave transformation
when ¢ = 0. b Vertical view of (a)

where
+00 ) 5
B(m')= Y BQmi2n —m')e, 2wi2n — m")y, 2wi@2n — m"yw)e T e, (18)
n=—00
Letting the summation index n = n’ + 1, Eq. (18) have the following form of

B(m') = Z BQ2mi(2n' — (m' — 2))e, 27wi(2n’ — (m' — 2))n, 27wi2n" — (m' — 2))w)

x efna[n’2+(n’f(m’72))2] % e727r(m’71)a _ E(m/ _ 2)6727T(m’71)(1 —

— 7]'[(1”1,2 ;.

B0 "2, m’ is even,
- — _rra(m/zfl) ;.

B(l)e 2, m' is odd,

which shows that B(m’), m" € Z is entirely determined by two formulas B(0) and B(1), that is, if the following two equations are
satisfied

B(O)=B() =0, (19)

then B(m’) =0, (m’ € Z), so B(Dy, Dy, D)¢(t, a)g(t, a) = 0. According to Eq. (18), Eq. (19) has the following form of
+00
B(0) = Z B(Q2ri(2n — 0)e, 2wi(2n — O0)n, 27i(2n — O)w)e_2”2”“
n=—0o0
+00
Y (—16n?nPw?—1677n’ e c; — 16w n*ency + 2567 netcs — 967 n? e ug + e~ — ¢,

n=—00

+00
B()= Y B@nin — e, 27i(2n — 1)y, 27i(2n — Dw)e~ 3w 21+hra
n=—o0
+00
= Y (—477Qn — 1’0’ =47 Qn — 1ec; — 4> 2n — DPency + 167%2n — D'e'es

n=—oo

— 247220 — 1)262uq + c)e~ @’ 2nthra _ (20)

By introducing the marks as

+00 ) +00 )
Yy=e a=— E 167202y, app = E v,
n=—oo0 n=—oo
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+00
a21 — Z 4”2(2’1 ]) wzn 72n+l, aZZ _ Z wzn 72n+l

n=-—00 n=—00

Z (16n2n g“c1 + 167%n sncz 2567 *nte* c3 +9612n%s MO)W

n=—0oo
+00 )
Z (42 2n — 1)%&%c; +472(2n — 1)%encs — 1674 2n — 1)*e*cs + 247220 — 1)2e?ug)y>™ —2m+, 1)

n=—00

Eq. (19) can be written as the form of a system of linear equations about frequency w and integration constant ¢, that is

2
ai a2 W by
= . 22
() (©)-(2) @
Then solve Eq. (22), we get the frequency and integration constant, that is
2 biax — bain bray1 — biay
w=——cc=———

apjaz2 — apazl arlazz — anpazl

so we obtain the one-periodic wave solution of Eq. (1)
u=uo+2(Ine(r,a)),,, (23)

where the theta function ¢(z, a) is given by Eq. (16), the other parameters c1, c2, ¢3,a, €, 1, ug and v are free, the three parameters
a, ¢ and n play a major role in one-periodic waves.

4.2 Characteristics of one-periodic waves

(1) It is bounded for all complex variables (x, y, 7).
(2) It has two fundamental periods 1 and ia about the phase variable t.
(3) Equation (17) can be written as the following form of

+00 +00
2

B(Dy. Dy, D)¢(t.a)p(t,a)= Y Y B(Dy, Dy, Dy)e¥mint—mmaednime—n’a

n=—00 m=—00

+00 +00

= Z B(m")e¥ m't = Z B(m')cos(m'T). (24)

m’'=—00 m'=—00

It can be seen from expression (24) that the one-periodic wave solution has one characteristic line: T = ex +ny + ot + v =0,
the propagation direction of wave is completely determined by t, and % = %, where vy and vy are the propagation velocity
y

along the x-axis and y-axis, respectively. In Fig. 16a, the points (x, y) (ex + ny = 2km, k = 0, 1, 2, ...) are the peak points of
one-periodic waves, and the points (x, y) (ex + ny = 2kmw + 7,k =0, 1, 2, ...) are the trough points of one-periodic waves.

4.3 Asymptotic properties of one-periodic waves

In what follows, we further analyze asymptotic properties of the one-periodic wave solution by solving Eq. (22) and taking a limit
condition. In order to solve Eq. (22), one makes

2
(a”a12>:M0+M11ﬁ+M21ﬂ2+--~, (lb)1>:N()+N1w+N2W2+---, (i) >=X0+X11ﬂ+X21ﬁ2+---,
2

azl az
then taking uo = 0 and expanding a;;, b; (i, j = 1, 2) into the sum of ¥
ayg = =327+ 4yt oy ap =142yt + 2yt e 2y B4
ar; = =82 + 9y + 25y B ), ap =2y + 2y + 2y B w2y 4
= (32n%e%c; +32n%ency — 512 % et ey + (3226t + 3272 ency — 20487 et e)dyd + - - -

(87‘[28 c1+ 872 ency — 32rte Cg)w + (871’28 c1+ 87?2 eney — 2887148403)91//5 +-,

01 0 0 —32722 0 0
Mo=(00>, M1:<—8n22>’ M2=( 0 O)’ M3 =My =0, M5=<_72n22),-~-,

we have
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-0.06 4 -0.06

(c) (d) (e)

Fig. 16 (Color online) A one-periodic wave of Eq. (1) with parameters ¢; = 1, ¢ =2, ¢3 =3, a = 2,¢ = 0.5, n = 2. This figure can be regarded as a
superposition of a series of soliton waves. a Three-dimensional stereogram of one-periodic wave when r = 0. b Vertical view of plot (a). ¢ The wave moves
along the x-axis when y = 0, t = 0. d The wave moves along the y-axis when x = 0, = 0. e The wave moves along f-axis whenx =0, y =0

Ne— 0. Ni— 0 _(327%6%c; + 327 %ency — S127mtetcs
0=% M=\ 8r2:2¢, + 82ency — 32463 ) 2= 0 ’
0
N3 =Ny=0, Ns= (727‘[28201 + 721 2ency — 2592n et cs )’ e
Therefore, one has
2 2.4 2.4 2.4
[ —€°c1 —ency +4mTetcs v [ —%6m“e"c3 [ —288m“e"c3
Xo= ( 0 ) X1=X=0 Xo= (—3847‘[48463 - X = Lo30antetes ) %)

Interestingly, the relation of the one-soliton wave solution and one-periodic wave solution is given as follows.

Theorem I If one-periodic wave solution Eq. (23) satisfies the condition of
0 k l 8+ma
up =9V, &=—-, = —, U= .
0 2mi 7 2mi 2mi

where k, [ and § are given by Eq. (4), we have the following asymptotic properties:

. (26)

Ta
c—>0, 1> ——, ¢o(t,a) > 1+e%, ¥y = 0.
2mi

Proof By applying Eq. (25), we obtain

w? = (—&%ci — ency +4n2etc3) — 96m2et c3y? — 28872t syt + o(yh),

@ Springer



Eur. Phys. J. Plus (2022) 137:914 Page 15 of 30 914

c = =384x*etc3y? — 2304 et )yt + oy,

and by using condition (26), we have

c— 0, 2mwiw — \/—47T2(—82C1 — eney +4m26%¢3) = v/ —cakl — c3k* — c1k2, Y — 0.
Then expanding the theta function
O(7, @) = 1 + Y(eXTT 4 e 2TIT) 4 yd(ehmit | g—dmity L
by applying condition (26), we have
ot a)=1+e" +y2e ™ +eX )+ 902 +e¥ )+ ... > 1+e’, ¥ — 0. 27

where

v = 27it —a — kx + 1y + v —cokl — c3k* — c1k2t +8 = o, Y — 0. (28)

What is more, T — "Zt;’i”, finally, combining Eq. (27) and Eq. (28), we obtain
p(r,a) > 1+e%, ¥y — 0.

Therefore, one-periodic wave solution tends to one-soliton solution under the condition of ¢ — 0. ]

5 Two-periodic waves and asymptotic properties

In this section, two-periodic wave solution of Eq. (1) is similar to the one-periodic wave solution. When N = 2, the theta function
degenerates the following Fourier series

+00

<p(r,a) — (P(Tl, ‘L’z,a) — Z e27ri<r,n>—rr<an,n>’ (29)

n=—0o0

with phase variable 7| = X + 1y + @1t + VU1, T2 = €2x + 1y +wat + vy, where n = (n1, n2)’ € Z2, v = (11, »)T € C%, and ais
ary ap

a positive definite and real-valued symmetric 2 x 2 matrix, thatis a = o a
21 a22

), where aj; > 0, a2 > Oand ajjaxn —app? > 0.

5.1 Construction of two-periodic waves

In order to obtain two-periodic wave solution, we take Eq. (29) into Eq. (8) and finally gain the following relation through Eq. (3):
+00 +00
B(Dy, Dyv Dt)(/)(tls o, a)W(Tl, ,a) = Z Z B(Dy, Dyv Dt)ezm<f,n>fn<an,n>62ni<r,m>7n<am,m>
n=—00 m=—00
+00 +00
= Z Z BQri<n—m,e>2mi<n—m,n>27 <n—m,w>)eTi<tnm>—w(<ann>+<amm>)

n=—00 m=—0o0

., +00 +00
m=m Z { Z BQmi<2n—m',e>2mi<2n—m',n>2ni<2n—m', o >)

m'=—o0 L n=—00
+00
« e—n[<a(n—m’),n—m/>+<an,n>]} « e27ti<1:,m’> — Z Tg(m/l, m/z)e27ri<r,m/> (m,n e ZZ)’ (30)
m'=—00
where
+00
B(mi,my) = Z BQri<2n—m e >, 21 <2n—m',n >, 21 < 2n —m', w >)e TL=a=m)n—m'>+<ann>] 31y
n=—00

Letting the summation index n; = n;’ +3;;, where §;; = { 0, 1# J Eq. (31) has the form of

,1=j’
+00 2 2 2
Bmi',my)y= Y BQmiy [2n] —(m;' —28;n)le;, 21y _[2n;" — (m;' —28;)In;. 2xi Y [2n)' — (mj’ — 28;1)]w;)
n=—00 j=1 j=1 j=1
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-
X e jv
E(mll 2, mz/)627ta11—27r(a11m1’+a12m2’)’ I=1,

= BGmy', my — 2)62na22—2ﬂ(a12m|/+azzmz’), 1=2,

e

2
(nj'+8jDajr(ni’ +8)—m Y [m;' =28 j1—n ;" )+8 jilaji[(my’ —28k —nk")+8k1]
1 k=1

which shows that B(m,’, m2") (m,’ € Z*, my’ € Z?) is entirely determined by four formulas B(0, 0), B(0, 1), B(1,0), B(1, 1).
That is, if the following four equations are satisfied

B(0,0)=B(0,1)=B(1,00=B(1,1)=0, (32)
then B(m ', my") =0 (m,’ € Z%, my' € Z?%), so B(Dx, Dy, Dy)p(t1, T2, a)p(t1, T2, a) = 0. Then introducing the marks as

P2 P2
M = (ajaxs, b= (b1, by, b3, b)), aji= Y —4x*Qni—s))vj), ajp= ) —4n’Q2n2—s3) v;(n),

ny,npeZ? ny,nyeZ?
2 j 2 2 J j
aj; = Z —247° <2n —s’', &> vi(n), ajs = Z vi(n), ajs = Z —8m°(2n1 — 57)(2nz — 55)vj(n),
ny,nyeZ? ny,npeZ? ny,nyeZ?
bj = Z (4712c1 <2n — sj, e>2 +471202 <2n — sj, &£><2n— sj, n > —1671403 < 2n — sj, 8>4)vj(n),

ni,nreZ?
Uj(n) = 1mrz|2+(n|—slj)2 w2n22+(n2—s§)2 1p3nmz+(n|—s{)(nz—sé{ Y1 = e T Yy = e a2, U3 = e—2ﬂa|2’
s'=(0,0), 2 =0.1), s =(1,0), s* = (1. 1), s/ =(s].5)),

Eq. (32) can be written as the form of a system of linear equations about frequency w1, w», constant ug and integration constant
¢, thatis

M(@1?, @2, ug, ¢, w107) = b, (33)
so we obtain the two-periodic wave solution of Eq. (1)
U =1up+ 2(111 (/7(‘[1 » T2, a))xx’ (34)

where the theta function ¢(t1, 72,a) is given by Eq. (29), up is determined by formula (33), the other parameters
c1, 2, C3,a11,d12, A, €1, N1, €2, N2, v1 and vy are free, the seven parameters ajy, azy, a2, €1, N1, & and n play a major role
in two-periodic waves. Figures 17, 18, 19, and 20 systematically show the dynamic characteristics of two-periodic waves.

5.2 Characteristics of two-periodic waves

(1) It is bounded for all complex variables (x, y, ?).

(2) It is obvious that two-periodic waves are the generalization of the one-periodic waves, but there are two phase variables
and 1, it has two independent periods in two independent horizontal directions, respectively, and it can be regarded as the
superposition of a periodic wave propagating along the x-axis and y-axis, respectively.

(3) It has 2N fundamental periods {e;, j = 1,2, ..., N} and {ia;, j = 1,2, ..., N} in (71, 72). Its velocity of the propagation has
the form of

dx  wper—wiez  dy o —wm

dt eim—em  dt eimp—em
(4) Eq. (30) can be written as the form of
+00 ) T
B(Dy. Dy, D)g(t1. 12, )p(11. 12, 0) =y Blmy',my")e™™<""> = 3" B(my', my))cos(rim”) cos(ramy).
m'=—00 m'=—o00

According to the above formula, two-periodic wave has two characteristic lines: 1 = ejx + 1y + wit + vy = 0 and 1, =
gx +my+wrt +uvr =0.

&1 m
&2 M2
angle of the characteristic line is a general angle, that is % #* f]—i, as shown in Fig. 17, and in the other case, the included angle

is a right angle, that is Z—‘l = —Z—;, as shown in Fig. 20. What they have in common is the collision of phase variables 7; and
7> makes the two-periodic waves appear honeycomb, and these hill-shaped bulges propagate periodically along the x-axis and
y-axis, the points (x, y) (e1x + my = 2km, exx + 2y = 2km, k = 0, 1, 2, ...) are the peak points of two-periodic waves, the
points (x, y) (e1x + N1y = 2kmw + mw, ea2x + my = 2kmw + 7w,k = 0, 1, 2, ...) are the trough points of two-periodic waves. The

different is that Fig. 17 has two strict periods along x-axis and y-axis, whereas Fig. 20 has one period along x-axis and y-axis.

(i) If we give the following relations of # 0, that is the two characteristic lines are not parallel. In one case, the included
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(d)

=3

(e)

Fig. 17 (Color online) A two-periodic wave of Eq. (1) with parameters ¢y = ¢ =¢3 = 1,61 = 05,71 = l,e0 = 03,19 = —0.25,a11 = l,a1p =
0.3, a2 = 1. a Three-dimensional stereogram of two-periodic wave when r = 0. b Vertical view of plot a. ¢ The wave moves along the x-axis when
y =0, = 0. d The wave moves along the y-axis when x = 0, t = 0. e The wave moves along ¢-axis whenx =0,y =0

(i) If we give the following relations of 21 Zl
2 N2

= 0, that is the two characteristic lines are parallel. In one case ;—'l = Z—i =k,

where k is a constant, k # 1, as shown in Fig. 18, and in the other case f}—l = 22 — 1, as shown in Fig. 19. What they have in
common is the parallel of phase variables 71, 7o makes the periodic wave fluctuate in parallel and propagate periodically along
the x-axis and y-axis. The different is that Fig. 19 has two strict periods along x-axis and y-axis, whereas Fig. 18 has one period
along x-axis and y-axis.

5.3 Asymptotic properties of two-periodic waves

In what follows, we further analyze asymptotic properties of the two-periodic wave solution by solving Eq. (33) and taking a limit
condition. The expansion of matrix M has the following form of

00010 00 0 00 0 0 0 00
00000 0 0 0 00 0 —872 —4872£,22 0
M=100000|*| -8720-a872¢,220 |V |0 o 0o ool
00000 00 0 00 0 0 0 00
32720 —19272,220 0 —327% —192726,2 20
0 0 0 oo, , [0 o 0 00/, ,
I 0o o0 o oo|"tlo o o ool
0 0 0 00 0 0 0 00
0 0 0 0 0
0 0 0 0 0 D
i 0 0 0 Viva+on'y), (39

—872 8712 —4872[(e1 — £2)* + (e1 + £2)* 3] 2(1 +yr3) —167%(Y3 — 1)

~—~
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]
[
o

[
o

) (d) (e)

Fig. 18 (Color online) A two-periodic wave of Eq. (1) with parameters ¢y = 1,¢p =2,¢c3 =3,61 =0.5,n71 =0.3,60 =0.5,1 =0.3,a;1 = l,a12 =
0.3, app = 1. a Three-dimensional stereogram of two-periodic wave when ¢ = 0. b Vertical view of plot (a). ¢ The wave moves along the x-axis when
y =0, = 0. d The wave moves along the y-axis when x = 0, t = 0. e The wave moves along ¢-axis whenx =0,y =0

where i + j > 2. and

0 0 A3 Ay 0
_|o Ar 01, 2.0 1,2.1°90
b= A Y1+ 0 Yo + 0 Y1+ 0 Yo~ + 0 Y12,
0 0 0 0 As
Al = 87T2812C1 + 87‘[2817’]162 — 327T4814C3, Ay = 87‘[2822C1 + 87‘[2827]262 — 327‘[4824C3,

A3 = 327T2812C1 + 327‘[28177162 — 5127‘[461463, Ay = 87‘[282261 + 87‘[26‘27726‘2 — 32n4824C3,

As = 812ci[(e1 — £2)” + (g1 + £2)* W3] + 87 2cal(e1 — £2)(m1 — M) + (81 + £2) (1 + M2)V3
— 32rtc3l(e1 — e2)* + (g1 + &) 3. (36)

Then, we assume that the solution of M (w12, w22, ug, ¢, wj@;) = b has the following form of

6012 0)12(0) 0)12(1) C()12(2) w12(11)

o 0,20 w21 0,2 21D
w = u)) |+| W) |+ uy || )P v
c 0 D @ D

1w CUlCUZ(O) wla)z(l) w1w2(2) a)lwz(“)
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Fig. 19 (Color online) A two-periodic wave of Eq. (1) with parameters ¢y = ¢ = ¢3 = 1,61 = 0.5,n71 = 0.5,6p = 0.3, = 03,a1; = l,a;p =
0.3, app = 1. a Three-dimensional stereogram of two-periodic wave when ¢t = 0. b Vertical view of plot (a). ¢ The wave moves along the x-axis when
y = 0,1 = 0. d The wave moves along the y-axis when x = 0, r = 0. e The wave moves along #-axis when x =0,y =0

w12(22) w12(12)
0,22 w212
| ou? |t w)? | ron )i = 2. 37
22 12
a)la)z(zz) 601(02(12)

Interestingly, the relation of the two-soliton wave solution and two-periodic wave solution is given as follows.

Theorem 2 1f two-periodic wave solution Eq. (34) satisfies the following condition of
ki l; Si+maijj Alp .
_J” n]:_j Uj:u’ alZ:__zn-7 (]:1,2) (38)

where kj, [; and §; (j = 1, 2) are given by Eq. (5), we have the following asymptotic properties:
oj+majj .
P

27i’ 27i

up — 0, ¢ = 0, j — =1,2), o(t1, 72, a) = 1+ +e% +e1¥2HAL2 Yy 5 0.

Proof By substituting Eq. (35-37) into Eq. (33), we obtain the following relations of

O =M =2 = (12—, wf(o) + 681uf)0) = —8%61 —enicr + 47T28%C3,
wg(o) + 6821460) = —8%C1 — &macy + 47‘[28%C3, w%(l) + 6811461) =0, wg(l) + 6821481) =0,

M = 327207 — 1922 %63u)’ = 327 2e}c) + 32261100 — 5127 et s,
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Fig. 20 (Color online) A two-periodic wave of Eq. (1) with parameters c; = ¢ = ¢3 = 1,61 =0.5,n1 = 0.5,60 = 0.5, = —0.5,a11 = l,a12 =

0.3, app = 1. a Three-dimensional stereogram of two-periodic wave when ¢ = 0. b Vertical view of plot (a). ¢ The wave moves along the x-axis when

y =0, = 0. d The wave moves along the y-axis when x = 0, # = 0. e The wave moves along ¢-axis whenx =0,y =0

@ _ 32n2w§(0) — 1927128%1480) = 327T28§C1 + 327‘[28217202 — 5121148‘2‘C3.

By using condition(38), and taking )’ = 0, Eq. (39) has the following form of
c = —=384mte 3y ? — 384mterte3yn? + o(W 2y,
2riw) =+ —4n2w; = \/—47T2(—812C1 —e1nicy +4m2e12c3),

2riwy = v/ —4n2wy = \/—47T2(—822C1 — gy +4m2ey2c3),

and using condition(38), we have

uyp — 0, ¢c > 0, 2wiw; — \/—klzcl —kilijcp — k1263, 2miwy —> \/—kzzq — kolpcp — k2203, Y1, Y — 0.

By expanding the theta function

90(1'1, m,a)=1+ (e2mt1 + e—2mtl )e—nan + (eZmTz + e—2mr2)e—na22 + (e2m(rl+rz) + e—2m(z1+12))e—n(a11+2u12+a22) I

and applying condition(38), one has

’ ’ Fyprnl L o )
QD(TI,TL(I): L+ell 4B 4eli'+n2 27‘[012+w12e 71 +'(/f226 %) +1//121//226 71'—1 27'[(112+“

2 ! !’ !
Sl+e™ +e® 4l Ty oy, 50,
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where

7/ =2mity — way — k1x+l1y+\/—czk1l1 —C3k14 —C1k12t+3] =0,

' =27it — wan — kx +hy+ \/—Czkzlz — C3k24 — C]kzzt +38y =03, VY1, ¥r — 0. 41
Combining Egs. (40) and (41), we obtain
o(11, T2, a) — 1+ +e%2 + 1Ay 5 Q).

Therefore, two-periodic wave solution tends to two-soliton solution under the condition of vy, ¥» — 0.

6 Three-periodic waves and asymptotic properties

In this section, three-periodic wave solution of Eq. (1) is more complex than the two-periodic wave solution. When N = 3, the theta
function degenerates the following Fourier series

+00

pr.a) = p(t, o i, a) = ) eFrisTamIISaE (42)

n=—0o0

with phase variable 1] = e1x +n1y+wit+v1, T2 = e2x+ My +wyt +vy and 13 = €3x + 13y + w3t +v3, wheren = (ny, na, m)’ e
ail a2 a3
Z3 7= (11, 12, ‘L'3)T eC3, andaisa positive definite and real-valued symmetric 3 x 3 matrix, thatis, a = | a1 a2 a3

asy as ass
6.1 Construction of three-periodic waves

The structure of three-periodic waves is similar to that of two-periodic waves, where

’ ’ ’
B(m]/ _ 2, mz/, m3/)e27'[(17m1 Yai1—2m(a1amo’+ajzms )’ | = 1,

B(my',ma',m3") = { B(my',my/ — 2, mz")e? (1 —man=2n(aim +axmy) | — 3
B(mi', my', m3' — 2)e2n(1-m3azs=2m(azim"+asnmy) | — 3,

which shows that B(m1’, mo’, m3') (my’ € Z3,my’ € Z3, m3y’ € Z3)is entirely determined by eight formulas B(0, 0, 0), B(1, 0, 0),
B(0,1,0), B(0,0,1), B(1,1,0), B(1,0, 1), B(0, 1, 1), B(1, 1, 1), that is, if the following eight equations are satisfied

B(0,0,0) = B(1,0,0) = B(0, 1,0) = B(0,0,1) = B(1,1,0) = B(1,0, 1) = B(0, 1, ) = B(1, 1, 1) =0 (43)
then
Bimy',my/,m3’) =0 (mi' € Z°, my' € Z°, m3' € Z°), B(Dy, Dy, D)o(t1, 12, 73, a)9(11, T2, 73, @) = 0.
Then introducing the marks as

M = (a;n)sx11, b = (b1, ba, b3, ba, bs, be, by, bg)" ,

2 I
ajl = Z —4r (21’11 —Sl) vj(n),
nl,nz,n3eZ3
2 J\?
ajp = Z —4m°(2ny — 55) vj(n),
ni,na,n3eZ’3
2 N
aj3 = Z —47°(2n3 — s53) v;j(n),
ny,ny,n3eZ3
ajs = Z —Ax%c) <2 —s), e > (2ny — s{)vj(n),
ny,na,n3eZ’3
ajs = Z —Ax%c) <2 —s), e > 2ny — sé)v_,'(n),
n1,l12,n3€Z3
aje = Z —Ax%c) <2 —s), e > (2n3 — sé)v(,-(n),

ny,n2,n3€Z3
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aj; = Z —247% < 2n — s/, 8>2U./(Vl),

ny,n2,n3€Z3

ajg = Z vj(n),

ny,n2,n3eZ3

ajp= Y —872Qn —s))2n2 — s)v;(n),
ni,n2,n3eZ’3
ajo= Y, —872Q2n —s{)2n3 —s{)v;(n),
ny,na,n3eZ’3
ajn= Y  —81%Q2ny—s)2n3—sv;(n),
ni,na,n3eZ’3
bj = Z (47‘[2C1 <2n—st, e>2 — 167‘[4C3 <2n—st, 8>4)vj(n),

ni,na,n3eZ’3
vj(n) = wlnl2+("l—5{)2 « 1/fznzz+(nz—S'2/)2 « 1p3r132+(ns—S§)2 « w12n1n2+(n1—S{)(nz—S{)
% 1m?,nlnﬁ(m—S'{')(m—sg") x ¢12n2n3+(n2—sgi)(n3—sgi)7
Yr=e TN Yy =e T2 Yy =TT, gy = e T g3 = e TS, g = e T,
s =(0,0,0), s> =(1,0,0), s> =(0,1,0), s*=(0,0,1), s° =(1,1,0),
SO =(1,0,1), 7 =(0,1,1),s% = (1, 1, 1), s/ =(s{, 55,5,

Eq. (43) can be written as the form of a system of linear equations about 1, 12, 13, frequency w1, w;, w3, constant ug and integration
constant ¢, that is

M (1%, @2%, w3, 01, m2. 03, 1o, €, @102, @103, 203) = b, (44)
then we obtain the three-periodic wave solution of Eq. (1)
u=uo+2(Ine(r1, ©2, 13, @) 11 (45)

where the theta function ¢(t1, 12, 73,a) is given by Eq. (42), up is determined by formula (44), the other parameters
c1, €2, €3,a11, A12, 413, 423, a2, A33, £1, €2, €3, V], U2 and v3 are free, the nine parameters ayy, a2, a13, azs, ax, ass, 1, &2 and
€3 play a major role in three-periodic waves.

6.2 Characteristics of three-periodic waves

(1) It is bounded for all complex variables (x, y, ?).

(2) Itis obvious that three-periodic waves are the direct generalization of the one- and two-periodic waves, but there are three phase
variables 71, 7> and t3, it has three independent periods in two independent horizontal directions, respectively.

(3) B(Dy, Dy, Dy)e(t1, 12, 13, @)@(71, T2, T3, @) can be written as the form of

+00

Z B(mi', my', m3") cos(tym1”) cos(ramy’) cos(r3ms’).

m'=—00

According to the above formula, three-periodic wave has three characteristic lines: 71 = i x + ny + wit + vy = 0, 1o =
ex+my+wt+vy =0and 13 = e3x + N3y + w3t + v3 = 0.

If giving the relations &1 > 0(< 0), &2 > 0(< 0), &3 > 0(< 0), we obtain 2L ~ ;2 N , that is the three characteristic lines are
parallel, as shown in Figs. 21, 22, 23 and 24. In Fig. 21, e # &2 # &3, it presents three strict periods along the x-axis, y-axis and
t-axis. Then we consider the special relations of €1 = —&», and €3 # €1, &2, it presents two periods along the x-axis, y-axis and
t-axis, and appears interesting Hill-shaped protrusions, as shown in Fig. 24. In Fig. 22, &1 = ¢, # &3, it presents two periods along
the x-axis, y-axis and #-axis. In Fig. 23, 1 = &2 = &3, three-periodic wave degenerates into one-periodic wave in the x-axis, y-axis
and r-axis, and they are superimposed in three directions.
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Fig. 21 (Color online) A three-periodic wave of Eq. (1) with parameters ¢y = cp =c3 = 1,61 = 05,690 = 045,63 =04,a11 = 1,a12 = 0.3,a13 =
0.3, a3 = 0.3, a3 = 1, a3z = 1. a Three-dimensional stereogram of three-periodic wave when r = 0. b Vertical view of plot (a). ¢ The wave moves along
the x-axis when y = 0, r = 0. d The wave moves along the y-axis when x = 0, r = 0. e The wave moves along r-axis when x =0,y =0

6.3 Asymptotic properties of three-periodic waves

In what follows, we further analyze asymptotic properties of the three-periodic wave solution by solving Eq. (44) and taking a limit
condition. The expansion of matrix M has the following form of

M =

1x8

B
0---01 000 —871200—87261¢200—4872£,22000
+
0. .. Qe
—— ———
Tx11 6x11
2x11
——~—
Q-
0—87200—87%62¢c20—4872£222000 |42
0.
N— —
S5x11
3x11
———
Q-
00—87200—872e3c)—4872322000 |3
..0---
N ——’
4x11
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Fig. 22 (Color online) A three-periodic wave of Eq. (1) with parameters ¢y = ¢ = ¢3 = 1,61 = 0.5,60 = 05,63 = 0.3,a;; = l,a;p =0.3,a13 =
0.3, a3 = 0.3, a2 =1, a3z = 1. a Three-dimensional stereogram of three-periodic wave when r = 0. b Vertical view of plot (a). ¢ The wave moves along
the x-axis when y = 0, r = 0. d The wave moves along the y-axis when x = 0, r = 0. e The wave moves along r-axis when x =0,y =0
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4x11
——

Q-
—872—8720I 1 L0013 2(1 + ¥r12)— 1672 (12 — 1) 00
Q-

N—
3x11

S5x11
——

Q-
—87m20—872T 40056 2(1 + ¥13)0 — 1672 (313 — 1)0
R
N e’
2x11

6x11
——

Q-
0—872—8720T7 s T 2(1 + 1¥/23)0 0— 1672 (Y23 — 1)
R
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Fig. 23 (Color online) A three-periodic wave of Eq. (1) with parameters c;y = ¢ = ¢3 = 1,61 = 0.5,60 = 05,63 = 0.5,a1] = l,a;p = 0.3,a13 =
0.3, a3 = 0.3, a3 = 1, a33 = 1. a Three-dimensional stereogram of three-periodic wave when ¢ = 0. b Vertical view of plot (a). ¢ The wave moves along
the x-axis when y = 0, = 0. d The wave moves along the y-axis when x = 0, r = 0. e The wave moves along r-axis when x =0,y =0

—327200—327 21 c,00—19272¢12 2000

+ ...0... ,lp_lz
——
Tx11

0—327200—3272¢2¢20— 1927252 2000

" R T Yr?
P—
Tx11

00—327200—3272e3¢2— 19272632 2000
+ R P

———
Tx11

7x11
—— RN N
+ R PR V1vays + oY Yo/ Y3t), i + j +k > 3,

—872 872872911 M2l 13141516 16

¥3?

[y =T = —87%cal(e1 + e)¥12 + (61 — e2)], T3 = —487%[(e1 + £2)* Y12 + (61 — £2)°1,

Ty =Ts5 = —8n%cal(e1 +&3)¥13 + (61 — €3)], To = —487%[(e1 +£3)* Y13 + (61 — £3)°1,
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w 1H ﬂ 1H p)
-1_x' 0 - 5t '10 19 5,x1‘ -0 1_x‘[0'9 -0.000) “blodo oo'o}o 0looo2
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Fig. 24 (Color online) A three-periodic wave of Eq. (1) with parameters c;y = ¢ = c3 = 1,61 =0.5,6p = —0.5,63 = 0.3,a1; = l,a;p =0.3,a13 =
0.3, a3 = 0.3, a3 = 1, a3z = 1. a Three-dimensional stereogram of three-periodic wave when r = 0. b Vertical view of plot (a). ¢ The wave moves along
the x-axis when y = 0, r = 0. d The wave moves along the y-axis when x = 0, r = 0. e The wave moves along 7-axis when x =0,y =0

7 =Ty = —87%ca[(e2 + £3)¥23 + (82 — €3)], To = —487>[(e2 + £3)* Y3 + (62 — £3)°],
Tio = —4872cal(e1 + &2 + e3)YaW13¥ns + (81 — &2 — e3)Y23 + (61 — &2+ &3)Y13 + (81 + &2 — £3)V12],
Ti1 = —4872cal(e1 + &2 + e3)Wi2W13¥2s + (—&1 + &2 + £3)¥03 + (—&1 + 82 — £3)P13 + (61 + &2 — £3)¥12],

Tia = —487%cal(e1 + &2 + e3)W12W13¥23 + (—&1 + &2 + £3)¥03 + (61 — &2 + £3)¥13 + (—&1 — &2 + £3)¥12],
Ti3 = —487%[(e1 + &2 + £3) Y1aW13¥s + (—e1 + &2+ €3)° Y3 + (61 — &2 +63)° Y13 + (61 + &2 — £3) V2],
Tia = 2012 + Y13 + Y3 + Yio¥isvs), Tis = — 1672 (Wavisvs + V2 — Y13 — ¥23),

Ti6 = —16m*(Y1aY13¥as + 13 — Y1z — ¥23), Tiz = =167 (Y2133 + Y3 — Y12 — ¥13), (46)
and
0 0 0 Hy Hs Hg
H; 0 0 0 0 0
0 H> 0 0 0 0
lo 0 H; ol, 2. o], 2. 0], .
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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+ Y12 + Y13 + Y23 + Y1y, 47

Toocoo
cococoo
coococoo
coocococoo

coco
o
T
N=}

0 0 Hio
where
H; = 87‘[281201 — 327‘[48146‘3, H; = 87r2£22c1 — 32714824C3, H; = 87‘[283201 — 327‘[483463,
Hy = 327%e1%c; — 512n%e1%c3, Hs = 32267 ¢t — 512n%er%c3, He = 32m%e3%¢) — 5121%e3%cs,
Hy = 8x%cil(e1 + &2 Y12 + (61 — £2)°] — 32w c3l(e1 +62) Yia + (1 — £2)7],
Hy = 87 7cil(e1 +&3)° Y13 + (61 — £3)°] = 32w %c3l(er +63) i3 + (1 — £3)7],
Ho = 87%ci[(e2 +£3) Y23 + (22 — £3)°] — 327 c3l(e2 + £3) 23 + (2 — £3)"],
Hio = 872ci[(e1 + &2 + 3 Y1a¥13vas + (—e1 +£2 +€3)7 Y3
+(e1 — e+ 83)7 Y13 + (21 + &2 — £3)"Y12] — 32 cal(er + &2 + £3) Y13 Ys
+(—e1+e2+83) o3 + (61 — 2 +e3) Wiz + (e1 + &2 — e3) ol

2

Then, we assume the solution of M (w2, w32, w32, N1, N2, N3, Ug, C, W] W2, W1 W3, W2w3) = b has the following form of

2 2 2 T
(017, w27, w37, M1, N2, M3, Uo, C, W1 W2, W W3, W2W3, )

= (0)12(0)7 6022(0), (1)32(0)’ 771(0), 772(0)» 773(0), MO(O), C(O)» w1w2(0), w1w3(0), waS(O))T

+ (wl2(1)7 a)22(1), a)32(1), 771(1): 772(1)7 ,73(1)’ Mo(l), W, wle(l)’ w1w3(1), w2w3(1))T1p1
+ (w]2(2)7 w22(2)’ a)32(2), m(Z)’ 772(2)’ ,]3(2)7 140(2), c?, wlwz(Z), w1w3(2), w2w3(2))T¢2

+ (0)12(3), a)22(3), w32(3), m(3)’ 772(3)» '73(3)7 u0(3)’ C(3)’ w1w2(3), w1w3(3), a)za)3(3))Tw3

+ (wIZ(ll)’ w22(11)’ w32(11)’ 7“(11)’ 172(11)’ ,73(11)’ uo(ll), C(H), a)la)z(ll), wle(ll), (UZU)S(H))Tle
+ (w12(22)’ w22(22)’ w32(22)7 771(22)’ 772(22), 773(22)7 M0(22), 6(22), w1w2(22), w1w3(22), w2w3(22))T wzz
+ (0)12(33), w22(33)’ C032(33)7 n n2(33)7 773(33)7 u0(33)’ 6(33), w1w2(33), 0)10)3(33), w2w3(33))T\032
+ (w12(12)’ a)22(12), (1)32(12), 771(12)’ n2(12)’ 773(12)’ uO(lZ), C(IZ), wlw2(12)’ w1w3(12), (1)2(1)3(12))Tw“/f2
+ (wl2(13)7 w22(13), w32(13)’ 771(13)s 772(13)7 773(13)’ u0(13)’ 6(13), w1w2(13), 0)161)3(13), w2w3(13))TW1W3

+ (6012(23), a)22(23)’ w32(23)7 n1(23), 7,}2(23)’ 773(23)7 M0(23), 6(23), w1w2(23), w1w3(23)’ w2w3(23))Tw2w3

1(33),

+ (072023 20123 ,,2023) ) (123)  (123) [ (123) (123 ((123) 000 (123) 0 (123) ) ) (12337
X Y1y + o Yo Y3 i+ j +k = 3. (48)
Finally, the relation of the three-soliton wave solution and three-periodic wave solution is given as follows.
Theorem 3 1f three-periodic wave solution Eq. (45) satisfies the condition of
kj I 8; +maj; Ajs
g = ——, = —, vy = ————, Aj¢ = ‘, ':1,2,3 49
I 2mi I 2 / 2ri . 3 & ) )

where kj,1; and §;(j = 1, 2, 3) are given by Eq. (5), we have the following asymptotic properties:

w(]’=123)

up—> 0, c >0, 7; —

(/)(T] , T2, T3, a) _)1 + eo'l + eo‘z + 603 + e0'1+(7'2+A12 + et71+o'3+A13 + eaz+0'3+A23

o1402+03+A12+A13+A
+ IR AAAL |y g g (),

Proof By substituting Eq. (46-48) into Eq. (44), we obtain the following relations of
(O Z () @ B) (12 (3) _@3) _ 023) _

O

2@ +681uf)0) = —¢1%¢c; — 11 Des +4me cs,
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w22(0) + 6821/!(()0) = —82261 — 827]2(0)62 + 471282263,
w3 2(0) + 68314(0) = —8326‘1 — 831’)3(0)6‘2 + 47‘[283263,
2(1) + 81771( cr+ 681M =0, w22(]) + 82772( )Cz + 682u =0, a)32(1) + 83773(])C2 + 6831/!8) =0,
¢ = 3272020 — 3272117 Dy — 192726,%ul) = 327261 %¢; — 51271 %3,
c® _ 327 w22(0) — 327 82772( c — 192ﬂ2£22u(0) = 327‘[282 c1 — 5127 8246‘3,
¢® = 32720320 — 32726373 Py — 19272637l = 327263%¢; — 5127 e3¢, (50)
O
Then by using condition (49), taking u =0, n(o) =n;,(j = 1,2, 3) and letting the remaining components of 1 are zero, Eq.
(50) has the following form of
c = —384nte ey — 384mtert c3yn? — 384w ez ey + o(v 2y ys?),
2riw = v/ —472w; = \/—47'[2(—812(‘1 —einicp +4m2e12c3),
2miwy = v/ —4m2wy = \/—471’2(—82261 — eymcy +4m2ey2c3),
2miws = v/ —4m2w3 = \/—47'[2(—832C1 — e3n3cr +4m2e32c3).
By using condition (49), we have
uyg — 0, ¢ =0, 2riw; — \/—k12C1 —kiljcy — k1263,
2miwy —>\/—k22C1 — kalpcy — k226'3,
2riw; —>\/—k3201 — kalsca — kses, 1, ¥, Y3 — 0.
By expanding the theta function
_ 2mity —2mit \a—Tray1 2rit =2ty \.—TTa
o(t1, 72, 13,a) = 1+ (e +e e +(e +e e
+ (GZnirg + 6727rir3)efrra33 + (627'ri(r1+12) + 672ni(r1+r2))efn(a11+2a12+a22)
+ (CZHi(T|+T3) + 6727ri(1’1+f3))efﬂ(a11+2a|3+a33) + (GZJTi('[2+T3) + 6727Ti(1’2+7.’3))efﬂ(a22+2u23+a33)
+ (627'[1(1’1+T2+I3) + efzﬂi(t1+f2+f3))efﬂ(a11+2a12+2a13+2a23+a22+a33) I
and applying condition(49), one yields
o(t1, 12, 13,a) = | +er1’ + erg’ + er3’ + er1’+r2’727m12 + er1’+r3’727m13 + er2’+r3’727m23
+ erl/+r2’+r3’—2ﬂ(a12+a13+az3) + 1#126_1[/ + 1//226—‘&/ + 1/1326—‘[3/
b s 1 4et e 4B 4l AL | T+ AR
+ er2/+r3’+A23 + er1’+1’2/+1’3/+A]2+A13+A23’ ,(//1 , wz’ ,(//_3 > 0, (5])
where
‘L'l/ = 271’11'1 —map — klx +11y +\/—6‘2klll — C3k14 — C1k12t +81 =0,
) =2mity —maxy — kox +ly + \/—Czkzlz — 3kt — kot + 8y = o7,
73 = 27it3 — mas3 — kax + 3y + \/—czk313 —c3k3* — k3t + 83 = 03, Y1, Yo, Y3 — 0. (52)

Finally, combining Egs. (51) and (52), we obtain

(p(l’], 0, 13, Cl) _)1 + e{Tl + erfz + e(7‘3 +e(71+(rz+A12 + e(71+(73+A13 + e(72+0‘3+A23

+ eo'|+<72+t73+A]2+A|3+A23 ‘/fl wz w% = 0.
Therefore, three-periodic wave solution tends to three-soliton solution under the condition of ¥, ¥, ¥3 — 0.
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7 Conclusion

In this paper, we have investigated the soliton solutions, breath-wave solutions and their transformations, and one-, two-, and three-
periodic waves for a (2+1)-dimensional Boussinesq-type equation. Based on the Hirota’s bilinear method, the soliton solutions have
been derived. By taking the complex conjugate condition to the soliton solutions, the breather solutions are further obtained. And
transformation mechanism of the one breather wave is systematically studied by considering the case which two characteristic lines
ay pi1
az p2
dark soliton, M-shaped soliton, oscillation M-shaped soliton, multi-peak soliton, quasi-sine wave, quasi-periodic W-shaped wave,
quasi-periodic anti-dark soliton wave and quasi-periodic wave. The transformation of two breather waves is further studied.
According to the Riemann theta function, we have got one- and two-period wave solutions. At the same time, we firstly extend the
study of periodic wave to three-periodic wave solution. In addition, when studying the dynamic characteristics of periodic waves,
the characteristic line method is also firstly introduced. It is obvious that the one-periodic wave solution has one characteristic line of
T = ex+ny+wt+v = 0, the propagation direction of wave is completely determined by 7, and Z—)‘ = %, as shown in Fig. 16. And the

are parallel, that is = 0, under this condition, a large number of types of nonlinear waves are obtained, including quasi-anti-

two-periodic wave has two characteristic lines of 71 = g1 x +n1y+wit+v; = 0and 1o = exx + 12y + wat + v = 0. By considering
whether the two characteristic lines are parallel or not, the different forms of two-periodic wave are obtained, as shown in Figs. 17,
18, 19 and 20. The three-periodic wave has three characteristic lines of 11 = gjx+n1y+wit+v; =0, 1o = eox+my+wat+vy; =0
and 13 = &3x + N3y + w3t + v3 = 0. By considering the relationship between the values of €1, &> and €3, the different forms of
three-periodic wave are gained, as shown in Figs. 21, 22, 23 and 24.

The generalized Boussinesq equation can be reduced into some integrable equations including rich algebraic and geometric
structures, and it appears in many disciplines and research fields, such as fluid mechanics, ocean waves, nonlinear optics and
atmospheric science. The obtained results about the transformation mechanism of the breather waves and high-dimensional Riemann
theta function quasi-periodic waves, in particular the three-periodic waves, will play an important role in explaining the nonlinear
phenomena existing in Eq. (1). Furthermore, the characteristic line method has been well extended to analyze the dynamical behaviors
of the quasi-periodic waves, which gives a new perspective to consider the Riemann theta function periodic waves. The analytic
method presented in this paper can be applied to other integrable systems to explore rich integrable properties.
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