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Abstract Low energy linear seesaw mechanism responsible for the generation of the tiny
active neutrino masses is implemented in the extended 3-3-1 model with two scalar triplets and
right-handed Majorana neutrinos where the gauge symmetry is supplemented by the A4 flavor
discrete group and other auxiliary cyclic symmetries, whose spontaneous breaking produces
the observed pattern of SM charged fermion masses and fermionic mixing parameters. Our
model is consistent with the low energy SM fermion flavor data as well as with the constraints
arising from meson oscillations. Some phenomenological aspects, such as the Z ′ production
at proton–proton collider and the lepton flavor violating decay of the SM-like Higgs boson
are discussed. The scalar potential of the model is analyzed in detail and the SM-like Higgs
boson is identified.

1 Introduction

It is well-known, that there are various experimental and theoretical observations indicating
that the Standard Model (SM) must be extended. Among the theories beyond the SM, the
models based on the gauge group SU (3)C × SU (3)L ×U (1)X (called 3-3-1 for short) [1–49]
have some intriguing features allowing them to explain the number of SM fermion families,
the electric charge quantization [50,51], etc. In the ordinary 3-3-1 models, the Higgs sector
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contains at least three scalar triplets significantly extending their scalar spectrum. Attempts
aimed to reduce the Higgs sector of the 3-3-1 models have been undertaken in the literature.
A model with the parameter β = − 1√

3
, defined in (3) and characterizing the embedding of

the electric charge generator into SU (3)L , has been proposed in Refs. [47,52–57]. Due to its
restricted scalar sector it is called the economical 3-3-1 model. However, this and other similar
versions of the 3-3-1 model with the reduced scalar content failed to reproduce the neutrino
oscillation data. In a view of these difficulties a 3-3-1 model with β = 1√

3
and containing

just two Higgs triplets has been studied in Ref. [41]. In this model the masses of light active
neutrinos and charged fermions are generated via Type-I Seesaw and the Universal Seesaw
mechanisms, respectively. However, the fermion mixing was not addressed in Ref. [41].

In the present paper, we propose a multiscalar singlet extension of the 3-3-1 model with
two SU (3)L scalar triplets and three right-handed Majorana neutrinos. The gauge group
of the model is extended with the A4 group and some other cyclic symmetries in order
to implement the linear seesaw mechanism responsible for the tiny masses of the active
neutrinos. A well-known advantage of the linear seesaw mechanism [58–62,62–67] is its
testability at the LHC, since it implies sterile neutrinos with TeV-scale masses. Our model
also successfully addresses the observed pattern of the SM fermion masses and mixings, as
a result of the spontaneous breaking of the above-mentioned discrete group factors, in an
analogous way to the Froggatt–Nielsen mechanism [68], which has also been implemented
in 3-3-1 models through the breaking of a U (1) global symmetry in Refs. [69–71]. We
choose A4 as the smallest discrete group having one three-dimensional and three distinct
one-dimensional irreducible representations allowing us to naturally accommodate the three
families of the SM. The A4 discrete flavor group has received a lot interest by the model
building community due to its remarkable ability to elucidate the observed pattern of SM
fermion masses and mixing angles [31,39,62,72–112].

Comparing our model with others, we note, in particular, that our U (1)X -charge assign-
ments of the left-handed quark SU (3)L -triplets are different from those in the model of Ref.
[41]. Due to this difference we have two exotic down type quarks and one exotic up type
quarks, whereas in the model of Ref. [41] there are two exotic up type quarks and one exotic
down type quark. In addition, whereas in our model the small masses for the active neutrinos
are produced from a linear seesaw mechanism, in the model of Ref. [41] they are generated
from a type-I seesaw mechanism. In Ref. [41], the extra fermion lying in the bottom of the
lepton triplet is a charged lepton instead of the right-handed neutrino, which is the field of
the third component of SU (3)L leptonic triplet in our model.

Let us also note that our model is more predictive and significantly more economical in
its particle content than the 3-3-1 model with T ′ and S4 symmetries proposed in [47,48]. For
instance, whereas the scalar sector of the T ′ flavored 3-3-1 model [47] includes two SU (3)L
scalar triplets and 23 gauge singlet scalar fields, the present model has two SU (3)L scalar
triplets and 16 SU (3)L singlet scalar fields. As for the scalar sector of the 3-3-1 model with
S4 family symmetry [48], it contains 3 SU (3)L scalar triplets and 32 gauge singlet scalar
fields, which is much larger than the number of scalar degrees of freedom of our model. Let
us note, that in the proposed model some quarks and scalar fields carry lepton number, which
leads to flavor lepton number violating decay modes of the SM-like Higgs boson. In what
follows we will study this phenomenological aspect of our model as well as the production of
the extra heavy neutral gauge boson Z ′ and its detection in the dimuon channel at the LHC.
However, the emphasis will be made on studying the SM fermion masses and mixings.

The paper is organized as follows. In Sect. 2, we introduce the model setup. Sections 3
and 5 are devoted to the model predictions for the masses and mixings in the quark and lepton
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sectors, respectively. Section 4 discusses the constraints on the Z ′ mass arising from meson
oscillations. In Sect. 7, the lepton flavor violating (LFV) decays of the charged leptons and
the Higgs boson are considered. In Sect. 8, we summarize our results and discuss their further
implications. In “Appendix A” we present the discrete group A4 group characters. A detailed
description of the Higgs sector of the model is given in “Appendix B.” The analytic formulas
for one-loop contributions to the LFV decay amplitudes of the SM-like Higgs boson are
collected in “Appendix C.” The couplings of neutral gauge bosons Z and Z ′ to fermions are
listed in “Appendix D.”

2 The model

We propose a 3-3-1 model where the scalar sector is composed of two SU (3)L scalar triplets
and seven SU (3)L scalar singlets and the fermion sector corresponds to one of the 3-3-1
models with three right-handed Majorana neutrinos. In our model the SU (3)C × SU (3)L ×
U (1)X gauge symmetry is supplemented with the A4 × Z8 × Z14 × Z22 discrete group, so
that the full symmetry G exhibits the following three-step spontaneous breaking:

G = SU (3)C × SU (3)L ×U (1)X × A4 × Z8 × Z14 × Z22

⇓ �int

SU (3)C × SU (3)L ×U (1)X

⇓ vχ

SU (3)C ⊗ SU (2)L ×U (1)Y

⇓ vη

SU (3)C ⊗U (1)Q (1)

where the different symmetry breaking scales satisfy the following hierarchy

vη = v = 246GeV � vχ ∼ O(10)TeV. (2)

In the 3-3-1 model under consideration, the electric charge is defined in terms of the SU (3)

generators and the identity by:

Q = T3 + βT8 + X = T3 − 1√
3
T8 + X, (3)

where we have chosen β = − 1√
3

(without non-SM electric charges), which implies that

bottom component of the lepton SU (3)L -triplet is a neutral field νCR thus allowing to build
the Dirac matrix with the usual field νL in the top component of the lepton triplet. Adding
gauge singlet right-handed Majorana neutrinos Ni R (i = 1, 2, 3) will allow us to implement
a low scale seesaw mechanism, which could be inverse or linear, to generate the masses
for the light active neutrinos. These low scale seesaw mechanisms offer attractive expla-
nations for the smallest of neutrino masses, because they can be tested at the LHC via the
production and decay of sterile neutrinos. It is worth mentioning that the sterile neutrinos
can be produced at the LHC in association with a SM charged lepton and in pairs, via quark–
antiquark annihilation mediated by a W and heavy W ′ and Z ′ gauge bosons, respectively.
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In our model the sterile neutrinos have the following two body decay modes: N±
a → l±i W∓

and N±
a → νi Z (where a, i = 1, 2, 3), which are suppressed by the small active-sterile

neutrino mixing angle. Furthermore, the heavy sterile neutrinos N±
a can decay via off-shell

gauge bosons via the following modes: N±
a → l+i l

−
j νk , N±

a → l−i u j d̄k , N±
a → bb̄νk (where

a, i, j, k = 1, 2, 3 are flavor indices). Thus, the heavy sterile neutrinos can be detected at
the LHC from the observation of an excess of events with respect to the SM background in
a final state composed of a pair of opposite sign charged leptons plus two jets. Studies of
inverse seesaw neutrino signatures at colliders as well as the production of heavy neutrinos
at the LHC are carried out in [113–129]. A detailed study of the sterile neutrino production
at the LHC and the sterile neutrino modes goes beyond the scope of this work and will be
done elsewhere.

The cancellation of chiral anomalies implies that the number of triplets equals that of
antitriplets, so that quarks are unified in the following SU (3)C × SU (3)L ×U (1)X left- and
right-handed representations [2,7,9,130]:

QnL = (Dn ,−Un , Jn )TL ∼ (3, 3∗, 0),

Q3L = (U3 , D3 , T )TL ∼
(

3, 3,
1

3

)
, n = 1, 2,

DiR ∼
(

3, 1,−1

3

)
, UiR ∼

(
3, 1,

2

3

)
,

JnR ∼
(

3, 1,−1

3

)
, TR ∼

(
3, 1,

2

3

)
, i = 1, 2, 3.

Furthermore, the requirement of chiral anomaly cancellation constrains the leptons to the
following SU (3)C × SU (3)L ×U (1)X left- and right-handed representations [2,7,130] :

LiL = (νi , ei , νci )TL ∼
(

1, 3,−1

3

)
, ei R ∼ (1, 1,−1), i = 1, 2, 3, (4)

In the present model, the fermion sector is extended by introducing three right-handed
Majorana neutrinos, singlets under the 3-3-1 group, so that they have the following
SU (3)C × SU (3)L ×U (1)X assignments:

Ni R ∼ (1, 1, 0), i = 1, 2, 3.

Note that in Ref. [41], where β = + 1√
3

, the third component of lepton triplet is an extra
charged leptons.

We assign the scalar fields to the following SU (3)C × SU (3)L ×U (1)X representations:

χ =
⎛
⎝ χ0

1
χ−

2
1√
2
(vχ + ξχ ± iζχ )

⎞
⎠ ∼

(
1, 3,−1

3

)
,

η =
⎛
⎝

1√
2
(vη + ξη ± iζη)

η−
2

η0
3

⎞
⎠ ∼

(
1, 3,−1

3

)
,

σ ∼ (1, 1, 0),

ξi ∼ (1, 1, 0), ζi ∼ (1, 1, 0), i = 1, 2, 3.

ρi ∼ (1, 1, 0), ϕi ∼ (1, 1, 0), φi ∼ (1, 1, 0). (5)

Here vχ , vη are the vev’s setting symmetry breaking scales in (1), (2).
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Table 1 Scalar assignments under A4 × Z8 × Z14 × Z22

χ η σ ξ ζ ρ φ ϕ

A4 1 1 1′ 3 3 3 3 3

Z8 0 −1 0 1 −7 −1 −1 4

Z14 0 −1 0 1 −7 1 1 1

Z22 0 −2 −1 2 −1 2 2 2

The scalar assignments under the A4 × Z8 × Z14 × Z22 discrete group are summarized
in Table 1.

In our model, this discrete global symmetry group is not only spontaneously broken, it is
softly broken as well. Let us note that the gauge singlet scalars of our models are complex,
which implies that in order to provide masses for the CP odd parts of these scalars, one has
to include A4 × Z8 × Z14 × Z22 soft breaking bilinear terms in the scalar potential involving
a pair of these scalar singlets. These soft breaking scalar mass terms will also be useful for
resolving the domain wall problem, arising from the spontaneous breaking the global discrete
symmetries.

In “Appendix B” we present more details about the scalar sector of our model.
In what follows we briefly describe the gauge sector of our model. Here, we have 8

electroweak SU (3)L gauge bosons, Waμ, and a U (1)X gauge boson, B̃μ.
From the scalar kinetic term one finds the interactions:

(DμH)†DμH ⊃ ∂μR†
H Pμ IH − R†Pμ∂μ IH , H = η, χ, (6)

The covariant derivative is defined as

Dμ = ∂μ − iTaWaμ − igX T9X B̃μ = ∂μ − i�μ (7)

with:

�μ = g

2

⎛
⎜⎜⎜⎝
W3μ+ 1√

3
W8μ+t

√
2
3 X B̃μ

√
2W+

μ

√
2Xq1

μ

√
2W−

μ −W3μ+ 1√
3
W8μ+t

√
2
3 X B̃μ

√
2Yq2

μ

√
2X−q1

μ

√
2Y−q2

μ − 2√
3
W8μ+t

√
2
3 X B̃μ

⎞
⎟⎟⎟⎠ , t= gX

g

where

W±
μ = 1√

2
(W1 ∓ iW2) , Xq1

μ = 1√
2

(W4 − iW5) , Yq2
μ = 1√

2
(W6 − iW7) .

(8)

Then, in the gauge sector we have three electrically neutral q = 0 gauge fields, which
combine to form the photon and Z , Z ′-bosons, two fields W± with q = ±1 and Xq1

μ , Yq2
μ

with electrical charges

q1 = 1

2
+

√
3β

2
, q2 = −1

2
+

√
3β

2
. (9)
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Physical neutral gauge bosons for β = − 1√
3

are given by:

Aμ = cW

⎛
⎝−
√

1

3
tWW8μ +

√
3 − 4s2

W√
3cW

B̃μ

⎞
⎠+ sWW3μ,

Zμ = cWW3μ − sW

⎛
⎝−
√

1

3
tWW8μ +

√
3 − 4s2

W√
3cW

B̃μ

⎞
⎠ ,

Z ′
μ = −

√
1

3
tW B̃μ −

√
3 − 4s2

W√
3cW

W8μ

X0
μ = 1√

2

(
Wμ4 − iWμ5

)
, X̄0

μ = 1√
2

(
Wμ4 + iWμ5

)
(10)

where cW = cos θW , sW = cos θW and tW = tan θW , being θW the weak mixing angle. In
addition, for β = − 1√

3
, which corresponds to our model, we find the relations:

B̃μ = −
√

1

3
tW Z ′

μ +
√

3 − 4s2
W√

3cW

(
cW Aμ − sW Zμ

)
,

W8μ = −
√

1

3
tW
(
cW Aμ − sW Zμ

)−
√

3 − 4s2
W√

3cW
Z ′

μ, (11)

t = gX
g

= 3
√

2sW√
3 − 4s2

W

. (12)

The electrically charged gauge bosons are given by:

W±
μ = 1√

2

(
Aμ1 ∓ i Aμ2

)
, Y±

μ = 1√
2

(
Aμ6 ± i Aμ7

)
(13)

where Y± and X0 are bilepton gauge bosons. With the above-discussed structure of the scalar
sector of the model, the massive gauge bosons acquire the following masses [131]:

m2
W = m2

Z c
2
W = g2

4
v2
η , M2

X0 = M2
X̄0 = g2

4

(
v2
χ + v2

η

)
,

M2
Y = g2

4
v2
χ , M2

Z ′ � g2v2
χ

3 − t2
W

, (14)

where vη = v = 246 GeV. From (14), we find the mass splitting

M2
X0 − M2

Y = m2
W . (15)

In Ref. [132] it was shown that the contributions of the bilepton gauge boson Y±, X0 to
the oblique S and T parameters are constrained to be in the ranges −0.085 � S � 0.05,
−0.001 � T � 0.08, respectively. In the scenario where the mixing angles between the exotic
and the SM quarks are small, which is the case of our model, the exotic quark contributions
to these oblique parameters are very subleading since they are suppressed by the square of
the small mixing angles. Consequently, the dominant contributions to the oblique S and T
parameters are the ones arising from the bilepton gauge bosons Y± and X0. Notice that the
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Table 2 Fermion assignments under A4 × Z8 × Z14 × Z22

Q1L Q2L Q3L U1R U2R U3R TR D1R D2R D3R J1R J2R LL NR e1R e2R e3R

A4 1′′ 1′ 1 1′′ 1′ 1 1 1′ 1′′ 1′′ 1′′ 1′ 3 3 1 1′ 1

Z8 0 0 0 −3 −1 1 0 2 4 −1 0 0 0 0 0 3 0

Z14 0 0 0 5 −1 1 0 2 4 −1 0 0 −4 −4 −6 −6 −6

Z22 −5 −4 0 −8 −6 2 0 −14 −9 −1 −5 −4 −7 −8 −5 −9 −11

aforementioned range of values for the S and T parameters allow one to have a region of the
model parameter space where the obtained values for these oblique parameters are inside the
experimentally allowed region of Ref. [133] enclosed by the ellipses in the S − T plane.

The fermion assignments under the A4 × Z8 × Z14 × Z22 discrete group are summarized
in Table 2.

We assume the following VEV pattern for the A4 triplet SM singlet scalars ξ , ζ , ρ, ϕ and
φ:

〈ξ 〉 = vξ√
3
(1, 1, 1), 〈ζ 〉 = vζ√

2
(1, 0, 1), 〈ρ〉 = vρ√

3
(1, 1, 1),

〈ϕ〉 = vϕ√
3

(
cos α + eiψ sin α, ω

(
cos α + ωeiψ sin α

)
, ω2

(
cos α + ω2eiψ sin α

))
,

〈φ〉 = vφ√
3

(
cos α − e−iψ sin α, ω2

(
cos α − ω2e−iψ sin α

)
, ω
(

cos α − ωe−iψ sin α
))

,

ω = e
2π i

3 , (16)

which are consistent with the scalar potential minimization equations for a large region of
parameter space, as shown in detail in Refs. [39,134].

With the above particle content, the relevant Yukawa terms for the quark and lepton sectors
invariant under the group G are:

− L(q)
Y = y(T )Q3LχTR + y(U )

33 Q3LηU3R

+y(U )
22 εabcQ

a
2LηbχcU2R

(ξξ)1

�3 + y(U )
11 εabcQ

a
1LηbχcU1R

(
ξ3ζ
)

1

�5

+y(J )
1 Q1Lχ∗ J1R + y(J )

2 Q2Lχ∗ J2R

+y(D)
33 εabcQ

a
3L

(
η∗)b (χ∗)c D3R

σ

�2 + y(D)
22 Q2Lη∗D2R

(
ξ2ζ
)

1

�3

+y(D)
11 Q1Lη∗D1R

(
ξ4ζ
)

1

�5
+ y(D)

12 Q1Lη∗D2R

(
ξ2ζ
)

1 σ

�4

+y(D)
13 Q1Lη∗D3R

σ 6

�6 + y(D)
23 Q2Lη∗D3R

σ 5

�5
+ H.c, (17)

−L(l)
Y = y(L)

1 εabc

(
L
a
L

(
η∗)b (χ∗)c ρ

)
1
e1R

σ 6

�8

+y(L)
2 εabc

(
L
a
L

(
η∗)b (χ∗)c ϕ

)
1
e2R

σ 2

�4 + y(L)
3

�2 εabc

(
L
a
L

(
η∗)b (χ∗)c ρ

)
1
e3R

+z(L)
1 εabc

(
L
a
L

(
η∗)b (χ∗)c φ

)
1
e1R

σ 6

�8 + z(L)
3

�2 εabc

(
L
a
L

(
η∗)b (χ∗)c φ

)
1
e3R
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+y(L)
ρ εabcεdec

(
L
a
L

(
LC
L

)b)
3a

ηdχe ζσ 11

�13

+y(L)
1η

(
LLηNR

)
3s

ξσ ∗

�2 + y(L)
2η

(
LLηNR

)
3a

ξσ ∗

�2

+y(L)
χ

(
LLχNR

)
1′

σ ∗

�
+ H.c. , (18)

where the dimensionless couplings y, z in Eqs. (17) and (18) areO(1) parameters. In addition
to these terms, the symmetries unavoidably allow the following terms:

y(T 3)Q3LχU3R
(ξ∗2ξ)1

�3 , y(3T )Q3LηTR
(ξ∗ξ2)1

�3

y(J2D3)Q2Lχ∗D3R
(ξ2ξ∗)1σ

5

�8 , y(D3 J2)εabcQ
a
3L

(
η∗)b (χ∗)c D3R

(ξ∗2ξ)1′σ ∗4

�8 .

These terms will generate very small mixing angles of the third generation SM up and
down type quarks with the exotic quarks. Such mixing angles are of the order of λ5 and λ11

(being λ = 0.225), for the up and down type quarks, respectively, thus allowing us to safely
neglect these strongly suppressed corrections, which will not be considered in our analysis.
Furthermore, as it will shown in Sect. 3, the quark assignments under the different group
factors of our model will give rise to SM quark mass textures where the CKM quark mixing
angles only arise from the down type quark sector. As indicated by the current low energy
quark flavor data encoded in the standard parametrization of the quark mixing matrix, the
complex phase responsible for CP violation in the quark sector is associated with the quark
mixing angle in the 1-3 plane. Thus, the Yukawa coupling y(D)

13 in Eq. (17) is required to
be complex in order to successfully reproduce the experimental values of the quark mixing
angles and CP violating phase.

In a generic scenario the Yukawa couplings are complex. However, not all of them are
physical. Some phases can be rotated away by the phase rotation of the quark and lepton
fields. The conditions for the rotation away of the Yukawa phases in the quark sector by the
redefinition of the phases α f of the quark fields are:

arg
(
y(D)

33

)
− αQ3L + αD3R = 0, arg

(
y(D)

23

)
− αQ2L + αD3R = 0,

arg
(
y(D)

13

)
− αQ1L + αD3R = 0, arg

(
y(D)

22

)
− αQ2L + αD2R = 0,

arg
(
y(D)

12

)
− αQ1L + αD2R = 0, arg

(
y(D)

11

)
− αQ1L + αD1R = 0,

arg
(
y(J )

1

)
− αQ1L + αJ1R = 0, arg

(
y(J )

2

)
− αQ2L + αJ2R = 0,

arg
(
y(U )

11

)
− αQ1L + αU1R = 0, arg

(
y(U )

22

)
− αQ2L + αU2R = 0,

arg
(
y(U )

33

)
− αQ3L + αU3R = 0, arg

(
y(T )

)
− αQ3L + αTR = 0,

(19)

Consequently all the Yukawa phases in the quark sector can be rotated away, unless one
considers phases of the scalar fields. Therefore, without considering phase rotation of the
scalar fields, all the Yukawa couplings of the quark sector can be set real. Thus, in view of
the above, the observed CP violation in the quark sector will arise from complex vacuum
expectation values of the gauge singlet scalars charged under the discrete symmetries of the
model. Therefore, the spontaneous breaking of the discrete symmetries of our model gives
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rise to the observed CP violation in the quark sector. This mechanism of generating CP
violation in the fermion sector from the spontaneous breaking of the discrete groups is called
Geometrical CP violation and has been implemented in other models. A concise review of
group theoretical origin of CP violation is provided in Ref. [135]

Next, we explain the reason for introducing the discrete group factors in our model. We
introduce the A4 and Z14 discrete groups with the aim of reducing the number of model
parameters, thus making our model more predictive. In addition, these discrete groups allow
us to get predictive and viable textures for the fermion sector capable of successfully explain-
ing the observed pattern of fermion masses and mixing angles, as will be shown in Sects. 3
and 5. The A4 and Z14 discrete groups select the allowed entries of the mass matrices for
SM quarks.

The Z8 discrete symmetry separates the A4 scalar triplet ξ participating in the charged
lepton Yukawa interactions from the remaining A4 scalar triplets. The Z14 discrete symmetry
separates the A4 scalar triplet ζ participating in the Dirac neutrino Yukawa interactions from
the A4 scalar triplet ξ appearing in some of the neutrino Yukawa interactions involving
the right-handed Majorana neutrinos Ni R (i = 1, 2, 3). Let us note that the different A4 ×
Z14 × Z22 charge assignments for the quark fields shown in Table 2 give rise to a CKM
quark mixing matrix solely emerging from the down type quark sector. The spontaneous
breaking of the Z14 × Z22 discrete group yields the hierarchical structure of the SM charged
fermion mass matrix and quark mixing angles. Furthermore, the Z22 symmetry is the smallest

cyclic symmetry allowing one to construct a Dirac Yukawa term
(
L
a
L

(
LC
L

)b)
3a

ηdχe ζσ 11

�13 of

dimension thirteen from an σ 11

�11 insertion on the
(
L
a
L

(
LC
L

)b)
3a

ηdχe ζ

�2 operator, necessary

for obtaining the required λ19 suppression (where λ = 0.225 is one of the Wolfenstein
parameters) crucial for natural explanation of the smallness of the Dirac neutrino mass matrix
and thus of the light active neutrino masses, as it will be explained in more detail in Sect.
5. Thus, in view of the above, the hierarchy among charged fermion masses and quark
mixing angles is caused by the spontaneous breaking of the A4 × Z14 × Z22 discrete group.
Consequently, the quark masses are related with the quark mixing angles and we therefore
set the VEVs of the scalar fields η, χ , σ , ξ j , ζ j ( j = 1, 2, 3) with respect to the Wolfenstein
parameter λ and the model cutoff �, as follows:

vη ∼ λ4� < vζ ∼ λ3� < vχ ∼ λ2� < vξ ∼ vσ ∼ vρ ∼ vϕ ∼ vφ ∼ λ� . (20)

It is worth mentioning, as follows from Eqs. (17) and (18) that the Yukawa interactions have
a total of 21 parameters from which 18 are assumed to be real and 3 are taken to be complex.
However, not all of these parameters enter in the physical observables of the quark and lepton
sectors. Such physical observables are determined by the resulting low energy SM fermion
mass matrices which do depend on effective parameters which contain some of the Yukawa
couplings as well as the VEVs of the scalar fields of the model. After the assumption shown in
Eq. (20) is made and the benchmarks described in Sects. 3 and 4 are considered, the number
of effective parameters can be reduced.

Furthermore, the VEV hierarchy vη � vχ ∼ vζ � vξ ∼ vσ ∼ vρ ∼ vϕ ∼ vφ is followed
from the SSB chain of Eq. (1) and it also follows from gauge boson mass expressions: for
example, masses of the SM gauge bosons depend on vη while masses of new gauge bosons
(X,Y) and Z ′ depend on vχ . In addition, the VEV hierarchy vζ � vξ ∼ vσ ∼ vρ ∼
vϕ ∼ vφ can be explained by appropriate relations between the different mass coefficients
of the bilinear terms of the scalar potential and the VEVs of such scalar fields. This can be
explicitly shown by considering the simplified scenario of two singlet scalar fields S1 and
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S2, whose VEVs satisfy the hierarchy vS2 � vS1 . The scalar potential for such singlet fields
is:

V = −μ2
S1

|S1|2 − μ2
S2

|S2|2 + λ1 |S1|4 + λ2 |S2|4 + λ3 |S1|2 |S2|2 . (21)

Its minimization implies:

μ2
S1

= 2λ1v
2
S1

+ λ3v
2
S2

, μ2
S2

= 2λ2v
2
S2

+ λ3v
2
S1

. (22)

Thus, the VEV hierarchy vS2 � vS1 , can be justified by requiring μ2
S2

� 2μ2
S1

and considering the case where the quartic scalar couplings satisfy λi � λ (i =
1, 2, 3). A straightforward but tedious extension of the aforementioned argument will
yield to a large set of relationships between the different mass coefficients of the bilin-
ear terms of the scalar potential and the VEVs of the large number of gauge sin-
glet scalar fields of our model that will generate the VEV hierarchy shown in Eq.
(20).

It is worth mentioning that there are several operators invariant under the SU (3)C ×
SU (3)L ×U (1)X gauge symmetry that can generate flavor and/or baryon number violation.
Following [136], we find that these operators are given by:

LiL L
C
j L LkL LC

rL , LiLe j RQnLUkR, QnL Q
C
mL Q3L L

C
i L , QnL L

C
iLU

C
i RD j R,

LiLe j RQ3L DkR, QnL Q
C
3LU j Re

C
kR, DiRU

C
j RUkRe

C
r R, QnL Q

C
3LUi RDC

j R,

LiL Q
C
3L Q3L LC

j L , Q3L Q
C
mL Q3L QC

sL , QnL Q
C
mL QpL QC

sL , Q3L Q
C
3L Q3L QC

3L . (23)

where all subindices go from 1 to 3 excepting n, m, s and p, which take the values of

1 and 2. However, all these operators, excepting Q3L Q
C
3L Q3L QC

3L , are forbidden by the
A4 × Z8 × Z14 × Z22 discrete symmetry. Despite this operator contributes to proton decay,
it is phenomenologically innocent, since its contribution is suppressed by the eight power of
the very small θ

(q)
13 ∼ λ4 (λ = 0.225) quark mixing angle.

3 Quark masses and mixings

From the quark Yukawa interactions given by Eq. (17) we find the following expressions for
the non-vanishing elements of the SM up and down quark mass matrices

MU11 = y(U )
11

vχ

〈(
ξ3ζ
)

1

〉
√

2�5

v√
2
, MU22 = y(U )

22

vχ

〈
(ξξ)1

〉
√

2�3

v√
2
, MU33 = y(U )

33
v√
2
,

MD11 = y(D)
11

〈(
ξ4ζ
)

1

〉
�5

v√
2
, MD12 = y(D)

12

vσ

〈(
ξ2ζ
)

1

〉
�4

v√
2
, MD13 = y(D)

13
v6
σ

�6

v√
2
,

MD22 = y(D)
22

〈(
ξ2ζ
)

1

〉
�3

v√
2
, MD23 = y(D)

23
v5
σ

�5

v√
2
, MD33 = −y(D)

33
vχvσ√

2�2

v√
2
.

(24)

where v = 246 GeV is the scale of electroweak symmetry breaking and 〈....〉 stands for the
vacuum expectation value of the product of the singlet scalar fields. For the VEV pattern of
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Table 3 Model benchmark scenarios S-4, S-3, S-2 with four, three and two free parameters, respectively, as
well as experimental values of the quark sector observables from Ref. [137,138]

Observable S-4 S-3 S-2a S-2b Experimental value

mu(MeV) 1.12 1.12 1.12 1.12 1.24 ± 0.22

mc(GeV) 0.617 0.617 0.617 0.617 0.63 ± 0.02

mt (GeV) 174 174 174 174 172.9 ± 0.4

md (MeV) 2.64 2.23 2.24 2.34 2.69 ± 0.19

ms (MeV) 54.7 46.4 46.4 48.5 53.5 ± 4.6

mb(GeV) 2.76 2.76 2.76 2.76 2.86 ± 0.03

sin θ
(q)
12 0.220 0.220 0.220 0.220 0.2245 ± 0.00044

sin θ
(q)
23 0.0506 0.0506 0.0506 0.0506 0.0421 ± 0.00076

sin θ
(q)
13 0.00354 0.00370 0.00370 0.00387 0.00365 ± 0.00012

Jq 3.35 × 10−5 3.50 × 10−5 3.47 × 10−5 2.97 × 10−5 (3.18 ± 0.15) × 10−5

We use the experimental values of the quark masses at the MZ scale from Ref. [137]

our model (20) we find for the SM quark mass matrices:

MU =
⎛
⎜⎝
a(U )

1 λ8 0 0
0 a(U )

2 λ4 0
0 0 a(U )

3

⎞
⎟⎠ v√

2
, MD =

⎛
⎜⎝
a(D)

11 λ7 a(D)
12 λ6 a(D)

13 λ6

0 a(D)
22 λ5 a(D)

23 λ5

0 0 a(D)
33 λ3

⎞
⎟⎠ v√

2
, (25)

where a(U )
1 , a(D)

11 , ... are O(1) dimensionless parameters being products of the dimensionless
couplings y(K ) in Eq. (17).

Note that due to different A4 × Z14 × Z22 charge assignments of the quark fields, the
exotic and the SM quarks do not mix with each other. Thus, the exotic quark masses are:

mT = y(T ) vχ√
2
, mJ 1 = y(J )

1
vχ√

2
= y(J )

1

y(T )
mT , mJ 2 = y(J )

2
vχ√

2
= y(J )

2

y(T )
mT . (26)

As seen from Eq. (25), the model has ten physical parameters, allowing one reproduce
any value of ten observables: six quark masses, three mixing angles and one Jarlskog CP
invariant shown in Table 3. The corresponding values of the model parameters are:

a(U )
1 � 1.085 , a(U )

2 � 1.391 , a(U )
3 � 0.994 ,

a(D)
11 � 0.527 , a(D)

22 � 0.491 , a(D)
33 � 1.438 ,

a(D)
12 � 0.501 ,

∣∣∣a(D)
13

∣∣∣ � 0.467 , arg(a(D)
13 ) � −60.96◦ , a(D)

23 � 1.210 .

(27)

An important feature of the above result is that the absolute values of all a-parameters are
of the order of unity. Thus, the symmetries of our model allow us to naturally explain the
hierarchy of quark mass spectrum without appreciable tuning of these effective parameters.

Another observation about the set of values given in Eq. (27) is that it shows rather
particular pattern: some of them are practically equal between each other. This fact suggests
to consider the following simplified benchmark scenarios with a limited number of the free
parameters:

S-4 (4 free parameters): a(D)
11 = a(D)

12 = a(D)
22 , a(U )

1 = a(U )
3 = 1, a(D)

23 = a(D)
33 = a(U )

2 .

123



 1158 Page 12 of 43 Eur. Phys. J. Plus        (2021) 136:1158 

Fig. 1 Correlation of the quark

mixing parameter sin θ
(q)
13 with

the Jarlskog invariant

Best-fit values: a(U )
2 � 1.40, a(D)

11 � 0.53,

∣∣∣a(D)
13

∣∣∣ � 0.43,

arg(a(D)
13 ) � −60.86◦ (28)

S-3 (3 free parameters): a(D)
11 = a(D)

12 = a(D)
22 =

∣∣∣a(D)
13

∣∣∣ , a(U )
1 = a(U )

3 = 1,

a(D)
23 = a(D)

33 = a(U )
2 .

Best-fit values: a(U )
2 � 1.40, a(D)

11 � 0.45, arg(a(D)
13 ) � −60.9◦ (29)

S-2a (2 free parameters): a(D)
11 = a(D)

12 = a(D)
22 =

∣∣∣a(D)
13

∣∣∣ , a(U )
1 = a(U )

3 = 1,

a(D)
23 = a(D)

33 = a(U )
2 ,

Best-fit values: a(U )
2 � 1.40, a(D)

11 � 0.45, arg(a(D)
13 ) = −60◦.

S-2b (2 free parameters): a(D)
11 = a(D)

12 = a(D)
22 =

∣∣∣a(D)
13

∣∣∣ , a(U )
1 = a(U )

3 = 1,

a(D)
23 = a(D)

33 = a(U )
2 ,

Best-fit values: a(U )
2 � 1.40, a(D)

11 � 0.47, arg(a(D)
13 ) = −45◦. (30)

As seen from Table 3, all the quark observables are reproduced with a reasonable precision
even in the 2-parameter scenarios S-2a and S-2b. This result hints that the model framework
allows introduction of certain extra symmetries significantly reducing the number of free
parameters. This possibility will be studied elsewhere.

Figure 1 shows the correlation of the quark mixing parameter sin θ
(q)
13 with the Jarlskog

invariant. To obtain this figure, the quark sector parameters were randomly generated in a
range of values where the CKM parameters and the quark masses are inside the 3σ experi-
mentally allowed range. Such correlation shows that that the quark mixing parameter sin θ

(q)
13

and the Jarlskog invariant Jq are located in the ranges 0.0033 � sin θ
(q)
13 � 0.0040 and

2.7 × 10−5 � Jq � 3.65 × 10−5, respectively. We also found in this numerical analysis that

the remaining quark mixing parameters are in the following ranges: 0.223 � sin θ
(q)
12 � 0.226

and 0.040 � sin θ
(q)
23 � 0.045.

Finally, the LHC signature of the exotic T , J1 and J2 quarks in our model is defined by the
fact that they will mainly decay into a top quark plus neutral scalar and can be pair produced
at the LHC via Drell–Yan and gluon fusion processes mediated by charged gauge bosons and
gluons, respectively. Consequently, we consider the observation of an excess of events in the
multijet and multilepton final state as the smoking gun of our model at the LHC. A detailed
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study of the collider phenomenology of the model is beyond the scope of this paper and is
left for future studies.

4 Meson oscillations

It is worth mentioning that the non-universal U (1)X charge assignments for the left-handed
quark fields give rise to flavor changing neutral processes (FCNC) mediated by the Z ′ gauge
boson. These FCNC interactions contribute to the K 0 − K̄ 0, B0

d − B̄0
d and B0

s − B̄0
s mass

differences. It is worth mentioning that the D0− D̄0 meson oscillations are absent at tree level
since the symmetries of our model constrain the up type quark mass matrix to be diagonal. In
this section, we discuss the implications of our model in the Flavor Changing Neutral Current
(FCNC) interactions in the down type quark sector. The flavor violating Z ′ interactions in the
down type quark sector produce meson oscillations. The K 0 − K̄ 0, B0

d − B̄0
d and B0

s − B̄0
s

meson mixings are described by the following effective Hamiltonians:

H
(
K 0−K̄ 0)
e f f = 4

√
2GFc4

Wm2
Z(

3 − 4s2
W

)
m2

Z ′

∣∣(V ∗
DL

)
32 (VDL )31

∣∣2 O(K 0−K̄ 0
)
, (31)

H
(
B0
d−B̄0

d

)
e f f = 4

√
2GFc4

Wm2
Z(

3 − 4s2
W

)
m2

Z ′

∣∣(V ∗
DL

)
31 (VDL)33

∣∣2 O(B0
d−B̄0

d

)
, (32)

H
(
B0
s −B̄0

s
)

e f f = 4
√

2GFc4
Wm2

Z(
3 − 4s2

W

)
m2

Z ′

∣∣(V ∗
DL

)
32 (VDL)33

∣∣2 O(B0
s −B̄0

s
)
. (33)

The K 0 − K̄ 0, B0
d − B̄0

d and B0
s − B̄0

s meson mixings in our model is caused by the tree level
Z ′ exchange, thus giving generating the following operators:

O
(
K 0−K̄ 0

)
= (

sγμPLd
) (
sγ μPLd

)
, O

(
B0
d−B̄0

d

)
= (dγμPLb

) (
dγ μPLb

)
, (34)

O
(
B0
s −B̄0

s
)

= (
sγμPLb

) (
sγ μPLb

)
. (35)

Furthermore, the following relations have been taken into account:

M̃ f = (
M f
)
diag = V †

f L M f V f R, f(L ,R) = V f (L ,R) f̃(L ,R),

f i L
(
M f
)
i j f j R = f̃ kL

(
V †
f L

)
ki

(
M f
)
i j

(
V f R

)
jl f̃l R

= f̃ kL
(
V †
f L M f V f R

)
kl

f̃l R = f̃ kL
(
M̃ f
)
kl f̃l R = m f k f̃ kL f̃kR,

k = 1, 2, 3 . (36)

Here, f̃k(L ,R) and fk(L ,R) (k = 1, 2, 3) are the SM fermionic fields in the mass and interaction
bases, respectively.

It is worth mentioning as shown in detail in “Appendix B,” that our model has the alignment
limit for the lightest 126 GeV SM-like Higgs boson given that the remaining scalars are much
heavier than the electroweak symmetry breaking scale 246 GeV. Furthermore, our model at
low energies, below the scale the scale of breaking of the SU (3)C × SU (3)L ×U (1)X gauge
symmetry, corresponds to a multiscalar singlet extension of the SM. Thus, the light 126 GeV
Higgs boson will not induce tree-level FCNC. This phenomenologically dangerous effect can
happen in the presence of at least two SM doublet scalars before the electroweak symmetry
breaking. To avoid this trouble, one can resort to the Glashow–Weinberg–Paschos theorem
[139,140] stating that there will be no tree-level FCNC coming from the scalar sector, if all
right-handed fermions of a given electric charge couple to only one of the doublets.
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Besides that, the contributions to FCNC arising from the heavier scalars are strongly
suppressed by their large mass scale and the very small mixings of the scalar singlets and the
CP even neutral component of χ with the CP even electrically neutral component of η (which
is mostly composed of the 126 GeV SM-like Higgs boson). Because of this reason the FCNC
interactions in our model mainly arise from the tree-level exchange of the Z ′ gauge boson.
This situation is different than the one presented in 3-3-1 models with three scalar triplets
like the ones considered in [69–71], where two of the three scalar triplets do acquire VEVs
at the electroweak symmetry breaking scale thus implying that at low energies below the
TeV scale, the theory corresponds to a 2HDM where tree-level neutral scalar contributions
to FCNC do exist. This problem was elegantly solved in Refs. [69–71] by implementing the
Froggatt–Nielsen mechanism in this version of the 3-3-1 model.

On the other hand, the K − K̄ , B0
d − B̄0

d and B0
s − B̄0

s mass splittings are given by:

�mK = (�mK )SM + �m(N P)
K , �mBd = (�mBd

)
SM + �m(N P)

Bd
,

�mBs = (
�mBs

)
SM + �m(N P)

Bs
, (37)

where (�mK )SM ,
(
�mBd

)
SM and

(
�mBs

)
SM are the SM contributions, whereas �m(N P)

K ,

�m(N P)
Bd

and
(
�mBs

)
SM are new physics contributions.

In our model, the new physics contributions to the meson differences are given by:

�m(N P)
K = 4

√
2GFc4

Wm2
Z(

3 − 4s2
W

)
m2

Z ′

∣∣(V ∗
DL

)
32 (VDL )31

∣∣2 f 2
K BK ηKmK , (38)

�m(N P)
Bd

= 4
√

2GFc4
Wm2

Z(
3 − 4s2

W

)
m2

Z ′

∣∣(V ∗
DL

)
31 (VDL )33

∣∣2 f 2
Bd BBdηBdmBd , (39)

�m(N P)
Bs

= 4
√

2GFc4
Wm2

Z(
3 − 4s2

W

)
m2

Z ′

∣∣(V ∗
DL

)
32 (VDL )33

∣∣2 f 2
Bs BBsηBsmBs . (40)

Using the following parameters [141–147]:

�mK = (3.484 ± 0.006) × 10−12 MeV, (�mK )SM = 3.483 × 10−12MeV

fK = 160 MeV, BK = 0.85, ηK = 0.57, mK = 497.614 MeV.(
�mBd

)
exp = (3.337 ± 0.033) × 10−10 MeV,

(
�mBd

)
SM = 3.582 × 10−10 MeV,

fBd = 188 MeV, BBd = 1.26, ηBd = 0.55, mBd = 5279.5 MeV.(
�mBs

)
exp = (104.19 ± 0.8) × 10−10 MeV,

(
�mBs

)
SM = 121.103 × 10−10 MeV,

fBs = 225 MeV, BBs = 1.26, ηBs = 0.55, mBs = 5366.3 MeV.

We plot in Fig. 2 the K 0 − K̄ 0, B0
d − B̄0

d and B0
s − B̄0

s mass splittings as function of
the Z ′ mass. As seen from Fig. 2, the K 0 − K̄ 0, B0

d − B̄0
d and B0

s − B̄0
s oscillations caused

by the flavor changing neutral interactions reach values close to their experimental upper
limits and the constraints arising from these meson oscillations set the Z ′ mass in the range
7 TeV� mZ ′ � 8 TeV.
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Fig. 2 The K 0 − K̄ 0, B0
d − B̄0

d and B0
s − B̄0

s mass splittings as function of the Z ′ mass

5 Lepton masses and mixings

From the charged lepton Yukawa terms, we find the charged lepton mass matrix in the form:

Ml =
⎛
⎜⎝

a1λ
9+b1λ

9
(
cos(α)−e−iψ sin(α)

)
b2λ

5
(
cos(α)+eiψ sin(α)

)
a3λ

3+b3λ
3
(
cos(α)−e−iψ sin(α)

)
a1λ

9+b1λ
9ω2

(
cos(α)−e−iψω2 sin(α)

)
b2λ

5ω
(
cos(α)+eiψω sin(α)

)
a3λ

3+b3λ
3ω2

(
cos(α)−e−iψω2 sin(α)

)
a1λ

9+b1λ
9ω
(
cos(α)−e−iψω sin(α)

)
b2λ

9ω2
(
cos(α)+eiψω2 sin(α)

)
a3λ

3+b3λ
3ω
(
cos(α)−e−iψω sin(α)

)

⎞
⎟⎠

× vη√
2

, (41)

where a1, a3, bi (i = 1, 2, 3) are O(1) parameters constructed of the parameters y(L)
i , z(L).

Note that the charged lepton masses are linked to the scale of the electroweak symmetry
breaking through their power dependence on the Wolfenstein parameter λ, with O(1) coef-
ficients. Furthermore, from the lepton Yukawa terms given in Eq. (18) it follows that our
model does not feature flavor changing leptonic neutral Higgs decays at tree level.

For the neutrino sector we find from Eq. (18) the neutrino mass term:

− 2L(ν)
mass =

(
ν C
L νR NR

)
Mν

⎛
⎝ νL

ν C
R

N C
R

⎞
⎠+ H.c, (42)

where νi R ≡ ((νc)L)C corresponds to the third components of the lepton triplet introduced
in Eq. (4). The A4 family symmetry of the model constrains the neutrino mass matrix to be
of the form:

Mν =
⎛
⎝ 03×3 M1 M2

MT
1 03×3 M3

MT
2 MT

3 03×3

⎞
⎠ (43)
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with

M1 = vηvχvζ

2
√

2�2

(vσ

�

)11

⎛
⎝ 0 ω2 0

−ω2 0 1
0 −1 0

⎞
⎠ ,

M2 = y(L)
1η

vηvξ√
6�

(vσ

�

)⎛⎝ 0 (1 + x)ω2 (1 − x)ω
(1 − x)ω2 0 1 + x
(1 + x)ω 1 − x 0

⎞
⎠ ,

M3 = y(L)
χ

vχ√
2

(vσ

�

)⎛⎝ 1 0 0
0 ω 0
0 0 ω2

⎞
⎠ , x = y(L)

2η

y(L)
1η

, ω = e
2π i

3 . (44)

The light active masses arise from linear seesaw mechanism and the physical neutrino
mass matrices are:

M (1)
ν = −

[
M2M

−1
3 MT

1 + M1

(
MT

3

)−1
MT

2

]
, (45)

M (2)
ν = −1

2

(
M3 + MT

3

)
+ 1

4

[
MT

1 (M∗
3 )−1M∗

2 + M†
2 (M†

3 )−1M1

]
, (46)

M (3)
ν = 1

2

(
M3 + MT

3

)
+ 1

4

[
MT

1 (M∗
3 )−1M∗

2 + M†
2 (M†

3 )−1M1

]
, (47)

where M (1)
ν is the active neutrino mass matrix, whereas M (2)

ν and M (3)
ν are the sterile neutrino

mass matrices. Explicitly we have

M (1)
ν = y(L)

1η√
2y(L)

χ

(vσ

�

)11 vηvζ vξ

�3

⎛
⎝−2(x + 1) ω2(x − 1) 2ωx

ω2(x − 1) −4ωx x + 1
2ωx x + 1 −2ω2(x − 1)

⎞
⎠ vη√

2

=
⎛
⎝−2(x + 1) ω2(x − 1) 2ωx

ω2(x − 1) −4ωx x + 1
2ωx x + 1 −2ω2(x − 1)

⎞
⎠mν, mν = aνλ

19v√
2

. (48)

The experimental values of charged lepton masses, the neutrino mass squared splittings, the
leptonic mixing parameters and Dirac CP violating phase can be reproduced for the normal
ordering (NO) of the neutrino mass spectrum with the following values of the model effective
parameters:

a1 � 0.983, a3 � −0.483, b1 � −0.755,

b2 � −0.597, b3 � −0.199, x � 0.431,

mν � 16.34 meV, α � 122.25◦ , β � −42.82◦ ,

γ � −59.36◦ , ψ � 98.44◦ . (49)

Using the values of the lepton model effective parameters of Eq. (49), the PMNS leptonic
mixing matrix takes the form:

UPMNS = U†
l Uν

=
⎛
⎝−0.818231 − 0.0686404i −0.318382 + 0.449127i 0.148954 + 0.0227392i

0.0515003 + 0.373766i −0.379958 − 0.371145i 0.731222 + 0.202101i
−0.180118 − 0.388575i 0.634519 − 0.110392i 0.564605 − 0.288074i

⎞
⎠

(50)
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Table 4 Model and experimental values of the light active neutrino masses, leptonic mixing angles and CP
violating phase for the scenario of normal (NH) neutrino mass hierarchy

Observable Model bpf ±1σ [148] bpf ±1σ [149] 2σ range [148] 3σ range [148] 3σ range [149]

�m2
21 [10−5eV2] 7.59 7.55+0.20

−0.16 7.40+0.21
−0.20 7.20–7.94 7.05–8.14 6.80–8.02

�m2
31 [10−3eV2] 2.53 2.50 ± 0.03 2.494+0.033

−0.031 2.44–2.57 2.41–2.60 2.399–2.593

θ
(l)
12 (◦) 33.84 34.5+1.2

−1.0 36.62+0.78
−0.76 32.5–36.8 31.5–38.0 31.42–36.05

θ
(l)
13 (◦) 8.67 8.45+0.16

−0.14 8.54 ± 0.15 8.2–8.8 8.0–8.9 8.09–8.98

θ
(l)
23 (◦) 50.12 47.9+1.0

−1.7 47.2+1.9
−3.9 43.1–49.8 41.8–50.7 40.3–51.5

δ
(l)
CP (◦) −85.29 −142+38

−27 −108+43
−31 182–315 157–349 144–374

The experimental values are taken from Refs. [148,149]

where:

Ul =
⎛
⎝ −0.625827 −0.614417 −0.48045

−0.406057 − 0.298325i 0.726662 + 0.202306i −0.400359 + 0.129878i
0.569876 − 0.172341i −0.112245 − 0.202306i −0.59877 + 0.483205i

⎞
⎠ ,

Uν =
⎛
⎝ 0.566967 0.12785 −0.813759

0.396158 + 0.686167i −0.177447 − 0.307348i 0.248135 + 0.429782i
−0.112675 + 0.195159i −0.463062 + 0.802046i −0.151256 + 0.261983i

⎞
⎠ .

(51)

As seen from Table 4, the model values are consistent with the experimental ones. Again,
akin to the quark sector, the absolute value of the effective dimensionless parameters a(l), x
are of the order of unity. We interpret this fact in a way that the lepton mass hierarchy is
explained on account of the model structure, symmetries and field content, without unnatural
tuning these effective parameters.

Figure 3 shows the correlations of the leptonic mixing angles with the leptonic Dirac
CP-violating phase as well as the correlations between the leptonic mixing parameters. To
obtain these Figures, the lepton sector parameters were randomly generated in a range of
values where the neutrino mass squared splittings, leptonic mixing parameters and leptonic
Dirac CP violating phase are consistent with the experimental data. These lepton sector
observables are inside the 1σ experimentally allowed range, excepting θ

(l)
23 which is inside the

3σ range. We found the leptonic Dirac CP violating phase in the range −90◦ � δ
(l)
CP � −25◦,

whereas the leptonic mixing angles are obtained to be in the ranges 31.5◦ � θ
(l)
12 � 37.5◦,

48.0◦ � θ
(l)
23 � 51.5◦ and 8.15◦ � θ

(l)
12 � 8.9◦.

Let us consider the effective Majorana neutrino mass parameter

mββ =
∣∣∣∣∣∣
∑
j

U 2
ekmνk

∣∣∣∣∣∣ , (52)

whereUej andmνk are the PMNS leptonic mixing matrix elements and the neutrino Majorana
masses, respectively. The neutrinoless double beta (0νββ) decay amplitude is proportional
to mββ .

Figure 4 shows the correlation of the effective Majorana neutrino mass parameter mee vs
the lightest neutrino mass m1.
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Fig. 3 Correlations between the different lepton sector observables

Fig. 4 Correlations of the effective Majorana neutrino mass parameter mββ with the lightest neutrino mass
m1 and with the leptonic mixing parameters
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As can be seen from Fig. 4, our model predicts the values of the effective Majorana neutrino
mass parameter in the range 24.5 meV� mββ � 27 meV, which is within the declared
reach of the next-generation bolometric CUORE experiment [150] or, more realistically, of
the next-to-next-generation ton-scale 0νββ-decay experiments. The current most stringent
experimental upper limit mββ ≤ 160 meV is set by T 0νββ

1/2 (136Xe) ≥ 1.1 × 1026 yr at 90%
C.L. from the KamLAND-Zen experiment [151].

6 Z′ gauge boson production at the LHC

Here, we compute the total cross section for the production of the heavy Z ′ gauge boson,
defined in Eq. (10), at the LHC via Drell–Yan mechanism. We consider the dominant con-
tribution due to the parton distribution functions of the light up, down and strange quarks,
so that the total cross section for the production of a Z ′ via quark antiquark annihilation in
proton–proton collisions with center of mass energy

√
S takes the form:

σ
(DrellYan)

pp→Z ′ (S)

= g2π

6c2
W S

⎧⎪⎨
⎪⎩
[(
g′
uL

)2 + (g′
uR

)2] ∫ − ln

√
m2
Z ′
S

ln

√
m2
Z ′
S

f p/u

⎛
⎝
√
m2

Z ′
S

ey, μ2

⎞
⎠ f p/u

⎛
⎝
√
m2

Z ′
S

e−y, μ2

⎞
⎠ dy

+
[(
g′
dL

)2 + (g′
dR

)2] ∫ − ln

√
m2
Z ′
S

ln

√
m2
Z ′
S

f p/d

⎛
⎝
√
m2

Z ′
S

ey, μ2

⎞
⎠ f p/d

⎛
⎝
√
m2

Z ′
S

e−y, μ2

⎞
⎠ dy

+
[(
g′
dL

)2 + (g′
dR

)2] ∫ − ln

√
m2
Z ′
S

ln

√
m2
Z ′
S

f p/s

⎛
⎝
√
m2

Z ′
S

ey, μ2

⎞
⎠ f p/s

⎛
⎝
√
m2

Z ′
S

e−y, μ2

⎞
⎠ dy

⎫⎪⎬
⎪⎭ , (53)

where g′
uL(R), g

′
dL(R) are the Z ′ couplings to left (right)-handed up and down type quarks,

respectively. These couplings are given in “Appendix D.” The functions f p/u
(
x1, μ

2
)

( f p/u
(
x2, μ

2
)
), f p/d

(
x1, μ

2
)

( f p/d
(
x2, μ

2
)
) and f p/s

(
x1, μ

2
)

( f p/s
(
x2, μ

2
)
) are the dis-

tributions of the light up, down and strange quarks (antiquarks), respectively, in the proton
which carry momentum fractions x1 (x2) of the proton.

The factorization scale is taken to be μ = mZ ′ .
Figure 5 (left panel) displays the Z ′ total production cross section at the LHC via the

Drell–Yan mechanism for
√
S = 13 TeV as a function of the Z ′ mass MZ ′ in the range from

7 TeV up to 8 TeV. We consider MZ ′ ≥ 7 TeV in order to fulfill the bound arising from the
experimental data on K , Bd and Bs meson mixings obtained in Sect. 4.For this region of
Z ′ masses we find that the total production cross section ranges from 0.11 fb up to 0.01 fb.
The heavy neutral Z ′ gauge boson, after being produced, will subsequently decay into the
pair of the SM particles, with the dominant decay mode into quark–antiquark pairs as shown
in Refs. [9,152]. The two body decays of the Z ′ gauge boson in 3-3-1 models have been
studied in detail in Ref. [152]. In particular, in Ref. [152] it has been shown that in 3-3-1
models the Z ′ decays into a lepton pair have branching ratios of the order of 10−2, which
implies that the total LHC cross section for the pp → Z ′ → l+l− resonant production at√
S = 13 TeV will be of the order of 10−3 fb for a 7 TeV Z ′ gauge boson, which is below its

corresponding lower experimental limit from the LHC searches [153]. On the other hand, at
the proposed energy upgrade of the LHC up to 28 TeV center of mass energy, the total cross
section for the Drell–Yan production of a heavy Z ′ neutral gauge boson gets significantly
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Fig. 5 Total cross section for the Z ′ production via Drell–Yan mechanism at the LHC for
√
S = 13 TeV (left

plot) and
√
S = 28 TeV (right plot) and as a function of the Z ′ mass

enhanced reaching values ranging from 82 fb up to 30 fb, as indicated in the right panel of
Fig. 5. Consequently, the LHC cross section for the pp → Z ′ → l+l− resonant production
at

√
S = 28 TeV will be of the order of 1 fb for a 7 TeV Z ′ gauge boson, which is consistent

with its corresponding lower experimental limit arising from the LHC searches [153].

7 Lepton flavor violating decays

Let us analyze the implications of our model for the LFV decays of the SM charged leptons
and Higgs boson.

Given that the SM charged lepton mass matrix (56) cannot be diagonalized analytically
in the practically useful form, in this section, for the sake of simplicity, we restrict ourselves
to a simplified benchmark scenario characterized by the relations:

z(L)
1 = y(L)

1 , vφ = eiγ sin βvϕ, vρ = vϕ cos β, y(L)
3 = −e−iγ y(L)

4 tan β,

z(L)
3 = e−iγ y(L)

4 cot β. (54)

Then, the charged lepton mass matrix takes the form:

Ml = RlLdiag
(
me,mμ,mτ

)
,

RlL = 1√
3

⎛
⎝ 1 1 1

1 ω ω2

1 ω2 ω

⎞
⎠
⎛
⎝ 1 0 0

0 cos α − sin αe−iψ

0 sin αeiψ cos α

⎞
⎠
⎛
⎝ cos β 0 − sin βe−iγ

0 1 0
sin βeiγ 0 cos β

⎞
⎠ ,

ω = e
2π i

3 , (55)

where the charged lepton masses are:

me = a(l)
1 λ9 v√

2
, mμ = a(l)

2 λ5 v√
2
, mτ = a(l)

3 λ3 v√
2
. (56)

In “Appendix B” we derived an expression (B13) for the SM Higgs boson, h0
1, as a

linear combination of the scalars present in our model. We combine such relations with the
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definitions of the charged lepton mass eigenstates and masses:

M̃ f = (
M f
)
diag = V †

f L M f V f R, f(L ,R) = V f (L ,R) f̃(L ,R),

f i L
(
M f
)
i j f j R = f̃ kL

(
V †
f L

)
ki

(
M f
)
i j

(
V f R

)
jl f̃l R

= f̃ kL
(
V †
f L M f V f R

)
kl

f̃l R = f̃ kL
(
M̃ f
)
kl f̃l R = m f k f̃ kL f̃kR,

k = 1, 2, 3 . (57)

where f̃k(L ,R) and fk(L ,R) (k = 1, 2, 3) are the SM fermion mass and interaction eigenstates,
respectively.

Then, considering the first three terms in Eq. (18) we find the h0
1ee couplings

−Lh0
1ee

⊂
(

1 + ξη

vη

+ ξχ

vχ

) (
mei ei Lei R + H.c.

)

→ g

2mW
(cα + sαtθ ) h

0
1

(
mei ei Lei R + H.c.

)
, (58)

coinciding in the limit sα → 0 with the SM ones. As seen from the above formula, there
are no lepton flavor violating decays of the SM-like Higgs bosons (LFVHD) h0

1 → e±
i e

∓
j

with i �= j at tree level. This is consistent with the latest experimental result, where no
signals were found setting the upper bound Br(h0

1 → τ∓μ±, τ∓e±) < O(10−3) at 95 %
confidence level [154,155]. This feature distinguishes our model from some previous models
with discrete symmetry that predicted tree-level LFVHD [156]. However, the SM-like Higgs
bosons in our model still couple with the heavy neutrinos through the four last Yukawa
terms in Eq. (18). Hence, the LFVHD may arise at one-loop level, as in the models of the
standard seesaw, inverse seesaw, and 3-3-1 model with massive neutrinos and inverse seesaw
mechanism [157–162]. While the standard seesaw model predicts suppressed branching ratios
for LFVHD, these branchings can reach interesting values of the order of 10−5 in the models
with inverse seesaw mechanisms. Recent studies predict that the experimental sensitivities
for LFVHD can reach values of the order of 10−5 in the near future [163,164].

The one-loop diagrams contributing to the LFV decays of ei → e jγ and the SM-like
Higgs boson decay h0

1 → ei e j with i �= j are exactly the same as those that appear in the
seesaw and inverse seesaw versions of the SM. The difference is the neutrino mixing matrix,
arising from the linear seesaw mechanism. Hence, it will be interesting to estimate how large
the Br(h0

1 → ei e j ) can become under the current bounds of Br(μ → eγ ) < 4.2 × 10−13

[165]. It is expected that the future experimental sensitivities to the LFV decays will be
improved, namely 6 × 10−14 for Br(μ → eγ ) [166,167], and about O(10−9) for the two
decays Br(τ → eγ ) and Br(τ → μγ ) [168] (for a recent review see, for instance, Ref.
[169]).

We will use the approximate formulas for the Br(ei → e jγ ) in 3-3-1 models given in
Ref. [170], which were checked to be well-consistent with the results obtained from the exact
numerical computation. Other approaches used for discussions of LFV decays of charged
leptons in 3-3-1 models were also given previously in the literature [28,171,172]. Analytic
formulas for calculating the one-loop contributions to LFVHD in the unitary gauge are
given in Ref. [32,161,162], and were shown to be consistent with previous works [160].
Using these formulas, we only determine couplings between physical states and ignore all
Goldstone bosons.
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From the definition of the SU (3)L ×U (1)X covariant derivative (7) we find its part related
with the charged gauge bosons in our model

�CC
μ ≡ 1√

2

⎛
⎝ 0 W+

μ 0
W−

μ 0 Y−
μ

0 Y+
μ 0

⎞
⎠ . (59)

Hence, the couplings of the SM-like Higgs with the charged gauge bosons are given by:

Lh0
1VV ⊂ (Dμη

)† (
Dμη

)+ (Dμχ
)† (

Dμχ
)
,

Lh0
1VV = g mWcαh

0
1W

+μW−
μ + g mY h

0
1sαY

+μY−
μ . (60)

The matrixUlL in Eq. (55) will be used to change the basis of the left-handed charged leptons
from the flavor basis to the physical one. Specifically, the correspondence between the original
basis of the left-handed leptons and the physical one is eL RlL ↔ eL , or eL ↔ RlLeL , while
the right-handed ones are unchanged. This means that ei L → UlL ,i j e j L and ei L → e j LU

†
l L , j i

with i, j = 1, 2, 3.
From Eqs. (58) and (60), we note that the couplings SM-like Higgs boson with normal

charged leptons and gauge boson W± in the model under consideration and the SM are
(cα + sαtθ ) and cα , respectively. The lower bound mZ ′ ≥ 4 TeV gives vχ ≥ 10 TeV, which
results in small sα � t2α/2 ∼ tθ ∼ v/vχ ∼ O(10−2), therefore cα = 1+O(10−4). Similarly
for the couplings of SM-like Higgs bosons with the SM quarks and the neutral gauge boson
Z , where ξη plays role of the SM Higgs boson after the first breaking step. After the second
one, the physical state of the SM-like Higgs boson is h0

1 � cαξη and the relative difference
the Z boson with other particle is cφ with sφ ∼ v2/v2

χ given in Eq. (D3). Hence, the largest
relative differences between the couplings of the h0

1 predicted by our model and the SM are
cα and cαcφ . As a consequence, these couplings of the SM-like Higgs bosons are still in the
allowed regions constrained from experiments.

The neutrino mass matrix Mν in Eq. (43) is diagonalized via an unitary 9 × 9 matrix Uν ,
namely

UT
ν MνUν = M̂ν = diag(mn1 ,mn2 , ..., m̂n9) = diag(m̂ν, m̂N ), (61)

where m̂ν = diag(mn1 , mn2 , mn3) and m̂N = diag(mn4 , mn5 , ..., mn9) are the masses
of active and exotic neutrinos nL = (n1L , n2L , ..., n9L ). They are Majorana fermions that
satisfy nkR = nckL with k = 1, 2, ..., 9. Relations between the interaction and physical basis

for the neutrino fields are: (νCL νR NR) = nRUT
ν and (νL νCR NC

R )T = UνnL .
The couplings of charged gauge bosons with leptons are given by

LV±�� = i(LLγ μPCC
μ LL)1 = g√

2

(
ei Lγ μνi LW

−
μ + ei Lγ μ(νci )LY

−
μ + H.c.

)
.

→ LV±�� = g√
2

[
(UlL) j i (Uν)ike j Lγ μnkLW

−
μ + (UlL) j i (Uν)(i+3)ke j Lγ μnkLY

−
μ +H.c.

]
,

(62)

where the sums are taken for i, j = 1, 2, 3 and k = 1, 2, .., 9, and we have used (νci )L = νCi R .
Based on Eq. (18), couplings of SM-like Higgs boson with neutrinos are included in the

following interactions:
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−Lh0
1nn

⊂
(

1 + ξη

vη

+ ξχ

vχ

)[
νCL M1ν

C
R + H.c.

]
+
(

1 + ξη

vη

)[
νCL M2N

C
R + H.c.

]

+
(

1 + ξχ

vχ

)[
νRM3N

C
R + H.c.

]
,

−Lh0
1nn

= g

2mW
h0

1

[
(cα + sαtθ )

(
νCL M1ν

C
R + H.c.

)
+ cα

(
νCL M2N

C
R + H.c.

)

+sαtθ
(
νCL M3N

C
R + H.c.

)]

= gcα

2mW
h0

1

[
(1 + tαtθ ) (Uν)ik(M1)i j (Uν)( j+3)p + (Uν)ik(M2)i j (Uν)( j+6)p

+ tαtθ (Uν)(i+3)k(M3)i j (Uν)( j+6)p
]
nkRn pL + H.c., (63)

where the sums are taken for i, j = 1, 2, 3 and k, p = 1, 2, ..., 9. By defining a symmetric
coefficient λkp = λpk satisfying

λkp ≡ (1 + tαtθ ) (Uν)ik(M1)i j (Uν)( j+3)p + (Uν)ik(M2)i j (Uν)( j+6)p

+tα tθ (Uν)(i+3)k(M3)i j (Uν)( j+6)p + (k ↔ p),

Eq. (63) can be written in the form

− Lh0
1nn

= gcα

4mW
h0

1nk
[
λkp PL + λ∗

kp PR

]
n p, (64)

where PL ,R = (1 ∓ γ5)/2 are chiral operators and n p,k are four-component spinors of
Majorana neutrinos. This form of the couplings hnkn p allows us to use the Feynman rules
in Ref. [173] for calculating LFVHD at one loop level.

Based on Ref. [170], the branching ratio for the ei → e jγ (i > j) decay takes the form:

Br(ei → e jγ ) = 12π2

G2
F

|Di j |2 × Br(ei → e j ν̄ jνi ), (65)

where GF = g2/(4
√

2m2
W ) and Di j is the one-loop contribution due to virtual charged gauge

bosons and Majorana neutrinos running in the internal lines of the loops. Such contribution
can be written as Di j = DW

i j + DY
i j , where:

DW
i j = − eg2

32π2m2
W

9∑
k=1

3∑
a,b=1

(U∗
l L)ib(U

∗
ν )bk(UlL) ja(Uν)ak F(tkW ),

DY
i j = − eg2

32π2m2
Y

9∑
k=1

3∑
a,b=1

(U∗
l L)i(b+3)(U

∗
ν )(b+3)k(UlL) j (a+3)(Uν)(a+3)k F(tkY ), (66)

where

tkW ≡ m2
nk

m2
W

, tkY ≡ m2
nk

m2
Y

, F(x) ≡ −10 − 43x + 78x2 − 49x3 + 4x4 + 18x3 ln(x)

12(x − 1)4 .

(67)

We note that F(x)was given in Ref. [174]. The above formulas were used in the inverse seesaw
3-3-1 models [162] and were confirmed to be numerically consistent with the previous work
of Ref. [28]. Numerical values of Br(ei → e j ν̄ jνi ) will be fixed as Br(μ → eν̄eνμ) � 100%,
Br(τ → eν̄eντ ) � 17.82%, and Br(τ → μν̄μντ ) � 17.39% [138]. At low energy we take
g2 = e2/s2

W = 4παem/s2
W , where αem � 1/137 and s2

W � 0.231.
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Fig. 6 One-loop diagrams contributing to the SM-like Higgs boson decay h0
1 → ei e j in the unitary gauge,

V± = W±, Y±

For the LFVHD, one loop diagrams for Br(h0
1 → ei e j ) are shown in Fig. 6.

The decay width for the process h0
1 → ei e j is given by:

�(h0
1 → ei e j ) ≡ �(h0

1 → e−
i e

+
j ) + �(h0

1 → e+
i e

−
j ) =

mh0
1

8π

(|�(i j)L |2 + |�(i j)R |2) ,
(68)

with the condition mh0
1

� mi, j being mi, j the charged lepton masses.
The corresponding branching ratio is

Br(h0
1 → ei e j ) = �(h0

1 → ei e j )/�total
h0

1
(69)

where �total
h0

1
� 4.1 × 10−3 GeV [175]. We define the �(i j)L ,R functions

�(i j)L ,R =
4∑

i=1

(
�

(i)W
(i j)L ,R + �

(i)Y
(i j)L ,R

)
, (70)

where analytic forms for the functions in the r.h.s. are shown in “Appendix C” (for detailed
calculations, see Refs. [32,161]). The above formulas were crosschecked using FORM [176,
177].

Numerical input parameters we use for the analysis of the LFV processes correspond to the
benchmark point given in Eq. (49), which implies that the corresponding values of the physical
observables of the lepton sector are automatically consistent with the neutrino oscillation
experimental data. The mixing matrix of the charged lepton sector is fixed as given in Eq. (51).
The neutrino mixing matrix Uν and neutrino masses can be numerically determined from
Eq. (61), by using the numerical parameters given in (49). According to our estimates M (1)

ν is
nearly independent of vχ . On the other hand the heavy neutrino masses show significant vχ -
dependence, because they get main contributions from M3 given in Eq. (44). Furthermore
they are nearly degenerate, which implies, mn4 � mn5 � ... � mn9 � y(L)

χ
vχ√

2

(
vσ

�

)
as

indicated by Eqs. (46) and (47). Hence, we can see the dependence of the LFV branching
ratios on the heavy neutrino masses, which are related to vχ as shown by Eqs. (46), (47) and
(44). Besides the two VEVs vφ and vρ that were fixed in the discussion of the charged lepton
sector, we choose vξ = vσ = vφ = λ�, while the three factors in front of the matrices M1,2,3

in Eq. (44) can be written in terms of y1,2 as follows

y1vηλ
16 ≡ vηvχvζ

2
√

2�2

(vσ

�

)11
, y(L)

1η

vηvξ√
6�

(vσ

�

)
≡ y2vηλ

2, y(L)
χ

vχ√
2

(vσ

�

)
= y1y2v

2
ηλ

18

mν

,

(71)
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Table 5 Branching ratios for the LFV decays with vχ = 15 TeV. The second column presents the numerical
values of the heavy neutrino masses

(y1, y2) mn4 [GeV] Br(μ → eγ ) Br(τ → eγ ) Br(τ → μγ ) Br(h0
1 → μ e) Br(h0

1 → τ e) Br(h0
1 → τμ)

(0.1, 0.1) 81.4 2.8 × 10−13 8.5 × 10−14 6.8 × 10−13 3.1 × 10−18 4.4 × 10−13 3.6 × 10−12

(0.5, 0.1) 407 4.3 × 10−15 1.3 × 10−15 1.1 × 10−14 9.6 × 10−20 1.3 × 10−14 1.1 × 10−13

(2, 0.1) 1627.8 2.5 × 10−17 7.8 × 10−18 6.2 × 10−17 1.2 × 10−19 1.6 × 10−14 1.3 × 10−13

(5, 0.1) 4069.5 6.8 × 10−19 2.1 × 10−19 1.7 × 10−18 8.3 × 10−19 1.2 × 10−13 9.5 × 10−13

(0.1, 0.5) 4.1 × 102 2.7 × 10−12 8.2 × 10−13 6.6 × 10−12 6.1 × 10−17 8.5 × 10−12 7.0 × 10−11

(0.5, 0.5) 2.03 × 103 6.6 × 10−15 2.0 × 10−15 1.6 × 10−14 1.2 × 10−16 1.6 × 10−11 1.4 × 10−10

(2, 0.5) 8.14 × 103 2.7 × 10−17 8.2 × 10−18 6.6 × 10−17 1.6 × 10−15 2.3 × 10−10 1.9 × 10−9

(0.1, 2) 1.63 × 103 4.1 × 10−12 1.2 × 10−12 9.9 × 10−12 1.9 × 10−14 2.6 × 10−9 2.2 × 10−8

(0.5, 2) 8.14 × 103 6.9 × 10−15 2.1 × 10−15 1.7 × 10−14 4.1 × 10−13 5.8 × 10−8 4.8 × 10−7

(0.1, 4.5) 3.66 × 103 4.2 × 10−12 1.3 × 10−12 1.0 × 10−11 2.8 × 10−12 3.9 × 10−7 3.2 × 10−6

(0.2, 4.5) 7325.4 2.7 × 10−13 8.2 × 10−14 6.6 × 10−13 9.2 × 10−12 1.3 × 10−6 1.1 × 10−5

where y1,2 ∼ O(1). In our numerical analysis we fix � � 96 TeV, and the CP-even neutral
Higgs mixing parameters are set as follows sα = 0, cα = 1. In addition, we consider
values for the Z ′ mass satisfying MZ ′ > 4 TeV, which correspond to a SU (3)L × U (1)X
symmetry breaking scale fulfilling vχ > 10 TeV, as derived from the approximate formula
M2

Z ′ � g2c2
W v2

χ/(3 − 4s2
W ) [131]. Numerical results for Br(ei → e jγ ) and Br(h0

1 → ei e j )
depending on y1 and y2 are illustrated in Table 5 for vχ = 15 TeV. For vχ around this value,
all numerical results are the same hence it is unnecessary to discuss them here.

The product y1y2 is constrained by the perturbative limit of the Yukawa coupling y1y2 ∼
yLχ <

√
4π � 3.5, as follows from Eq. (71). Table 5 shows the numerical values of the

Branching ratios for the LFV decays with vχ = 15 TeV and different values of the Yukawa
couplings y1 and y2 and heavy neutrino masses. Notice that a specific value of (y1, y2) in
Table 5 will predict a value for the Yukawa coupling yLχ � √

2mn4/(vχλ) ≤ 3.5, leading to
mn4 ≤ 0.557vχ . Thus for vχ = 15 TeV we have mn4 ≤ 8.35 TeV.

Based on the numerical results reported in Table 5, we can see that Br(μ → eγ ) can reach
values close to its recent experimental bound provided that y1 is small enough. On the other
hand, Br(h0

1 → μτ) can reach O(10−5) values when y2 is large enough, like for example
y2 = 4.5 as shown in Table 5. Furthermore, increasing y2 will result in larger values for
Br(h0

1 → μτ). We can see that the Br(h0
1 → ei e j ) is enhanced when the heavy neutrino mass

mn4 is increased, which is a generic behavior observed in inverse seesaw models [160,161].
Because the experiment data favors lower bounds of y1, and the perturbative limit of yLχ
and vχ results in upper bounds of y2, there exist upper bounds, which are order of O(10−5)

and O(10−6) for the Branching ratios of the two decays h0
1 → μτ, eτ for the numerical

values of the free parameters chosen above. The remaining LFV decays τ → μγ, eγ and
h0

1 → eμ have much smaller Branching ratios than the characteristic sensitivities of current
experimental searches.

8 Conclusions

We constructed a viable multiscalar singlet extension of the 3-3-1 model with two scalar
triplets and three right-handed Majorana neutrinos where the tiny masses for the light active
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neutrinos are produced by the linear seesaw mechanism. Our model is based on the A4

family symmetry, which is supplemented by other auxiliary symmetries. The observed pattern
of the SM charged fermion masses and fermionic mixing parameters originates from the
spontaneous breaking of the discrete symmetries of the model and does not require any
fine-tuning of the model parameters.

We analyzed the implications of our model in the lepton flavor violating processes. We
demonstrated that the branching ratio Br(μ → eγ ) can reach values close to the recent
upper experimental bounds, thus constraining the values of Br(τ → μγ ) and Br(τ → eγ )

to be much smaller than the corresponding experimental sensitivities. On the other hand, the
model allows Br(h0

1 → μτ) and Br(h0
1 → eτ) to reach the values of about O(10−5) and

O(10−6), respectively. Besides that, we have studied the implications of our model in meson
oscillations and we have found that our model is consistent with the constraints arising from
meson mixings. We also studied the production of the heavy Z ′ gauge boson in proton–proton
collisions via the Drell–Yan mechanism. We found that the corresponding total cross section
ranges at the LHC from 0.11 fb up to 0.01 fb when the Z ′ gauge boson mass is varied within
7 − 8 TeV interval. The Z ′ production cross section will be significantly enhanced at the
proposed energy upgrade of the LHC with

√
S = 28 TeV reaching typical values of 82 − 30

fb. From these results we found that the pp → Z ′ → l+l− resonant production cross section
reach the values of about 10−3 fb and 1 fb for MZ ′ = 7 TeV at the energies

√
s = 13 TeV

and
√
s = 28 TeV, respectively.

The first value of the resonant production cross section is below and the second lies on
the verge of the sensitivities of the LHC experiments at the corresponding energies.
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Appendix A: the product rules for A4

The A4 group has one three-dimensional 3 and three distinct one-dimensional 1, 1′ and 1′′
irreducible representations, satisfying the following product rules:

3 ⊗ 3 = 3s ⊕ 3a ⊕ 1 ⊕ 1′ ⊕ 1′′,
1 ⊗ 1 = 1, 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′, 1′′ ⊗ 1′′ = 1′, (A1)

Considering (x1, x2, x3) and (y1, y2, y3) as the basis vectors for two A4-triplets 3, the fol-
lowing relations are fulfilled:

(3 ⊗ 3)1 = x1y1 + x2y2 + x3y3,

(3 ⊗ 3)3s = (x2y3 + x3y2, x3y1 + x1y3, x1y2 + x2y1) ,

(3 ⊗ 3)1′ = x1y1 + ωx2y2 + ω2x3y3,

(3 ⊗ 3)3a = (x2y3 − x3y2, x3y1 − x1y3, x1y2 − x2y1) ,

(3 ⊗ 3)1′′ = x1y1 + ω2x2y2 + ωx3y3, (A2)

where ω = ei
2π
3 . The representation 1 is trivial, while the non-trivial 1′ and 1′′ are complex

conjugate to each other. Some reviews of discrete symmetries in particle physics are found
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in Refs. [178–181]. The discrete symmetry A4 was first implemented to the 3-3-1 models in
the Refss [11] and [182].

Appendix B: scalar sector

Here, we present more details about the scalar sector of our model containing the SM Higgs
boson.

The scalar potential of the model can be split in the following two parts:

VS = V invariant
S + V soft

S . (B1)

The first part V invariant
S is invariant under the A4 × Z8 × Z14 × Z22 discrete and SU (3)C ×

SU (3)L ×U (1)X gauge symmetries,

V invariant
S = μ2

χχ†χ + μ2
ηη

†η + μ2
σ σ ∗σ + μ2

ξ (ξ
∗ξ)1 + μ2

ζ (ζ
∗ζ )1

+ μ2
ρ(ρ∗ρ)1 + μ2

ϕ(ϕ∗ϕ)1 + μ2
φ(φ∗φ)1 +

[
μ2

φρ(φ∗ρ)1 + H.c.
]

+ λχ(χ†χ)2 + λη(η
†η)2 + λσ (σ ∗σ)2 +

∑
Si ,S j

[
(S∗

i Si )(S
∗
j S j )

]
1

+ λχη(χ
†χ)(η†η) + λ′

χη(χ
†η)(η†χ) + (σ ∗σ)

[
λχσ (χ†χ) + λησ (η†η)

]
+ {[(ρρ)(φ∗φ∗)

]
1 + [(ξρ)(ϕ∗ϕ∗)

]
1 + [(ξφ)(ϕ∗ϕ∗)

]
1 + H.c.

}

+ (σ ∗σ)

{∑
S

λSσ (S∗S)1 + [λφρσ (φ∗ρ)1 + H.c.
]}

+ (χ†χ)

{∑
S

λSχ (S∗S)1 + [λφρχ (φ∗ρ)1 + H.c.
]}

+ (η†η)
∑
S

λSη(S
∗S)1 + [λφρη(φ

∗ρ)1 + H.c.
]

+
∑
S

{[
(φ∗ρ)(S∗S)

]
1 + H.c.

}
, (B2)

where S, Si , S j = ξ, ζ, ρ, ϕ, φ are the scalar fields defined in Eq. (5). The second part V soft
S

consists of A4 × Z8 × Z14 × Z22 soft-breaking terms needed to generate nonzero masses for
the CP-odd neutral Higgs bosons as well as to solve the domain wall problem. The complete
set of these soft-breaking terms is

V soft
S = μ′2

σ σ 2 + fσ σ 3 +
∑
S

[
μ2

1′,S
(
S2)

1′ + fS
(
S2)

1 σ
]

+ H.c., (B3)

where S = ξ, ζ, ρ, ϕ, φ; all parameters μ′
σ , fσ , μ2

1′,S , and fS have the same dimension of
mass.

The A4-invariant products of four A4-triplets x, y, z, t can be decomposed as:
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[(xy)(zt)]1 ≡ λ
xyzt
1 (xy)1(zt)1 + λ

xyzt
2 (xy)1′(zt)1′′ + λ

xyzt
3 (xy)1′′(zt)1′

+ λ
xyzt
4 [(xy)3s(zt)3s]1

+ λ
xyzt
5 [(xy)3s(zt)3a]1 + λ

xyzt
6 [(xy)3a(zt)3s]1 + λ

xyzt
7 [(xy)3a(zt)3a]1 .

(B4)

The products like [(xz)(yt)]1, [(xt)(yz)]1,... are not included in the scalar potential (B2)
because they can always be written as linear combinations of the seven A4-products in the
right-hand side of Eq. (B4). This fact can be easily demonstrated, using the rules given in
“Appendix A.” Let us note that due to the antisymmetry and symmetry properties of the 3a
and 3s triplet components in the products (ξξ) and (ζ ζ ), we obtain (3s3a)1 + H.c. = 0.
Hence, many terms of this kind does not appear in the scalar potential. Therefore, particular
cases are written as[

(S∗S)2]
1 ≡ λS

1 (S∗S)1(S
∗S)1 + λS

2 (S∗S)1′(S∗S)1′′ + λS
4

[
(S∗S)3s (S

∗S)3s

]
1

+ λS
7

[
(S∗S)3a (S

∗S)3a

]
1 ,[

S∗
i Si S

∗
j S j

]
1

≡ λ
Si S j
1 (S∗

i Si )1(S
∗
j S j )1 +

[
λ
Si S j
2 (S∗

i Si )1′(S∗
j S j )1′′ + H.c.

]

+ λ
Si S j
4 (S∗

i Si )3s (S
∗
j S j )3s

+ λ
Si S j
7 (S∗

i Si )3a (S
∗
j S j )3a , Si �= S j ,[

(ξξ)(ϕ∗ϕ∗)
]

1 = λ
′ξϕ
1 (ξξ)1(ϕ

∗ϕ∗)1 + λ
′ξϕ
2 (ξξ)1′(ϕ∗ϕ∗)1′′ + λ

′ξϕ
3 (ξξ)1′′(ϕ∗ϕ∗)1′

+ λ
′ξϕ
4

[
(ξξ)3s(ϕ

∗ϕ∗)3s
]

1 ,[
(ρρ)(φ∗φ∗)

]
1 = λ

′ρφ
1 (ρρ)1(φ

∗φ∗)1 + λ
′ρφ
2 (ρρ)1′(φ∗φ∗)1′′ + λ

′ρφ
3 (ρρ)1′′(φ∗φ∗)1′

+ λ
′ρφ
4

[
(ρρ)3s(φ

∗φ∗)3s
]

1 ,[
(ξϕ∗)(ρφ∗)

]
1 = λ

ξϕρφ∗
1 (ξϕ∗)1(ρφ∗)1 + λ

ξϕρφ∗
2 (ξϕ∗)1′(ρφ∗)1′′

+ λ
ξϕρφ∗
3 (ξϕ∗)1′′(ρφ∗)1′ + λ

ξϕρφ∗
4

[
(ξϕ∗)3s(ρφ∗)3s

]
1

+ λ
ξϕρφ∗
5

[
(ξϕ∗)3s(ρφ∗)3a

]
1 + λ

ξϕρφ∗
6

[
(ξϕ∗)3a(ρφ∗)3s

]
1

+ λ
ξϕρφ∗
7

[
(ξϕ∗)3a(ρφ∗)3a

]
1 ,[

(ξϕ∗)(ρ∗φ)
]

1 = λ
ξϕρ∗φ
1 (ξϕ∗)1(ρ

∗φ)1 + λ
ξϕρ∗φ
2 (ξϕ∗)1′(ρ∗φ)1′′

+ λ
ξϕρ∗φ
3 (ξϕ∗)1′′(ρ∗φ)1′ + λ

ξϕρ∗φ
4

[
(ξϕ∗)3s(ρ

∗φ)3s
]

1

+ λ
ξϕρ∗φ
5

[
(ξϕ∗)3s(ρ

∗φ)3a
]

1 + λ
ξϕρ∗φ
6

[
(ξϕ∗)3a(ρ

∗φ)3s
]

1

+ λ
ξϕρ∗φ
7

[
(ξϕ∗)3a(ρ

∗φ)3a
]

1 . (B5)

The above scalar potential has a fairly large number of scalar self-interactions.
The VEV’s chosen in Eq. (16) must satisfy all the minimization conditions of the scalar

potential (B2), namely

∂ VH

∂ S0

∣∣∣∣
S0=〈S0〉,∀ S0

= 0. (B6)

The model contains 20 neutral scalar components, where three of them have zero VEVs.
This leads to 20 minimization equations relating the VEVs to the parameters of the scalar
potential. We find that two equations for χ0

1 and ρ0
3 are automatically satisfied. The remain-
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ing 18 equations allow expressing 18 parameters of the model in terms of the other
ones.

In order to generate fermions masses consistent with experiments we introduced in (20)
the VEV pattern implying new relations between VEVs. Let us show that this pattern is
consistent with the scalar potential (B2). It suffices to consider the simplified case of the
scalar potential in the decoupling limit, when the quartic couplings of the scalar SU (3)L -
triplets vanish, with the exception of two SU (3)L -triples. We will comment on more general
cases later. The minimization conditions for the neutral scalars with real vev’s take in the
decoupling limit the form

S0 = χ0
3 → μ2

χ = −λχηv
2
η

2
− λχv2

χ ,

S0 = η0
1 → μ2

η = −λχηv
2
χ

2
− ληv

2
η,

S0 = σ 0 → μ2
σ = −v2

σ λσ − 2μ′2
σ − 3 fσ vσ√

2
−

√
2
(
fζ v2

ζ + fξ v2
ξ + fρv2

ρ

)
vσ

−
√

2 fφv2
φe

iψ s2α

vσ

+
√

2 fϕv2
ϕe

−iψ s2α

vσ

,

S0 = ξ0
1 , ξ0

2 , ξ0
3 → μ2

ξ = −√
2 fξ vσ − 2

3
v2
ξ (3λ

ξ
1 + 4λ

ξ
4),

μ2
1′ξ = 0,

S0 = ζ 0
1 , ζ 0

3 → μ2
ζ = −√

2 fζ vσ − v2
ζ (2λ

ζ
1 + λ

ζ
3 + 2λ

ζ
4),

μ2
1′ζ = −v2

ζ (2w + 1)(λ
ζ
2 − λ

ζ
3)

2(w + 2)
,

S0 = ρ0
1 , ρ0

2 , ρ0
3 → μ2

ρ = −2

3
v2
ρ(3λ

ρ
1 + 4λ

ρ
4 ),

μ2
φρ = 0, μ2

1′ρ = 0, (B7)

where we have used that
∑3

i=1〈φi 〉2 = v2
φe

iψ s2α and
∑3

i=1〈ϕi 〉2 = −v2
ϕe

−iψ s2α .
Next, we consider the A4-triplets φ and ϕ with complex VEVs given in Eq. (16). With

μφρ = 0, we have three different minimization equations for φ in the following forms:

S0 = φ0
1 → 0 =3x2

1μ2
φ

2v2
φ

+ λ
φ
1

(
x2

1 + x2
2 + x2

3

)+ λ
φ
2

(
2x2

1 − x2
2 − x2

3

)

+ 4x2
1λ

φ
4 + 3μ2

1′φ
v2
φ

+ 3 fφvσ√
2v2

φ

,

S0 = φ0
2 → 0 =3x2

2μ2
φ

2v2
φ

+ λ
φ
1

(
x2

1 + x2
2 + x2

3

)+ λ
φ
2

(−x2
1 + 2x2

2 − x2
3

)+ 4x2
2λ

φ
4 + 3wμ2

1′φ
v2
φ

+ 3 fφvσ√
2v2

φ

,

S0 = φ0
3 → 0 =3x2

3μ2
φ

2v2
φ

+ λ
φ
1

(
x2

1 + x2
2 + x2

3

)+ λ
φ
2

(−x2
1 − x2

2 + 2x32
)+ 4x2

3λ
φ
4
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+ 3w2μ2
1′φ

v2
φ

+ 3 fφvσ√
2v2

φ

, (B8)

where x1 = cα + eiψ sα , x2 = w
(
cα + weiψ sα

)
, and x3 = w2

(
cα + w2eiψ sα

)
that satisfy

x1 + x2 + x3 = 0. Other relations used in our calculation are:
∑3

i=1 x
2
i = 6cαsαeiψ . From

the scalar potential minimization equations we find:

μ2
φ = −2

3
v2
φ(3λ

φ
1 + 4λ

φ
4 ) − 3

√
2 fφvσ

x2
1 + x2

2 + x2
3

, μ2
1′φ = 0,

λ
φ
2 = λ

φ
1 + 3 fφvσ√

2v2
φ

(
x2

1 + x2
2 + x2

3

) . (B9)

In the same way, we treat the minimization conditions for ϕ and find the following relations

μ2
ϕ = −2

3
v2
ϕ(3λ

ϕ
1 + 4λ

ϕ
4 ) − 3

√
2 fϕvσ

y2
1 + y2

2 + y2
3

, μ2
1′ϕ = 0,

λ
ϕ
2 = λ

ϕ
1 + 3 fϕvσ√

2v2
ϕ

(
y2

1 + y2
2 + y2

3

) , (B10)

where y1 = cα − e−iψ sα , y2 = w2
(
cα − w2e−iψ sα

)
, and y3 = w

(
cα − we−iψ sα

)
.

Thus, we see that the minimization conditions in the decoupling limit do not constrain the
vev’s. This conclusion is valid in the general case, when all the quartic coupling return back
to the scalar potential. This is trivial because these couplings just introduce new independent
parameters, which cannot introduce any constraint on the vev’s.

Let us identify the SM-like Higgs boson with one of the scalars of our model or their
linear combination.

Note that the neutral CP-even components of the Higgs bosons always contain only one
massless state absorbed by the gauge boson X0. This state is one of the linear combinations
of the two real components R(χ0

1 ) and R(η0
3), which have zero VEVs. More precisely, the

model contains two would-be Goldstone bosons GX ,G∗
X , a neutral CP-odd Higgs boson ha ,

and a mass eigenstate h0
3. Namely, defining

tθ = tan θ = vη

vχ

,

we have the following relations between the original and the mass eigenstates of the neutral
Higgs bosons (

Rχ1

Rη3

)
=
(

cθ sθ
−sθ cθ

)(
GX

h0
3

)
,

(
Iχ1

Iη3

)
=
(

cθ sθ
−sθ cθ

)(
GX

ha

)
,

mGX = mGX
= 0, m2

h0
3

= m2
ha = 1

2
λ′

ηχ (v2
η + v2

χ ). (B11)

The Rζ2 is one mass eigenstate with mass m2
Rζ2

= 2
9 (−3λ)v2

ζ .
The remaining CP-even components of the neutral Higgs boson consist of 17 states ξχ =√

2Rχ0
3
, ξη = √

2Rη0
1
, Rσ , Rξi (i = 1, 2, 3), Rζ1 , and Rζ3 . The squared mass matrix of these

states is the 17 × 17 matrix denoted as M2
h . This matrix has nonzero determinant, which

means that all the neutral CP-even Higgs bosons are massive. In addition, Det[M2
h]vη=0 = 0

implies that there is at least one Higgs boson with mass at the electroweak scale. That lightest
CP even scalar state is identified with the SM-like 126 GeV Higgs boson.
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To illustrate that there is one Higgs that can be identified with the 126 GeV SM-like Higgs
boson found by LHC, we consider the simplified case when the SU (3)L triplets χ and η

decouple from S = σ , ξi , ζ1, ζ3, ρi , ϕi , and φi so that the corresponding quartic couplings
vanish ληS = λχ S = 0. Then, the matrix M2

h is split into two block-diagonal 2 × 2 and
15 × 15 matrices. The first matrix in the basis (ξη, ξχ ) takes form

M2
h1 =

(
2ληv

2
η ληχvχvη

ληχvχvη 2λχv2
χ

)
. (B12)

Its mass eigenstates, h0
1 and h0

2, and their masses are

m2
h0

1,2
= λχv2

χ + ληv
2
η ∓

√(
λχv2

χ − ληv2
η

)2 + λ2
ηχv2

χv2
η,(

ξη

ξχ

)
=
(

cα sα
−sα cα

)(
h0

1
h0

2

)
, t2α ≡ tan(2α) = ληχ tθ

λχ − ληt2
θ

. (B13)

These two neutral Higgs bosons are similar in many respects to those discussed in the model
[41]. Analogously to this model, in our case in the limit tθ � 1, we find that m2

h0
1

�(
2λη − λ2

ηχ

λχ

)
v2
η , as should be for the SM Higgs boson, the mass of which is generated on

the electroweak scale. Thus, we identify h0
1 with the SM-like Higgs boson found by the LHC.

The simplified case when tθ � 1 is used in our discussion of the LFV Higgs decays in Sec.
7.

The soft breaking terms introduced in the Higgs potential (B3) are enough to generate
nonzero masses for all CP-odd Higgs bosons in the model under consideration, even some
of them vanish by the minimization conditions of the Higgs potential. Namely, in the limit
of fS = 0 with all S = σ, ξ, ζ, ρ, ϕ, φ, the total squared mass matrix of the CP-odd
neutral components in the basis S0 = (Iσ , Iξi , Iζi , Iρ,i Iφi , Iϕi ) separates into the six block
sub-matrices, including one physical state Iσ and another five 3 × 3 matrices.

m2
aσ = −4μ′2

σ ,

m2
ξi

=
{

1

3
v2
ξ (3λ

ξ
1 + 4λ

ξ
4),

1

3
v2
ξ (−15λ

ξ
1 + 18λ

ξ
2 + 4λ

ξ
4),

1

3
v2
ξ (−15λ

ξ
1 + 18λ

ξ
2 + 4λ

ξ
4)

}
,

M2
Iζ

=

⎛
⎜⎜⎜⎜⎜⎝

−3λ
ζ
3w−4λ

ζ
1 (w+2)+λ

ζ
2 (7w+8)

2(w+2)
0 2λ

ζ
1 − λ

ζ
2 − λ

ζ
3

0
3λ

ζ
2+λ

ζ
3+8λ

ζ
4+2λ

ζ
3w+4λ

ζ
4w−8λ

ζ
1 (w+2)

2(w+2)
0

2λ
ζ
1 − λ

ζ
2 − λ

ζ
3 0

3λ
ζ
3 (w+1)−4λ

ζ
1 (w+2)+λ

ζ
2 (w+5)

2(w+2)

⎞
⎟⎟⎟⎟⎟⎠

v2
ζ ,

m2
aρi

=
v
ρ2

3
× {3λ

ρ
1 + 4λ

ρ
4 ,−15λ

ρ
1 + 18λ

ρ
2 + 4λ

ρ
4 , −15λ

ρ
1 + 18λ

ρ
2 + 4λ

ρ
4 },

M2
Iφ

v2
φ

= diag

{
2λ

φ
4

(
x2

1 + x2
2 − 4

3

)
+
(

3x2
3 − 2

)
λ
φ
1 , 2λ

φ
4

(
x2

1 + x2
3 − 4

3

)

+
(

3x2
2 − 2

)
λ
φ
1 ,
(

3x2
1 − 2

)
λ
φ
1 + 2λ

φ
4

(
x2

2 + x2
3 − 4

3

)}
,

M2
Iϕ

v2
ϕ

= diag

{
2λ

ϕ
4

(
y2
1 + y2

2 − 4

3

)
+
(

3y2
3 − 2

)
λ
ϕ
1 , 2λ

ϕ
4

(
3y2

1 + 3y2
3 − 4

3

)

+
(

3y2
2 − 2

)
λ
ϕ
1 ,
(

3y2
1 − 2

)
λ
ϕ
1 + 2λ

ϕ
4

(
y2
2 + y2

3 − 4

3

)}
, (B14)

where m2
aSi

denotes the squared mass eigenstate of the CP-odd Higgs boson corresponding
to the original basis {ISi }. It can be seen that the CP-odd Higgs boson masses get contribu-
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tions from the discrete symmetry preserving terms. Other trilinear soft-breaking terms with
fS �= 0 will yield complicated mixings among these Higgs bosons, without affecting the
phenomenology of our model, since this scalar sector, being very heavy, is decoupled from
the SM fields. Notice that since we are considering a CP conserving scalar potential, the
heavy neutral CP odd scalars do not mix with the CP even electrically neutral component of
the SU (3)L scalar triplet η. On the other hand, the heavy physical scalar states arising from
the gauge singlet scalars are mainly decoupled from the 126 GeV SM-like Higgs boson due to
the very small mixings between the scalar singlets and the CP even electrically neutral com-
ponent of η. Consequently, we are in the decoupling scenario where the coupling strengths of
the 126 GeV SM-like Higgs boson with SM particle are very close to the SM expectation. In
view of the above, setting fS �= 0 will not affect the main physics results of this paper. One
can also think about introduction of an additional ad hoc symmetry forbidding the trilinear
terms in (B3) and thus guarantying fS = 0. The study of this possibility goes beyond the
scope of this paper and is deferred for a future work.

Appendix C: analytic formulas of LFVHD at the one-loop level

One-loop contributions to LFVHD defined in Eq. (70) are written in terms of Passarino–
Veltman (PV) functions [183]. In this work, they are denoted as B(i)

0,1, B(12)
0 , C0 and C1,2. In

the limit mi, j � 0, their analytic formulas were given in Refs. [32,161,184]. These functions
are used for our numerical analysis. It has been shown numerically that they are in a good
agreement with the exact results computed by LoopTools [185] in Ref. [186].

The analytic expressions of �
(i)W
L ,R ≡ �

(i)W
(i j)L ,R given in Eq. (70), where i implies the

diagram (i) in Fig. 6, are

�
(1)W
L = − g3cαm j

64π2m3
W

9∑
k=1

3∑
a,b=1

(Uν)ak(U
∗
ν )bk(U�L) ja(U

∗
�L)ib

×
{
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nk

(
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1 − B(1)
0 − B(2)

0

)
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i B
(2)
1 +

(
2m2
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h0

1

)
m2

nkC0

−
[
2m2

W

(
2m2
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nk + m2
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i

)
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nkm
2
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1

]
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+
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2m2

W

(
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j − m2
h0

1

)
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i m
2
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1

]
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}
,

�
(1)W
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64π2m3
W

9∑
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(Uν)ak(U
∗
ν )bk(U�L) ja(U
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�L)ib
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(
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(
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h
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(
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,

�
(2)W
L = − g3cαm j

64π2m3
W
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]

123



Eur. Phys. J. Plus        (2021) 136:1158 Page 33 of 43  1158 

+λ0
kpmnk

[
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�
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Appendix D: couplings of the Z and Z′ gauge bosons to fermions

The interactions between fermions and neutral gauge bosons are determined as

Lngaugefermion = g f γ μPNC
μ f , (D1)

where f denotes all fermions in the model under consideration. Then one gets

• Electromagnetic interaction, as usual: Lem = e f γ μQ f Aμ .
• Interaction between Z with fermion

LZ f = g

cW
f γ μ

⎡
⎣cφ

(
T3 − s2

W Q
)− sφ

⎛
⎝
√

3 − 4s2
W√

3
T8 + s2

W√
3 − 4s2

W

X

⎞
⎠
⎤
⎦ f Zμ

≡ g

cW
f L ,Rγ μgL ,R fL ,R Zμ , (D2)

where φ is the Z − Z ′ mixing angle given in Ref. [131], sφ ≡ sin φ, cφ ≡ cos φ,

tan φ � sφ �
(1 − 2s2

W )

√
3 − 4s2

W

4c4
W

(
v2
η

v2
χ

)
, M2

Z ′ � g2c2
W

4(3 − 4s2
W )

[
4v2

χ + v2
η(1 − 2s2

W )2

c4
W

]
. (D3)

The couplings of the Z gauge boson with fermion are presented in Table 6, ignoring
mixing of SM and exotic quarks.

It can be seen that sφ → 0 when m2
Z/M2

Z ′ → 0, leading to the consequence that gL � gR
for the exotic quarks T, J1,2, as given in Table 6. Note that in the limit φ → 0, the couplings
of Z to the SM fermions are the same as those of the SM Z boson.

• Interaction between Z ′ with fermion

LZ ′ f = g

cW
f γ μ

⎡
⎣cφ

⎛
⎝
√

3 − 4s2
W√

3
T8 + s2

W√
3 − 4s2

W

X

⎞
⎠+ sφ

(
T3 − s2

W Q
)
⎤
⎦ f Z ′

μ

≡ g

cW
f L ,Rγ μg′

L ,R fL ,R Z
′
μ, (D4)

It is worth noting that couplings of Z and Z ′ are related to each other by replacing
cφ ↔ sφ .
The couplings of the Z ′ gauge boson with fermion (by replacing cφ → sφ and sφ → −cφ)
are presented in Table 7 .

Note that in both Tables, dealing with neutrino we used νcL ∼ νR .
For practical uses, we present neutral currents in the vector and axial forms as follows

LZ f = g

2cW
f γ μ(gV − γ5gA) f Zμ , (D5)
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Table 6 Couplings between Z boson and fermions

gL gR

νi
cφ
2 + sφ(−1+2s2

W )
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√

3−4s2
W

sφc
2
W√
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Table 7 Couplings between Z ′ boson and fermions
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LZ ′ f = g

2cW
f γ μ(g′

V − γ5g
′
A) f Z ′

μ , (D6)

where the relation among two kinds of couplings is given by

gV = gL + gR , gA = gL − gR . (D7)
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