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Abstract Under investigation in this paper is a (2+1)-dimensional generalized
Bogoyavlensky—Konopelchenko equation in fluid mechanics and plasma physics. We obtain
the Lie point symmetry generators, Lie symmetry group and symmetry reductions via the Lie
group method. Hyperbolic-function, power-series, trigonometric-function, soliton and ratio-

nal solutions are derived via the power-series expansion, polynomial expansion and (%)
expansion method.

1 Introduction

Nonlinear evolution equations (NLEEs) have been applied in fluid mechanics, plasma physics
and nonlinear optics [1-37]. Researchers have proposed certain methods for solving the
NLEEs, such as the Darboux transformation, Bicklund transformation, inverse scattering
transformation, Lie group, consistent Riccati expansion, power-series expansion, polynomial

’

expansion, % expansion and Hirota bilinear methods [38—53]. The Lie group method has

been used to look for the group invariance and certain reductions to the NLEEs [38,54—
57]. Based on the reduced equations, certain solutions for the NLEEs have been constructed
[17,18,58,59].

A (2+1)-dimensional generalized Bogoyavlensky—Konopelchenko (gBK) equation in fluid
mechanics and plasma physics has been constructed as [60]

2k1k3
Uyt + Kityxxx + kZMxxxy + Tuxuxx + k3uxuxy + k3uxxuy
+ Vilxx + Volxy + V3lUyy = 0, D

where u = u(x, y, t) is a real function, x and y are the scaled space variables, 7 is the scaled
time variable, ki, k2, k3, y1, 2 and y3 are the real constants and the subscripts denote the
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partial derivatives. Lump-type and lump solutions for Eq. (1) have been derived via the Hirota
bilinear method [60].
Special cases for Eq. (1) in fluid mechanics and plasma physics have been seen:

e When k3 = 3,k = land ky = y; = y» = y3 = 0, by virtue of a dimensional
reduction uy=u, and a potential function transformation A (x, t) = u,(x, t), Eq. (1) has
been reduced to the Korteweg-de Vries equation,

ht + hyxy + 6hh, =0, (2)

for certain shallow water waves, stratified internal waves in a fluid or ion-acoustic waves
in a plasma [61-66].

e Whenk; = 1,k3 =4 and k; = y; = y» = y3 = 0, Eq. (1) has been reduced to the
Bogoyavlenskii’s breaking soliton equation,

Uyt + Uxxxy + duxxty +duyuyy =0, 3)

for the interaction of a Riemann wave propagating along the y axis and a long wave
propagating along the x axis in fluid mechanics [67].

e When kp = 1, k3 = 3 and k; = y; = 0, Eq. (1) has been reduced to the generalized
Calogero-Bogoyavlenskii—Schiff equation [68],

Uxr + Uxxxy + 3uxxuy + 3”xuxy + Vauxy + Y3Uyy = 0. 4

However, to our knowledge, the Lie point symmetry generators, Lie symmetry group
and symmetry reductions for Eq. (1) have not been discussed. Hyperbolic-function, power-
series, trigonometric-function, soliton and rational solutions for Eq. (1) have not yet been
investigated via the Lie group method. In Sect. 2, the Lie point symmetry generators and
Lie symmetry group for Eq. (1) will be derived. In Sect. 3, symmetry reductions as well as
hyperbolic-function, power-series, trigonometric-function, soliton and rational solutions for
Eq. (1) will be obtained through the Lie point symmetry generators. In Sect. 4, the conclusions
will be given.

2 Lie group analysis for Eq. (1)

2.1 Lie point symmetry generators for Eq. (1)

According to the Lie group method [54], we consider a one-parameter Lie group of the

infinitesimal transformations acting on the independent and dependent variables as
F=x+eE(x, y,t,u)+ 0,

=y +en(x,y, t,u)+ 0,

=t+et(x,y, 1,u) + O(e?),

=u+ep(x,y, t,u)+ O, 5)

S TR =

where X, ¥, 1, i, €, n, T and ¢ are the real functions of x, y, t and u, € is a parameter of the
infinitesimal transformation and O (¢?) is the infinitesimal of the same order of €2.
Lie point symmetry generators for Eq. (1) are

d d d d
V=Ex,y,t,u)— +nx,y, t,u)—+7(x,y, t,u)—+ o, y,t,u)— (6)
ox dy ot du
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with £, n, T and ¢ satisfying the condition
PrV(E) g= =0, @)

where

2k k3
E =uy +kittyrcx + k2uxxxy + Tuxuxx + k3“x“xy

+k3uxxuy + Vidxx + Vouxy + Y3Uyy. ®)

PrOvV() represents the fourth prolongation of V, defined as [69],

a Gl Gl Gl
ProvVe) = 6500+ ng O+ 150 +05.0)

PO P () 6 ()
Bux 8uy auxx auxy
d a el el
yy . Xti . XXxXx - . XxXxy _ ~ (.
+¢ 7auyy()+¢ au”()-i-fb 8u””()+¢ auxmy(),

¢ = Dy(¢p — Eux — nuy — Tuy) + Ettxx + Nty + Ty,

¢ = Dy(dp — §ux — nuy — Tu) + Eutye + ity + Tity,

¢t = Di(¢p —Euy — nuy — Tur) +Euse + NUry + Ty,

¢ = DI — Eux — nuy — Tuy) + Etter + Nitxxy + Tl

¢ = DDy (¢ — Euy — Ny — Tup) + Etyxr + Ny + Tlhyes,

¢ =Dy Dy(¢p — Euy — ity — Tus) 4+ Eltyyy + Nty + Ty,

¢" = D3(¢p — Eux — nuy — Ty) + Etleyy + Nikyyy + Tityy,

¢ = DY — Euty — muy — Tur) + Etlrrrr + Mhrwrry + Thoccrs

¢ = DIDy(p — Euy — ity — Tu) + Eubrry + Mhxxxyy + Thhrrayrs ©)
where Dy, Dy and D; are the total derivative operators.

Expanding Expression (7) and splitting on the derivatives of u lead to the following
expressions:

Tx:Ty:Tuzgu:nx:nu:()y
buu = Gxu =¢yu = &xx =$Xy=01

2kiks
= dr — & +k3dy + it — i — &y =0,

Gu—&+7 —ny =0, kit _kZé:y —3ki&: =0,
kapx —nr + v2t — y2ny =0, Oxy + Gty — &xt = 0,
Gxt + 125y =0, T + 8 — ¢y =0, T, — 28 — 1y =0. (10)

Solving Expressions (10), we have the following results:

T =2rt +r3,
n = ro(=2yat +4y) + karit +rs,
¢ = rix +rau+ F (t)y + F2(0),
2ksriky — Syaraky + 3y1r2ka

Skirp
§=-—nrnx+——y+kFi@)+ t+ 71, (11)
ko ka
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where rq, r, 13, r4 and rs are the real constants, F(¢) and F>(¢) are the real function of ¢,
and F(t) denotes derivative of Fi(¢) with respect to ¢. We derive the Lie point symmetry
generators for Eq. (1) as follows:

S N N I 0 g kst 0
= —, = —, = —, = X— —_— —_—,
T P Ty P T T Ty T Tk o

0 0 Skiy o (=5k1ys + 3y1ka)t 0 0
Vs =2t — —x— — 2yt +4y) — —
ST x3x+ k2 3x+ ko a (=2t y) y T
Vi o = k3F1(t) —+ F (t)y V= Fz(t)a. (12)

Motivated by Ref. [55], commutation relations among Generators (12) are shown in
Table 1, where the entries in row i and column j are represented by the commutators [V;, V],
which are given by

Vi.Vil=ViV; =V;Vi, (i, j =1,2,3,4,5, F1, F2). 13)

Motivated by Refs. [58,59], we take Fi (1) = ret, F2(t) = r7t 4 rg with the real constants
re, 7 and rg.
Thus, we derive the Lie point symmetry generators for Eq. (1) as follows:

A S S L
]—axv Z—Bya 3—atv 4 = Bu’ S—auv

9 9 9 kst 9
S PR AP 38y k  ox

9 8 Skiyd  (=Skiyr+3pkt 9 3
Mg = 21— —x 2 Dyt + dy)— 4 u-
S Y T o ka g Tt y) v T

(14)

2.2 Lie symmetry group for Eq. (1)

In order to obtain the group transformation, which is generated by the infinitesimal generators
I[";, we need to solve the following initial problems:

d

"9 = 150, 50, 7, 1), Temo = x,
d

fi(:) nlE (). §(€). F(€). ()], Fle—o = .
die) _

o = Tl%(0). 5(0). 1), A(O)]. Tleco = 1.
di(e)

= BLE©). 5(0). 7€), #(©)). iHle—o = u. (15)
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4 (] ‘A 0 (14 A g+ TA Ty —) AV Ty A A
[175E]
AS _ ¥
] ]
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Then, the Lie symmetry group g;s generated by V; can be derived as

gr:(x,y,t,u) > (x+e,y,t,u), g2:(x,y,t,u) = (x,y+et,u),
g3,y t,u) —> (x,y,t+e€,u), ga:(x,y,t,u) = (x,y,t,u+te),
g (x,y,t,u) > (x,y,t,ute), go(x,y,t,u) > (x +kste, y, t,u + ye),

2kiks
g7 (%, y. ) —> | x + X te,y +kate, t,u+ xe |,
2
g (x,y,t,u) — (v — ) (e* — e7€) + yikat (€% — e7¢)
M ’ s by k2
+xei€ 2e — 4de 2¢e €
,te™ +(y —yat)e™ te”  ue ] (16)

On account of Lie Symmetry Group (16), if f(x, y, ) is a known solutions for Eq. (1), the
corresponding solutions can be obtained as

ulh) = fx —e, y,0),

u® = fx,y—e),

u® = fx.y.1—e),

u® =tre + fx,y. 1),

u® =e+ f_(x, v, 1),

u® = ye + f(x —kate, y, 1),

_ 2k1k
u(7)=xe+f<x— ! 3te,y—k3t6,l>,

)

u® = o€ | v 4 (v = yat) (674 =€) + yikat (e72¢ — )
- .

(v — y2)e  + yate 2 1o ] (17)

3 Symmetry reductions and analytic solutions for Eq. (1)

In this section, we use the combination of Generators (14) to derive the reduction equations
and construct some analytic solutions for Eq. (1).

Case 1: For the Lie point symmetry V> = 9y, we have the following group-invariant
solutions:

u=H(xy,t), (18)

where x| = x, t; = t and H is a function of x; and ¢;. Substituting Expression (18) into
Eq. (1) gives rise to the following reduced equation:

2k1ks3
Hxll‘] + lexlxlxlxl + THlexlxl + Vlelxl =0. (19)

We suppose that the solutions for Eq. (1) be as follows:

aecx1+dt1+k

Hex 1) = o ovane

(20)
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where a, b, ¢, d and k are the real constants. Substituting Expression (20) into Eq. (19), we
can obtain

_ 6¢cky
=

Therefore, soliton solutions for Eq. (1) can be derived as

a , by = —k163 — y1c. 21

6ckzecx+(—k1c3—ylc)t+k
= k3 [b + ecx+(—klc|—ylc)t+k]'

(22)

u
Case 2: For the Lie point symmetry V3 = 9;, we have the following group-invariant
solutions:

u = P(x2, y2), (23)

where x, = x and y, = y, while P is a function of x, and y,. Substituting Expression (23)
into Eq. (1) gives rise to the following reduced equation:

2k k3
k1 Peyxyxyxy, + k2 szxzxzyz + TPXZ Pryxy + k3 Py, PXzyz
+ k3 Pryxy Py, + V1 Pryxy + V2 Pryyy + v3Pysy, = 0. 24

Applying the Lie group method on Eq. (24), we obtain

Skisy V181

= y2+s2, m=4s1y2+ 53, 1 =s51P — Tlxl + F3(y2), (25
where s1, s» and s3 are the real constants, while F3(y;) is a real function of y,. Motivated
by Refs. [58,59], we take F3(y2) = s4 with a real constant s4. Thus, we derive the Lie point

symmetry generators for Eq. (24) as follows:

§1 =512+

r = 9 I'h = 9 I'; = 0
S5kiyz d d Y1Xx2 el
Ty = —x)— 44y — 4+ (P-2) 2 26
! <k2 x2> dx2 y23y2 < ky JoP (20)

For the Lie point symmetry I'y + I'», the symmetry produces the following invariants:
f=x2—y, P=2(f), 27

where @ is a real function of f. Substituting Expressions (27) into Eq. (24) gives rise to the
following reduced equation:

2k1k3

(k1 — k)P frrr + ( — 2k3> QP+ (y1 — 12 +y3)Ppr =0. (28)

We suppose that some solutions for Eq. (28) have the following form:

o= Za,» (G) , (29)
i=0 G

where m is a positive integer, while a;’s are the real constants. Here, G satisfies the second-
order linear ordinary differential equation, i.e.,

G + BG + AG =0, (30)

@ Springer
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where G = % and G’ = 32—(2;, while A and B are the real constants. m can be determined
via homogeneous balance method between the highest order derivative term and the non-
linear term appearing in Eq. (28). We get m = 1. Substituting Eq. (29) into Eq. (28) with

Constraint (30) and setting the coefficients of (%) equal to zero, we obtain

6ky  Bki—Bka+yi—n+y

k2 4= 31
k3 4(ky — k2) G

When +/B2 — 4A > 0, we derive some solutions for Eq. (1) as

_y). /U=ty i _ Yi—v2+y3
wieyony = 2 | =y Creh [ =0y B2 | + Casinh [ — ) /B2 |
k3 4tk = k1) ¢, cosh [(X — /0233 4 ¢y sinh [(x —y /U —V2+y3]

4(ky—k1) 4(ky—k1)
3Bk

< (32)

+ag

where C| and C; are the real constants.
When +/ B2 — 4A = 0, we derive some solutions for Eq. (1) as

6k> B Cy
Ly, 0 = — |-t ], 33
ulr,y. 1) =ao+ k3 [ 2+C3+C4(x—y)} )

where C3 and C4 are the real constants.
When +/B2 — 4A < 0, we derive some solutions for Eq. (1) as

_ Yi=yv2tvs | _ : _ vi—y2+v3
wieoyoy = 2 mfyz+y3C6°°S[(x ) 4<kl—kz>] CSS‘“[(X Y) 4(k1—/<2)]
[V G g | om0 e
3Bk
rag- 222 (34)
k3

where Cs5 and Cg are the real constants.
Case 3: For the Lie point symmetry V(1) = Vi + V2 4+ V3 4+ V5, we have the following
group-invariant solutions:

fi=x—t,hy =y—t,u=1t+R(f1,h), (35)

where R is a function of f] and /. Substituting Expressions (35) into Eq. (1) gives rise to
the following reduced equation:

2k1k3
—Rpm —Rpp + ki Ryrififin+ k2Rf1f1f1h1 + TRfl Rff
+ k3R Rpny + k3R f Rny + viRp sy + v2aRpiny + v3Rnyny = 0. (36)
Applying the Lie group method on Eq. (36), we obtain
Skisshi
& = —ssf1+ T + 56, M2 = 4sshy + 57,
2(y2 — Ds 5513(v1 — Dk — ki (y2 — )| hy
pr = sop 202D s : e o
3k, 362

@ Springer
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where ss, sg, s7 and sg are the real constants. Thus, we derive the Lie point symmetry
generators for Eq. (36) as follows:

v — 0 v — 0 9
1= afl’ 2 % 5 3 aR»
Yy — 3k%R +2k2(y2 — D fi — 31 — Dk2 — ki (y2 — D] KB
T 312 oR
Skihy —kaf1 0 d
—_— 4+ 4h—. 38
+ T o, + 1ah1 (38)

For the Lie point symmetry n1 Y| 4 n2 Y5, the symmetry produces the following invariants:
z=naf1 —nih1, R= 0(2), (39)

where n and n; are the real constants, and Q is a real function of z. Substituting Expres-
sions (39) into Eq. (36) gives rise to the following reduced equation:

5 ( 2k1k3ny — 2n1koks
ns o

+ (—n%yl + ninyys + n%y3 —niny + n%) 0., =0. (40)

) 0::0:+ ”%(kl”2 —n1k2) Q7222

Seeking the solutions for Eq. (40) in a power series of the form
oo
Q=Y cg2, (1)
qg=0
and substituting Expression (41) into Eq. (40), we obtain

o0
2dcan3 (naki — nika) + n3(naki —nika) Y (g +4)(q +3)(q +2)(q + Degyaz?
q=1

© 4
DD k(g —k+2)(g —k+ Depricgisaz’

) (2k1k3n2 - 2k3k2n1)
q=1k=0

+n5 =

2k1k3ny — 2kzniky
+2"% ( i crea +2 (—”%Vl +nin2y2 + n%)@ —niny + ”%) 2
o0
+(=nmay1 + minays +njys —mina +n3) Y (g +2)(q + Degaz =0, (42)

q=1

where c,’s are the real constants. From Expression (42), equating the coefficients of each
order of z, we can calculate ¢, for the case of g = 0, so that

n3(2kiksny — 2kskony)cica + (—n3y1 + ninays + ntys — ning + n3)kaco
12kon3 (kany — kina)

. (43)

c4 =

@ Springer
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For n > 1, we obtain
1
Cq+4 =
(g +4 (g +3)g +2)(q +4(kony — kinz)
[(=n31 + ninays + niys — nina +n3) (g +2)(q + Dega

2kiksny — 2k3k !
+n% ( 1k31n2 o 3K21] > Z(k +1)(g—k+2)(qg—k+ I)Ck+lcq_k+2:| .
k=0

(44)

Then, we derive the power series solutions for Eq. (1) as

u(x,y,1) = co +cilnax — 1) —ni(y — O]+ ealna(x — 1) — ny(y — 01
[na(x — 1) —ni(y — 0)1*
12kyn3 (kony — kina)

[n%(2k1k3n2 — 2kskoni)cicr + (=ndy1 + ninays +niys — nina + nj) kac]

teslna(x —1) —ni(y — 0 +

N i [na(x — 1) —ny(y — 1)]9+*
o (g +H(g +3)(g +2)(q +4)(kani — kina)
2kikany — 2ksk il
n%( 1k3ny — 2k3 zm)Z(k+1)(q—k+2)(q—k+1)ck+1cq,k+2
k2 =0

+ (=m3y1 + minayr + nlys —nina +n3) (g +2)(q + Dega] +1. - (45)

Case 4: For the Lie point symmetry V(o) = Vi 4+ V> 4+ V3, we have the following
group-invariant solutions:

fo=x—t,hha=y—t,u=S5(f,h). (46)
where S is a function of f, and ;. Substituting Expressions (46) into Eq. (1) gives rise to
the following reduced equation:

2k ks
—Sﬁm—Sﬁﬁ+kﬁﬁﬁﬁﬁ+kﬁﬁﬁﬁm+~;;ﬂﬁRﬁﬁ 47)

k38 Sphy +k3SppSh + Vi8S + V2Sfahy + ¥3Shahy, = 0.
Applying the Lie group method on Eq. (47), we obtain

Skisoho
& = —s9fr+ T + 510, 12 = 4s9ho + 511,
4
22— Dsofs  $9l3(1 — Dka — ki(y2 = Dlha (“48)
$2 =598 + - 5 + 512,
3ky 3k;

where 59, 510, 511 and s12 are the real constants. Thus, we derive the Lie point symmetry
generators for Eq. (46) as follows:

CJ} Zi, ®2=i, @3=i,
af2 dh S
04 — 3k3S + 2ka(y2 — 1) fo — ha[3(y1 — Dka — ky (2 — D] o
3k3 3

Skihy — k el
Lk 2f2 O 49)

ko af2 *ony
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For the Lie point symmetry n3® + ©,, the symmetry produces the following invariants:
71 = fo —n3hy, L = S(z1), (50)

where n3 is a real constant and L is a real function of z;. Substituting Expressions (50) into
Eq. (47) gives rise to the following reduced equation:

2ki1ks — 2n3koks
k
+(y1 —n3y2 +n3ys +n3 — DLy, = 0. (51)

) LZ]Z1L21 + (kl - n3k2)Lzlz12121

We suppose that the solutions for Eq. (51) have the following form:

M M
L=bo+Y bW +Y diWa) ™, (52)
j=1 j=1

where M is a positive integer, bg, b;’s and d;’s are the real constants, W satisfies

aw 2
— =W+ p1z1 + p2, (53)
dz;
while p1 and p» are the real constants. M can be determined via homogeneous balance method
between the highest order derivative term and the nonlinear term appearing in Eq. (51). We
get M = 1. Substituting Expression (52) into Eq. (51) with Constraint (53) and setting the
coefficients of W(z1) equal to zero, we obtain the following results:
Case 4.1:

b o g R sty s =)yl — sty s — 1
eaEnas 2k3 (k1 — n3kp) N 4(ky — n3ky)

)

Hereby, the solutions for Eq. (1) are obtained as

n2—yanz+y|+nz—1
ko (y3n3 — yan3 +y1 +n3 — 1) cot {[c+x —t—n3(y — )y BRI
= )
[ y3n3—yan3+yi+n3—1
2k3 (k1 — n3k2) T Ak —nm3k)

u =by+

(54)

where c is a real constant.
Case 4.2:

_ 6ky vy —yans+yi+ns— 1

d = :07 b = —_—, =
1 D1 1 k3 P2 4(k1 —I’l3k2)

Hereby, the solutions for Eq. (1) are obtained as

2 2
y3n3—yan3+y1+nz—1 y3n3—yan+yi+n3—1
Ok2y| ety @0 [[C +x— 1 —n3(y =0l M}

k3

u=>by—

(55)
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Case 4.3:

y3n3 — yanz +y1 +n3 — 1
16(k1 — n3ka) ’
by = _@’ di = 3ka(y3n3 — yanz +y1 +n3 — 1)
8k3 (k1 — n3k2)

p1=0, pp =

Hereby, the solutions for Eq. (1) are obtained as

2 2
ysnz—yanstyi+ns—1 . P _ v3nz—yan3+yi+ns—1
Ok2\) Tk tanle+x — 1 —n3(y —1)] Ttk —n3k2)

k3

56)
3-vnmstyi+ni—1 (
3k (yand — yanz + y1 +n3 — 1) cot [[c +x—t—n(y—nl/ %}
+ .
ym3—yanz+yi+nz—1
8k3 (k1 — n3ka), W

u:bo—

4 Conclusions

In this paper, a (2+1)-dimensional gBK equation in fluid mechanics and plasma physics,
i.e., Eq. (1), has been investigated. Lie Point Symmetry Generators (14) and Lie Symmetry
Group (16) for Eq. (1) have been derived via the Lie group method. Symmetry Reduc-
tions (19), (28), (40) and (51) for Eq. (1) have been obtained from Cases 1-4. Soliton Solu-
tions (22), Hyperbolic-Function Solutions (32), Rational Solutions (33), Power-Series Solu-
tions (45) as well as Trigonometric-Function Solutions (34) and (54)—(56) for Eq. (1) have
been derived.
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