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Abstract We deal with generalized Melvin-like solutions associated with Lie algebras of
rank 4 (A4, B4, C4, D4, F4). Any solution has static cylindrically symmetric metric in D
dimensions in the presence of four Abelian two-form and four scalar fields. The solution is
governed by four moduli functions Hs(z) (s = 1, . . . , 4) of squared radial coordinate z = ρ2

obeying four differential equations of the Toda chain type. These functions are polynomials of
powers (n1, n2, n3, n4) = (4, 6, 6, 4), (8, 14, 18, 10), (7, 12, 15, 16), (6, 10, 6, 6), (22, 42,

30, 16) for Lie algebras A4, B4, C4, D4, F4, respectively. The asymptotic behaviour for
the polynomials at large z is governed by an integer-valued 4 × 4 matrix ν connected in a
certain way with the inverse Cartan matrix of the Lie algebra and (in A4 case) the matrix
representing a generator of the Z2-group of symmetry of the Dynkin diagram. The symmetry
properties and duality identities for polynomials are studied. We also present two-form flux
integrals over a two-dimensional submanifold. Dilatonic black hole analogs of the obtained
Melvin-type solutions, e.g. “phantom” ones, are also considered. The phantom black holes
are described by fluxbrane polynomials under consideration.

1 Introduction

In this semi-review paper, we study multidimensional generalization of Melvin’s solution [1],
which was presented earlier in Ref. [2]. Originally, model from Ref. [2] contains metric, n
Abelian 2-forms and l ≥ n scalar fields. Here, we consider a special solutions with n = l = 4,
governed by a 4 × 4 Cartan matrix (Ai j ) for Lie algebras of rank 4: A4, B4, C4, D4, and
the exceptional algebra F4. The solutions from Ref. [2] are special case of the so-called
generalized fluxbrane solutions from Ref. [3].

The original Melvin’s 4d solution describes the gravitational field of a magnetic flux
tube. The multidimensional analog of such a flux tube, supported by a certain configuration
of form fields, is referred to as a fluxbrane. Earlier the appearance of fluxbrane solutions
was related mainly to supergravity models with motivations supported by by superstring/M-
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theory approach. For generalizations of the Melvin solution and fluxbrane solutions, see
[4–21] and references therein.

In Ref. [3], there were considered the generalized fluxbrane solutions which are described
in terms of moduli functions Hs(z) > 0 defined on the interval (0,+∞), where z = ρ2 and
ρ is a radial coordinate. Functions Hs(z) obey n nonlinear differential master equations of
Toda-like type governed by some matrix (Ass′), and the following boundary conditions are
imposed: Hs(+0) = 1, s = 1, . . . , n.

Here, we put the matrix (Ass′) to be coinciding with a Cartan matrix for some simple
finite-dimensional Lie algebra G of rank n. It was conjectured in Ref. [3] that in this case
the solutions to master equations with the above boundary conditions are polynomials of the
form:

Hs(z) = 1 +
ns∑

k=1

P(k)
s zk, (1.1)

where P(k)
s are constants. Here, P(ns )

s �= 0 and

ns = 2
n∑

s′=1

Ass′ , (1.2)

where we denote (Ass′) = (Ass′)−1. Integers ns are components of the twice dual Weyl
vector in the basis of simple (co-)roots [22].

For any simple finite-dimensional Lie algebra G, the functions Hs , which are called“flux-
brane polynomials”, define a special solution to open Toda chain equations [23,24] corre-
sponding to G [25]. It was pointed out in Ref. [3] that the conjecture on polynomial structure
of Hs(z) is valid for all Lie algebras of A- and C- series.

Here, we study some geometric properties of the solutions corresponding to Lie algebras of
rank 4: we present some symmetry relations and duality identities of fluxbrane polynomials.
The latter are controlling the transformations ρ → 1/ρ and depend upon the groups of
symmetry of Dynkin diagrams for Lie algebras. In our case, these groups of symmetry are
trivial (i.e. identical) ones for Lie algebras B4, C4 and F4, while for the Lie algebra A4, we
get the group Z2, and for the Lie algebra D4, we are led to symmetric group S3.

The analogous analysis was done earlier for the case of rank-2 Lie algebras: A2, B2 = C2,
G2 in Ref. [26], and for rank-3 algebras A3, B3, C3 in Ref. [27]. Also, in Ref. [28], the
conjecture from Ref. [3] was verified for the Lie algebra E6 and certain duality relations for
six E6-polynomials were found.

The paper is organized as follows. In Sect. 2, we present a generalized Melvin solutions
from Ref. [2] for the case of four scalar fields and four 2-forms. In Sect. 3, we deal with the
solutions for the Lie algebras A4, B4, C4, D4 [29] and F4. We present symmetry properties,
duality relations for polynomials and 2-form flux integrals �s = ∫

Fs over a 2d submanifold,
where Fs are 2-forms [30]. In Sect. 4, we consider black hole analogs of the obtained Melvin-
type solutions, e.g. phantom ones.

It should be noted that the fluxbrane polynomials, which give us special solutions to
Toda chain equations, may be useful for describing supergravity model solutions. Indeed, let
us restrict ourselves to maximal supergravity models in dimensions D < 11 [31] which are
obtained from D = 11 supergravity by dimensional reductions on tori. It is shown in Ref. [32]
that there exist special cosmological and static cylindrically symmetric domain wall solutions
in dimensions D = 3, 4, 5, 6, 7, which are described by Toda equations corresponding to EN

Lie algebras with N = 11 − D, where E6, E7, E8 are standard exceptional Lie algebras and
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E5 = D5, E4 = A4.1 By putting a certain charge (corresponding to off-line root in Dynkin
diagram) to zero, we get AN−1 Toda chains (TC) (N = 4, 5, 6, 7, 8) [33], while identifying
certain pairs of charges, we get F4 TC from E6 one, B4 TC from D5 one and C4 TC from
A7 one, see Ref. [34]. The D5 solution with a certain charge equal to zero gives us a D4

solution. For TC solutions (e.g. black brane and fluxbrane ones) in supergravitational models
corresponding to Lie algebras of lower ranks (e.g. A1, A2), see [21,35–37] and references
therein.

Another possible application of the results of this and previous our works on fluxbrane
polynomials may be in considering of obtained 4d dilatonic solutions as backgrounds for
studying of so-called quasinormal modes [38] and related problems (photon spheres, shad-
ows, echoes, etc). This topic is rather popular at present, especially after the discovery of
gravitational waves.

2 The set up and generalized Melvin solutions

Let us consider the following product manifold:

M = (0,+∞) × M1 × M2, (2.1)

where M1 = S1 and M2 is a (D − 2)-dimensional Ricci-flat manifold.
We define the action

S =
∫

M
dDx

√|g|
{
R[g] − δabg

MN ∂Mϕa∂Nϕb − 1

2

4∑

s=1

exp[2λsϕ](Fs)2
}
, (2.2)

where g = gMN (x)dxM ⊗ dxN is a metric on M , ϕ = (ϕa) ∈ R
4 is vector of scalar

fields, Fs = d As = 1
2 F

s
MNdx

M ∧ dxN is a 2-form, λs = (λas ) ∈ R
4 is dilatonic coupling

vector, s = 1, . . . , 4; a = 1, . . . , 4. Here, we use the notations |g| ≡ | det(gMN )|, (Fs)2 ≡
Fs
M1M2

Fs
N1N2

gM1N1gM2N2 .
We deal with a family of exact cylindrically symmetric solutions to the field equations

corresponding for the action (2.2) and depending on the radial coordinate ρ. The solution
has the form [2]:

g =
( 4∏

s=1

H2hs/(D−2)
s

){
dρ ⊗ dρ +

( 4∏

s=1

H−2hs
s

)
ρ2dφ ⊗ dφ + g2

}
, (2.3)

exp(ϕa) =
4∏

s=1

H
hsλas
s , (2.4)

Fs = qs

(
4∏

l=1

H−Asl
l

)
ρdρ ∧ dφ, (2.5)

s, a = 1, . . . , 4, where g1 = dφ ⊗ dφ is a metric on M1 = S1 and g2 is a Ricci-flat metric
of signatute (−,+, . . . ,+) on M2. Here, qs �= 0 are integration constants (qs = −Qs in
notations of Ref. [2]).

1 In Ref. [32], the existence of polynomial Toda chain solutions corresponding to E8 Lie algebra (with proper
powers of polynomials) was conjected, and polynomials related to D4 Lie algebra were presented.
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Here, we denote z = ρ2. As it was shown in earlier works, the functions Hs(z) > 0 obey
the set of master equations

d

dz

(
z

Hs

d

dz
Hs

)
= Ps

4∏

l=1

H−Asl
l , (2.6)

with the boundary conditions

Hs(+0) = 1, (2.7)

where

Ps = 1

4
Ksq

2
s , (2.8)

s = 1, . . . , 4. The boundary condition (2.7) guarantees the absence of a conic singularity
(for the metric (2.3)) for ρ = +0.

There are some relations for the parameters hs :

hs = K−1
s , Ks = Bss > 0, (2.9)

where

Bsl ≡ 1 + 1

2 − D
+ λsλl , (2.10)

s, l = 1, . . . , 4. In these relations, we have denoted

(Asl) = (2Bsl/Bll) . (2.11)

The latter matrix is the so-called “quasi-Cartan” matrix. One can prove that if (Asl) is a
Cartan matrix for a certain simple Lie algebra G of rank 4, then there exists a set of vectors
λ1, . . . ,λ4 obeying (2.11). See also Remark 1 in the next section.

The solution under consideration can be understood as a special case of the fluxbrane
solutions from [3,19].

Therefore, here, we investigate a multidimensional generalization of Melvin’s solution [1]
for the case of four-scalar fields and four 2-forms. Note that the original Melvin’s solution
without scalar field would correspond to D = 4, one (electromagnetic) 2-form, M1 = S1

(0 < φ < 2π), M2 = R
2 and g2 = −dt ⊗ dt + dx ⊗ dx .

3 Solutions related to simple classical rank-4 Lie algebras

In this section, we consider the solutions associated with Lie algebras G of rank 4. This means
than the matrix A = (Asl) coincides with one of the Cartan matrices

(Ass′) =

⎛

⎜⎜⎝

2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 −1 0 0
−1 2 −1 0
0 −1 2 −2
0 0 −1 2

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −2 2

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 −1 0 0
−1 2 −1 −1
0 −1 2 0
0 −1 0 2

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

⎞

⎟⎟⎠ (3.1)
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Fig. 1 Dynkin diagrams for the Lie algebras A4, B4, C4, D4, F4, respectively

for G = A4, B4, C4, D4, F4, respectively.
Each of these matrices can be graphically described by Dynkin diagrams shown in Fig. 1.
Using (2.9)–(2.11), we can get

Ks = D − 3

D − 2
+ λ2

s , (3.2)

where hs = K−1
s , and

λsλl = 1

2
Kl Asl − D − 3

D − 2
≡ Gsl , (3.3)

s, l = 1, 2, 3, 4; (3.2) is a special case of (3.3).
From (2.9),(2.11), it also follows that

hs
hl

= Kl

Ks
= Bll

Bss
= Bls

Bss

Bll
Bsl

= Als

Asl
(3.4)

for any s �= l obeying Asl , Als �= 0. This implies

K1 = K2 = K3 = K , K4 = K ,
1

2
K , 2K , K , (3.5)

or

h1 = h2 = h3 = h, h4 = h, 2h,
1

2
h, h, (3.6)

(h = K−1) for G = A4, B4,C4, D4, respectively, and

K1 = K2 = K , K3 = K4 = 1

2
K , (3.7)

or

h1 = h2 = h, h3 = h4 = 2h, (3.8)

(h = K−1) for G = F4.
Polynomials. According to the polynomial conjecture, the set of moduli functions

H1(z), . . . , H4(z), obeying Eqs. (2.6) and (2.7) with the Cartan matrix A = (Asl) from
(3.1) are polynomials with powers

(n1, n2, n3, n4) = (4, 6, 6, 4), (8, 14, 18, 10),

(7, 12, 15, 16), (6, 10, 6, 6), (22, 42, 30, 16) (3.9)

calculated by using (1.2) for Lie algebras A4, B4, C4, D4, F4, respectively.
One can prove this conjecture by solving the system of nonlinear algebraic equations

for the coefficients of these polynomials following from master equations (2.6). Below, we
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present a list of the polynomials obtained by using appropriate MATHEMATICA algorithm.
For convenience, we use the rescaled variables (as in Ref. [25]):

ps = Ps/ns . (3.10)

A4-case. For the Lie algebra A4 ∼= sl(5), we have

H1 = 1 + 4p1z + 6p1 p2z
2 + 4p1 p2 p3z

3 + p1 p2 p3 p4z
4, (3.11)

H2 = 1 + 6p2z + (6p1 p2 + 9p2 p3) z
2

+ (16p1 p2 p3 + 4p2 p3 p4) z
3

+ (
6p1 p

2
2 p3 + 9p1 p2 p3 p4

)
z4

+6p1 p
2
2 p3 p4z

5 + p1 p
2
2 p

2
3 p4z

6, (3.12)

H3 = 1 + 6p3z + (9p2 p3 + 6p3 p4) z
2 + (4p1 p2 p3 + 16p2 p3 p4) z

3

+ (
9p1 p2 p3 p4 + 6p2 p

2
3 p4

)
z4

+6p1 p2 p
2
3 p4z

5 + p1 p
2
2 p

2
3 p4z

6, (3.13)

H4 = 1 + 4p4z + 6p3 p4z
2 + 4p2 p3 p4z

3 + p1 p2 p3 p4z
4. (3.14)

B4-case. For the Lie algebra B4 ∼= so(9), the fluxbrane polynomials are:

H1 = 1 + 8p1z + 28p1 p2z
2 + 56p1 p2 p3z

3 + 70p1 p2 p3 p4z
4 + 56p1 p2 p3 p

2
4z

5

+28p1 p2 p
2
3 p

2
4z

6 + 8p1 p
2
2 p

2
3 p

2
4z

7 + p2
1 p

2
2 p

2
3 p

2
4z

8, (3.15)

H2 = 1 + 14p2z + (28p1 p2 + 63p2 p3) z
2

+ (224p1 p2 p3 + 140p2 p3 p4) z
3

+(196p1 p
2
2 p3 + 630p1 p2 p3 p4 + 175p2 p3 p

2
4)z4

+
(

980p1 p
2
2 p3 p4 + 896p1 p2 p3 p

2
4 + 126p2 p

2
3 p

2
4

)
z5

+
(

490p1 p
2
2 p

2
3 p4 + 1764p1 p

2
2 p3 p

2
4 + 700p1 p2 p

2
3 p

2
4 + 49p2

2 p
2
3 p

2
4

)
z6

+3432p1 p
2
2 p

2
3 p

2
4z

7

+
(

49p2
1 p

2
2 p

2
3 p

2
4 + 700p1 p

3
2 p

2
3 p

2
4

+1764p1 p
2
2 p

3
3 p

2
4 + 490p1 p

2
2 p

2
3 p

3
4

)
z8

+
(

126p2
1 p

3
2 p

2
3 p

2
4 + 896p1 p

3
2 p

3
3 p

2
4 + 980p1 p

2
2 p

3
3 p

3
4

)
z9

+
(

175p2
1 p

3
2 p

3
3 p

2
4 + 630p1 p

3
2 p

3
3 p

3
4 + 196p1 p

2
2 p

3
3 p

4
4

)
z10

+
(

140p2
1 p

3
2 p

3
3 p

3
4 + 224p1 p

3
2 p

3
3 p

4
4

)
z11

+
(

63p2
1 p

3
2 p

3
3 p

4
4 + 28p1 p

3
2 p

4
3 p

4
4

)
z12

+14p2
1 p

3
2 p

4
3 p

4
4z

13 + p2
1 p

4
2 p

4
3 p

4
4z

14, (3.16)

H3 = 1 + 18p3z + (63p2 p3 + 90p3 p4) z
2 +

(
56p1 p2 p3 + 560p2 p3 p4 + 200p3 p

2
4

)
z3

+
(

630p1 p2 p3 p4 + 630p2 p
2
3 p4 + 1575p2 p3 p

2
4 + 225p2

3 p
2
4

)
z4

+
(

1260p1 p2 p
2
3 p4 + 2016p1 p2 p3 p

2
4 + 5292p2 p

2
3 p

2
4

)
z5

+
(

490p1 p
2
2 p

2
3 p4 + 9996p1 p2 p

2
3 p

2
4

+1225p2
2 p

2
3 p

2
4 + 5103p2 p

3
3 p

2
4 + 1750p2 p

2
3 p

3
4

)
z6
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+
(

5616p1 p
2
2 p

2
3 p

2
4 + 12600p1 p2 p

3
3 p

2
4 + 3528p2

2 p
3
3 p

2
4

+5040p1 p2 p
2
3 p

3
4 + 5040p2 p

3
3 p

3
4

)
z7

+
(

441p2
1 p

2
2 p

2
3 p

2
4 + 17172p1 p

2
2 p

3
3 p

2
4 + 4410p1 p

2
2 p

2
3 p

3
4

+15750p1 p2 p
3
3 p

3
4 + 4410p2

2 p
3
3 p

3
4 + 1575p2 p

3
3 p

4
4

)
z8

+
(

2450p2
1 p

2
2 p

3
3 p

2
4 + 5600p1 p

3
2 p

3
3 p

2
4 + 32520p1 p

2
2 p

3
3 p

3
4

+5600p1 p2 p
3
3 p

4
4 + 2450p2

2 p
3
3 p

4
4

)
z9

+
(

1575p2
1 p

3
2 p

3
3 p

2
4 + 4410p2

1 p
2
2 p

3
3 p

3
4 + 15750p1 p

3
2 p

3
3 p

3
4

+4410p1 p
2
2 p

4
3 p

3
4 + 17172p1 p

2
2 p

3
3 p

4
4 + 441p2

2 p
4
3 p

4
4

)
z10

+
(

5040p2
1 p

3
2 p

3
3 p

3
4 + 5040p1 p

3
2 p

4
3 p

3
4

+3528p2
1 p

2
2 p

3
3 p

4
4 + 12600p1 p

3
2 p

3
3 p

4
4 + 5616p1 p

2
2 p

4
3 p

4
4

)
z11

+
(

1750p2
1 p

3
2 p

4
3 p

3
4 + 5103p2

1 p
3
2 p

3
3 p

4
4 + 1225p2

1 p
2
2 p

4
3 p

4
4

+9996p1 p
3
2 p

4
3 p

4
4 + 490p1 p

2
2 p

4
3 p

5
4

)
z12

+
(

5292p2
1 p

3
2 p

4
3 p

4
4 + 2016p1 p

3
2 p

5
3 p

4
4 + 1260p1 p

3
2 p

4
3 p

5
4

)
z13

+
(

225p2
1 p

4
2 p

4
3 p

4
4 + 1575p2

1 p
3
2 p

5
3 p

4
4 + 630p2

1 p
3
2 p

4
3 p

5
4 + 630p1 p

3
2 p

5
3 p

5
4

)
z14

+
(

200p2
1 p

4
2 p

5
3 p

4
4 + 560p2

1 p
3
2 p

5
3 p

5
4 + 56p1 p

3
2 p

5
3 p

6
4

)
z15

+
(

90p2
1 p

4
2 p

5
3 p

5
4 + 63p2

1 p
3
2 p

5
3 p

6
4

)
z16 + 18p2

1 p
4
2 p

5
3 p

6
4z

17 + p2
1 p

4
2 p

6
3 p

6
4z

18, (3.17)

H4 = 1 + 10p4z + 45p3 p4z
2 +

(
70p2 p3 p4 + 50p3 p

2
4

)
z3 +

(
35p1 p2 p3 p4 + 175p2 p3 p

2
4

)
z4

+
(

126p1 p2 p3 p
2
4 + 126p2 p

2
3 p

2
4

)
z5 +

(
175p1 p2 p

2
3 p

2
4 + 35p2 p

2
3 p

3
4

)
z6

+
(

50p1 p
2
2 p

2
3 p

2
4 + 70p1 p2 p

2
3 p

3
4

)
z7 + 45p1 p

2
2 p

2
3 p

3
4z

8 + 10p1 p
2
2 p

3
3 p

3
4z

9

+p1 p
2
2 p

3
3 p

4
4z

10. (3.18)

C4- case. For the Lie algebra C4 ∼= sp(6), we get the following polynomials

H1 = 1 + 7p1z + 21p1 p2z
2 + 35p1 p2 p3z

3 + 35p1 p2 p3 p4z
4

+21p1 p2 p
2
3 p4z

5 + 7p1 p
2
2 p

2
3 p4z

6 + p2
1 p

2
2 p

2
3 p4z

7, (3.19)

H2 = 1 + 12p2z + (21p1 p2 + 45p2 p3) z
2 + (140p1 p2 p3 + 80p2 p3 p4) z

3

+ (
105p1 p

2
2 p3 + 315p1 p2 p3 p4 + 75p2 p

2
3 p4

)
z4 + (

420p1 p
2
2 p3 p4

+336p1 p2 p
2
3 p4 + 36p2

2 p
2
3 p4

)
z5

+924p1 p
2
2 p

2
3 p4z

6 + (
36p2

1 p
2
2 p

2
3 p4 + 336p1 p

3
2 p

2
3 p4 + 420p1 p

2
2 p

3
3 p4

)
z7

+ (
75p2

1 p
3
2 p

2
3 p4 + 315p1 p

3
2 p

3
3 p4 + 105p1 p

2
2 p

3
3 p

2
4

)
z8

+ (
80p2

1 p
3
2 p

3
3 p4 + 140p1 p

3
2 p

3
3 p

2
4

)
z9

+ (
45p2

1 p
3
2 p

3
3 p

2
4 + 21p1 p

3
2 p

4
3 p

2
4

)
z10 + 12p2

1 p
3
2 p

4
3 p

2
4z

11 + p2
1 p

4
2 p

4
3 p

2
4z

12, (3.20)
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H3 = 1 + 15p3z + (45p2 p3 + 60p3 p4) z
2 + (

35p1 p2 p3 + 320p2 p3 p4 + 100p2
3 p4

)
z3

+ (
315p1 p2 p3 p4 + 1050p2 p

2
3 p4

)
z4

+ (
1302p1 p2 p

2
3 p4 + 576p2

2 p
2
3 p4 + 1125p2 p

3
3 p4

)
z5

+ (
1050p1 p

2
2 p

2
3 p4 + 2240p1 p2 p

3
3 p4 + 1215p2

2 p
3
3 p4 + 500p2 p

3
3 p

2
4

)
z6

+ (
225p2

1 p
2
2 p

2
3 p4 + 3990p1 p

2
2 p

3
3 p4 + 1260p1 p2 p

3
3 p

2
4 + 960p2

2 p
3
3 p

2
4

)
z7

+ (
960p2

1 p
2
2 p

3
3 p4 + 1260p1 p

3
2 p

3
3 p4 + 3990p1 p

2
2 p

3
3 p

2
4 + 225p2

2 p
4
3 p

2
4

)
z8

+ (
500p2

1 p
3
2 p

3
3 p4 + 1215p2

1 p
2
2 p

3
3 p

2
4 + 2240p1 p

3
2 p

3
3 p

2
4 + 1050p1 p

2
2 p

4
3 p

2
4

)
z9

+ (
1125p2

1 p
3
2 p

3
3 p

2
4 + 576p2

1 p
2
2 p

4
3 p

2
4 + 1302p1 p

3
2 p

4
3 p

2
4

)
z10

+
(

1050p2
1 p

3
2 p

4
3 p

2
4 + 315p1 p

3
2 p

5
3 p

2
4

)
z11

+
(

100p2
1 p

4
2 p

4
3 p

2
4 + 320p2

1 p
3
2 p

5
3 p

2
4 + 35p1 p

3
2 p

5
3 p

3
4

)
z12

+
(

60p2
1 p

4
2 p

5
3 p

2
4 + 45p2

1 p
3
2 p

5
3 p

3
4

)
z13

+15p2
1 p

4
2 p

5
3 p

3
4z

14 + p2
1 p

4
2 p

6
3 p

3
4z

15, (3.21)

H4 = 1 + 16p4z + 120p3 p4z
2 + (

160p2 p3 p4 + 400p2
3 p4

)
z3

+ (
70p1 p2 p3 p4 + 1350p2 p

2
3 p4 + 400p2

3 p
2
4

)
z4

+ (
672p1 p2 p

2
3 p4 + 1296p2

2 p
2
3 p4 + 2400p2 p

2
3 p

2
4

)
z5

+ (
1400p1 p

2
2 p

2
3 p4 + 1512p1 p2 p

2
3 p

2
4 + 4096p2

2 p
2
3 p

2
4 + 1000p2 p

3
3 p

2
4

)
z6

+ (
400p2

1 p
2
2 p

2
3 p4 + 5600p1 p

2
2 p

2
3 p

2
4 + 1120p1 p2 p

3
3 p

2
4 + 4320p2

2 p
3
3 p

2
4

)
z7

+ (
2025p2

1 p
2
2 p

2
3 p

2
4 + 8820p1 p

2
2 p

3
3 p

2
4 + 2025p2

2 p
4
3 p

2
4

)
z8

+ (
4320p2

1 p
2
2 p

3
3 p

2
4 + 1120p1 p

3
2 p

3
3 p

2
4 + 5600p1 p

2
2 p

4
3 p

2
4 + 400p2

2 p
4
3 p

3
4

)
z9

+ (
1000p2

1 p
3
2 p

3
3 p

2
4 + 4096p2

1 p
2
2 p

4
3 p

2
4 + 1512p1 p

3
2 p

4
3 p

2
4 + 1400p1 p

2
2 p

4
3 p

3
4

)
z10

+ (
2400p2

1 p
3
2 p

4
3 p

2
4 + 1296p2

1 p
2
2 p

4
3 p

3
4 + 672p1 p

3
2 p

4
3 p

3
4

)
z11

+
(

400p2
1 p

4
2 p

4
3 p

2
4 + 1350p2

1 p
3
2 p

4
3 p

3
4 + 70p1 p

3
2 p

5
3 p

3
4

)
z12

+
(

400p2
1 p

4
2 p

4
3 p

3
4 + 160p2

1 p
3
2 p

5
3 p

3
4

)
z13

+120p2
1 p

4
2 p

5
3 p

3
4z

14 + 16p2
1 p

4
2 p

6
3 p

3
4z

15 + p2
1 p

4
2 p

6
3 p

4
4z

16. (3.22)

D4- case. For the Lie algebra D4 ∼= so(8), we obtain the polynomials

H1 = 1 + 6p1z + 15p1 p2z
2 + (10p1 p2 p3 + 10p1 p2 p4) z

3 + 15p1 p2 p3 p4z
4

+6p1 p
2
2 p3 p4z

5 + p2
1 p

2
2 p3 p4z

6, (3.23)

H2 = 1 + 10p2z + (15p1 p2 + 15p2 p3 + 15p2 p4) z
2

+ (40p1 p2 p3 + 40p1 p2 p4 + 40p2 p3 p4) z
3

+ (
25p1 p

2
2 p3 + 25p1 p

2
2 p4 + 135p1 p2 p3 p4 + 25p2

2 p3 p4
)
z4 + 252p1 p

2
2 p3 p4z

5

+ (
25p2

1 p
2
2 p3 p4 + 135p1 p

3
2 p3 p4 + 25p1 p

2
2 p

2
3 p4 + 25p1 p

2
2 p3 p

2
4

)
z6

+ (
40p2

1 p
3
2 p3 p4 + 40p1 p

3
2 p

2
3 p4 + 40p1 p

3
2 p3 p

2
4

)
z7

+ (
15p2

1 p
3
2 p

2
3 p4 + 15p2

1 p
3
2 p3 p

2
4 + 15p1 p

3
2 p

2
3 p

2
4

)
z8

+10p2
1 p

3
2 p

2
3 p

2
4z

9 + p2
1 p

4
2 p

2
3 p

2
4z

10, (3.24)
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H3 = 1 + 6p3z + 15p2 p3z
2 + (10p1 p2 p3 + 10p2 p3 p4) z

3 + 15p1 p2 p3 p4z
4

+6p1 p
2
2 p3 p4z

5 + p1 p
2
2 p

2
3 p4z

6, (3.25)

H4 = 1 + 6p4z + 15p2 p4z
2 + (10p1 p2 p4 + 10p2 p3 p4) z

3 + 15p1 p2 p3 p4z
4

+6p1 p
2
2 p3 p4z

5 + p1 p
2
2 p3 p

2
4z

6. (3.26)

F4- case. For the exceptional Lie algebra F4, we find the following polynomials:

H1 = 1 + 22p1z + 231p1 p2z
2 + 1540p1 p2 p3z

3 + (5775p1 p2 p
2
3

+1540p1 p2 p3 p4)z
4 + (9702p1 p

2
2 p

2
3 + 16632p1 p2 p

2
3 p4)z

5

+(5929p2
1 p

2
2 p

2
3 + 53900p1 p

2
2 p

2
3 p4

+14784p1 p2 p
2
3 p

2
4)z6 + (47432p2

1 p
2
2 p

2
3 p4 + 33000p1 p

2
2 p

3
3 p4

+90112p1 p
2
2 p

2
3 p

2
4)z7 + (65340p2

1 p
2
2 p

3
3 p4

+108900p2
1 p

2
2 p

2
3 p

2
4 + 145530p1 p

2
2 p

3
3 p

2
4)z8

+(33880p2
1 p

3
2 p

3
3 p4 + 355740p2

1 p
2
2 p

3
3 p

2
4

+107800p1 p
2
2 p

4
3 p

2
4)z9

+(10164p2
1 p

3
2 p

4
3 p4 + 211750p2

1 p
3
2 p

3
3 p

2
4

+379456p2
1 p

2
2 p

4
3 p

2
4 + 45276p1 p

3
2 p

4
3 p

2
4)z10

+705432p2
1 p

3
2 p

4
3 p

2
4z

11

+(45276p3
1 p

3
2 p

4
3 p

2
4 + 379456p2

1 p
4
2 p

4
3 p

2
4

+211750p2
1 p

3
2 p

5
3 p

2
4 + 10164p2

1 p
3
2 p

4
3 p

3
4)z12

+(107800p3
1 p

4
2 p

4
3 p

2
4 + 355740p2

1 p
4
2 p

5
3 p

2
4

+33880p2
1 p

3
2 p

5
3 p

3
4)z

13 + (145530p3
1 p

4
2 p

5
3 p

2
4

+108900p2
1 p

4
2 p

6
3 p

2
4 + 65340p2

1 p
4
2 p

5
3 p

3
4)z

14

+(90112p3
1 p

4
2 p

6
3 p

2
4 + 33000p3

1 p
4
2 p

5
3 p

3
4

+47432p2
1 p

4
2 p

6
3 p

3
4)z

15 + (14784p3
1 p

5
2 p

6
3 p

2
4

+53900p3
1 p

4
2 p

6
3 p

3
4 + 5929p2

1 p
4
2 p

6
3 p

4
4)z16

+(16632p3
1 p

5
2 p

6
3 p

3
4

+9702p3
1 p

4
2 p

6
3 p

4
4)z17

+(1540p3
1 p

5
2 p

7
3 p

3
4 + 5775p3

1 p
5
2 p

6
3 p

4
4)z18

+1540p3
1 p

5
2 p

7
3 p

4
4z

19 + 231p3
1 p

5
2 p

8
3 p

4
4z

20

+22p3
1 p

6
2 p

8
3 p

4
4z

21 + p4
1 p

6
2 p

8
3 p

4
4z

22, (3.27)

H2 = 1 + 42p2z + (231p1 p2 + 630p2 p3)z
2

+(6160p1 p2 p3 + 4200p2 p
2
3 + 1120p2 p3 p4)z

3 +
(16170p1 p

2
2 p3 + 51975p1 p2 p

2
3 + 11025p2

2 p
2
3

+13860p1 p2 p3 p4 + 18900p2 p
2
3 p4)z

4

+(407484p1 p
2
2 p

2
3 + 64680p1 p

2
2 p3 p4 + 266112p1 p2 p

2
3 p4

+88200p2
2 p

2
3 p4 + 24192p2 p

2
3 p

2
4)z5

+(148225p2
1 p

2
2 p

2
3 + 916839p1 p

3
2 p

2
3

+404250p1 p
2
2 p

3
3 + 3132668p1 p

2
2 p

2
3 p4 + 73500p2

2 p
3
3 p4
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+369600p1 p2 p
2
3 p

2
4 + 200704p2

2 p
2
3 p

2
4)z6

+(996072p2
1 p

3
2 p

2
3 + 2716560p1 p

3
2 p

3
3 + 1707552p2

1 p
2
2 p

2
3 p4

+9055200p1 p
3
2 p

2
3 p4 + 6035040p1 p

2
2 p

3
3 p4

+6044544p1 p
2
2 p

2
3 p

2
4 + 423360p2

2 p
3
3 p

2
4)z7

+(3735270p2
1 p

3
2 p

3
3 + 2546775p1 p

3
2 p

4
3 + 12450900p2

1 p
3
2 p

2
3 p4

+3201660p2
1 p

2
2 p

3
3 p4 + 43423380p1 p

3
2 p

3
3 p4 + 4365900p1 p

2
2 p

4
3 p4

+5336100p2
1 p

2
2 p

2
3 p

2
4 + 23654400p1 p

3
2 p

2
3 p

2
4

+18918900p1 p
2
2 p

3
3 p

2
4 + 396900p2

2 p
4
3 p

2
4)z8

+(6225450p2
1 p

3
2 p

4
3 + 81650800p2

1 p
3
2 p

3
3 p4

+93601200p1 p
3
2 p

4
3 p4 + 41164200p2

1 p
3
2 p

2
3 p

2
4

+22767360p2
1 p

2
2 p

3
3 p

2
4 + 171990280p1 p

3
2 p

3
3 p

2
4

+24147200p1 p
2
2 p

4
3 p

2
4 + 205800p3

2 p
4
3 p

2
4

+4139520p1 p
2
2 p

3
3 p

3
4)z

9 + (2614689p2
1 p

4
2 p

4
3

+17431260p2
1 p

4
2 p

3
3 p4 + 231708708p2

1 p
3
2 p

4
3 p4

+23769900p1 p
4
2 p

4
3 p4 + 77962500p1 p

3
2 p

5
3 p4

+420637140p2
1 p

3
2 p

3
3 p

2
4 + 30735936p2

1 p
2
2 p

4
3 p

2
4

+598635576p1 p
3
2 p

4
3 p

2
4

+56770560p1 p
3
2 p

3
3 p

3
4

+11176704p1 p
2
2 p

4
3 p

3
4)z

10 + (175877856p2
1 p

4
2 p

4
3 p4

+274428000p2
1 p

3
2 p

5
3 p4 + 58212000p1 p

4
2 p

5
3 p4

+142296000p2
1 p

4
2 p

3
3 p

2
4 + 1896293952p2

1 p
3
2 p

4
3 p

2
4

+191866752p1 p
4
2 p

4
3 p

2
4 + 984060000p1 p

3
2 p

5
3 p

2
4

+121968000p2
1 p

3
2 p

3
3 p

3
4 + 435558816p1 p

3
2 p

4
3 p

3
4)z11

+(12782924p3
1 p

4
2 p

4
3 p4 + 525427980p2

1 p
4
2 p

5
3 p4

+5478396p3
1 p

3
2 p

4
3 p

2
4 + 2005022376p2

1 p
4
2 p

4
3 p

2
4

+4106272940p2
1 p

3
2 p

5
3 p

2
4 + 816487980p1 p

4
2 p

5
3 p

2
4

+707437500p1 p
3
2 p

6
3 p

2
4 + 1396604748p2

1 p
3
2 p

4
3 p

3
4

+220774400p1 p
4
2 p

4
3 p

3
4 + 1201272380p1 p

3
2 p

5
3 p

3
4

+60555264p1 p
3
2 p

4
3 p

4
4)z12 + (70436520p3

1 p
4
2 p

5
3 p4

+239057280p2
1 p

5
2 p

5
3 p4 + 96049800p2

1 p
4
2 p

6
3 p4

+180457200p3
1 p

4
2 p

4
3 p

2
4 + 398428800p2

1 p
5
2 p

4
3 p

2
4

+9178974000p2
1 p

4
2 p

5
3 p

2
4 + 3585859200p2

1 p
3
2 p

6
3 p

2
4

+1189465200p1 p
4
2 p

6
3 p

2
4 + 1611502200p2

1 p
4
2 p

4
3 p

3
4 + 5439772800p2

1 p
3
2 p

5
3 p

3
4

+1540871640p1 p
4
2 p

5
3 p

3
4 + 1303948800p1 p

3
2 p

6
3 p

3
4

+292723200p2
1 p

3
2 p

4
3 p

4
4 + 391184640p1 p

3
2 p

5
3 p

4
4)z13

+(82175940p3
1 p

5
2 p

5
3 p4 + 112058100p2

1 p
5
2 p

6
3 p4

+136959900p3
1 p

5
2 p

4
3 p

2
4 + 1285029900p3

1 p
4
2 p

5
3 p

2
4

+5685080940p2
1 p

5
2 p

5
3 p

2
4 + 15028648200p2

1 p
4
2 p

6
3 p

2
4

+499167900p1 p
5
2 p

6
3 p

2
4 + 234788400p3

1 p
4
2 p

4
3 p

3
4 + 15327479700p2

1 p
4
2 p

5
3 p

3
4
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+7171718400p2
1 p

3
2 p

6
3 p

3
4 + 3451486500p1 p

4
2 p

6
3 p

3
4

+446054400p2
1 p

4
2 p

4
3 p

4
4 + 2151515520p2

1 p
3
2 p

5
3 p

4
4

+596090880p1 p
4
2 p

5
3 p

4
4 + 651974400p1 p

3
2 p

6
3 p

4
4)z14

+(43827168p3
1 p

5
2 p

6
3 p4 + 2179888480p3

1 p
5
2 p

5
3 p

2
4

+2414513024p3
1 p

4
2 p

6
3 p

2
4

+21026246976p2
1 p

5
2 p

6
3 p

2
4 + 3557400000p2

1 p
4
2 p

7
3 p

2
4

+3277206240p3
1 p

4
2 p

5
3 p

3
4 + 10654446880p2

1 p
5
2 p

5
3 p

3
4

+38613582112p2
1 p

4
2 p

6
3 p

3
4 + 1774819200p1 p

5
2 p

6
3 p

3
4

+646800000p1 p
4
2 p

7
3 p

3
4 + 8150714880p2

1 p
4
2 p

5
3 p

4
4

+4079910912p2
1 p

3
2 p

6
3 p

4
4 + 2253071744p1 p

4
2 p

6
3 p

4
4)z15

+(9717029784p3
1 p

5
2 p

6
3 p

2
4 + 8199664704p2

1 p
6
2 p

6
3 p

2
4 + 13199224500p2

1 p
5
2 p

7
3 p

2
4

+4946287500p3
1 p

5
2 p

5
3 p

3
4 + 10108843668p3

1 p
4
2 p

6
3 p

3
4

+64474736508p2
1 p

5
2 p

6
3 p

3
4

+14007262500p2
1 p

4
2 p

7
3 p

3
4 + 611226000p1 p

5
2 p

7
3 p

3
4

+1760913000p3
1 p

4
2 p

5
3 p

4
4 + 7805952000p2

1 p
5
2 p

5
3 p

4
4

+29296429974p2
1 p

4
2 p

6
3 p

4
4 + 1669054464p1 p

5
2 p

6
3 p

4
4 + 713097000p1 p

4
2 p

7
3 p

4
4)z16

+(439267752p4
1 p

5
2 p

6
3 p

2
4 + 6754454784p3

1 p
6
2 p

6
3 p

2
4 + 6903638280p3

1 p
5
2 p

7
3 p

2
4

+10040405760p2
1 p

6
2 p

7
3 p

2
4 + 2858625000p2

1 p
5
2 p

8
3 p

2
4

+37825702992p3
1 p

5
2 p

6
3 p

3
4 + 33468019200p2

1 p
6
2 p

6
3 p

3
4

+4507937280p3
1 p

4
2 p

7
3 p

3
4 + 57537501840p2

1 p
5
2 p

7
3 p

3
4

+4192650000p3
1 p

5
2 p

5
3 p

4
4 + 8611029504p3

1 p
4
2 p

6
3 p

4
4

+63276492636p2
1 p

5
2 p

6
3 p

4
4 + 16802311680p2

1 p
4
2 p

7
3 p

4
4

+1198002960p1 p
5
2 p

7
3 p

4
4 + 245887488p2

1 p
4
2 p

6
3 p

5
4)z17 + (1423552900p4

1 p
6
2 p

6
3 p

2
4

+10086748980p3
1 p

6
2 p

7
3 p

2
4 + 2862182400p3

1 p
5
2 p

8
3 p

2
4

+3890016900p2
1 p

6
2 p

8
3 p

2
4 + 2440376400p4

1 p
5
2 p

6
3 p

3
4

+33759456500p3
1 p

6
2 p

6
3 p

3
4 + 44524657100p3

1 p
5
2 p

7
3 p

3
4

+59339922180p2
1 p

6
2 p

7
3 p

3
4 + 16165587900p2

1 p
5
2 p

8
3 p

3
4 + 43888833450p3

1 p
5
2 p

6
3 p

4
4

+38856294400p2
1 p

6
2 p

6
3 p

4
4 + 6135803520p3

1 p
4
2 p

7
3 p

4
4

+86086107380p2
1 p

5
2 p

7
3 p

4
4 + 1859334400p2

1 p
4
2 p

8
3 p

4
4

+221852400p1 p
5
2 p

8
3 p
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1 p
3
2 p

6
3 p

2
4 + 8731800p1 p

4
2 p

6
3 p

2
4

+29988000p2
1 p

3
2 p

5
3 p

3
4

+8279040p1 p
4
2 p

5
3 p

3
4 + 16678200p1 p

3
2 p

6
3 p

3
4 + 1774080p1 p

3
2 p

5
3 p

4
4)z13

+(1584660p3
1 p

4
2 p

5
3 p

2
4 + 46973475p2

1 p
4
2 p

6
3 p

2
4

+25194480p2
1 p

4
2 p

5
3 p

3
4

+43705200p2
1 p

3
2 p

6
3 p

3
4

+17948700p1 p
4
2 p

6
3 p

3
4 + 5488560p2

1 p
3
2 p

5
3 p

4
4 + 4527600p1 p

3
2 p

6
3 p

4
4)z14

+(5588352p3
1 p

4
2 p

6
3 p

2
4

+15937152p2
1 p

5
2 p

6
3 p

2
4 + 5808000p2

1 p
4
2 p

7
3 p

2
4

+3234000p3
1 p

4
2 p

5
3 p

3
4

+93982512p2
1 p

4
2 p

6
3 p

3
4

+3234000p1 p
4
2 p

7
3 p

3
4 + 5808000p2

1 p
4
2 p

5
3 p

4
4 + 15937152p2

1 p
3
2 p

6
3 p

4
4

+5588352p1 p
4
2 p

6
3 p

4
4)z15

+(4527600p3
1 p

5
2 p

6
3 p

2
4 + 5488560p2

1 p
5
2 p

7
3 p

2
4

+17948700p3
1 p

4
2 p

6
3 p

3
4 + 43705200p2

1 p
5
2 p

6
3 p

3
4

+25194480p2
1 p

4
2 p

7
3 p

3
4 + 46973475p2

1 p
4
2 p

6
3 p

4
4

+1584660p1 p
4
2 p

7
3 p

4
4)z16

+(1774080p3
1 p

5
2 p

7
3 p

2
4 + 16678200p3

1 p
5
2 p

6
3 p

3
4 + 8279040p3

1 p
4
2 p

7
3 p

3
4

+29988000p2
1 p

5
2 p

7
3 p

3
4 + 8731800p3

1 p
4
2 p

6
3 p

4
4

+32524800p2
1 p

5
2 p

6
3 p

4
4 + 21783930p2

1 p
4
2 p

7
3 p

4
4)z17

+(18929680p3
1 p

5
2 p

7
3 p

3
4 + 5336100p2

1 p
5
2 p

8
3 p

3
4

+14437500p3
1 p

5
2 p

6
3 p

4
4 + 6338640p3

1 p
4
2 p

7
3 p

4
4

+38368225p2
1 p

5
2 p

7
3 p

4
4 + 2371600p2

1 p
4
2 p

8
3 p

4
4

+711480p2
1 p

4
2 p

7
3 p

5
4)z18

+(2069760p3
1 p

6
2 p

7
3 p

3
4

+5174400p3
1 p

5
2 p

8
3 p

3
4

+26826030p3
1 p

5
2 p

7
3 p

4
4

+18117750p2
1 p

5
2 p

8
3 p

4
4 + 2439360p2

1 p
5
2 p

7
3 p

5
4)z

19

+(1474704p3
1 p

6
2 p

8
3 p

3
4 + 3234000p3

1 p
6
2 p

7
3 p

4
4 + 16967181p3

1 p
5
2 p

8
3 p

4
4

+853776p2
1 p

6
2 p

8
3 p

4
4 + 3811500p2

1 p
5
2 p

9
3 p

4
4 + 1559250p3

1 p
5
2 p

7
3 p

5
4

+2144604p2
1 p

5
2 p

8
3 p

5
4)z

20

+(168960p3
1 p

6
2 p

9
3 p

3
4 + 5035250p3

1 p
6
2 p

8
3 p

4
4

+4928000p3
1 p

5
2 p

9
3 p

4
4 + 711480p2

1 p
6
2 p

9
3 p

4
4 + 2633400p3

1 p
5
2 p

8
3 p

5
4
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+830060p2
1 p

5
2 p

9
3 p

5
4)z

21 + (44100p4
1 p

6
2 p

8
3 p

4
4 + 3490575p3

1 p
6
2 p

9
3 p

4
4

+782100p3
1 p

6
2 p

8
3 p

5
4 + 1358280p3

1 p
5
2 p

9
3 p

5
4 + 177870p2

1 p
6
2 p

9
3 p

5
4)z

22

+(94080p4
1 p

6
2 p

9
3 p

4
4 + 443520p3

1 p
7
2 p

9
3 p

4
4 + 316800p3

1 p
6
2 p

10
3 p4

4

+1181400p3
1 p

6
2 p

9
3 p

5
4)z

23 + (45360p4
1 p

7
2 p

9
3 p

4
4 + 92400p3

1 p
7
2 p

10
3 p4

4

+36750p4
1 p

6
2 p

9
3 p

5
4 + 249480p3

1 p
7
2 p

9
3 p

5
4 + 161700p3

1 p
6
2 p

10
3 p5

4

+8085p3
1 p

6
2 p

9
3 p

6
4)z

24 + (10752p4
1 p

7
2 p

10
3 p4

4 + 31500p4
1 p

7
2 p

9
3 p

5
4

+90552p3
1 p

7
2 p

10
3 p5

4 + 9702p3
1 p

6
2 p

10
3 p6

4)z
25 + (14700p4

1 p
7
2 p

10
3 p5

4

+6930p3
1 p

7
2 p

11
3 p5

4 + 5775p3
1 p

7
2 p

10
3 p6

4)z26 + (2240p4
1 p

7
2 p

11
3 p5

4

+1050p4
1 p

7
2 p

10
3 p6

4 + 770p3
1 p

7
2 p

11
3 p6

4)z27 + (120p4
1 p

8
2 p

11
3 p5

4

+315p4
1 p

7
2 p

11
3 p6

4)z28 + 30p4
1 p

8
2 p

11
3 p6

4z
29 + p4

1 p
8
2 p

12
3 p6

4z
30, (3.29)

H4 = 1 + 16p4z + 120p3 p4z
2 + 560p2 p3 p4z

3 + (770p1 p2 p3 p4 + 1050p2 p
2
3 p4)z

4

+(3696p1 p2 p
2
3 p4 + 672p2 p

2
3 p

2
4)z5 + (4312p1 p

2
2 p

2
3 p4

+3696p1 p2 p
2
3 p

2
4)z6 + (2640p1 p

2
2 p

3
3 p4 + 8800p1 p

2
2 p

2
3 p

2
4)z7 + 12870p1 p

2
2 p

3
3 p

2
4z

8

+(8800p1 p
2
2 p

4
3 p

2
4 + 2640p1 p

2
2 p

3
3 p

3
4)z9 + (3696p1 p

3
2 p

4
3 p

2
4 + 4312p1 p

2
2 p

4
3 p

3
4)z

10

+(672p2
1 p

3
2 p

4
3 p

2
4 + 3696p1 p

3
2 p

4
3 p

3
4)z11 + (1050p2

1 p
3
2 p

4
3 p

3
4 + 770p1 p

3
2 p

5
3 p

3
4)z

12

+560p2
1 p

3
2 p

5
3 p

3
4z

13 + 120p2
1 p

4
2 p

5
3 p

3
4z

14

+16p2
1 p

4
2 p

6
3 p

3
4z

15 + p2
1 p

4
2 p

6
3 p

4
4z

16. (3.30)

Let us denote

Hs ≡ Hs(z) = Hs(z, (pi )), (pi ) = p ≡ (p1, p2, p3, p4). (3.31)

One can easily write down the asymptotic behaviour of the polynomials obtained:

Hs = Hs(z, (pi )) ∼
(

4∏

l=1

(pl)
νsl

)
zns ≡ Has

s (z, (pi )), as z → ∞, (3.32)

where we introduced the integer valued matrix ν = (νsl) having the form

ν =

⎛

⎜⎜⎝

1 1 1 1
1 2 2 1
1 2 2 1
1 1 1 1

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 2 2 2
2 4 4 4
2 4 6 6
1 2 3 4

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 2 2 1
2 4 4 2
2 4 6 3
2 4 6 4

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

2 2 1 1
2 4 2 2
1 2 2 1
1 2 1 2

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

4 6 8 4
6 12 16 8
4 8 12 6
2 4 6 4

⎞

⎟⎟⎠ (3.33)

for Lie algebras A4, B4,C4, D4, F4, respectively. In these five cases, there is a simple prop-
erty

4∑

l=1

νsl = ns, s = 1, 2, 3, 4. (3.34)
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Note that for Lie algebras B4, C4, D4 and F4, we have

ν(G) = 2A−1, G = B4,C4, D4, F4, (3.35)

where A−1 is inverse Cartan matrix, whereas in the A4-case, the matrix ν is related to the
inverse Cartan matrix as follows:

ν(G) = A−1(I + P), G = A4. (3.36)

Here, I is 4 × 4 identity matrix and

P =

⎛

⎜⎜⎝

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞

⎟⎟⎠ (3.37)

is a permutation matrix corresponding to the permutation σ ∈ S4 (S4 is symmetric group)

σ : (1, 2, 3, 4) �→ (4, 3, 2, 1), (3.38)

by the following relation P = (Pi
j ) = (δiσ( j)). Here, σ is the generator of the group G =

{σ, id}, which is the group of symmetry of the Dynkin diagram for A4. G is isomorphic to
the group Z2.

In case of D4 the group of symmetry of the Dynkin diagram G ′ is isomorphic to the
symmetric group S3 acting on the set of three vertices {1, 3, 4} of the Dynkin diagram via
their permutations. The existence of the above symmetry groups G ∼= Z2 and G ′ ∼= S3

implies certain identity properties for the fluxbrane polynomials Hs(z).
Let us denote p̂i = pσ(i) for the A4 case, and p̂i = pi for B4, C4, D4, F4 cases (i =

1, 2, 3, 4). We call the ordered set ( p̂i ) as dual one to the ordered set (pi ). It corresponds to
the action (trivial or nontrivial) of the group Z2 on vertices of the Dynkin diagrams for above
algebras.

Then, we obtain the following identities which were directly verified by using MATHE-
MATICA algorithms.

Symmetry relations.

Proposition 1 The fluxbrane polynomials obey for all pi and z > 0 the identities:

Hσ(s)(z, (pi )) = Hs(z, ( p̂i )) for A4 case,

Hσ ′(s)(z, (pi )) = Hs(z, (pσ ′(i)) for D4 case , (3.39)

for any σ ′ ∈ S3, s = 1, . . . , 4. We call relations (3.39) as symmetry ones.

Duality relations.

Proposition 2 The fluxbrane polynomials corresponding to Lie algebras A4, B4, C4, D4

and F4 obey for all pi > 0 and z > 0 the identities

Hs(z, (pi )) = Has
s (z, (pi ))Hs(z

−1, ( p̂−1
i )), (3.40)

s = 1, 2, 3, 4.

We call relations (3.40) as duality ones. These relations may be used for deriving 1/ρ-
expansion for the metric and the fields involved at large distances.
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Fluxes. Let us consider an oriented two-dimensional manifold M∗ = (0,+∞) × S1,
R > 0. One can calculate the flux integrals over this manifold:

�s =
∫

M∗
Fs = 2π

∫ +∞

0
dρρBs, (3.41)

where

Bs = qs

4∏

l=1

H−Asl
l . (3.42)

The flux integrals �s are convergent and read as follows: [30]

�s = 4πnsq
−1
s hs, (3.43)

s = 1, 2, 3, 4. Thus, any flux �s depends upon one integration constant qs �= 0, while the
integrand form Fs depends upon all constants: q1, q2, q3, q4.

In the A4-case, we have:

(q1�
1, q2�

2, q3�
3, q4�

4) = 4πh(4, 6, 6, 4), (3.44)

where h1 = h2 = h3 = h4 = h.
In the B4=case, we find:

(q1�
1, q2�

2, q3�
3, q4�

4) = 4π(8h1, 14h2, 18h3, 10h4) = 4πh(8, 14, 18, 20), (3.45)

where h1 = h2 = h3 = h, h4 = 2h.
In the C4-case, we obtain:

(q1�
1, q2�

2, q3�
3, q4�

4) = 4π(7h1, 12h2, 15h3, 16h4) = 4πh(7, 12, 15, 8),

(3.46)

where h1 = h2 = h3 = h, h4 = 1
2h.

In the D4-case, we are led to relations:

(q1�
1, q2�

2, q3�
3, q4�

4) = 4πh(6, 10, 6, 6),

(3.47)

where h1 = h2 = h3 = h4 = h. (In all examples, relations (3.8) are used.)
In the F4-case, we similarly obtain:

(q1�
1, q2�

2, q3�
3, q4�

4)=4π(22h1, 42h2, 30h3, 16h4)=4πh(22, 42, 60, 32), (3.48)

where h1 = h2 = h, h3 = h4 = 2h.
For D = 4 and g2 = −dt⊗dt+dx⊗dx , qs coincides with the value of the x-component

of the s-th magnetic field on the axis of symmetry, s = 1, 2, 3, 4.
We note also that by putting q1 = 0, we get the Melvin-type solutions corresponding to

Lie algebras A3, B3, C3, A3 and C3, respectively, which were analysed in Ref. [27]. (The
case of the rank 2 Lie algebra G2 [26] may be obtained for the D4 case when q1 = q3 = q4.)
The case of non-exceptional Lie algebras of rank 4 was considered earlier in [29].

Special solutions. Let us put p1 = p2 = p3 = p4 = p > 0. We get binomial relations

Hs(z) = Hs(z; (p, p, p, p)) = (1 + pz)ns , (3.49)
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which certainly satisfy the master equations (2.6) with boundary conditions (2.7) imposed
when parameters qs obey

1

4
Ksq

2
s /ns = p, (3.50)

s = 1, 2, 3, 4.

Relation (3.49) is satisfied for all polynomials presented above. One can also readily check
the relations for fluxes in (3.43) for the special case p1 = p2 = p3 = p4 = p.

4 Dilatonic black holes for simple Lie algebras of rank 4

Relations (constraints) on dilatonic coupling vectors (2.10), (2.11) appear also for dilatonic
black hole solutions which are defined on the manifold

M ′ = (R0,+∞) × (M0 = S2) × (M1 = R) × M2, (4.1)

where R0 = 2μ > 0 and M2 is a Ricci-flat manifold. These solutions on the manifold M ′
from (4.1) for the model under consideration may be extracted from general black brane
solutions from refs. [21,25,39]. They read:

g =
( 4∏

s=1

H2hs/(D−2)
s

){
f −1dR ⊗ dR + R2g0 −

( 4∏

s=1

H−2hs
)
f dt ⊗ dt + g2

}
,

(4.2)

exp(ϕa) =
4∏

s=1

Hhsλas , (4.3)

Fs = −Qs R
−2

(
4∏

l=1

H−Asl
l

)
dR ∧ dt, (4.4)

s, a = 1, 2, 3, 4, where f = 1 − 2μR−1, g0 is the standard metric on M0 = S2 and g2 is
a Ricci-flat metric of signature (+, . . . ,+) on M2. Here, Qs �= 0 are integration constants
(charges).

The functions Hs = Hs(R) > 0 obey the master equations

R2 d

dR

(
f
R2

Hs

d

dR
Hs

)
= Bs

4∏

l=1

H−Asl
l , (4.5)

with the following boundary conditions on the horizon and at infinity imposed:

Hs(R0 + 0) = Hs0 > 0, Hs(+∞) = 1, (4.6)

where

Bs = −KsQ
2
s , (4.7)

s = 1, 2, 3, 4. Here, relations (2.9) are also valid.
For Lie algebras of rank 4, the functions Hs are polynomials of rank (3.9) with respect to

R−1. By using approach of Ref. [25], these polynomials may be obtained (at least for small
enough Qs) from fluxbrane polynomials Hs(z) presented in this paper extended to negative
values of parameters ps .
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Indeed, let us denote f = 1 − 2μ/R. Then, the relations (4.5) may be rewritten as

d

d f

(
f

Hs

d

d f
Hs

)
= Bs(2μ)−2

4∏

l=1

H−Asl
l , (4.8)

s = 1, 2, 3, 4. These relations could be solved (at least for small enough Qs) by using
fluxbrane polynomials Hs( f ) = Hs( f ;p), corresponding to 4 × 4 Cartan matrix (Asl),
where p = (p1, p2, p3, p4) is the set of parameters. Here, we impose the restrictions ps �= 0
for all s.

Due to approach of Ref. [25], we put

Hs = Hs( f ;p)/Hs(1;p) (4.9)

for s = 1, 2, 3, 4. Then, the relations (4.8), are satisfied identically if [25]

ns ps

4∏

l=1

(Hl(1;p))−Asl = Bs/(2μ)2, (4.10)

s = 1, 2, 3, 4.
We call the set of parameters p = (p1, p2, p3, p4) (pi �= 0) as proper one if [25]

Hs( f ;p) > 0 (4.11)

for all f ∈ [0, 1] and s = 1, 2, 3, 4. In what follows, we consider only proper p. In relations
(4.10), we have ps < 0 and Bs < 0 for s = 1, 2, 3, 4.

The boundary conditions (4.6) are valid since due to relation (4.9)

Hs(2μ + 0) = 1/Hs(1;p) > 0, (4.12)

s = 1, 2, 3, 4.
Locally, for small enough pi the relation (4.10) defines one-to-one correspondence

between the sets of parameters (p1, p2, p3, p4) and (Q2
1, Q

2
2, Q

2
3, Q

2
4) and the set

(p1, p2, p3, p4) is proper.
Relations (4.12) imply the following formula for the Hawking temperature [25]

TH = 1

8πμ

4∏

s=1

(Hs(1;p))hs . (4.13)

Special solutions. For any algebra under consideration, there exists a special solution
with binomial relations for moduli functions

Hs = (1 + P/R)ns , (4.14)

with P > 0, if

KsQ
2
s/ns = P(P + 2μ), (4.15)

s = 1, 2, 3, 4. This may be readily verified by substituting these functions into the master
equations (4.5). The corresponding fluxbrane polynomials (3.49) have coinciding (negative)
parameters p1 = p2 = p3 = p4 = p < 0 which obey

− p

1 + p
= P/(2μ) > 0, (4.16)
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where −1 < p < 0. (For this values the set (p, p, p, p) is proper one.) Relation (4.16) may
be extracted just from (4.9). The Hawking temperature in this case reads as

TH = 1

8πμ
(1 + p)A = 1

8πμ

(
1 + P

2μ

)−A

, A =
4∑

s=1

nshs . (4.17)

Here, the identity 1/(1 + p) = 1 + P/(2μ) is used.
Phantom black holes. Now, we consider the case of special solution with p > 0. We get

from (4.16) −2μ < P < 0 and due to relation (4.15), we find KsQ2
s < 0 which imply (due

to Ks > 0) Q2
s < 0, i.e. we are led to pure imaginary charges Qs . But one can overcome this

point by considering from the very beginning “phantom” fields of forms Fs , i.e. one should
consider the action with wrong signs of electromagnetic-type terms

S f =
∫

dDx
√|g|

{
R[g] − δabg

MN ∂Mϕa∂Nϕb + 1

2

4∑

s=1

exp[2λsϕ](Fs)2
}
, (4.18)

instead of (2.2). Models with phantom “electromagnetic-type” field were considered in the
literature, see for example [40,41]. In this case, one should replace the relation (4.7) by

Bs = KsQ
2
s . (4.19)

For special phantom black hole solutions, we obtain

− KsQ
2
s/ns = P(P + 2μ), (4.20)

(−2μ < P < 0) instead of (4.15). In general case, the phantom black hole solutions are
described by formulae (of this Section) presented above with the relation (4.19) instead of
(4.7). These solutions use fluxbrane polynomials with positive pi which were studied in
previous sections.

5 Conclusions

In this paper, the generalized multidimensional family of Melvin-type solutions was consid-
ered corresponding to finite-dimensional Lie algebras of rank 4: G = A4, B4,C4, D4, F4.
Each solution of that family is governed by a set of 4 fluxbrane polynomials Hs(z),
s = 1, 2, 3, 4. These so-called fluxbrane polynomials define special solutions to open Toda
chain equations corresponding to the Lie algebra G.

The polynomials Hs(z) depend also upon parameters qs , which coincides for D = 4 (up
to a sign) with the values of colored magnetic fields on the axis of symmetry.

We have presented the symmetry relations and the duality identities for polynomials
under consideration. These identities may be used in deriving 1/ρ-expansion for solutions
at large distances ρ. We have also presented two-dimensional flux integrals �s = ∫

M∗ F
s

(s = 1, 2, 3, 4) over a two-dimensional submanifold M∗. Each total flux �s depends only
upon one corresponding parameter qs , whereas the integrand Fs depends on all parameters
qs , s = 1, 2, 3, 4.

Here, we have suggested a possible applications of the fluxbrane polynomials under con-
sideration to a class of dilatonic black hole solutions which are analogs of the Melvin-type
solutions. A subclass of special charged black hole solutions governed by two parameters:
P > 0 and μ > 0, was considered. It was pointed out that the consideration of black hole
solution in the model with “phantom” fields of forms will use original fluxbrane polynomials
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Hs( f ; (p1, p2, p3, p4)), i.e. those which have positive values of parameters pi , i = 1, 2, 3, 4.
(For usual charged black holes one should deal with negative pi .) The detailed consideration
of such phantom black holes governed by fluxbrane polynomials (for these and other Lie
algebras) will be a subject of separate paper.
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