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Abstract Solitary waves are localized gravity waves that preserve their consistency and
henceforth their visibility by the properties of nonlinear hydrodynamics. In this present
work, numerous group-invariant solutions of the (3+1)-dimensional KdV-type equation are
derived with the virtue of Lie symmetry analysis. Also, we obtain the corresponding infinites-
imal generators, Lie point symmetries, geometric vector fields, commutator table and a one-
dimensional optimal system of subalgebras. In addition, two-dimensional optimal system of
subalgebra is also obtained using one-dimensional optimal system. Several interesting sym-
metry reductions and corresponding group-invariant solutions of the equation are obtained
based on a one-dimensional optimal system of subalgebras. These group-invariant solutions
include special functions like the WeierstrassZeta function, W-shaped solitons, M-shaped
solitons, bright-dark solitons, solitary waves and rogue waves which we furnish for the first
time for this equation. The physical interpretation of the obtained solutions is discussed
graphically based on numerical simulation through Mathematica. Furthermore, nonlocal
conservation laws are studied via the Ibragimov approach for Lie point symmetries.

1 Introduction

Nonlinear evolution equations (NLEEs) and solitons are generally utilized to explain com-
plex nonlinear physical phenomena in many emerging engineering areas, such as fiber optics,
nonlinear dynamics, plasma physics, condensed matter, fluid dynamics, ion-acoustics, con-
vective fluids and quantum field theory [1]. In view of the substantial role of solitons and
nonlinear equations that play in these scientific fields, constructing exact analytic solutions
for the NLEEs is of great value.

Lie symmetry analysis is a powerful method, that is highly used for solving nonlinear
evolution equations (NLEEs) in many real-world physical problems in mathematical physics
and other nonlinear wave phenomena. Because it is a strong method, it can be applied to
various higher-order NLEEs, even if the equations are integrable or nonintegrable, linear or
nonlinear [2,3]. For a given NPDEs, there are many extensive applications in science and
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engineering from point symmetries, such as finding new solutions from relatively old ones [4],
reducing dimensions of NPDEs by using similarity reductions and obtaining group-invariant
solutions [5] and finding nonlocal conservation laws [6].

To obtain exact analytic solutions by applying Lie point symmetries, a one-dimensional
optimal system is constructed. Then, our main goal is to analyze the dynamical behavior of
the obtained solutions. An optimal system of symmetry algebra is studied through the char-
acteristic equations and used methodically to classify the obtained symmetry subalgebras
and group-invariant solutions. The concept of the optimal system was originated by Ovsian-
nikov [4]. This method was developed by Meleshko [7] and Ibragimov et al. [8]. However,
Olver [2] formulated the optimal system by applying the adjoint table and the corresponding
group classification. Nowadays, researchers are frequently following the modified method
introduced by Olver [2].

In the mid-nineteenth century, John Scott Russell first investigated shallow-water soli-
tary waves experimentally and noted their importance through nonlinear interactions [9, 10].
Both Boussinesq and Rayleigh established mathematically the existence of steady solitary
waves on shallow water before KdV published their famous PDE, which was first originally
derived by Boussinesq [11-13]. After this work, the theory of solitary waves remained almost
untouched for 70 years until the mid-1960s when numerical studies by Zabusky and Kruskal
[14] discovered the robust nature of soliton interactions, prompting an explosion of refined
mathematical analysis on nonlinear PDEs. The history of solitary waves has been analyzed
by Miles [15], and that of water waves more generally by Darrigol [16]. In 1895, Korteweg
and de Vries (KdV) gave the first derivation of the NPDE

Uy + 6uny + uxxx = 0. (1)

The evolution of small amplitude and long water waves down a canal of rectangular cross
section is described by the KdV Eq. (1). This equation is characterized by the special waves
which are known as solitons on shallow water surfaces [14]. Equation(1) has a number
of connections with physical problems like shallow-water waves with weakly nonlinear
restoring forces, ion-acoustic waves in plasma, acoustic waves on a crystal lattice and long
internal waves in a density-stratified ocean.

The inverse scattering method and many other approaches were used to solve the KdV
equation. Many other methods, such as the Hirota bilinear method, exp function method,
Kudryashov simplest equation method, Darboux transformation method, the tanh method,
and the Lie group of transformation method, were formally employed for solving this equation
to make further progress and to obtain more results and conclusions [2,3,9,17-28].

In this work, we study a (3+1)-dimensional KdV-type equation of the form

Aci=u + 6quy + Uxxy + Uxxxxz + 60”;2;’/{2 + 10uxxxtt; + 20uxtxxz = 0, ()

which was introduced by Lou [29] where five different types of multidromion solutions were
obtained. In this equation, u = u(x, y, z, 1), (x,y,2) € R3 and 7 > 0, x is the direction of
propagation while y and z are transverse variables. Further, Wazwaz [30] investigated one-
and two-soliton solutions only with the help of a simplified form of Hirota’s direct method
established by Hereman and Nuseir [31]. In addition, the same problem was tackled by Unsal
[32] and obtained complexiton and interaction solutions by Hirota direct method. Liu et al.
[33] constructed two homoclinic breather solutions and rogue wave solutions with the help
of another method extended homoclinic test. Also, Mao et al. [34] used Bell polynomial
approach to find Hirota’s bilinear form equation, for exploring the rogue wave solution, the
homoclinic breather wave solution, one-soliton solution and two-soliton solution. Wazwaz
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introduced the concept of non-singular complexiton solutions for nonlinear partial differential
equations in [35].

Motivated by the aforementioned references, the KdV Eq. (2) will be investigated by
using the Lie symmetry approach. The prime objective of this paper is to obtain several
symmetry reductions and numerous group-invariant solutions by using the Lie symmetry
method. We study various exact closed-form solutions of the equation via the computerized
symbolic calculations, including solitary waves solitons, single solitons, doubly solitons,
multi-solitons, W-shaped solitons, M-shaped solitons and dark-bright solitons. Furthermore,
the exact solutions of Eq. (2) are graphically analyzed through their profiles. This study
reveals that waves that propagate in a certain medium are solitary waves specifically special
M-shaped and W-shaped solitons. Eventually, we also discussed the physical interpretation
of Eq. (2) via numerical simulation. Also, we depict the explicit conservation laws for the
KdV equation.

The skeleton of the paper is organized as follows: In Sect. 2, we found the Lie point
symmetries of Eq. (2) using Lie group analysis and all the geometric vector fields are pre-
sented. Also, group transformations are discussed in detail. In Sect. 3, an optimal system
of a one-dimensional subalgebra of the Lie algebra L'° for Eq. (2) is constructed. We also
obtain two-dimensional optimal system of symmetry subalgebra. In Sect. 4, we obtain the
group-invariant forms and Lie symmetry reductions corresponding to the optimal system of
subalgebra and their exact analytic solutions. Numerical simulation of obtained solution is
discussed through Mathematica 11.3. Also, M-shaped and W-shaped soliton solutions are
constructed in this section. In Sect. 5, adjoint equation and conservation laws are established
using the nonlocal conservation theorem. The different dynamical wave structures of the
established soliton solutions are addressed in Sect. 6. Finally, the concluding remarks are
discussed in Sect. 7.

2 Lie symmetry analysis

In this section, we will utilize the powerful Lie symmetry method to obtain the numerous
group-invariant solutions for the KdV type equation. If Eq. (2) is invariant under a one-
parameter Lie group of transformations [2,3]:

F=x+et + 0D, J=y+e&l40(D),
F=z+eE+ 0D, i=t+et+0(?),
i=u+en+ 0@,

where € is a one-parameter with infinitesimal generator

vegliel y ol el 0 3)
B R T A TR T

where El, & 2, & 3, & 4 and n are functions of independent variables, then the associated vector
field given by Eq. (3) generates a Lie point symmetry of Eq. (2). Moreover, Eq. (3) must
satisfy

proV(A)la—o =0, @)
where pr®®V denotes the fifth prolongation. So, applying pr®V to Eq. (2), then we obtain

n' 4 6n uy + 6uxn’ + ™ + " + 1200 uu, + 6014/%7;Z + 107™*u,
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+ 10uxxxn® 4 200" uxx, + 20u,n™* =0, (5)
with coefficients
' =D;(n) — uxDy (€Y — uyDy () — u: Dy (&) — u, Dy (E7),
7" =Dx(n) — uyDx(E") — uyDe (%) — u:Dx (&%) — u; Dy (€%, (6)

etc., where Dy, Dy, D, and D, denote the total derivatives for x, y, z and ¢, respectively.
All the expressions of Eq. (6) into Eq. (4) are incorporated, and then by equating the same
powers of u and its derivatives to zero, we get the desired system of determining equations:

n =0, 2, =—& +E, 6nc =&, 6ny =¢/,
lon, =¢), &l =&l=¢l =&l =g =0,

£, =0, 28] =g -, & =g, =&, =§,=0,
gl=gl=g=g) =8} =&} =0,

=6 =6 =0 38 =108 & =-g +282, )

i i i L1 _ 08l o4 _ %Y o1 92! :
where n, = Gl e = 5,00 = 50, & = %, IS %, &y = gtgy,etc. Solving coupled

partial differential equations given in Eq. (7) resulted in the following infinitesimal generators:

1 1 3t
gl = Z(al —as)x + agt +agy + ajo, £ = E(m +as)y + To + a7,
£ = a4y + asz + as, et =ait +as,
L Y+ ay + 2ag + —ag + ®)
= —(as —a)u —da —da —da ay,
n 4 5 1 20 4 6 8 10 9 2

where a;, (1 < i < 10) are arbitrary parameters. Hence, Lie algebra of vector fields of Eq.
(2) is given as follows

%z% %:%%“Lya%J“sz)%’
’V7=%, V8=t%+%%,
=yt Vio = - ©)

To obtain the group transformation which is generated by the infinitesimal generator, we
need to solve the following system of ordinary differential equations with the initial condition:

g (x,y,z,t,u) > (X,5,Z,1,00), (10)

which is generated by the generators of infinitesimal transformations % for 1 <i < 10. In
order to get some exact solutions from known ones, we should find the Lie symmetry groups
from the related symmetries. To get the Lie symmetry group, we should solve the following
problems For this purpose, we need to solve the following system of ODEs
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where € is an arbitrary real parameter and
_ el 2 3 4
0 =8 ux+Euy+85u; +5u +nu. an
So, we can obtain the Lie symmetry group
g:(x,y,z,t,u) = (X,y,%,1,i). (12)

According to different £, £2, £3, £* and 5, we have the following groups generated by each
point symmetries given in the following form:

g1 :(x, v, 2.t u) — (xe€, yet, z, e, ue™),

g :(x,y, 2, t,u) > (X, y, 2,1, u+€),

83 :(x,y,z, t,u) > (x,y,2, 1 + € u),

g4 :(x, y, 2, t,u) = (x,y + 6t€, 7 + 60re> + 20ye, t, u + €x),

€, ye®, ze* 1, ue),

g5 :(x,y,z,t,u) — (xe~
86 :(x,y,z,t,u) > (x,y, 2+ €1, 1),
g7:(x,y,z,t,u) > (x,y+€,2z,t,u),
gsi(x,y,z,t,u) = (x +6et,y,z,t,u+€y),
g9 :(x,y,z,t,u) —> (x +10€y, y, z, 1, u + €2),

glo:(x,y,z,t,u) > (x +e€,y,2,t,u).

The entries on the right side give the transformed point exp(x, y, z,t,u) = (X, y, 2, 1, it).
The symmetry groups g2, g3, g6, &7 and g1o demonstrate the space and time invariance of
the equation. The well-known scaling symmetry turns up in g1, g4, 85, g8 and g9. We can
obtain the corresponding new solutions by applying above groups g;, 1 <i < 10.

Ifu = f(x,y,zt)is a known solution of Eq. (2), then by using above groups g;, 1 <
i < 10 corresponding infinite new solutions u;, 1 < i < 10 can be obtained as follows

ul = ¢ fi(xe™, ye ¢, z, te ™), u® = fo(x,y.z—e,1),

u? = fo(x,y,z.1) — €, u? = frix,y —e 2,0,

u® = f(x, 5.2, —e), u® = fy(x —61e,y,2,1) — ey,
u® = fo(x,y — 6te, z — 60te> — 20ye, 1) —ex,  u® = fo(x — 10ey, y, z,1) — ez,
M(S) — e_efs(xee’ ye_ZG’ Ze_4€a [)’ M(IO) = fl(](x —€,),2, t)

Similarity variables, similarity forms and group-invariant solutions associated with any
vector field V in (3) can be accomplished by its characteristic equation

dizdi):%:gzdl. (13)
g8 g2 g g
By applying the Lie symmetry reductions through the characteristic equation, then we obtain
numerous group-invariant solutions by allocating the appropriate values to arbitrary constants
a; (1 <i <10). Subsequently, we compute one-dimensional and two-dimensional optimal
system of symmetry subalgebras to a (3+1)-dimensional KdV equation.
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Table 1 Commutation relations for Eq. (9)

* 7 % V3 Vy Vs Vo v nw Y Mo
M 0 %(Vz —14 %‘7/4 0 0 —%‘7/7 798 %’Vg _Tlfl/l()
v -l oo 0 0 i 0 0 0 0

% 0 0 &% 0 0 Yo O 0

vy —wo0 -5 0 vy 0 — 0 5% -5
%0 10 -1y o0 — Lty ty 3w ln
Y% 0 0 0 0 Y 0 0 5% 0

ZBNE L 0 Y 3% th Yo 0

% —3% 0 Y 0 -1% 0 -t 0 0 0

R 0 F -3 —5%h T 0 0 0

Yo 1% 0 0 »Vh - 0 0 0 0 0

3 Optimal system of Lie subalgebras

We construct invariant function of the symmetry algebra L0 [25,36,37] in this section. As
Olver [2] said, the investigation of that kind of an invariant is important as it places restrictions
on what stage, we can expect to simplify V. The ten-dimensional Lie algebra is generated
through the obtained symmetry generators, given by Eq. (9). Also, it is easy to verify that
the symmetry generators obtained in Eq. (9) form a closed Lie algebra whose commutation
relations are provided in Table 1. Infinitesimal generators given in Eq. (2) can be furnished
as a linear combination of 7} as

V=a1V +ayVh +a3V5 + asVy + asVs + ag Ve + a77 + ag ¥ + ag W + ajoVo-
(14)

We observed that commutator Table 1 is skew-symmetric where (i, j)th entry of Table 1 is
given by [V} V;] = ¥} - ¥; — V; - 1. Even, the generators 7}, 1 < i < 10 are linearly
independent.

Then, taking any subgroup g = ¢V (W = Z}Ozl bj¥;) toacton V, we have

Adexpewy(V) = eV VeV, (15)

=V —€W,V]+ %EZ[W, (W, vl —... (16)

=@N+-+a, V) — e+ +baVy, a1V + -+ ay V] + O(€%)
=@M+ +a) — @Y+ +0,1), a7

where ® = O(ay, ..., an, b1, ..., by) can be obtained by using the commutator table. The
commutation relations are given in Table 1. Putting V = 2321 a;Vyand W = Z}Ozl bV
in Eq. (15) with

®; =0,

1
O, = @(3a4b10 — 15a1by + 15asby — 3ajobs + 15a2(b1 — bs)
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+ 6a9bg + 10agb7 — 10a7bg — 6aghy),
®3 = —a3b; + a1 b3,
1
B4 = §(a4b1 — a1bs + asby — asbs),
05 =0,
O¢ = arbs — agbs + asbe + asby,

1
O7 = 15 (Basbs = 3asby = Say (b1 + bs) + Sa1by + Sasby),
1
Qg = % (6agbs + 5ag(3by + bs) — 15a1bg — Sasbg — 6a4bo),

1
= Z(a9(bl + 3bs) — (a1 + 3as)by),

1
B0 = Z(alblo —asbyy + 4agbs + a1o(—by + bs) + 4agb7 — 4azbg — 4azby).

Forany b;, 1 < j < 10, it requires

a9 a9 a9 a9 a9
O— +0r— + 03— Bg— +B1p— =0. 18
D + 0, 23 + 8a3 -+ 8 + O1p dar (18)
Collecting the coefficients of all b; in the above equation, ten differential equations about
¢(ay,ay, ..., aip) are obtained as
¢ g 3¢ d¢ d¢ ¢

¢
by : — 4+ 2a7— +4a3— — 4+ 3ag— + 2a4— —
1 aloaa10 + 8 + %8 s 98 + 8 + 8 +ay day’

d
by : (a; —as);¢2 =0,

8¢ 8(1) elo}
b3 : =0,
348 36110 T 10 +a 8a3
0 0 0 0
by : 6097(]5 + 10(as — al)—d) = 6a 37(1) + 20a 77¢ -I—a]()l
dag daz dag dar’
a¢ 3¢ a¢ a¢ 8¢> ¢ ¢
bs : —— +3a9— — =2a7— 4+ 4a¢— + 2a4— —_—,
510 dajo +3a dag +as dag 3a7 + 63(16 + 43(14 + 23612
Jdp  J¢
bg : 10ag—a9g—— =0,
6 a68a6a98a2
d 0 0
by : 6a9—¢ +3(a +a5)—¢ 1622 1 ag2? o,
daj dag dap
d a0
bs : 12a3a—¢ +3(3a; +a5)—“s + 2a 78—¢ =0,
az
0 0 0
by : 20a7—¢ +5(ar + 3a5)—¢ +6ar 2l 42420 ),
daj dag day
d
bio : 5(a; — a5)—¢ +a ¢ =0. (19)
3a2

As per the following references [25,26,36], the general invariant function of the symmetry
algebra L0 is

¢(ay,...,ai0) = F(ay, as),
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Table 2 Adjoint table of Lie algebra for (3+1)-dimensional KdV equation

Adg " 1 13 Vy Vs
—€ _€

N i The 4 V3e€ Vye 2 Vs
12 N+ 51 (2] 73 Vy v5—§1
2 N — €3 15 73 Y- 159 75
2 N+ S 9 2 4 30y 4 3y 2 9% — S

4 1+ 2 3+ 10V + 20 % 4 5—2MW

€ €
Vs 7 Vhed L] Vye? Vs
Y% 7 ) 73 Vy Vs — el
v N - 5% Y 7 Vi — eV Vs — 51
15 ’Vl-i-%‘l/g 1 15+ €V Vy rV5+%ng
Vo ‘V1+%’V9 1 13 %—F%’Vg ’1/5—4-%6‘1/9
Vo Y - $%0 % V5 Y+ 557 5+ %o
Adg Ve Lz 1R Vy Mo
€ _3e _€ €
" Ve 17e? TRe 4 Vye 4 Noe?
%) Y% Yy % Y Yo
V3 Y% vy % —€Vo ) Yo
Vy Ve V5 + eV 7% %—%’VS Vo + 557
3

Vs Vge€ ’V7e% "1/867% ’Vgeif ’1/1087%
6 V6 7 % Y — {57 Yo
7 V6 7 w— ¢ Y — €Yo Yo
R V6 V4 % Y Yo
Vy Ve + ]% 15 7+ €V 1R Vy Yo
Mo Y% vy % Y Yo

where F is an arbitrary function of two basic invariants a; and as of Eq. (2). We form the
adjoint matrix to get an optimal system of Eq. (2). The adjoint representation table of the
ten-dimensional Lie algebra can be formulated in Table 2.

For F} : g — g defined by V — Ad(exp(¢;1}).V) is a linear map, fori = 1,2, ..., 10.

The matrix Mf of Ff, i=1,2,...,10 with respect to basis {1/, ..., Vjo} are given below:
1 0O 0 000 O 0 0 1 2 00000000
0e0 0000 0 0 0 4
0 0 & 0 000 O 0 o0 0 100000000

1 e 00 10000000

0 0 0ez 000 O 0 O 0 0 01000000

. _ 0O 0 0 0 100 O 0 0 ME = ()_%200100()00
1 0O 0 O 0 010 O 0 0 [|*2 00 000100001

00 0 0 00e? 0 0 0 0 0 00001000

00 00000 o 0| (00 puonnios

—er
0000000 0 ex 0 0 0 00000001
0O 0 0 0 000 O 0 e*

(20)
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10-€000 0 00 O 100300 0 0 00
01 0 000 O 00 O 010 0 00 O O OO0
00 1 000 0 00 0 00100%%000
00 0 100-3200 0 000100 0 0 00
Ve — 00 0 010 0 00 0 me—|000-%10 0 0 00
37100 0 001 0 00 O *“looooo0o1 0 0 00
00 0 000 1 00 0 000 0 Oe 1 0 00
00 0 000 0 10—e3 000000 0 1 00
00 0 000 0 O1 O 000 0 0O 0_31%10
00 0 000 0 00 1 0%00000001
1000000 O O O
0e700000 0 0 0 1000000000
0010000 O O O 0 100000000
ol 00 1000 0000
0000100 O O O
Mi=100000e&0 0 0 0 |.M= 8 8 88(1) 1668888 :
000000er 0 0 0 00 0000 1000
000000 0e® 0 0 00 00000100
—3es 0-%000 0 0010
00000000 ¢ 0 0 00000 0001
0000000 O 0 e=
1 00000 -900 0 100000000
01 0000 0 00 O 01000000 00
00 1000 0 00 0 0010000 0 0eg
00 010—e; 0 00 O 0001000 0 00
ye— |0 00000 3000 . |0000100%00
7Z1o 0o 0001 0000 |"® " ]oo0o0010000]"
00 0000 1 00 0 0%00001 000
0-20000 0 10 0 0000000 1 00
00 0000 0 01—¢ 0000000 0 10
00 0000 0 00 1 0000000 0 01
10000000 < 0 10000000050
01000000 0O 010000000 O
00100000 0 0 001000000 O
00010003 0 0 050100000 0
ye— 00001000 30 o _|0O00010000
®“lo2oo00100 0 0" [000001000 O [
0000001 0 0 e 000000100 O
00000001 0 0 000000010 O
00000000 1 0 000000001 O
00000000 0 1 000000000 1

Similarly, one can find other matrices; hence, using these ten matrices we obtain the adjoint
group which is defined by the matrix

A = (Aipi0x10 = Ad(e ") Ad(e™ ") Ad(e™=") Ad (e ™) Ad(e™ ™)
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Ad(e ") Ad (e~ ") Ad (e ™) Ad(e~©™) Ad (e €10"10) Q1)

given in Appendix I.

3.1 Optimal system of one-dimensional Lie subalgebras

In order to form the one-dimensional optimal system of Eq. (2), For the vectors, V =
Z}gl a;iViand W = Z}gl Bi Vi, we apply the adjoint transformations equation for Eq. (2)
is given by

(B1, B2, B3, Ba. Bs. Bo» P71, Bs, Po, Pro) = (a1, az, as, a4, as, ag, ay, ag, ag, ajg) - A. (22)

The following cases are considered to classify the one-dimensional Lie subalgebras of the
resulted nonclassical symmetries.

Case l1a; #0,a3 =0,a4 =0, as =0, ag = 0. Adopt one representative element 7] = 1.
Substituting B; = 1, B; = 0,2 < i < 10 into Eq. (22), we get

4 4
€El=e3 =€ =¢65=€6 =0, = —§(3a2 —ajag), €7 = 2ay, €5 = —348 €10 = 4ayo

€6 is an arbitrary constants.
Substituting a; = 0, as = 0 in Eq. (22) provides new invariants

3
¢(az, az, ay, ag, a7, as, ag, aip) = azag(as)?. (23)
. . . 3
Due to the Remark 2 in [36], we have following three instances as: azag(as)? = 1,
3 3 . . . .
azag(as)? = —1 and azag(as)? = 0. By virtue of second invariant, the following sub-cases
are constructed and discussed below.
Case 2 a3 # 0,a; = 0,i = 1,2,4,...,9. Choose a representative element I, = 14.

Substituting B3 =1, B; =0, 1 <i <10, i # 3 into Eq. (22), we get
€1 =0,e4 =0,¢e5 =0, €g = —ajo,

€2, €3, €6, €7, €9 and €19 are arbitrary constant.
Case 3 as #0,a; =0,a3 =0, a5 =0, ag = 0. Adopt one representative element w = 1.
Substituting B4 = 1,8, =0,i =i =1,2,3,5,..., 10 into Eq. (22), we get

ao 1 10
€1=¢6=0,e3 = —,e4 = =—(10ayag — 3ayp), €7 = ap, €9 = ——-as,
ag 3ag 3
10
€10 = —?(602 — apag)

€7, €6 and €g are arbitrary constants.
Case4ae #0,a; =0,i =1,3,4,5,7,8,9, 10. Adopt one representative element w = V.
Substituting B = 1,8 =0,i =1,...,5,7,..., 10 into Eq. (22), we get
10ay
as

€1 =6 =06 =—
€,i =2,3,4,6,7,8, 10 are arbitrary constants.
Case 5 ap # 0, a7 # 0. Adopt one representative element w = a> 15 + 14, a; € {—1,0, 1}.
Substituting B, = 7 =1, =0,i =1,3,4,5,6,8,9, 10 into Eq. (22), we get

€1=€6=0,eg = — g 10€4, €9 = —ao
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€, €3, €4, €6, €7 and €¢ are arbitrary constants.
Case6ag #0,a; =0,i =1,...,7,9. Adopt one representative element w = 7%. Substi-
tuting fg = 1,8, =0,i =1,...,7,9, 10 into Eq. (22), we get

€1=¢5s =¢7 =0, €3 = ayo,

€2, €4, €6, €8, €9 and €1 are arbitrary constants.
Case 7 a9 # 0,a; = 0,i = 1,3,4,5,6,7. Adopt one representative element w = 1%.
Substituting B =1, 5; =0,i =1, ..., 8, 10 into Eq. (22), we get

0 5
€1=¢6=0, e = 38 €6 = 5(6612 + aioas — ages), €7 = ayg — ages,
€2, €4, €, €3, €9 and €1 are arbitrary constants.

Case 8 ag # 0, a7 # 0. Adopt one representative element w = ag¥s + V4, a6 € {—1,0, 1}.
Substituting B = 7 =1,6; =0,i =1,...,5,8,9, 10 into Eq. (22), we get

3 3
€1=¢€5=0,eg = —5(10612 — ajoaes) — 101064, €9 = —aio

€2, €3, €4, €6, €7 and €1¢ are arbitrary constants.
Case 9 a» # 0,a7 # 0,a19 # 0. Adopt one representative element w = 75 + 14 4+ V.
Substituting B, = B7=Bio=1,8=0,i =1,3,4,5,6,8,9 into Eq. (22), we get

3
= = = 0’ = —6 —_ 1 _— N
€] = €5 = €9 €3 (a2 — 1) T
€, €3, €4, €6, €7 and €1 are arbitrary constants.
Case 10 a7 # 0,a3 # 0,aj0 # 0. Adopt one representative element w = 15 + 15 + Vjp.
Substituting f7 = s =Pio=1,6=0,i =1,2,3,4,5,6,9 into Eq. (22), we get

1
€ =¢€5=0,eg = E(—ﬁ()az —3ajoeq + 3€3€4 + 10€7), €9 = 1 —ajo + €3

€, €3, €4, €6, €7 and €1 are arbitrary constants.
Case 11 ay # 0,as # 0. Adopt one representative element w = 15 + V. Substituting
Bo=Bs=1,8=0,i=1,3,4,5,7,8,9, 10 into Eq. (22) we obtain the solution

1
€1 =€5=0,¢e5 = E(_60a2 — 3ajp€4 + 3agezeq + 10ager), €9 = —ayg + ages

€2, €3, €4, €6, €7 and €1¢ are arbitrary constants.
Similarly, we can find values of ¢;’s for other members of optimal system. We concluded
that the one-dimensional optimal system of subalgebra for KdV-type equation is as follows:

() 71 =
2) =1
Q) =11
@) ="
() 5 =ax¥h + 4,
6) To = 1%
(7 T =%

®) T =aecV + 14,

9 H=1+v%+ %o
(10) Tio = Y1 + % + Yo
(ID) T ="+ %
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3.2 Optimal system of two-dimensional Lie subalgebras

Further, in this section we construct an optimal system of two-dimensional Lie subalgebras
with the help of one-dimensional optimal system [4].

Let < W > be a one-dimensional Lie subalgebra from previous section and consider the
problem of finding all two-dimensional Lie subalgebras containing < W >. To construct such
optimal system, we must find all possible V' € g such that < V, W > is a two-dimensional
Lie subalgebra. As required, < V, W > to be a two-dimensional Lie subalgebra, there must
be some constants A and p such that

(W, V]= AW +puV 24)

which are to be determined. Here, we must find V such that < V, W > is a two-dimensional
vector space, and A and p satisfy (24). This gives number of algebraic equations whose
solutions will give the two-dimensional Lie subalgebras including < W >.

To illustrate, we compute all two-dimensional Lie subalgebras which contain the one-
dimensional Lie subalgebra < Vi >.Let V = ay Vo +- - -+ a9 Vo +ajoVip be a second basis
element of a desired two-dimensional Lie subalgebra. Using Table 1, we obtain

1 1 1 3 1 1
Vi, V]= Zanz —a3V3 + §a4V4 - §a7V7 + ZasVs + 109V9 - ZGIOVIO (25)
which provides the left-hand side of Eq. (24). The problem here is to find ay, ..., ajo not
simultaneously zero and A and p such that

1 1
A=0, pa; = 70 pa3 =03, pag=cag,
1 3 1 1
uas =0, pas =0, pay= 547, Mag = ag, a9 = 749, [1ai0 = —7d10.

4 4
(26)

Case 1: When pu = O then, ap = a3 = a4 = a7 = ag = a9 = ajp = 0. Any a5 and ae,
not simultaneously zero, which is to be chosen arbitrarily. This gives a required member of
two-dimensional Lie subalgebras < asVs + ag Vg, Vi >, (as, ag) € R2 \ (0,0).

Case 2: When p # O then,as = ag = 0. AsV # 0, u = i, is the only choice and
ay, as, aa, a7, ag, ag, ajp which is to be chosen arbitrarily. This gives a required member of
two-dimensional Lie subalgebras < as Vo +a3zVz+a4 Va+a7 V7+ag Vs+a9Vo+aioVio, V1 >
, (a2, a3, as, a7, ag, as, ajp) € R”\ (0,0,0,0,0,0,0).

Secondly, we compute all two-dimensional Lie subalgebras which contain the one-
dimensional Lie subalgebra < Vg >.Let V =a; V| +---4+asVs+a7V7 +agVs + agVy +
aio Vo be a second basis element of a desired two-dimensional Lie subalgebra. Using Table
1, we obtain

1
[Ve, VI =asVs +GQEV2 27
which provides the left-hand side of Eq. (24). The problem here is to find ay, a2, . . . , ajg not

simultaneously zero and A and p such that

1
A=as, paz= 0% M@= 0, paz =0,

nag =0, pas=0, wa;=0, pag=0, pag=0, payp=0. (28)
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Case 3: When u = 0 then, ag = 0. Any ay, a3, aa, as, a7, ag, agp and ajg is not simul-
taneously zero, which is to be chosen arbitrarily. This gives a required member of two-
dimensional Lie subalgebras < a1Vy + --- + a5Vs + a7V7 + agVs + aioVio, Vo >,
(a1, a3, as, as, a7, ag, ay, ayp) € R® \ (0,0,0,0,0,0,0,0).
Case 4: When u # O then, a; = a3 = a4 = as = a7 = ag = a9 = ajo = 0. As
V # 0, = 1 1is the only choice and ap, which is to be chosen arbitrarily. This gives a
required member of two-dimensional Lie subalgebras < a> V2, Vg >, a2 € R\ (0).

This process, applied to all the one-dimensional Lie subalgebras from previous section,
computes the two-dimensional Lie subalgebras which contain one-dimensional Lie subalge-
bras.

4 Group-invariant solutions
In this section, we restrict our study to the one-dimensional optimal system of Lie subalgebras

computed in previous section. We derive several Lie symmetry reductions and corresponding
group-invariant solutions with the help of one-dimensional optimal system of subalgebras.

4.1 Subalgebra T} = 1V:

For the infinitesimal generator

q/_x8+y3+l8 u 9 29)
YT 4x T 20y ar dou
Thus, Eq. (13) becomes
d d d dt d
Rt AR P e (30)
i 2 0 g
which gives
ux,y,z,t) = 7(X,Y, Z), (€Y}

where 7 (X, Y, Z) is similarity function in which similarity variables X, Y and Z can be
expressed as

X=xt 4, Y=y 2 7=z (32)

Using Eq. (31) into Eq. (2), we get the following (2+1)-dimensional nonlinear reduced
equation with variable coefficients as first reduction of the equation given as

F —4 (1077 (655 + Fxxx) + 20%x Fxxz + Fxxxxz + FxxY)

+2F (Y —12%x) + X Fx =0, (33)
where Fx = g—;, Fy = %, etc. To solve Eq. (33), we obtain new set of infinitesimal given
as

X Y F
§X=_ZA1» €Y=§A1, &7 =A1Z+ A, W=Alz, (34)

where A| and A are arbitrary constants.
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4.1.1 For A1 #0, A, =0in Eq. (34)
With the help of characteristic Eq. (13), then function F can be written as
F=ZiG(.s), (35)

through r = XZ Tands = Tyf Putting the similarity form in Eq. (33), we have following
reduced equation

60rG> + G(10Gy 4 60G2 — 1) + G, (24G + 60Gy; — 405G g + r(30G 1)) + 4G
+ 5Gumr + G — 25(G (1 4 60G? + 10G ) + Grrrrs) = 0. (36)

We could not find generators of Eq. (36) because of high nonlinearity. Hence, this equation
can be solved numerically.

4.1.2 For Ay =0, Ay #0in Eq. (34)

Using characteristic equations for this subcase, we obtain the similarity variables as follows
r=X and s =Y with F=G(,s). (37
By substituting F in Eq. (33), we have
G +2Gs(s — 12G,) +rG, — 4G5 =0 (38)

Again, we can find infinitesimals for Eq. (38) given as

r G
& = _Ebh & =bys, &G = Ebl, (39

where b is an arbitrary constant. Then, established characteristic equation for Eq. (39) is

dr ds dG

=— == (40)
—%b] bs %bl
We obtain the similarity variable as w = r /s, and the similarity form is given by
1
G(r,s) = —R(w). (41)
r
Putting G in Eq. (38), we get
w?R” — R' (—6wR' + 6R +w?) =0, (42)

which is a highly nonlinear ODE. where ' denotes the derivative with respect to w. One
particular result is given below

15
R(w) = A (43)
Using Eqgs. (43), (41), (37) in Eq. (31), one obtains
vz ) = (44)
ux,y,z, - _—
re 6t
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4.2 Subalgebra 7, = 15 =

=5
Solving characteristic equations in this case yields
ulx,y,z,t) =5(X,Y, 2), (45)
with X =x, Y =y, Z = z. On inserting Eq. (45) into Eq. (2), reduced equation is
6Fx Fy + 20Fx Fxxz + Fxxy + 105265 + Fxxx) + Foxxxz = 0. (46)
Then, the solution form for Eq. (46) is

F(X,Y,Z) =citanh (c1 X —deselY + 3 Z + ca) + e (47)
with ¢; (1 < i < 4) being arbitrary constants. Hence, Eq. (47) gives
u(x,y,z,t) = cjtanh (clx - 4C3C%y +c3z+ C4) + c2, (48)
Applying Lie symmetry method, Eq. (46) admits infinitesimals as
X
SX:E(A3_A1)+YAS+A6, &y = A3Y + Ay,
1 z
§z =A1Z + Az, ny = E(Al —A3)7+EA5+A7, (49)

with £x, &y, &7 and ns and A; (1 < i < 7) being arbitrary constants. Moreover, some
particular cases are discussed below.

4.2.1 Case Ay #0

Corresponding Lagrange’s equations are given below
dx dY dz d¥

0o 0 1 0 G0
By solving Eq. (50), we obtain
F=qs), (S
through r = X and s = Y. Thus, we have
6GsGr + Grrs = 0. (52)

Substituting G(r, s) = H({) where { = ar + bs with a and b being constants in Eq. (52),
we obtain an ordinary differential equation in H as

6H? +aH" = 0. (53)

The general solution of (53) is given as

1

H@)=a (—a’l)_§ WeierstrassZeta [(—ail)% (€) + c15 {0, 02}] + c3. 54

with ¢, ¢z and c3 being arbitrary constants. Hence, using Eqgs. (54) and (51), we obtain
WeierstrassZeta function solution for governing KdV

_1 1
u(x,y,z,t) =a(—a=')"? WeierstrassZeta |:(—a_1)3 (ax + by + c1); {0, cz}] + c3.
(55)
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f)a=150b=4.

(e)a=1b=4.

(d)a=03,b=4.

() a=1b=20

(h)ya=1,b=5.

@a=1b=1.
Fig. 1 The physical structures of Lump-type solitons and multi-solitons profiles for (55) with parameters

c1 = 154, ¢p = 0.003, ¢c3 = 2717 for (a)—(f) and ¢; = 1, ¢p = 0.3, ¢c3 = 1 for (g)-(i)

we obtain

4.2.2 Case A3 #0
Lagrange’s system for this case is
dx dY dz d
X=7=9°= i _ (56)
2 2
By solving Eq. (56), we obtain
G(r,s)
F = , (57)
VY
through similarity variables 7 = X/+/Y and s = Z. Substituting the value of ¥ into Eq. (46),
2Grrrrs - 3grr - 2Gr(3g + 3(7 - ZOGs)gr - 20grrs) - (r - ZOGS)grrr =0. (58)
(59)

Again, Eq. (58) admits infinitesimal generators as
_ _G
1, & =Dbis+ b, §5= Ebl’

r
Sr = _Eb
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where b; and by are arbitrary constants. Using generators (59), solution G(r, s) takes the
form as

G(r,s) = R(w) /s, (60)
where w = r4/s. Inserting Eq. (60) into Eq. (58), we have
wR® +5R® —3R" + 6R'[(R +wR)(10R' — 1) + 10R"]
+10R + w(30R' — )]R" = 0. 61)

Eq. (61)isahighly nonlinear ODE and cannot be solved easily. Assuming R (w) as polynomial
with constants, we get

1
R = — , 62
(w) Tk +y (62)
where y is the arbitrary constant. Ultimately, group-invariant solution is
Xz Z
u(x,y, z,t) = —+y [ —. (63)
10y y

4.2.3 Case Ay #0

By solving characteristic equations, we obtain

F=qs), (64)
with r = X and s = Z. On inserting the value of ¥ solution (64) into Eq. (46), we get
206, Grrs + 10G5 (66 + Grrr) + Grrres = 0. (65)
Similarity transformation method (STM) provides the following generators infinitesimal
§r =bir + by, & = f(s5), §g = —Gb1 + b3, (66)

where real parameters by, b> and b3 are real arbitrary constants. Using Eq. (66), we obtain
the solution G(r, s) as

byr + R(w) . bir + by
—, with w=—""-.
bir + by bis
Inserting Eq. (67) into Eq. (65), we obtain ordinary differential equation as
biw*RS + 2007w’ R® (bywR’ — by R + byb3) + 10R'bjw’R® — 306} w?R'R"

— 60R’ (blR - ble/) (b% + ble/ — bR+ 2b2b3) + 60b2b3(b% + b2b3)R/ =0.
(68)

G(r,s) = (67)

Eq. (68) is a complex nonlinear ordinary differential equation. General solution is not easy
to obtain, but one solution is given below
bybs
R(w) = yw+ 22 4 by, (69)
1
where real parameters y are the arbitrary constant. Using Eqgs. (69), (67), (64) in Eq. (45),
corresponding rational function solution u is obtained as
b b3

+ —. (70)

14
s V.2, ) = —+ ——m—
ux, 3,2, 1) b1z + bix + by by
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4.2.4 Case A5 # 0

The Lagrange’s equations read as

dx dYy dz df 71
—_—=— = — = 7
Y 0 0 %
which produces
=22 G0s) @)
= r,s),
10Y G
with variables r = Y and s = Z. Thus, one obtains
sGs +rg- =0. (73)
The general solution is given as
s
G =1 (=) (74)
Hence, using Eqs. (74), (72) in Eq. (45), the invariant solution is
XZ Z
ux,y,z,)=—=+f—-). (75)
10y y
with f being arbitrary function of y and z.
4.3 Subalgebra T; = Vj:
Using characteristic equation for 74 = f—f) % + yaa—Z + % %, we obtain
xy 5y°
u(x,y,z,t) = F(X, Y, T)+§, through X =x,Y = _§+Z’ T =t.
On inserting the similarity solution in Eq. (2), reduction equation is
XFx + T (Fr +209x Fxy + 10Fy (657 + Fxxx) + Foxxxy) = 0. (76)

Also, infinitesimals for Eq. (76) are
X F
Ex = Z(Al — A2) + A4T, &y = AoT + A3, &ér = AT, ng = Z(AZ — Ay + As,
7

where A; (1 < i < 5) are arbitrary constants. For completeness, reduced equations and
invariant solutions for subcases are furnished in Table 3.

4.4 Subalgebra T, = Vj:

With the help of Lagrange system for 73 = 387 we found invariantsas X = x, Y =y, T =¢
andu = (X, Y, T). By putting « in Eq. (2), we get

Fxxy +6FxFy + Fr =0. (78)
The solution of Eq. (78) is
c3Y
F = cj tanh (C]X— 42-}-C3T+C4> + cs. (79)
1
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Table 3 Deductions for Eq. (2) in subalgebra 73 = 74

Subcase Similarity variables Reduced equations Group-invariant solutions
1 / 2

1 A ) _Xy _x 3b1tz—5b1y*+3byt

A1 #0,and F=T 4G, s) G+ G- (=3r —80Gs) U=z V. e v

1
other A;’sare zeror = XT 4,5 =Y —40G; (6g,2 ~+ Grrr) — 4Grrrs = 0

1 ) xy  &5(5y2-3r2)
A #0,and F=Y AG(rs) 4rGr +s[4Gs +52606G; + G u =gz — ——350——

other A;’s are zeror = XY%, s=T +6G2Gr + r(2g,2 =+ Grrr))

~+ Grrrr) + 7 Grerer] = 0
A3 # 0, and F=Grs) 5Gs +7G- =0 u=g+f(%)
other A;’sarezeror = X, s =T

A4 # 0, and F = G(r,s) G =0 u=’%+f<zfé—t>

other A;’sare zeror =Y, s =T

with c1, ¢2, ¢3 and ¢4 being arbitrary constants. Using Eq. (79), kink-type solution is obtained
as

u(x,y, z,t) = cy tanh (clx — 23—}2) +C3t+C4> + 3. (80)
c
1

Moreover, by using wave transformation w = aX + bY — ¢T where a, b and c¢ are constants
in Eq. (78), putting F(x, y,t) = H(w), we get

a?bH® (w) + 6abH'(w)? — cH'(w) = 0. (81)
Solving Eq. (81), we obtain

cw

Eventually, solution of Eq. (2)

clax +by —ct
utr v,z = CEERZD (83)

where a; is an arbitrary constant.
4.5 Subalgebra Ts = a) Vs + V4:
4.5.1 Fora =0

Subalgebra reduces to 74 = %, and using its characteristic equation the corresponding
invariant form is

ux,y,z,0) =5(X,Z,T), (84)

with X = x, Z = z, T = ¢. Oninserting solution in Eq. (2), we found the following reduction
equation

Fxxxxz + 20Fxxz Fx + 1077 (6%% + Fxxx) + Fr = 0. (85)
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The solution for Eq. (85) is

F(X,Z,T) = ¢s + ¢ tanh <c1X— 1;342-{—C3T+C4>. (86)
€1

where c1, ¢2, ¢3 and ¢4 are arbitrary constants. Using Eq. (86) in Eq. (84), the kink-type
solution of Eq. (2) is

u(x,y,z,t) =cy +cjtanh | c1x — c—34z+63t+C4 ) (87)
l6c|

Again, new set of infinitesimals for Eq. (85) are
X
§x = Z(Al —A3)+As, §z=A3Z+ A4, &1 =A1T + Az,
F
ng = Z(A3 — Ay) + Ag, (88)

where A; (1 <i < 6) are arbitrary constants.

When A1 =0, Az = 0 in Eq. (88)

Characteristic equations are given by
dX dz dr dF¥
—=—=—=—. (89)
As Ay Ao Ag

Using Eqgs. (89), the solution with similarity variables is given by

A A A
T = (i) T + G(r,s), with the help of r = X — (i> T.s=7-— (—4> T. (90)
Ap Ap Ap

Substituting the above invariant form in Eq. (85), the reduced equation is given as
A6 = Gr(As = 20A2Gi) + Ge(—Aa + 1042(667 + Grr) + A2Grrrs = 0. (91)
Again, new set of infinitesimal generators are
& =Dby, & =01, ng=bs, 92)
where b1, by and b3 are integral constants and group-invariant solution is

by

(b3 —_ (22
g_<a)s+R(w), where w =r (bl)s. (93)

Using the value of G in Eq. (91), we have

Azb2R® 4+ (10A2(R® + 6R?) — Ag) (b3 — boR))
— R'(20A2b,R® + Asby) + Aghy = 0. (94)

Unfortunately, the solution for Eq. (94) is extremely difficult to solve analytically, and we
can assume one particular solution given as

R(w)=bw +c, 95)
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where b and c. Here, b in terms of other constants is given as follows

2/3 2 2
V548 + sl v/A7 N 52/ (—20A2b3 — Agbs + Asblbz) . b3

30A2b 300, 3 Ag + @ 3by

b=-—

where
4 3 2)2
A7 = 2916000043 (40A2b~3 — 3byb3(2A4by + Ashy) + 9A6b1b2)
2,2 3
+ (—3600A2b3 — 180A2br(Ayby — A5b1)> s
Ag = —200A3b3 + 15A3b7(2A4bab3 + Asbibs — 3Aeb1by).

Hence, using Eqgs. (95), (90) in (84), solution for Eq. (2) is given as

A2(b1(bx 4 ¢) + z(b3 — bby)) + t(Aybby — Asb3 — Asbby + Agby)
Azb '

ulx,y,z,t) =
(96)

4.5.2 Fora, =1

il

u’

Thus, corresponding subalgebra reduces to 75 + 14 = % +
equation, the similarity solution is

and using its characteristic

ulx,y,z,t)=y+5(X,Z,T), o7)

where the similarity variables X = x, Z = z, T = ¢. Putting above value of « in (2), one
obtain

Fxxxxz + 10FxxxFz + 2Fx (3 + 30Fx ¥z + 10Fxxz) + Fr = 0. (98)
The solution for Eq. (98) is given by
F = cs 4 cptanh(Xcy + Zes — 2Ter(3 + 8c3es) + cq). (99)
Hence, with the help of Eq. (99) in (97), one gets
u(x,y,z,t) =y +cs+crtanh(xcy + ze3 — 2tca (3 + 8C%C3) + cq). (100)

The case for ap = 0 is already discussed when we take subalgebra 74. Similarly, we do for
ap = —1 to obtain solution of Eq. (2).

4.6 Subalgebra Ts = 1%:

y

Using the characteristic equation for 13 = t% + 53, We get
Xy
M(%)UZJ):E‘FT(Y; Zv T)s (101)

with Y =y, Z = z, T = t. Making the use of u in (2), we have
372 Fr +5Y? 57 +3YTFy = 0. (102)
By solving Eq. (102), we obtain

(103)

T 32T —5Y2
Y’ 3T ’

T(Y,Z,T)=g<
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v 20 75 20 25 30 35 o

] 1 2 3 @

(@) = =0.9654,¢ = 6. (b) =1,5,10,z = 0.9654. (c) = = 0.9654, ¢ = 6.

Fig. 2 The physical structure of W-shaped soliton profile for (104) presents doubly soliton, travel-

. . _5y2 ) 3 2(3z-5y2
ing wave along the x-axis for g (%, 3zt3t5y ) = tanh? (%) + tanh? <2yt3 + Q +
2
3tz—5y2) N
2 ( 2t
tanh o2 + 37 +1

(a) z=0.9654,¢ = 6. (b) 2 = 3.5,z = 0.9654. (c) z = 0.9654,t = 6.
Fig. 3 The physical struture of M-shaped soliton profile for (104) shows doubly soliton, and 2D

52 2 3 2(31z-5y2
plot exhibits solitary waves for g <’ %) = sech? (%) + sech? (2;3 + g +

y;
(3tz75y2)2

2
sech o

2
+2 +1
y

Hence, using Eq. (103) in Eq. (101), we get the desired group-invariant solution

Xy t 3zt —5y?
M(X’Y’Z»t)=§+g<;’T . (104)

Choosing two suitable values of arbitrary function g(-, -) in the form of tanh function via Fig.
2 and sech function via Fig. 3 is demonstrated.

4.7 Subalgebra T; = V%:
For 1 = y% + %, using characteristic equation we get
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(a) z=1,t=15 (b)z=2,2=1t=15 (¢) z=1,t=15

2
2 2
Fig. 4 The physical structure of single soliton profile for (108) with g <§, @) = tanh [@]

shows perspective view of the real part of the dark-bright soliton solution, the wave propagation pattern of the
wave along the y-axis

Xz

ux,y,z,t) =5, Z, T) + —, (105)
10y
with invariants Y =y, Z =z, T =1t.
Putting the above invariant solution in Eq. (2), we have
3Z
Fr + m(zfz +Y%)=0. (106)
which has the general solution
5o o % 32T = 5y2 (107
“\y " 3z )
Hence, using Eq. (107) in Eq. (105), we get the desired group-invariant solution is
Xz 7 3zt —5y?
ux, oz = g (2, 220 (108)
10y y 3z

Some particular solutions are shown in Figs. 4 and 5.

4.8 Subalgebra T3 = agVs + V4:

For ag = 1, I3 becomes 1 + 14 = ai + {,a—z and using its characteristic equation, we get the
desired invariant solution as u(x, y, z,t) = F(X, Y, T),with X =x,Y =y —zand T =1t.
Thus, the reduction equation is

Fr + (1 = 20F%) Fxxy — 2y (=3F — X + 3072 + 5Fxxx) — Fooxxy =0 (109)
By solving Eq. (109), we found the value of ¥ as

1 1 4
F=c1+ —=tanh(—=X+ —Tc3 —Yc3 — ) (110)

V5 2J/5 25

with ¢y, ¢2 and ¢3. Hence, using Eq. (110), the group-invariant solution in this case is
( 1) + ! t h( ! +4 t—( ) > (111)
ulx,y,z,t) =cy+—=tanh | —=x + —c3t — (y —2)c3 — 2
NG 25 25
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2 3 4 5

(@) z=1t=14 (b)z=2,2=1t=14 ©z=1t=14

2
—5y2 _52
Fig. 5 The physical structure of single-soliton profile for (108) with g %, LI&SY ) = sech [73113},” i|

shows perspective view of the real part of the bright-dark soliton solution, the wave propagation pattern of the
wave along the y-axis

Following similar procedure we reduce Eq. (2) to ODEs and hence obtain solution for the
case ag = —1.

4.9 Subalgebra Ty = 15 + V5 + Vio:

In this case subalgebra is given by

d a d
N+ Vi+Vo=—+—+—,
2+ V1 + To 8x+8y+8u

and using corresponding characteristic equations, we have u(x, y, z,t) =y + ¥(X, Z, T),
with X =x — y, Z = zand T = ¢. Putting the value of u into (2), we have

Fr + (=6 + 60F7) F + Fx (6 + 20Fxxz) + (107 — D) Fxxx + Fooxxz =0 (112)

Solving Eq. (112), we get

1 1 (750c3 — 1)
F(X,Z,T) =10cyc; + Wtanh — X+ Zcy — ————

T+ 113
& 20¢, 2500c3 4) (a3

where ¢y, ..., ¢4 are arbitrary constants. Hence, one obtains

(750c3 — 1)

25003

¢ 114
10c, +C4) (114)

1 1
u(x,y,z,t) = 10cc; + —tanh | —(x — y) +zc2 —
20c¢;

Moreover, generators of Eq. (112) are
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1 1
& = Z(lgt +x)by + Z(6t —x)b3 +bs, & =bsz+bs, & =bit + by,

1 1 3
= —(—10b; + 10b —zb1+ —b be, 115
uls 40( 1+ 3)M+4021+40 32 + be (115)
where by, ..., bg are arbitrary constants. The characteristic equation is
dx _dz 4T
A8t + )by + 161 —x)bs +bs  bsz+bs bit+by
dr
= i 3 . (116)
70 (—10b1 + 10b3)u + z5zb1 + 55032 + be
Let b3 = by, then group-invariant is
1 by — 10b¢) log(b1Z + b
FXLZ,T) = Gl s) 4 — (72— L1 I08GIZEDON g
10 by
where
6by — bs)log(b1T + b b1Z+b
r=( 2 — bs) log(b +2)—6T—|—X,s= 21 tha (118)
b bl T + bi1by
Reduced (1+1)-dimensional equation is given as
(bISGr (20G s 4 6b2 — b5) + b1SGrprs — 6(bg — 10b6)G% — (by — 10b6)Grrr)
—b1sGy (bis — 10 (6G7 + Gry)) = 0. (119)
Under the condition bg = %, then above equation can be recast as
bis (G (60G? + 10Gyy — b15) + G (20G s + 652 — bs) + Gmes) = 0. (120)
Using infinitesimals, we write characteristic equation as
dr ds dG
—=—=—. (121)
di 0 d
Then, we obtained G(r, s) = ddz—lr + R(w), where w = 5. We get the desired ODE as
bidas(6by — b 60d3
DibsOh2 =b5) sk (s) (1s - 22) <o (122)
d dj
The primitive is
d>(6by — bs)log (b1d?s — 60d3
R(s) = o) + 20027 0s) g (b4 2). (123)
bid,
Using back substitution, we obtain group-invariant solution is
2 2
bsdy In (% - 60d22> 6byd; In <% - 60d22>
, .2, 1) =ay —
u(x,y,z,t) =a brdi + brd:
bsdy In(bit + by)  6bady In(bit +by)  6dot  dox  doy g z
bid, bidy 4 a4 T
(124)
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4.10 Subalgebra Tio = V7 + 13 + Vio:

For the infinitesimal generator

a y 0

dy  6du’

ultimately gives u(x,y,z,t) = F(X,Z,T),where Y = x —y(l+1¢),Z=zand T =1t.
Putting the above value of u into governing equation, we have

0
{V7+(V8+‘V10:(t+1)£+

Fr 4+ 20Fx Fxxz + Fooxxz — (1 + T — 10F2)(6F2 + Fxxx) = 0. (125)
Infinitesimals of Eq. (125) are
2~ ~ -5 . - - -
€x=§b1x+b4, Ez=?b1z+b37 E&r =b01T + by,
1 - 1 - -
s =—(=3Z—-20F)b —Zb bs, 126
Ny 30( 57)1-1-10 2 + bs (126)

with b 1, b}, b~3~ , 54 and 55 being the arbitrary constants.
Case I If by # 0, then using Eq. (126)

X dz ar df
IX+b  RZ+by T+by  5(=3Z—20F)+ 15Zbs + by

(127)

where by = ZTI’ by = ﬁ, b3y = Z%, by = %, then similarity forms of original equation yield

1
F(X,Z,T) = (3by—52)*°G(r, s) + 59 Bb2(bs = 1) + 2(=b3Z + 15bs + 2)), (128)

with similarity variable

3by +2X
y = 7%
2(by +T)23

The second reduction in this case

1
and s = —=(3by = 5Z) (b3 + T) /3. (129)

— 60 x 5%35%5G, (2Gy + 55Gs)
43 x 525525 <—50sGs —20G - (59)*%) <6 525525G2 4 Gm>
+ 55 2rG, — 55Gy) — 155Gpprs — 6Gpy = 0. (130)
Clearly, one nontrivial solution of Eq. (130)
G(r,s) = ¢, aconstant, (131)
Eventually, group-invariant solution of Eq. (2)

1 2
u(x, y,2,1) = 55 (Bba(bs = 1) +2(=b3z + 15ba +2)) + ¢(3b2 - 52)*° + % (132)
which presents a parabolic wave profile in y — z plane.
Case II: If by = 0, then using Eq. (126) then we obtain
dX dz dT dF
—=—=—=g—, (133)
by b3 by {5Zby + bs
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then similarity forms of KdV-type equation yield

B2 4 10bsZ

X, Z,T)= R
FX,Z,T)=G(r,s) + 1063

)

bz

where similarity variables s = Z — % andr = X — 3=,

The second reduction of Eq. (2) produces

by ((603 +GO00,5)) (106G, — 10b4G, + bas — b + 10b3)
+20Gr (bSGrrs - b4GI'IT) + b3Grrrrs)
— b2bs G — B3G5 = 0.

Infinitesimals of Eq (135) are

& =d, & =0, ng =d,

(134)

(135)

(136)

where d; and d are arbitrary constants. In order to find corresponding third reduction using

Eq. (136), we obtain the correspond group-invariant form
dor
G(r,s) = —— + R(w),
di
with w = s, which leads to ordinary differential equation given as

6byd? (bzs +10b3R/(s) — by — 1o 10b5)

— B2R'(s) = 0.

The solution of (138) is

6b2d3 (3brdiw? — bsdiw — 10bsdrw + 10bsdw)

R =
() bydy (bad? — 60b2d2)

cl.

Eventually, the group-invariant solution of (2) is

6byd? <—10b4d2 (z - ’;—32’) + 10bsd, (z - ’%’) + Lbady (z - @—32’)2 — bydy (z -

(137)

(138)

(139)

)

u(x,y, z,t) =
byd; (b3d12 —60b2d§)
2 byz
bZTZ-l-l()sz dz(—%—(l-i—l)y-i-x)_‘rc +ﬁ
1003 d TN

which exhibits also a parabolic wave profile in x, y, z, 7.

(140)

Remark The obtained group-invariant solutions including the WeierstrassZeta function, M-
shaped solitons, W-shaped solitons, multi-solitons and rational function solutions which
are entirely different compared to other researchers works [29,32-34]. Also, the different
dynamical structures of these solutions have rich localized structures due to the existence of

free parameters in the infinitesimals.

@ Springer



531 Page 28 of 36 Eur. Phys. J. Plus (2021) 136:531

4.11 Subalgebra 111 = 15 + Vs:

For the infinitesimal generator

d ad
V+Ve=—+ —,
2+ V6 Bz+8u

we have following characteristic equation
dx dy dz dr du

g 141
0 0 1 0 1 (141)
The similarity form of the solution of Eq. (2)
ux,y,z,t) = 5(X, Y, T), (142)

with similarity variables X = x, Y = y and T = ¢. Inserting the value of « into (2), we have

Fr +6Fx Fy + 6052 + Fxxy + 10Fxxx = 0. (143)

To solve Eq. (143), we obtain new set of infinitesimal generators given as

X 1
§x = _E(X —10M)A; + 5(—X +30Y)A4 + AT + A7,

&y = A3T 4 A4Y + As,
&r = AT + Az,

1 1 1
ng = 8(—3A1 +3A0F + E(X —20Y)A3 + EYA(’ + Ag, (144)

where A1, Ay, A3, A4, As, Ag, A7 and Ag are arbitrary constants.
For A;, As, A7 and Ag being nonzero and taking all other constants zero, we obtain
following characteristic equations
dx dYy dT d¥

—_— == 145
1 1 1 1 (143)

The function F can be written as
FX, Y, T)=T+ G(r,s), (146)

throughr = X — T, s = Y — T. Putting the similarity form in Eq. (143), we have following
reduced equation

1-G; -G, +6G,G, + 60G% + Gis + 10G = 0. (147)
Again we can find infinitesimals for Eq. (143) given as

dr _ ds _ dG
L(—r +405)B + Bs  Bis+By  L(—r +5+3G)B + By’

(148)

where Bj, B2, B3z, By are arbitrary constants. Let us take By = 0, then the desired character-
istic equations are given as

d d dG
a_ e _9ar (149)
B3 B By
We obtain the similarity variable as w = r — g—;, and the similarity form is given by
B
G(r,s) = —s + R(w), (150)
By
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Putting G in Eq. (147), we obtain
By — By + R'(=By+ B3 + 6B4 + (60By — 6B3)R") + (10B, — B3)R” =0 (151)
Primitives for Eq. (151) are

B (B — B3 — 6B4 + J/E)w
Rw)y=a+ =08, 68y

B (B — B3 — 6B4 — JJ&)w
R(w)=o+ 2608, — 6B3) (152)

where & = —239B2 + 22B> B3 + Bg + 228ByB4 — 12B3By4 + 36B4 and « is an arbitrary
constant. Using Eqs (152), (150), (146) in (142), we obtain
(By — B3 — 6B4 + /E)w

B
WOy, =k =0+ 2608, —6ay (B2t~ + B =) (153)

B3z — 6B4 —
uey.zn) =it gt (y,,H( 2(6232_233)@"’(320fx>+33(yfr>>. (154)

In summary, the physical interpretation of the resulting soliton solutions is illustrated by
various three-dimensional, two-dimensional and contour graphs through numerical simula-
tion. The constructed group-invariant solutions involve many arbitrary constants and arbitrary
functions, thereby exhibiting rich physical structures and including the existing solutions in
the literature.

5 Adjoint equation and conservation laws
5.1 Necessary preliminaries and adjoint equation

For a given differential equation, there is a close connection between Lie symmetries and
conservation laws as established by Noether’s theorem. To derive conservation laws of Eq.
(2), we use the following Theorem proved by Ibragimov [6,38].

Theorem 1 Any symmetry (Lie point, Lie-Bdcklund, nonlocal symmetry)

. d d
X =&, uuq,.. M(s)) 70w, uq, . -M(s))a, (155)

of Eq. (2) provides a conservation law D; (Ci) = 0 for the system consisting of Eq. (2) and
the adjoint equation

§(pF)
F*( tt, v, 11y Yty (s)ys Vi) = ;’T = 0. (156)
The conserved vector is given by
oL oL oL
=EL4+ W —Dj D;D, —... 157
=&L+ |:8u, ]<8u,j>+ J k(f)uijk> ] (157
oL oL aL
+D/(W)|: —Dk< )...]+DjDk(W)|: ] (158)
ou;j oujji ujji
where W and L are defined as
W=n—Eu;, L=p@)FQ&, uuqy,..ug)- (159)
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For a conserved vector, the following conservation equation holds:
Dy (C*) + Dy(C*) + D(CY) + Dy (C") =0 (160)

where C* = C*(t,x,y, z,u,...),CY = CY(t,x,y,z,u,..), C* = C*(t,x,y,z,u,...),C" =
Cl(t,x,y,2,u,...).
A formal Lagrangian for three-dimensional KdV-type equation is

L= p(x,y,z, Our + 6uyuy + xxy + thxxxxz + 60”;25’/‘1 + 10uxxxtt; + 20uxuxxz]. (161)

Here, p(x, y, z,t) is a new dependent variable also known as adjoint variable. According to
Eq. (161), we obtain

L
Fv = —px(6uy + 120u;uy + 20uxx,) p(120ux1tx, + 6uxy + 120u;uxx + 20uxxxz),
x
L L )
37 = _6pyux - 6P”xy» —— = —pz(60uy + 10uxxx) — p(120uxux; + 10uxxxz),
Uy au,
oL 0L
— =P, —— = —20ux; pxx — 40 pxslixx
duy Ollxxz
— 20uyx pxxz — 40pyitxxz — 20 pzutxxx — 20 plixxxz,
9L L
= —DPxxy, 7 = —30u.; pxx — 30pxutxxz — 10u; pxxx
auxxy OUxxx
L
— 10 puxxxz, 37 = — Pxxxxz (162)
XXXXZ

The adjoint equation for (3+1)-dimensional KdV-type equation is given by

§L
F*=-—=0, (163)
Su
where
8£_8£ 0L DBE 0L D8£ D.D.D oL D.D.D 0L
Su ~ du xaux yauy ZBuZ tau, A yaum A Xaum
L L
—DyDD,—— — DD+ D DD, —, (164)
Ollxxy Olxxxxz

where Dy, Dy, D, and D, denote the total differentiation with respect to x, y, z and ¢, respec-
tively. Substituting Eq. (164) into Eq. (163), the adjoint equation for the (3+1)-dimensional
KdV-type equation is expressed by
F*= —Pr — 6py”x - 6puxy — S0uxz pxx — 40pxzttxx — 20Uy Pxxz
—T0pyuxxz — Px (6My + 120u;uy + 20uxx,) — Pxxy — 10u; pxxx — 20 uxxx
- pz(60“)2( + 10uxxx) — 30puxxxz — p(120uyux; + 10uxxxz)
— p(120uxux, + Guxy + 120uzuxx + 20uxxxz) — Prxxxz- (165)
Clearly, when p = u, we obtain
—ur — 12uyuy — 180uzu§ — 240uuyux, — 12uuxy — 120uu;uxx
— uxzuxx — 110uytixx, — txxy — 40uztixxx — 60uUxxxz — Uxxxxz = 0. (166)

It is easily obtain that on substituting « instead of p in adjoint equation (2) is not recovered.
Thus, (3+1)-dimensional KdV-type equation is not self-adjoint .
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5.2 Conservation laws

Using Lagrangian in Eq. (161) and Theorem 1 for Eq. (2), the general form of conservation
laws is given as

oL oL L oL L
c* =SIL+W<—+DXX + Dy, + Dyy + Dyxxz )
duyx Juxxx Ouxxz auxxy Juxxxxz
L L L L L
+w < — Dy - -D -D -D )
* Quxx * duxxx 4 8Mxxy ‘ Ouxxz e OUxxxxz
L L L oL oL
W — Dy —— W, — Dy —— — Dxxx ——
HE <3uxy * 3Mxxy> G (314)(2 * Juxxz e aMxxxxz)
oL L L L L
FWix | 70— +Dxem—— | + Wy +Wxz | 7— +Dxx7——
Juxxx Juxxxxz aMxxy duxxz Juxxxxz
L L oL
+ Wxxx <—Dz P > + Wxxz <—Dx B > + Wiz 7—
dUxxxxz dUxxxxz dUxxxxz

, , L L
c>=s>£+w<3—+Dx )—i—Wx(—Dx
uy

X
8uxxy

oL w oL
3Mxxy = aMxxy ’

L 9L 9L oL oL
CZZSZE‘FW(Z)M + Dxx ; + Dxxxx ) + Wy <—Dx —'Dxxx7>

z duxxz dUxxxxz Uxxz OUxxxxz
L oL AL
+ Wix (Dxx ) + Wyxx <—Dx ) + Wixxx ( ) s
Juxxxxz Ouxxxxz Ouxxxxz
. Y
C'=tL+W—, 167)
31/{[

with W = n — & uy — &yuy — Tuy.

In this article, we consider conservation laws related with two infinitesimal symmetries
74 and V)o. They are given as follows: For the symmetry 73 = 5—’[ we have W = —u;. Now,

using Egs. (162) in Eq. (167), the corresponding conservation laws are

C* =ty px — pitxyr — Uxz1(20puy + pxx) — (10puz + pxz)itxxs
+ wxs (py 4 10uz px +20pzux + 30piu; + prxz)
— U (20ux px; +40pxtiy; + pry + 10uz pry +20p uxy
+2pQBuy + 60uzuy + 25uxxz)) + Prltxxz
+ 1zt (20pxity +20pitxx + Prxx) + Pzllxxxt — Plxxxzts

C” = pxtxr — u(6pux + prx) — pllxxr,

C* = —=(20puy + pxx)itxxt + xi (20pyuty + 20putxx + prxx) + Prllxxxt
— 4 (20U pry +40pyitx +30p(2u;
+ Uxxx) + Pxxxx) — Plxxxxts

c'= —pus + p(us + 6uyux + 60”2”,% + 20uyuxy, + Uxxy T 10uztyxx + tyxyxz),
(168)

For the symmetry Vg = %, we have W = —u,. Now, using Eqgs. (162) in Eq. (167), the
corresponding conservation laws are

Cc* = —Zouszz + Dxlixy — Uy (20pyux, + Pxy + 10u; pxx) + Pylxx + 10u; pyuxx
+ Uxx Pxxz — Dxxlixxz + (s — 60“1”,% + S0uxzutxx — SO0uxtixxz) + txz Pxxx
— DPxzUxxx + PxUxxxz + Pzlxxxxs

cY = —Uy Pxx T Pxlxx — P(6M)2¢ + Uxxx,

@ Springer



531 Page 32 of 36 Eur. Phys. J. Plus (2021) 136:531

C% = —20u2 pxxitxx Pxxx — Pxxixxx — Ux (20Pxlixx + Pxxxx) + Prlhxxx
— p(60u? — 20uZ, + 50utxxx + Uxxxxx)s
C' = —puy,
(169)

Similarly, one can obtain other conservation laws corresponding to each Lie point symmetry.
Making use of explicit solutions of Eq. (165), nonlocal conservation laws in case of each Lie
point symmetries can be obtained for (3+1)-dimensional KdV-type equation.

6 Results and discussion

The exact analytical wave solutions are obtained with the help of symbolic computation via
Lie symmetry analysis for a (3+1)-KdV equation. The dynamical behavior of obtained solu-
tions demonstrates the different lump-type soliton solutions for adequate choice of arbitrary
independent functions and free parameters. Some important physical structures are obtained,
and a summary of the profiles of the solutions is as follows:

Figure 1 shows the physical structures of Lump-type solitons and multi-soliton profiles for
(55) with parameters ¢; = 154, ¢; = 0.003, c3 = 2717. Properties of such solitons reveal
that solitons do not transform their size and shapes when they are associated with each
other and complete elastic nature is described by the wave structures. In this figure, we
have shown elastic behavior with parameters (a) a = 0.3,b = 1, (b)a = 1,b = 1, (¢)
a=15b=1,(da=03,b=4,(c)a=1,b=4,f) a = 1.5,b = 4. Moreover,
annihilation has been achieved for parameters (g) a = 1,b = 1,c1 = 1,¢ =0.3,¢c3 =1,
hya=1,b=5c1=1,c20=03,c3=1,0)a=1,b=20,c1=1,c=03,c3=1.In
this figure, we have observed annihilation of multisoliton into a stationery wave profile for
Eq. (55) by changing the specific arbitrary constants as ¢y = 1, ¢ = 0.3, ¢3 = 1.

Figure 2 exhibits the physical structure of W-shaped soliton profile for (104) presents

2 W)
doubly soliton, traveling wave along the x-axis for g (f, @) = tanh? (%) +

2(3tz—5y2 3tz—5y2)> 2 . .
w % + 2}% + 1 ). Moreover, two-dimensional wave
profiles and contour plots are demonstrated in this figure for parameters z = 0.9654,¢1 = 6
and x = 1, 5, 10. An important observation is the amplitude, the velocity and the shape of
the soliton remains constant.

Figure 3 shows the physical struture of M-shaped soliton profile for (104) shows dou-

2 52
bly soliton; 2D plot exhibits solitary waves for g (é, @) = sech? (%) +

3
tanh? % + +tanh?

2(3tz—5y?) (3tz—5y2)2
t 92

2 (263 2 22 . . .
sech 33 + + sech + + 1 ). In this figure, three-dimensional

plot is sketched using z = 0.9654, t = 6, two-dimensional plot shows M-wave propagation
for x = 3.5,z = 0.9654 and a contour plot is also exhibited for z = 0.9654,t = 6. Such
solitary waves type precisely M-shaped and W-shaped solitons described the propagation of
ultrashort pulses in optical fibers [39].

Figure 4 represents V-type physical structure of single soliton profile for (108) with

7z 3z2t=5y% 31z—5y? 2 . . .
g (5, T) = tanh [T] shows perspective view of the real part of the dark-bright
soliton solution and the wave propagation pattern of the wave along the y-axis. It includes
three-dimensional plots for z = 1, t = 15, wave propagation using two-dimensional plot for

x =2,z=1,t =15 and contour plot forz = 1, = 15.
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3 5

E3 o

(@ t=4 (b) t=4andz =0,2,4 (¢) y=5andVt

Fig. 6 The physical structure of kink wave soliton profile (111) for ¢; = 0.4873, ¢c; = 0.3374 and ¢3 =
0.3984 shows strip single soliton in 3D plot; 2D plot with three values of x and corresponding contour shape

Figure 5 exhibits the physical structure of single soliton profile for (108) with g <§ , #) =

_— 2 2 . . . . .
sech [%] and shows perspective view of the real part of the bright-dark soliton solution,

the wave propagation pattern of the wave along the y-axis. It includes three-dimensional plot
forz = 1, t = 14, wave propagation using two-dimensional plotforx = 2,z = 1,1 = 14 and
contour plot for z = 1, r = 14. Such types of solutions are new soliton solutions obtained in
this work that can help us with understanding the propagation of solitons through a nonlinear
medium.

Figure 6 shows the physical structure of Kink wave soliton profile (111) for c; = 0.4873,
¢2 = 0.3374 and ¢3 = 0.3984 which describes strip single soliton in 3D plot; 2D plot
with three values of x and corresponding contour shape [40]. Using the values of certain
free parameters, we can control the solitons propagation direction and speed and reduce the
interactions between them as well.

Itis interesting to notify that the established solutions in this article have not been reported
in the literature. Furthermore, the wide diversity of features and physical parameters of these
generated soliton solutions are illustrated with the assistance of 3D plots, considering the
suitable choice of involved arbitrary independent functions and other constants. Such type of
investigation is highly recommended in the areas of progressive research and development.

7 Conclusion

Applications of the Lie group-theoretic method are well defined for constructing Lie point
symmetries and group-invariant solutions of three-dimensional KdV-type equation. The geo-
metric vector fields spanned by ten basic Lie point symmetries are obtained with the help of
computerized symbolic computation Maple. An optimal system of ten symmetry subalgebras
is established to classify all the symmetry reductions. By using the optimal system, Eq. (2) is
converted into numerous NPDEs with less order. In this work, symbolic computation is used
for numerical simulation of various solutions and different types of solutions are derived and
interpreted via three-dimensional and two-dimensional graphs through Mathematica 11.3.
The obtained solutions are given by equations (44), (55), (70), (75), (80), (83), (96), (104),
(108), (111), (100), (114), (124), (132), (140) which are entirely different compared to the
works [33,34]. Using the Ibragimov approach, we constructed nonlocal conservation laws
for some Lie point symmetries. The obtained conservation laws can be used in the construc-
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tion of new numerical schemes and stability analysis of solutions so obtained. Some exact
analytic solutions in the shapes of kink waves, traveling waves, single solitons, doubly soli-
tons, curved-shaped multi-solitons and explicit WeierstrassZeta are constructed by Lie group
of transformation method. Moreover, this work reveals that some traveling waves which
propagate are solitary wave types precisely M-shaped, W-shaped solitons and dark-bright
solitons.
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