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Abstract The purpose of this paper is to investigate an extended KdV equation in (2+1)-dimensions which cannot be directly
bilinearized. The equation contains many important integrable models as its special cases. On the basis of the exchange identities
for Hirota’s bilinear operators and the existing research results, a bilinear Bicklund transformation is presented for the extended
equation. And then, associated with the obtained bilinear Bécklund transformations, we derive a Lax pair and a modified equation in
detail, which implies that the introduced equation is also integrable. Finally, two kinds of nonsingular rational solutions are generated
from the nonlinear superposition formula and arbitrary travelling wave solutions. The first class of rational solutions shows us that
the presented equation possesses a general class of lump solutions with negative coefficients of two second-order linear dispersion
terms. The second class of nonsingular rational solutions is essentially travelling wave solutions due to special solution structures
of the presented equation.

1 Introduction

It is known that the Kadomtsev—Petviashvili-I (KPI) equation
(ty + Ottty + tyry)y +30%uyy =0, 0% = —1, (1.1)

is a (2+1)-dimensional extension of the integrable Korteweg-de Vries (KdV) equation [1]. The KdV and KP equations are two of
the most significant mathematical models which possess abundant exact solutions in nonlinear science. The integrable positive KP
hierarchy associated with the Lax operator of the KPI Eq. (1.1) is introduced in Ref [2, 3]. The first four forms can be expressed as
follows:

Uy = Uy, (1.2a)

Uy, = —2uy, (1.2b)

Upy = —OUUy — Uyxx +33x_luyy, (1.2¢)

gy, = 12Qud; iy — 072Uy + ey + duny). (1.2d)

Note that third Eq. (1.2c) is just the KPI equation by setting 3 = ¢, and fourth Eq. (1.2d) can be reduced to an equivalent
expression of the normal KdV equation when y = x. Besides, under the potential u = ¢, and t4 = ﬁt, fourth Eq. (1.2d) is read as

¢xxxxy + 4¢xxy¢x + 2¢xxx¢y + 6¢xy¢xx - ¢yyy - 2¢xxt =0, (13)

which is named the (2+1)-dimensional Date—Jimbo—Kashiwara—-Miwa (DJKM) equation [4, 5]. Because these two equations are
the generalizations of the KdV equation in (2+1)-dimensions, a novel integrable KdV system

ur = a(Ouny + uyxy — 3wy) +bQwuy — Zy + Uyyy +4uity), Uy = Wy, Uyy = Zxx, (1.4)

has been firstly constructed by Lou [6]. This equation is also called as the cKP3—4 equation, to reflect the combination of the third
member and fourth member in the positive KP hierarchy. The Lax pair

Yy = i(Yax +up), i =1, (1.52)
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Vi = 2ibWrxxy + 4aWcry + 4ibuthcy +2(3au + 2ibuy + bw)y,
—iBaw + bz — 2bu’ + 3aiuy — 2buyy +ibw )Y, (1.5b)
and the dual Lax pair
Yy = —i(Yx +utp), i = /—1, (1.6a)
Y = =2ibVYyxxx +4a¥yxx — 4ibuyy +2(3au — 2ibu, + bw) Y,
+H(Baw + bz — 2bu* — 3aiu, — 2bu,, — ibw, )Y, (1.6b)

have been proposed directly, which can indicate the integrability of the cKP3—4 Eq. (1.4). Furthermore, it has been found that
the combined equation may possess soliton molecules and the missing D’ Alembert-type solutions [6]. Some important properties
such as the Painlevé property, Schwartz form and symmetry reductions for the cKP3—4 Eq. (1.4) have been discussed [7].

Motivated by these facts, we would like to investigate an extended form for the integrable cKP3—4 Eq. (1.4), written as

a(6yuuy + Uyyx +38Vyy) + D(Uxxy + 2y vy +dyuuy +8vyy) +cuy =0, vy = uy, (1.7)

where a, b, ¢, y and § are arbitrary real constants, which satisfy cy(a® + b*) # 0 to ensure the nonlinearity of the considered
equation. By taking the choice

y=1Ld=c=—-1,v =w, (1.8)

it is easy to see that the above form is just the cKP3—4 Eq. (1.4). For § # 0, the considered model equation includes the KP equation
and the (2+1)-dimensional DJKM equation as its special cases. For § = 0, in the case

8:O,c:1,y:%, (1.9)

Equation (1.7) reduces to the (2+1)-dimensional generalized breaking soliton equation
3ae
Ur + Qutyyxy + btyyy + TMMX +2euvy +euyv =0, uy = vy, (1.10)

which was firstly proposed by Xu and can pass the Painlevé test [8]. In particular, using the potential u = ¢, and settinga = 0, b =
1,e = =2, Eq. (1.10) transforms into the Bogoyavlenskii—Schiff (BS) equation, or named breaking soliton equation

¢xt + ¢xxxy - 2¢xx¢y - 4¢x¢xy = 07 (11 1)

which was introduced by Calogero and Degasperis [9]. This equation was also studies by Bogoyavlenskii and Schiff in different
methods [10-12]. For all we know, the Painlevé property, integrability and various exact solutions of these two equations have been
widely investigated [13—19]. For example, bilinear Bécklund transformations, Lax pairs and infinitely many conservation laws have
been constructed for the (2+1)-dimensional breaking soliton equation by using the binary Bell polynomial approach [20].

In various physical fields, the KP Eq. (1.1) is widely used to characterize the propagation of weakly dispersive and small amplitude
waves in (2+1)-dimensions [1]. Besides, the breaking soliton Eq. (1.11) is a significant model to describe the (2+1)-dimensional
interaction of a long wave propagating along the x-axis and a Riemann wave propagating along the y-axis [10, 11]. As an extended
form of these two equations, we believe that the generalized Eq. (1.7) should have potential applications in many areas of nonlinear
science. The extended form (1.7) can also be applied to physics as a way to model real (2+1)-dimensional shallow water waves due
to the negative coefficients of two second-order linear dispersion terms.

As well-known, Hirota’s bilinear method is a pretty effective tool in the study of nonlinear integrable equations. Hirota bilinear
forms play a crucial role in presenting exact solutions, particularly multi-soliton solutions. Most of nonlinear integrable equations can
be written in bilinear forms. However, it was further found that some nonlinear evolution equations cannot be directly transformed
into a bilinear form. For instance, the (2+1)-dimensional DJKM Egq. (1.3) does not possess a simple bilinear expression like the KdV
equation in (1+1)-dimensions, and it has a trilinear form given by previous studies [4, 5, 21-23].

In this paper, we would like to study some integrable properties of the generalized Eq. (1.7) which can be given by a trilinear
form instead of the bilinear form. The framework of this paper is as below. Firstly, a general multi-parameter bilinear Biacklund
transformation will be derived with the help of appropriate bilinear exchange formulas. The resulting bilinear Bicklund transforma-
tion can be converted into the corresponding Lax pairs. Secondly, a generic class of lump solutions will be built from the existing
nonlinear superposition formula when § < 0 to the extended nonlinear model Eq. (1.7). Our conclusions and remarks will be given
in the last section.
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2 Bilinear Bécklund transformation and Lax pair
It is obvious that under the transformation
2 2
u= ;(ln ax, v= ;(ln Fys (2.1)

the extended form (1.7) can be given by

a(fzfxxxxx + szxxfxxx - Sffxfxxxx - 6fx2xfx + gfxxxfxz + 38f2fxyy - 38ffxfyy
— 681y fry + 68 f;) + b(f fraxny = Flexxn [y + 2f fex fray — 4 fe fraxy
A4S foxx fy = 20 fy = fxx Sy +4FE Fexy + 812 froy + 2813 = 38f fy fry)

¢ f2 fex = ¢ ffex fi = 2¢ [ fua+2¢ £ fi = 0. (2.2)
The trilinear Eq. (2.2) does not exist a direct bilinear form, whereas can be written as
3a

EDX[<D§+38D}2,)f f]- f2+Dx[(bD§Dy + %cDth>f : f} f?

b 4 2 2 _
+ ED),KDX + 38Dy)f : f] 2=, 2.3)
where the Hirota bilinear differential operators are defined by
DYDRS g =3 — )" (Bxy — 8xy)"™ f(x1, X2)8(X], XD 4 =) )=y

with n] and n; being arbitrary nonnegative integers [24].

In mathematical physics, bilinear Biacklund transformations are significantly helpful to search for exact solutions to nonlinear
equations, and they can connect with Lax pairs and construct the modified soliton equation [25-31]. In the following, let us present
a bilinear Bécklund transformation for the trilinear Eq. (2.3).

Theorem 2.1 Suppose thatf and f” are two different solutions to the trilinear Eq. (2.3). Then, we have the following multi-parameter
Bécklund transformation to Eq. (2.3):

Dy + D2+ uDy+0)f - f' =0, (2.4a)
[aDi' +bD2Dy + (b — 3a8)D; Dy — b5D? — 3aAD,
+(bu? — 3br — 3a§u)Dy +cD; +k(y, t)]f -f'=0, (2.4b)
where § = +5, A, [ are two arbitrary constants and «(y, ¢) is an arbitrary function.
Proof Let us first introduce a key function
A N (Y Rl Al R N (TR VA R @.5)
By using the exchange identities (A.1)-(A.7) for Hirota’s bilinear operators in Appendix A in turn, P; can be expressed as

3a
P==
2

= XD J68DyDyf ) £ +2DUDYS - 1) F — 6DDIf - £ (Duf - 1O} £
=3aD,{ = 35D, (D} + uD)f - f1- £+ Du(DYf - )

+3DGDy +2)f - f1-(Dof - fH) - 12f7
=3aD,{ = 38D.AD.Dy f - f)- fF 4 (Dyf - 1) (Daf - )

—38uDy(Duf - 1) ff +38Dx(Dy f - f))- (D f - )

+DUDIf - f) ff = 3DuDLf - ) aff ) P

- 3Dx[Dx[(aD§ — 345D, Dy — 3a8uDy — 3arDy)f - f'1- ff’} Cf2f2, (2.6)

D fADE+38DYf - [ = D+ 350D ) 12
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where we have applied (2.4a) in the above derivation. Let us second consider another key function
, 3 b
Py = D0DID, + SeDD) - f]- 243D, (D +38DDf - £]- 1)

3 o b ,
- f4{Dx[(bD§Dy+ SeDD)f - 1] f2 + 3D, [(DE+36DD - £1] fZ]. 2.7

According to the bilinear Bicklund transformation presented by Hu and Li [4, 5] for the (2+1)-dimensional DJKM Eq. (1.3) and
using (2.42.4a), a similar direct computation leads to (see Appendix B for details)

P, = 3DX{DX[(bD§Dy — 3bADy +cD; — b3D} + by’ Dy +buD D)) f - f'] - ff’} R (2.8)

Moreover, we have

Pi+P= f’4|37“DX[(D§+35D§)f~f] . f2+DX[(bDiDy+§cDxD,)f - f]- f?

b 3 ,
+§D},[(D§+38D§)f~f]-f2} —f4{7an[(Di+38D§)f/~f/]~f2
+Dx[(bDiDy+;cDxD,)f’«f’] 24 gDy[(D§+3aD§)f’ £ f’z}
=3D,{D.[@D} — 348D, D, — 348Dy — 303D, +bDID, — 3bAD,
+cD; — b3D; + by’ Dy +buD. Dy) f - f’]-ff’} CF2f2 (2.9)

Therefore, the system of bilinear equations (2.4) guarantees P; + P, = 0. This shows that the system (2.4) presents a Bicklund
transformation for the trilinear Eq. (2.3).

We remark that if § = 0, the system (2.4) reduces to the Biicklund transformations given in Refs. [8, 14] by choosing appropriate
parameters. Next, we will derive a Lax pair for Eq. (1.7), based on the above bilinear Backlund transformation. Taking

S 2 /
Y=, u=—(Inf)x, (2.10)
I 14

and applying the following identities:

(Dxf - P =,

(DIf SO = e+ yud,

(DI IO/ =V + Byui, 2.11)
(Dnyf'f,)/fz :wxy"’)’ax_l’/‘va .
DDy f - /% = Yy + 2707 uy ¥ + yuisy,

the bilinear Biacklund transformation (2.4) can be transformed into the following system:
Sy + Yrax + e + (4 yu)y =0, (2.12a)
eVt + aWyrx + b¥rxy + (b — 3a8)ryy — b8y, + Bayu — 3ra
+2by 37wy )y + (byu — 3adp — 3ab + by + (buy d; ' uy
—3adyd; uy — by d 2uay +k(y, )Y = 0. (2.12b)
A direct computation shows that system (2.12) becomes
L1y =8y + Yrux + i+ + yu)y =0, (2.13a)
Loy = ey + 4auxy — 263y + 3apyy + (6ayu +2byd; \uy)y + (bu® — 41b
—3ad)Wy + Bayuy — byuy + ubyd; 'uy — 3ay§d uy — bydd; tuzy +k(y, )V, (2.13b)
where
Ly =88y + 02 + judy + (L + yu), (2.14a)
Ly = cd, +4ad; — 2b53; + 3apd} + (6ayu +2byd; 'uy)dy + (bu* — 4rb

—3ad1)dy + Bayuy — byuy +pbyd; ' uy — 3ay5a uy — bysd tusy +k(y, 1). (2.14b)
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We can check that the compatibility condition [L1, L>] = 0 of the above system generates Eq. (1.7), which means system (2.14)
can be regarded as a Lax pair of Eq. (1.7).

For simplicity, in the following discussion of this section, we adopt A = u = «(y, t) = 0 in the bilinear Bicklund transformation
(2.4). It is easily checked that system (2.13) becomes

SUy + Y +yuyy =0, § = £, (2.15a)

2h 4by 2by -1
iy — ?Wxxxx +4ayey — T’/ﬂ”xx +2(3ayu - T”x +byd, My)l”x

- < 2by? 2b
- (3aysa;1uy +byda Muny + S" u? — 3ayuy + Tyu” - byuy)lp —0, (2.15b)

which is equivalent to the Lax pair (1.5) or the dual Lax pair (1.6) to the cKP3—4 equation, under the choice (1.8). By the dependent
variable transformation

¢ =In(f/f", p=In(ff"), (2.16)
the bilinear Biacklund transformation (2.4) can be transformed into the following coupled system:
8¢y + prx + 2 =0, (2.17a)
A(Gxxx + 3Px pax + ¢; - 35:0)()7 - 3(§¢x¢y)
+ b(Prry + 201 Pxy + Py prx + Py — 8pyy — 887) + ey =0, (2.17b)

where § = £+/5. By eliminating p and then taking the derivative with respect to x at both ends of the resulting equation, the coupled
system (2.17) yields

a(Gxxxx — 6¢§¢xx - 6S¢xx¢y + 36¢yy) + b[¢xxxy - 4’g¢xy¢y
—(2¢y + 20507 — 83718,)(92)y +8¢yy)] + cdur = 0, (2.18)

which can be regarded as a modified form of Eq. (1.7). In particular, setting § = 0 and introducing the new dependent variable @
by @ = ¢,, the corresponding modified equation is

a(wyyy — 6w2wx) +blwyyy — 4w2wy — 2wy, B;I(wz)y] +cw; =0, (2.19)

which is called as the (2+1)-dimensional modified KdV-CBS equation [32] and can be reduced to the modified KdV equation in the
case of y = x.
In addition, since the left-hand side of (2.4a) may be written as

Dy +D2)f - f1/(ff) = SIn(f/f)y + (£ )ux + [(InCF/ 1

= 8n(f/f)]y +20n(Hlex — [In(£/f)],, + Un(f/ 13, (2.20)
the bilinear equation (SDy +D2)f - f = 0is equivalent to
YU = dxx — @2 — 8¢y, §=£/6, 2.21)
by using the following related variable transformation
2
u= ;[ln(f)]xx» ¢ = In(f/f"). (2.22)

This shows that formula (2.21) connects the solution u of the extended KdV Eq. (1.7) and the solution ¢ of Eq. (2.18).

3 Lump solutions with § # 0

Lump solutions are a kind of analytical rational solutions, which decay to zero in all directions in space. In particular, such solutions
play a crucial role in revealing complex nonlinear phenomena in scientific fields such as nonlinear optics, ocean engineering, plasmas
and fluid mechanics [33]. Hence, the study on the lump solution of nonlinear soliton equations can help us understand a variety of
interesting phenomena and the related physical mechanisms in nature. It is reported that many kinds of methods can generate lump
solutions, such as symbolic computations with Maple [21, 34-37], the long wave limit approach [22, 38, 39], the Hirota bilinear
method and the use of nonlinear superposition formulae [25]. In this section, by using the nonlinear superposition formula associated
with the bilinear Biacklund transformation in Theorem 2.1, we would like to explore lump solutions for the extended KdV Eq. (1.7)

with § # 0. Now, let us set A = 0 for convenience and rewrite (2.4) symbolically by f LY f’. We have the following nonlinear
superposition formula of Eq. (2.3):

@ Springer
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Theorem 3.1 [4, 5, 40] Let fo be a nonzero solution of Eq. (2.3) and assume that f; and f> are two nonzero solutions given by the
bilinear Béacklund transformation (2.4) such that foﬁ fii = 1,2). Then, f1, defined by

1
Jofiz :6[DX+§(/“L2_N/1)]f1f2 (3.1)

is a new solution to Eq. (2.3) which is interrelated to f] and f> under system (2.4) with parameters p» and p1 , respectively. Here,
¢ is a nonzero real constant.

This theorem might be proved via a similar way to the one in the previous works [4, 5, 40]. Thus, we omit its proof in this paper.
In what follows, we take

fo=1, fi=06i+&, 6 =kix+liy+mit +&;, i =1,2, (3.2)

where k;, [;, m;,i = 1,2, are parameters to be determined, and §;, {;,i = 1, 2, are arbitrary constants. By employing the bilinear
Bicklund transformation (2.4), we get

li « 8 /3al?> b}
= Eom =2 (S ) i =12 33
S A G-
Applying Theorem 3.1 and choosing ¢ = ﬁ in (3.1), a new solution of Eq. (2.3) is presented as follows:
2
fio= e [flez Jifox + (,M2 _Ml)flfz]

2k>
=016, + O+ & — ——— )0
T a—m o — i

2(k1&2 — k2&1)

+E&+ ————. (3.4)
2 — i
Upon selecting
2k 2ky
§fl=—— 85 =——" (3.5)
n1 = 2 n2 — 1
and substituting (3.3) into (3.4), then fi; has the following form:
f12 = 6162 + Bya, Bip = 4k13k3 (3.6)
12 =0102 12, 12_8(k112—k211)2' .
To establish lump solutions, we take
ki =ri+dii, h =rp+di, {1 =ra+dai, i=+—1,
ky=ki, b=1I{, b=¢,ri,dieR,i=124, (3.7

where the asterisk denotes the complex conjugate. Substituting (3.2), (3.3) and (3.7) into (3.6) generates the following class of
rational solutions:

fio = (rx +ray +r3t +14)> + (dix +doy +dat +dy)? +d, (3.8)
where r3, d3 and d are given by

—3a8(rir? — r1d3 +2dydary)  bS[(r} — d})(r3 — 3rad3) — 2r1di(d5 — 3r3dy)]
r3 = - ’

c(ri + di) c(r? + d2)2
g —3ad(d\d3 — dir3 +2dar1r2)  bS[(r} — d})(3ridy — d3) — 2r1di(r3 — 3r2d3)]
T 7 4 d) G2 +d?)? ’
(rl dz)3
d=——1""1"__ 3.9)

8(ridy — rady)?
where r1dy — raod; # 0 and the other parameters involved are arbitrary. Clearly, the conditions
rid, —rad; #0 and § < 0, (3.10)

guarantee that the above class of function solutions is always positive. We remark that the class of function solutions reduces to the

polynomial solutions of the extended bilinear second KP equation given by the long wave limit approach [22]. Under the constraint

(3.10), the transformation (2.1) presents the following lump solutions to the extended form (1.7):
21z fi2 — fhy) 2 2fi2,y

2
u=—(n fio)x = ~—, v=—(nfi2), =
14 )/f122 Y y vf12

(3.11)
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y=-2
—-y=0
..... v=3

Fig. 1 Profile of u in the lump solution (3.11) with (3.8), (3.9) and parameters: r| = %, rn=1,rp=3,d =2,dy=—-1,dy =-2,a=-2,b=1,c =
—1,y =1,8 = —1,t = 0: (a) 3D plot, (b) contour plot and (c) x-curves

—_—y=2
—-y=0
..... v=3

Fig. 2 Profile of v in the lump solution (3.11) with (3.8), (3.9) and same parameters as above: (a) 3D plot, (b) contour plot and (c) x-curves

where f1» is defined by (3.8) and (3.9). Figures 1 and 2 exhibit three-dimensional plots and curves of the lump solutions (3.11)
with choices of the involved parameters. We see that the lump solution u has a peak and two valleys, and decays algebraically in all
directions in the (x, y)-plane.

It is worth noting that extended Eq. (1.7) may possess abundant solution structures. We can also see if the analytic function
f = f(x,y,t)in expression (2.2) satisfies

a 2438
A=—;&ﬁ=—azﬂ, (3.12)

then the function f solves the trilinear Eq. (2.2). Thus, the trilinear Eq. (2.2) has the following solutions in the form

2438

a
f=F@).n=ke—ky— "kt +h, (3.13)

where k is an arbitrary nonzero real constant, / is arbitrary and F(n) is an arbitrary function. As an example, let us consider a class
of polynomial function solutions to the trilinear Eq. (2.2) in the form

a 2a38 4 a 2a38 2
f=[h@—;y—?ﬁﬂ+hd4{@@—;y—?ﬁ4H%4 +hs. (3.14)

@ Springer
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-104

(a) (b)

Fig. 3 Profile of u in the lump solution (3.15) with parameters: k| = 1, ko =2,h; = 1,hp =2,h3 =5,a=-2,b=1,c=—-1,y =1, =—-1,t =1:
(a) 3D plot, (b) contour plot and (c) y-curves

o ———
o

(@ (b) (0

Fig. 4 Profile of v in the lump solution (3.15) with same parameters as Fig. 3: (a) 3D plot, (b) contour plot and (c) y-curves

where the real constants k; and k; satisfy k% + k% # 0, but the constants s;, 1 <i < 3, are all arbitrary. It is easy to observe that the
solutions in (3.14) are positive if the parameter £3 > 0 holds, and so the transformation in (2.1) with (3.13) present the nonsingular
rational solutions u and v for the extended Eq. (1.7):

2 [ 12k (ki)' + h1)* +2k3 (ki (ki +hy) + 2ko(kon + hz))z]
u=— — ’
y Ll + Rt + (kan' + ha)> +hs (G’ + ho)* + (ko' + ho)? + h3)?
_ 2a [4k1(k1n’ +hp)? + 2k (ko + hg)] G15)
 ybL iy + )Y+ (ko + ho)2 + R T :
where
, a 2a38t
= x —_—— —_——
1 b’ o
Note that solution (3.15) is just a special case of the arbitrary travelling wave with
( 2438 5
u=ui(x — -y — —=1),
TR T

which needs to satisfy ab # 0. Besides, this solution does not tend to zero in the direction x —ay/b — 2a38t/cb* = constant, which
yields the plane lump solution from [41]. The three-dimensional plots and curves generated by nonsingular rational solution (3.15)
with the specific parameters are made by using Maple plot tools in Figs. 3 and 4.
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4 Concluding remarks

In summary, some meaningful integrable properties of the extended Eq. (1.7) have been explored, by means of a trilinear form. We
first have computed a bilinear Bicklund transformation to Eq. (1.7), based on the exchange identities for Hirota’s bilinear operators
and the existing research results. And then, associated with the obtained bilinear Bécklund transformations, we have also derived a
Lax pair and a modified equation to Eq. (1.7) in detail. Lastly, two kinds of nonsingular rational solutions have been generated from
the nonlinear superposition formula and arbitrary travelling wave solutions. The first class of rational solutions shows us that Eq.
(1.7) possesses a general class of lump solutions with § < 0, while the second class of nonsingular rational solutions is essentially
travelling wave solutions due to special solution structures of Eq. (1.7).

We point out that the generalized Eq. (1.7) includes many important nonlinear soliton equations as its special cases, such as the
DJKM equation, the BS equation, the extended second KP equation and the generalized breaking soliton equation [4-6, 8, 14, 21, 22].
Itis extremely important in soliton theory to search for nonlinear integrable systems and investigate their integrable characteristics. On
the one hand, our work extends the above-mentioned equations to a new one which possesses many interesting integrable properties.
The compatibility condition [Lj, L] = 0 of the general system (2.14) can generate the corresponding integrable equation with the
selection of coefficients a, b, ¢ and §, which provides new (2+1)-dimensional nonlinear integrable equations to describe nonlinear
phenomena in mathematical physics. On the other hand, the presented result enriches the existing theory on lumps to nonlinear
soliton equations, adding new examples of employing trilinear forms to search for lump solutions.

As far as we know, there is still a lot of work to do with Eq. (1.7), which is worth studying in depth. As Lou described in Ref.
[6], some interesting exact solutions are also valid for the extended Eq. (1.7) with § # 0, such as soliton molecule solutions and the
D’ Alembert-type solutions [6, 42—45]. Moreover, recent works exhibit that many (2+1)-dimensional nonlinear equations possess
interaction solutions between lump or lump-type solutions and other kinds of exact solutions [36]. Therefore, it is meaningful for the
extended Eq. (1.7) to look for interaction solutions including lump-kink interaction solutions and lump-soliton interaction solutions
[46]. Another interesting work is to investigate Hirota N-soliton conditions [47-49] and linear superposition solutions [50] to the
introduced Eq. (1.7), which will be carried out in our future research.
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Appendix A

We list the following relevant exchange identities for Hirota’s bilinear operators, which come from the general exchange formula
(see [24] for details):

(Dya - b)e? — b*(Dyd - ¢) = Dy(ac — bd) - be, (A1)

(Dia - a)b* — a®>(D%b - b) = 2Dy (D3a - b) - ab — 6Dy (D?a - b) - (Dya - b), (A.2)
(D3a - a)b* — a*(D}b - b) = 2Dy(Dya - b) - ab, (A.3)

Dy(D?a -b) - ab = Dy[(DyDya - b) - ab+ (Dya - b) - (Dya - b)), (A4)
Dy(Dya - b) - b*> = Dy(Dya - b) - b*, (A.5)
D*lg.a=0,n=0,1,2,..., (A.6)
D.a-b=—-Db-a, (A7)

(DyDya - a)b* — a*(DyDyb - b) = 2Dy (Dya - b) - ab = 2Dy(Dya - b) - ab, (A.8)

(D Dya - a)b* — a*(D3Dyb - b) = 3Dy(Dya - b) - (D2a - b)
+3D,[(D?Dya - b) - ab+(Dya - b) - (D?a - b)] — Dy(D3a - b) - ab. (A.9)
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Appendix B

By applying (A.1), (A.2), (A.3), (A.5), (2.4a), (A.6), (A.8), (A.5), (A.4), (A.5), (A.9), (A.8), (2.4a), (A.5), (A4) and (A.8) in
Appendix A in turn, expression (2.8) is derived as follows:

P, = f’4{Dx[(bD)3ch + %cDxD,)f ]2 gz)y[u)j +38D))f - f]- f2}

- f“{DX[(bD;Dy + %cDth)f/ - gpy[(pjtwwi)f’ £ f/2}

= D 26030, 4 3eD DS~ PEDIDy+ SeDDOf - 1) 5
2| 2Dt 38D f - 1~ P20 3DD - f )

= D 20DiDy + SeDDYS - f — PODIDy+ D DS 1) f2
+ 2D, [68Dy(Dy ) £ +2DUDLF - 1) FF
—6D.(D2f - £ (Dof - fH) - 12£7

- Dx[f’2(bD§Dy + chXD,)f - f — F2bD3Dy + chxD,)f’ : f’} f2pn
+bDADyDYf - - f1) - 1217 = 38Dy D (D2 + uDo) s 1) 11} 2
+36D, | D[GDy +2)f - £]- (Do - SO} 1217

= D 26030, 4 3eD DS~ PEDIDy+ 3D DS - f +bDUD - fF) - 17
= 3ubSDADy(Dyf - £ 1} £ 2 =30Du Dy f - - £} £
+363D,{ = Dy(DLf - )+ £+ DuDy f - 1) (Duf - O] 1217

= D 26DID, 4 3eD DS f = FEDIDy + 3eDD)S - f +DDUDIS - S ff
= 3ub3Dy(Dyf - )+ £ =33bDy(Daf - )+ £ =368Dy(DiDy f - £ 1} 1217

= Do {36D,(Df - f)- (DL - )+ 36D [(DIDf - £ fF
+(Dyf - f) - (DIf - fO]+3¢Dx(Di f - f1)- ff = 3ubSDy(Dy f - 1) fF’
= 3Dy f - ) ff = 35Dy (DDyf - £ 1) £

=3D,{bD.[(DID, =aDy) - [ ff = bDy(Df - £+ [6Dy +2)f - 1]
—bDy(Dyf - f))- [uDx + M) f - f']+cDe(Dif - f)) - ff
+ubD,[(DF+uDf - '] ff = b3DyDDyf - - fF'} - 1217

- 3DX[DX [(bD2Dy — 362Dy +cD; — b3D2 + b Dy + buD: D)) f - f'] - ff’] CF2fR
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