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Abstract In this paper, we formulate a mathematical model to investigate a within-host
HIV dynamics under the effect of cytotoxic T lymphocytes immune response. The model
incorporates two modes of transmission, virus-to-cell (VTC) and cell-to-cell (CTC). The
CTC infection is due to the contact of healthy CD4™ T cells with (i) silent HIV-infected
cells, and (ii) active HIV-infected cells. The model integrates three types of distributed time
delays. We show that the model is well posed and it has three equilibria. The existence
and stability of equilibria are governed by two threshold parameters. We prove the global
asymptotic stability of all equilibria by utilizing Lyapunov function and LaSalle’s invariance
principle. We have presented numerical simulations to illustrate the theoretical results. We
have studied the effects of CTC transmission and time delays on the dynamical behavior
of the system. We have shown that inclusion of time delay can significantly increase the
concentration of healthy CD4™ T cells and reduce the concentrations of infected cells and
free HIV particles. While the inclusion of CTC transmission decreases the concentration
of healthy CD4™ T cells and increases the concentrations of infected cells and free HIV
particles.

1 Introduction

Acquired immunodeficiency syndrome (AIDS) is one of the fatal human diseases which is
caused by human immunodeficiency virus (HIV). HIV is a retrovirus that mainly infects
the healthy (uninfected) CD4™ T cells and other immune cells such as macrophages and
dendritic cells. For long period up to 10 years [1], the HIV infection can be controlled
by two main components (i) cytotoxic T lymphocytes (CTLs) that kill the HIV-infected
cells, and (ii) B cells that generate specific antibodies which in turn neutralize the viruses.
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However, during this period of time the concentration of healthy CD4™ T cells declines. When
the concentration of the CD4 T cells reaches below 200 cells/mm?, the patient is said to
have progressed to AIDS. During the last decades, mathematical modeling of a within-host
HIV infection has witnessed a significant development. Moreover, mathematical analysis
of the HIV dynamics models has also become one of the most important and fundamental
methods for understanding the within-host HIV dynamics [2-8]. Nowak and Bangham [6]
have introduced an HIV infection model which describes the interaction between healthy
CD4™ T cells (W), active HIV-infected cells (M), free HIV particles (N) and HIV-specific
CTLs (P):

W(t)=p—aW@) —mW@ON@),

M(t) = mW@N @) —aM (1) — nP (M),
N(@)=bM(t) —eN(1),

P(t) =o P(t)M(1) —  P(r).

1

The healthy CD4™ T cells are generated at specific constant rate p and die at rate «W.
The term n1 W N refers to the rate at which new infectious appears by virus-to-cell (VTC)
transmission between free HIV particles and healthy CD4™ T cells. The active HIV-infected
cells die at rate aM. The term uP M is the killing rate of active HIV-infected cells due to
their HIV-specific CTL-mediated immunity. The free HIV particles are generated at rate bM
and cleared from the plasma at rate ¢ N. The proliferation rate of the effective HIV-specific
CTLs is given by 0 P M. The term 7 P represents the decay rate of the CTLs. HIV infection
models with CTL-mediated immune response have been investigated in many papers (see,
e.g., [2-16]).

Model (1) is formulated on the assumption that HIV can only spread by VTC transmission.
However, several works have reported that there is another mode of transmission called cell-
to-cell (CTC) where HIV can be transmitted directly from an infected cell to a healthy CD4 "
T cell through the formation of virological synapses (see, e.g., [17-20]). Sourisseau et al. [21]
have shown that CTC transmission plays an efficient role in the HIV replication. Sigal et al.
[22] have demonstrated the importance of CTC transmission in the HIV infection process
during the antiviral treatment. Iwami et al. [19] have shown that more than 50% of HIV
infections are due to CTC transmission. The effects of both VTC and CTC transmissions on
the virus dynamics have been addressed in several works (see, e.g., [23-29]), although the
CTL-mediated immunity has not been considered. Virus dynamics models with both VTC
and CTC transmissions and CTL-mediated immunity have been investigated in [30-32].
Wang et al. [31] have proposed the following virus dynamics model with CTL-mediated
immunity, both VTC and CTC transmissions and a distributed time delay for production of
active infected cells:

W) =p—aW) —mWEON@) —npWHU @),
M) = [ A@)e W (t — ) INN( — @) + U (t — 9)1dp —aM (1) — uP ()M (1),
0

N(@) = bM(t) —eN(1),
P(t) = P(OOM@) — w P(1).

2
The healthy CD4" T cells are contacted with active CD41 T infected cells and become

infected due to CTC transmission at rate 7 W U. The factor A (¢)e" represents the prob-
ability that healthy CD4" T cells contacted by HIV particles or active HIV-infected cells at
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time ¢ — @ survived ¢ time units and become active infected at time 7. The delay parameter ¢
is random taken from a probability distribution function A (¢) over the time interval (0, co).

It is known that current anti-retroviral drugs can suppress HIV replication to a low level
but cannot enucleate HIV from the body. One of the main reasons of this fact is the presence
of silent (latent) CD4™ T infected cells where the HIV provirus can reside [33,34]. Silent
HIV-infected cells live long, but they can be activated to produce new HIV particles. Silent
HIV-infected cells have been included in the virus dynamics models with both VTC and CTC
transmissions in [35—40]. In a very recent work [41], it has been shown that both silent and
active HIV-infected cells can infect the healthy CD4™" T cells through CTC mechanism. In
the literature, all viral infection models with CTC transmission and silent infected cells have
assumed that the CTC transmission only occurs due to the active infected cells.

In the present paper, we extend model (2) by considering in the dynamics (i) both silent
and active HIV-infected cells, (ii) three types of distributed time delays and (iii) three types of
infection modes, VTC, silent HIV-infected CTC and active HIV-infected CTC transmissions.
The well-posedness of the model is investigated. We deduce two threshold parameters which
govern the existence and stability of the three equilibria. Global stability of all equilibria is
proven by formulating Lyapunov functions and utilizing LaSalle’s invariance principle. We
perform some numerical simulations to illustrate the strength of our theoretical results.

2 Model formulation

We formulate a distributed delay HIV infection model with CTL-mediated immunity. We
assume that the HIV virions can replicate by two mechanisms VTC and CTC transmissions.
The CTC infection has two sources, (i) the contact between healthy CD4™ T cells and silent
HIV-infected cells, and (ii) the contact between healthy CD4™ T cells and active HIV-infected
cells. Under these assumptions, we propose the following model:

W(t)=p—aW@) —mWONG —mWOU@ —nWEOM®@),

. K1
U= [ Ai(@e MW — @) InNE —9) + U@t — @) + ;M — )ldp — 0+ ) U (1),
0
M) =2 [ Aa(@)e 22U (1 — g)dp — aM (1) — nP ()M (1), 3)
0

N(@) =b 7A3<w)e—ﬁ3w<t —@)de — eN (1),
0

P(t) = POOM(t) — T P(1),

where U (¢) is the concentration of silent HIV-infected cells. The healthy CD4™" T cells are
contacted with silent HI V-infected cells and become infected due to CTC transmission at rate
n3W M. The term AU is the rate of silent HIV-infected cells that become active HIV-infected
cells. yU represents the death rate of the silent HIV-infected cells. The factor A (p)e—Tue
represents the probability that healthy CD4* T cells contacted by HIV particles or HIV-
infected cells at time ¢ — ¢ survived ¢ time units and become silent infected at time .
The term A»(p)e 2% is the probability that silent HIV-infected cells survived ¢ time units
before transmitted to be active at time ¢. Moreover, the factor A3(<p)e_h3‘p demonstrates the
probability of new immature HIV particles at time ¢ — ¢ lost ¢ time units and become mature
attime 7. Here, h;, i = 1, 2, 3 are positive constants. The delay parameter ¢ is random taken
from a probability distribution function A;(¢) over the time interval [0, x;], i = 1, 2,3,
where «; is the limit superior of this delay period. The function A;(¢), i = 1, 2, 3 satisfies

@ Springer



593 Page 4 of 30 Eur. Phys. J. Plus (2020) 135:593

Table 1 Parameters of model (3) and their interpretations

Parameter Biological meaning

Recruitment rate for the healthy CD4% T cells
Natural death rate constant for the healthy CD4T T cells

N1 Virus-cell incidence rate constant between free HIV particles and healthy CD4 1 T cells
2 Cell-cell incidence rate constant between silent HIV-infected cells and healthy CD4™ T cells
n3 Cell-cell incidence rate constant between active HIV-infected cells and healthy CD4T T cells

Death rate constant of silent HIV-infected cells
Death rate constant of active HIV-infected cells
" Killing rate constant of active HIV-infected cells due to their specific

CTL-mediated immunity

X Transmission rate constant of silent HIV-infected cells that become active
HIV-infected cells

b Generation rate constant of new HIV particles

e Death rate constant of free HIV particles

o Proliferation rate constant of effective HIV-specific CTLs

b4 Decay rate constant of HIV-specific CTLs

1 Delay parameter

Aj(p) Probability distribution function

Ai(p) > 0and

Ki Ki

/ Ai(p)dg = 1 and / Aip)e®dp < oo,

(=}
(=}

where u > 0. Let us denote
Ki
Hilg) = Ai(@)e™"% and H; = f Hi(g)dg,
0

where i = 1,2,3. Thus, 0 < H; < 1, i = 1,2, 3. The initial conditions of system (3) are
given by:

W(x) =e€1(x), Ux) = e2(x), M(x) = €3(x), N(x) = es(x), P(x) = €&5(x),
€j(x) >0, x e[—«,0], j=1,2,...,5, « =max{ky, k2, K3}, “4)

where €;(x) € C([—«,0],R>0), j = 1,2,...,5and C = C([—«, 0], R>() is the Banach

space of continuous functions with norm |€;|| = sup |e;(m)| for €; € C. Therefore,
—k<m=<0

system (3) with initial conditions (4) has a unique solution by using the standard theory of

functional differential equations [42,43]. All remaining variables and parameters have the

same biological meaning as explained in Sect. 1. Table 1 summarizes all parameters and their

definitions.
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3 Well-posedness of solutions

Proposition 1 All solutions of system (3) with initial conditions (4) are nonnegative and
ultimately bounded.

Proof First, we show the nonnegativity of solutions. From the first equation of system (3),
we have W |w=o= p > 0, then W(¢) > O for all # > 0. Moreover, the rest equations of
system (3) give us the following:

U(t) = e (0)e~ 3+t
t

K1
+ / oGP0 / T @ W — @) NG — ) +maU (x — )
0 0

+m3M(x — @)]dedx > 0,

t K2
M) = e(0)e ho@rnPONdy 4y / e~ JulatuP()dy / T (p)U (x — ¢)dgdx > 0,
0 0

t K3

N(@) = es(0)e™ " + b/e*(t*x)/?%(w)M(x _ o)dpde > 0,
0 0
P(t) = 65(0)e_f(§(”—”M(y))dy >0,

forallz € [0, «]. Thus, by arecursive argument, we get W (¢), U (t), M (t), N(t), P(t) > Ofor
all + > 0. Hence, the solutions of system (3) satisfy (W (¢), U (), M(t), N(t), P(¢)) € R5>o
for all r > 0. -

Now, we investigate the boundedness. From the first equation of system (3), we obtain
limsup,_, o, W(r) < 2. Let U (1) = [y Hi(@)W(t — ¢)dg + U (), then

W) = [ o) 1o =W~ p1do = Gt 1) UG
0
K1
=t —a [ Fa@W - odp — G+ 1 UG)
0

< p—¢ /ﬂl(w)W(t—w)dw—FU(t) =p—$1Vi(1),
0

where ¢ = min{a, A + y}. It follows that, lim sup,_, ., ¥1(¢) < €21, where Q2| = ﬁ. Since

o H1(@)W(t — ¢)dg and U (¢) are nonnegative, then limsup, _, o, U () < . Moreover,
we let Wa(1) = M(t) + £ P (1), then

193
Uy (1) = 2 / Fla (@)U (t — 9)dp — aM (1) — ’;—”Pm < WMo — aM(1) — “J—”P(r)
0
<22 —aM () = EEP@) <3921 — 62 (M) + £P1) =221 — 9202).
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AQ
where ¢, = min{a, 7}. It follows that, lim sup,_, ., W2(¢) < 22, where Q2 = —1. Since

2
M(t) > O0and P(t) > 0, then limsup,_, ., M(¢) < Q0 and limsup,_, ., P(¢) < Q3, where
Q3 = %Qz. Finally, from the fourth equation of system (3), we have

N(t) = b/?—_l3(g0)M(t —@)dp —eN(t) <bH3Q2 —eN(t) <bQ20 —eN(t).
0

. b
Thus, lim sup,_, o, N () < Q4, where Q4 = —. ]

e
According to Proposition 1, we can show that the region
E={W.U. MNPy eCly: IWI < @0, IUI < @0, IMI < 22, 1P < @5, INI < Q4

is positively invariant with respect to system (3). O

4 Equilibria

Let (W,U, M, N, P) be any equilibrium of system (3) satisfying the following equations:

O=p—aW - WN —mWU —n3sWM, (®)]
0=Hi (MWN+mWU +mWM) - (Q+y)U, (6)
0=AHoU —aM — nPM, (7
0=0bH3M —¢N, 8)
0= (@M —m)P. )

The straightforward calculation finds that system (3) admits five equilibria.

(i) It is obvious that system (3) has an infection-free equilibrium, Dy = (W), 0, 0, 0, 0),
where Wy = p/a. This case describes the situation of healthy state where the HIV infection
is absent.

(ii) When P; = 0, we have a chronic HIV infection equilibrium with inactive CTL-
mediated immune response, D | = (W, Uy, M1, N1, 0), where

Wi = ag(y + 1) ’
Hilagny + AHa (bniH3 + en3)]

Uy = aga [ WoH {aeny + WHo (bmiHs +ens)} ] ’
aemny + AHa (bniHz + en3) | as (y +4) i

My = eaAH [ WoHi {agny + AHo (bniHs + en3)} 1_ ’
agny + AHo (bniHz +€n3) | as(y + 1) ]

_ abAHaH3 [ WoHi {aeny + AHa (bniHs +en3)} 1_

agm + AHa (bniHs +en3) | ag(y + ) i

Therefore, D exists when
WoH1 lagnz + AHa (bniHs + ens)] -
ag(y +2)
At the equilibrium D1, the chronic HIV infection persists while the CTL-mediated immune

response is unstimulated. In order to state the threshold dynamics of infection-free equi-
librium, it is necessary to define the basic HIV reproduction number Mg of the model. If

1.
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the antiviral drugs are taken into account in that HIV dynamics model, then 9 can be used
to determine the minimum drug efficacy which stabilizes the system around the infection-
free equilibrium and clears the viruses from the body. The basic HIV reproduction number
of model (3) can be calculated by different methods such as (i) the next-generation matrix
method of van den Driessche and Watmough [44], (ii) local stability of the infection-free
equilibrium, and (iii) the existence of the chronic HIV infection equilibrium with inactive
CTL-mediated immune response. In the present paper, we derive iy by method (iii) as:

_ WoHi [agny + A Ha (bniH3 + en3)]

N = No1 + Noz + Nos,
0 as (y + 1) 01 02 03
where
WorbniHiH2H3 WonaHy WoAnsHiHa
SR()] =, W=, N3 ="
ag(y + 1) + A a(y +21)

The parameter N determines whether or not the infection will be chronic in the absence of
the immune response. In fact, %o determines the average number of secondary HIV-infected
cells caused by an existing free HIV particle due to VTC transmission, while Jigp and Np3
determine the average numbers of secondary HIV-infected cells caused by living silent and
active HIV-infected cell, respectively, due to CTC transmission. In terms of %1, we can write

Wo asa

W = —, U = 9% _l )
V=5 U em i om s F ey 0 Y
AH bAHIH
- carTt (Mo — 1), Ny = b (Ro—1).
agny + AHa (bniHz + en3) aeny+AHy (bniHs + ens)
(10)

T
(iii)) When P # 0, we have M>, = —. In this case, we consider a chronic HIV infection
o

equilibrium with active CTL-mediated immune response, D o = (Wa, Uz, M2, N2, P»),
where

brH roHo U
- peo ,szﬁ,&:%&_l)m)
brnH3 + e (3 +ao +onpls) go I am
and U, satisfies the quadratic equation
AUZ + BU> + C =0, (12)
where
A=emo(y+1),
B=m(bmHz+ens) (v + 1) +e0 [a(y + 1) —mpHi] .
C = —npHy (bniHs +en3) - (13)

Since A > 0 and C < 0, then B2 — 4AC > 0 and there are two distinct real roots of Eq.
(12). The positive root is given by
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roHoUs .
It follows that W, > 0 and P, > 0 only when ————— > 1. We define the HIV specific

aw
CTL-mediated immunity reproduction number as follows:
roHLUy
ar

N =

Thus, P, = a4 (M1 — 1). Therefore, D, exists when i; > 1. The parameter N determines
n

whether or not the HIV-specific CTL-mediated immune response is stimulated.
The threshold parameters are given as follows:
WoH1 laenz + AHa (bniH3 + en3)] _ AoHr U

No = , N =
ag(y +2) am

5 Global stability analysis

In this section, we prove the global asymptotic stability of all equilibria by constructing
Lyapunov functional following the method presented in [45-49]. Define F (x) = x — 1 —
In x. Denote (W, U, M, N, P) = (W(), U(t), M(t), N(t), P(t)) and (W, Uy, My, Ny) =
W =), Ut =), M(t — ), Nt = ¢)).

Theorem 1 If Ny < 1, then Dy is globally asymptotically stable (G.A.S).

Proof Construct a Lyapunov functional candidate ®y(W, U, M, N, P) as follows:

w 1 Wo (bmi'H W Wo (bmH
®o—Wof( )+—U+ o (bmHs +ens) o mWo . wWo (bmHs +em3) |,
H ae e oag

/Hl(w) / W (e) [m N Q) + n2U () + n3M ()] dxede
t—¢

n AWo (bniH3 + en3)
ae

/ Fa(p) / UGdxdg + 210 / Ha(p) f MGodxdg.
t—¢ I—¢

It is seen that, ®g(W, U, M, N, P) > O for all W, U, M, N, P > 0, and ®g has a global

minimum at Dy. We calculate do q 9 along the solutions of model (3) as:

d®g _ <1 Wo

—aW —mWN —maWU — s WM
o W)(/O o n n2 73 )

K1
/ﬂl(w)% (m Ny +mUy +n3My)dep — (. +y) U

n Wo (bniH3 + &n3)
ae

K2
A/ﬂzup)wd(p —aM — uPM

b Wo (b H
b/Hg((p)M(pdq)—eN + MW OmHs ¥ em3)  prs — ap)
oage

n1Wo
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+—/H1(90) W (N + nU + n3M) — Wy, (11 Ny + maU, + 13M,) ] de
IWo (bniHs +ens) [ -
n -~ /Hz(q)) (U —U,)dg + ) dg
0
(14)
Collecting terms of Eq. (14), we get

d®g Wo A4y

1 — —aW WoU — U
O ( ) (0 —aW)+mW ,
AWoH, (bniH. Wo (bmH
4 MW 2 (bmHs +ems) o uw Wo (bmiHs + ens)
ag oag
Using Wy = p/a, we obtain
d®g _a(W — Wo)* n Aty [ WoHi {agny + AHo (bm M3 + en3)} o
dr w Hi ag (A +y)
_ m Wo (bniH3 + en3) p
oag
W —Wp)? A Wo (b
=_o[( 0) n +y(§H0—1)U—WT 0(771H3+8773)P

w Hy oae

Therefore, d—oto < Oforall W,U, M, N, P > 0 with equality holding when W = W, and
U=P=0.LetYy = [(W, U M,N,P): dg)l“ = O] and Té be the largest invariant subset

of Y. The solutions of system (3) converge to T(; [42]. The set T(,) is invariant and contains
elements which satisfy W(t) = Wp and U(t) = P(t) = 0. According to the LaSalle’s
invariance principle, lim;_,ooc W(t) = Wp and lim;_,oc U(t) = lim;—, P(¢t) = 0. Then,
W(t) = 0Oand U(t) = P(t) = 0. From the third and fourth equations of system (3), we have

M@) = —aM(p), (15)
N@) = b/7:[3(<p)M¢d(p —eN(@). (16)

We define a Lyapunov function:

®0—M(t)+mN(t)+f/H3(¢) / M ()dxdg.

=g

Therefore, the time derivative of ®g along the solutions of system (15)—(16) can be calculated
as follows:

46y _ _a M@+ ——N@®) <0
d 2 bH3 -
Clearly, 40 = 0 if and only if M() = N@) = 0 for all 1. Let Y, =

[w.u MmN Pyex; 1992 =0 It follows that Y, = {(W.U. M, N, P)ey:
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W =Wy, U=M=N=P =0} = {Dp}. Hence, all solution trajectories approach Dg
and this means that Dg is G.A.S [42,43]. m]

Lemmal If% <1, then M1 < M».

Proof Let X1 < 1, then % < 1 and hence

am —B++VB2—4AC am
Uy < = = <
Ao Ho 2A AoHa
2Aam + }»O’HQB
Ao Hp

~ ~\ 2
2A A B -~ -
M +4AC — B2 > 0.

roHy

—4AC <

Using Egs. (10) and (13), we obtain

dameno(y + A)? [aeny + AHa (b Hs + en3)]
22H3

(M — My) > 0.

Hence, M| < M>.
We consider the following equalities to be used in the proceeding theorems:

W, N, W,N,U, W, N, U
In{—Z2)=In( 222 )+mIn{-2)+1In 1 ,
WN W,N,U w NU,
wW,U. W, U, W,

) | 2L )+ L),
wU w,U w

In WyM, _ W(prU,,

W, M, U

)
) (

Theorem 2 Suppose that N1 < 1 < N, then Dy is G.A.S.

) n=1.2. (17)

Proof We define a functional ®1(W, U, M, N, P) as:

or=wir ()4 Loy (L
11W1 H11U1

Wi (bniH3 + ¢ M W N
N 1 (bn1H3 n3)M1F<M>+m£1N1F< )

ae Ny
Wi (b Wi N W ()N
LM 1(771H3+8773)P m W ]/H()/ WGOON (o) dxdy
oag W Ny

/H (¢ )/ <W(‘;)gl(%)>dxd<p
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773W1M1 W) M ()
/%()/ ( WM, )d%d(p
AWy (b U
N 1(7717Zi+8773) I/H()/ < ()) edg

o [ (5o

Calculating % as:

Page 11 of 30 593

doe; 1 |41
w

)(p—on —MWN = WU — W M)

K1
U _
+7’T]<1_71) /Hl((P)W(p (nlN(p+772U(p+n3M<p)d(p_()""V)U
0

193
Wi (b M _
n 1 (bni'H3 + en3) (1 _ ﬁ) A[Hz(w)de‘/’ —aM —puPM

ae

w N Wi (bniHs +¢
+n181<1_71> /Hz(gﬂ)Mq)d(p—SN L 1(72%3 13)

mwWiNt [ - WN  WyN, Wy, N,
PM—7P — 1 d
x(@PM —xp)+ 1L fHI@)[WlNI s i () |4

K1
UZWIUI/ _ wU W,U, <W¢U¢>
il - tin( 2222 ) 14q
A ‘(‘p)[WlUl wior T Uwo )]
0

K1
n3W1M1/ _ WM W,M, W¢M¢>
B @) | e — I 222 |
T l(w)[WlMl wot, T\ w9
0

ae U1 U

K3
bn Wi M . M M, M,
_— _— In{ — do. 18
i b /Hw)[Ml M1+H<M 0 (18)
0

K2
AW (bmH3 +en3) U - U U U
MRAURCUIGER YD) I/Hz((p)[———‘p—kln(—‘p)]d(p
Ui
0

Collecting terms of Eq. (18), we derive

K1

e, Wi Ay, om / _ W,N,U,
—=(1- —aW WU — U—— | H ———d
" ( ) (o —aW)+mW; H1 o 1(9) U ¥
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K1 K1
n2 _ W,U,U, 3 / _ Wy, MU, Aty
— = | Hip)—EE—dp — — | H dp + U
H1/ 1(@) U 0] H 1(9) U 0] 1
0 0

Hy
k2
AWy (bniH3 +en3z) [ - Uy, M, Wi (bniH3 + en3)
— /H2(¢) = dyp + M
ae M e
Wi (b
LM 1(7717‘(3-1-87)3)}, /
ag
0

ur Wy (bniHs + en3) nWiN / - WyNy
— P H In|( —= ) d
cas 2 @ =y )4

K1 K1
T}zW]U]/— W,U, 773W1M1/— W,M,
— | H In| ——)d — | H In{ —— ) d
+ o 1(®) n( WU @+ Hl 1(p) In w9
0

AW Hy (bniH AW (bnmH U Uy
AL 2 (b 3+8773)U 1 (bniH3 + €n3) 1/H(<p)ln< )dgo

ae ae

M[ﬂsap)ln(]” )dw (19)

Using the equilibrium conditions for D, we get

p=aWi+mWiN; +mW U +nWi M,

_l_
mWiINT + WUy +msWiM, = leUl’

AHU bH3M
22U omy, Ny = BT

In addition,

mWIN + WM, =

Wi (bniH3 + en3) AW HL (bniH3 + en3)
M = U
e as
Then, we obtain

o _ (1M @W —aW) + i WiNy +mWiUp +n3WiMy) ( 1 Wi
=|1l-—)@W -« - —
dr W 1 niWwiivy mwiuj n3wi 1 W
K1 K1
UIWINI/ N,U; n2W1U1/- W,U,
- do — H d
H1 ()WNU 0] H 1(</>)W1U ]
0
773W'M‘/H()Lc1+ WiN| 4+ mWi UL + Wi M
1 WM U @ +TmWiINT WUy —n3Wiy

1W1iN; +?73W1M1 - UyM,
-0 % H2(</? B

N1+ n3sWi My
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Wi (bn'H
LB 1 (b 3+8n3)P
ae

771W1

K3
'IlWlNl/ - MyN;
— | H
s O

de +m Wi Ny

¢’N</)

Wi (bnmiH
_ pr Wy (b 3+87l3)P+
oage

Jrom(2

WN

‘PM(P

WU W,U, WM W,
4 mWil 11/H1()1<WU>d+773 1 /Hl()ln<
/Hz( )ln(U)d +

mWiN + 3 Wi M,
+
H>

WM

)e
H In My d
/ 3(¢) In <ﬁ) Q.

mW1

Using the equalities given by (17) in case of n = 1, we get

dO®; _
dr

(W — Wp)?
w

_ n Wi Ny Wy N,Uy

WIN U

K1
/7:(1((P)|:
0

K W, U,
nleUl/' - oYy
- = H _—r r __
, 1(¢)[W1U

0
K1
773W1M1/ - [
- BT R
T 1(p)
0

~ mWiN +n3WiM,
H>

771W1N1/H © )[

n uWi (bmHs + &n3) (

wiM\U
K2
/ﬁz(ﬁl?)

MN

Therefore, Eq. (20) becomes

a1 _
dr —

(W — Wy)? _ mWiN
w

Uy

K1
o P 3
= - - H PR S
Hl 1) | F
0

wi U

K1
_773W1M1/ - (
T Hi(p) [F
0

W, M, U,

/7:(1(90) [F (
0

W, MUy
WM U

(MWINL +mWiUs + WMy | L 1 (21
771117721177311W W

—1—ln<

WyNoUy
WiNIU

)]
)]

WyM,Uy
wiM\U

1 [ YelYe
wi U
—l—ln(
U,M
nt N N P
UM

L

) (20)

)]
)]s

U, M
UM

MyNy
M| N

WyN,U;
WINIU

)]
)]

Jor ()

Wi
w

(

)or (v
)or

Wi
w
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~ mWIN + 3 Wi M, / Uy,M,
Ho —— ]d
0 WFr UM @

leNl o N1
/H ( )F(M N)dw

n uw (bﬂ1H3 +&n3)
ae

(My — M) P.

Using Lemma 1 and since % < 1 then M; < M; and % <Oforal W, U, M,N,P >0
with equality holding when W = Wj, P = O and / = 0. Let Y| be the largest invariant
subset of T = [(W, U M,N,P): % = 0}. The trajectories of system (3) converge to
T;. The set 'Y“; is invariant and contains elements with W(t) = Wy and f =0, i.e.,

WoN, Ui WU,  WoMyUp  UyMi  MyN, _q o)
WiNNU — WU WiMiU UM  MN
for all r € [0, k]. If W(¢) = Wj, then from Eq. (21), we get U(¢t) = U, M(t) = M) and
N(t) = Ni. Then, Y| = {D1} and Dy is G.A.S using LaSalle’s invariance principle. O

Theorem 3 Suppose that 1 > 1, then D; is G.A.S.

Proof Define a function ®,(W, U, M, N, P) as:

w 1 U Wo (bn1H3 + en3) ( M )
@ = Waf + —Uaf + MoF (—
2T ( ) HC (U2> catuby 2\

mwa N uWa (bniH3 + en3) P
+ NoF + Py (-
e 7 (N2> ce@+ub) o \P

'“WzNZ/Hl( )/ (W(%)N(X)>dzdgo
772 2 2/H1( )/ (W(%)U(%)>dxd<p
;73W2M2/'H( )/ (W(X)M(%)>dxd¢

WaM>

A [ [ 1 (42 o

b771W2M2/H( )f < )d%d(/)

We calculate dé) 2 as:
t
d@z Wo
o I3 e —aW-—mWN —mWU —n3sWM)
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1

+ T (1 - —) /H1(¢)W¢ (m Ny +mUy +m3My)dp — (A +y)U

Wa (bni'H3 + en3) ( M

2| Ha(@)Uydp —aM — uPM
c@t 1Py M) / 20p)Uypdy — a I
0

K3
nwa N> / - uWa (bniHs + en3) Py
1—-—= b M,dp — N 1—-—=
+ £ ( N) Hap)Myde =& + oe(a+ b)) P
0

K1
mW2N2/ _ WN  W,N, Wy N,
PM — 7P H - 1 d
x (o 7P)+ , 1(¢)[W2N2 A +In WN @

K
nszUz/ . wU W,U, WU,
— | H - 1 d
Hl 1(9) [W2U2 Wl +In | = )
0

K|
WoM _ WM WM W,M
AL Z/Hl((p)[ L) ‘”+ln< [ w)]dw
Hi
0

WorM> WM, WM

2
AW, (bniH3 + en3) U, - u U U
n 2 (bniH3 + en3) 2/7-{2((;)) U Y (Y
U, U,

e(a+puh) U
b WoM M M, M
" M/m(@ [7 —3E (J)} do. 22)
M M
Collecting terms of Eq. (22), we derive
de 1% +y W,N,U
dtz (1——2>(p—aW)+n2W2U+n3W2M— - U——/H (0) “’ 2924
1

K1 K1
n _ W,U,Us n3 / _ W,My,Us
— 2 R g — 2 | ()2
Hl/ 1(®) U VS 1(®) U %
0 0

K2

A+ aWy (bnH3z + ¢ AW, (bniH3 + ¢ - U, M

LAYy, 2 (bmHs +en3) - AW2 (bmH3 773)/H2(¢) oM
Hy e(a+phb) e(a+ uh) M

K
aW (bniH3 + &n3) , uWa (bniHs + en3) PM, — bnm W,
e(a+uby) e(a+ub) €

aWy (bniHs + ¢ Wy (bniH3 + ¢
+n1W2N2—M 2 (bni'H3 773)P_M 2 (bniH3 n3)P2M
oe(a+ uk) e(a+ uh)

K1
s Wa (bn1Hs + en3) mW2N2/ - <W¢N¢>
+ P, + H In d
oea+puby) 2T A @) | =y )4
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K1
7]2 YUy WUy 773W2M2/ _ W,M,
H 1 d H In{ ———)d
+ = / 1(¢)H<WU) @+ H1 1(¢)In wir )%

AWoH, (b H3 + en3) PWo (bt & ems) Uz /H (®) ln< )
fat Py @+ nby)

&

K3
bHym W b WaMy [ - M
4 MR, | om 52 2/H3(<p)ln (ﬁ’) do. 23)

Using the equilibrium conditions for D ;:

p=aWr +nWaNy +mWoUs + n3sWo M,
A+y
1

mWaNy + e WolUs + m3WoMy =

U,

T bH3
MUz = (a + uPy) My, My = ol Ny = TMz

Further,

W2 (bniHs + 8773)M2 _ AWaH, (bniH3 + €n3)

WL N WoM> = =
n WaN2 + n3sWo M, . et P

Therefore, we obtain

d®,

C(H/Z aW + n ”/] 2+7]2”/1 1+7] WZ )
dr H’ ! 3 H’

K1 K1
mwaNy [ - WyN,Us mWaUs [ - W,U,
——/H()‘”‘” dg — Hi(p)——2dg

H Wr N U WU

K1
773W2M2f _ W,M,Us
- | H ——————=do + niWaNy + maWo Uy + n3sWo M.
Hl (®) WrMoU @ +mWaNy +mWoUs + 3 WaMp

K2
r]1W2N2+7]3W2M2/ _ Uy, M,
- H
% 2(p U

K3
n1 WaNa f - MyN>
— | H
s 3O

?72W2 b W,U, n3Wa 2/ oMy
4 mWath /H()ln(WU>d + m()ln( )

ﬂ1W2N2+773W2M2/ - (U¢> 771W2N2/ - <M>

+ To()In [ =2 ) dg + (o) In [ 22

o 2(p) In U )% H3 3(¢) In i
0 0

(24)

K1
szNz/ _ Wy Ny
d Wy N. H In{ —— |d
©+mWaNy + H1 1(§0)n( WN @
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Using the equalities given by (17) in case of n = 2, we get

49, W — W)? (MWaN + maWaUs + 3 Wa M) |—m (22
o, W -W) W,
dr W nLwaiNp mwatz n3waivia W W
K1
WoN> [ - W,N,U W, N,U.
—M/Hl((p) DeNeT2 g Lele™2 dg
Hi WrNoU WrNU
0

K1
772W2U2/ - W,U, W,U,
_ o2 Yo% (2222 |4
Hl Hl(‘/’)[ WhU n WhU ¢
mWQ 2 WyM,Us WeMyUs
Fi(p) | 2222 g (22 g
/ 1 )[WMZU n(WzMzU ¢

771W2N2+?73W2M2/ - Uy M> Uy,M,
- H —1-1 d
Ho 29| Tom "\ ) |9

WoN N M, N
7'“7{23 2/ 3(g )[J}\[z—l—ln(nijz)}dw. (25)
0

Eq. (25) can be rewritten as follows:

K1

d®, (W — Wa)? ngNg/ _ W,N,Us W,

— == - H —£ = —)1|d

a - T w H A LA R T
0

K1
772W2U2/ _ WoU, Wz
——— | H d
Hl 1(9) |:f < WoU +r W @
0
K1
773W2M2/ - W,My,Us W>
- = = _r r = P d
Hl Hi(p) [F< WhMoU +F W @

771W2N2+7I3W2M2/ Uy, M,
H d
0 (@F UaM ]

771W2N2/' - My, N>

——— | H de.

" 3(90)f(M2N 0]
0

Hence, if W} > 1, then % < 0 forall W,U, M, N, P > 0 with equality holding when
W = W, and F = 0. The solutions of system (3) tend to ’Y’é the largest invariant subset of
Ty = [(W, UM,N,P): % = 0}. The set Té contains elements with W(r) = W, and
F =0,1e.,

WoN,Uy  W,U, W,M,Uy U,My M,N, _ . 26)
WoNU — WoU — WaMhU ~ UM~ MaN
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Table 2 Some values of the parameters of model (27)

Parameter Value Parameter Value Parameter Value Parameter Value
o 10 a 0.5 n 0.2 h3 0.3
0.01 y 0.2 & 2 01 Varied
N1 Varied A 0.2 o Varied 1% Varied
m Varied b 5 hy 0.1 03 Varied
n3 Varied bd 0.1 hp 0.2

forall r € [0, k]. If W(¢) = W, then from Eq. (26), we get U (¢t) = Ua, M(t) = M, and
N (t) = N,. Substituting in the third equation of system (3), we obtain

0= M) =AUy —aMy — uP(t)M>,

which yields P(t) = P, for all ¢. Therefore, Té = {D,}. LaSalle’s invariance principle
implies that D is G.A.S.
O

6 Numerical results

In this section, we illustrate the results of Theorems 1-3 by performing numerical simulations.
We address the influence of antiviral drugs efficacy, CTC transmission and time delays on
the dynamical behavior of the system. For numerical purposes, we transform the distributed-
time delay model (3) to a discrete-time delay one by choosing a Dirac delta function D(.) as
a special form of the kernel A;(.) as [9]:

Aix)=Dx—¢), i €[0,,],i=1,2,3.

Let «; tends to oo, then the properties of D(.) imply that:

[e.¢] [e.¢]
0 0

Thus, model (3) becomes:

W=p—aW—mWN—pWU —n3WM,

U_ = e Mo W<p1 (qu:l + 772U<ﬂ| + 773M<ﬂ1) -G+,

M = re 29U, —aM — uPM, 27)
N =be %M, —¢eN,

P=ocPM—nP.
For model (27), the threshold parameters are given by:
Woe™ 191 [agn, + re 292 (bn1e~ 393 + en3)] roe ey,
, N = . (28)
ag(y +2) am

To solve system (27) numerically, we fix the values of some parameters (see Table 2)
and the others will be varied. We have chosen the values of parameters of the model just
to perform the numerical simulations. This is indeed because the difficulty of getting real

No =
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IV-l - = - IV-2 e IV-3
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=
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IV-1 - = - IV-2 e IV-3
s00 0
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¢ ¢
(a) Healthy CD4™T cells (b) Silent HIV-infected cells
IV-1 - = = IV-2 = V-3 IV-1 - = = IV-2 ~e IV-3
60 30 40 50 60

30 40 50
t

(d) Free HIV particles

—1IV-1 - - - 1V-2

e IVo3)

0 10 20 30 40 50 60 70
t

() HIV-specific CTLs

Fig. 1 The behavior of solution trajectories of system (27) in case of g < 1

data from HIV infected patients; however, if one has real data, then the parameters of the
model can be estimated and the validity of the model can be established. We note that the
stability of the three equilibria is controlled by two threshold parameters %o and 9. We
can see that iy depends on the incidence rate constants 711, 12 and 13. These parameters can
significantly affected by the antiviral drug therapy as will be shown below. On the other hand,
the proliferation rate constant for effective HIV-specific CTLs o can significantly change the
parameter N. Therefore, to verify the results of Theorems 1-3 we vary the parameters 7y,
12, 113 and o. In addition, to address the effect of the time delays on the HIV dynamics we
vary the delays parameters @1, @2 and ¢3.

6.1 Stability of the equilibria

We consider the values ¢; = 3, ¢» = 2, ¢3 = 1 and choose the following three different

initial conditions for model (27):
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900 50 _
IV-1 = = = [V-2 = [V-3 [
] i

IV-1 - = = IV-2 ~=1V-3

u(t)

[}
0 100 200 300 400 500 600 0 100 200 300 400 500 600

t t
(@) Healthy CD4*T cells (b) Silent HIV-infected cells
14 25
[ V-1 - - = IV-2 = 1V-3

IV-1 - = = IV-2 = IV-3 ] \

(C) Active HIV-infected cells (d) Free HIV particles

IV-1 = = = IV-2 = V-3

40 50 60 70

(e) HIV-specific CTLs

Fig. 2 The behavior of solution trajectories of system (27) in case of | < 1 < Ny

IV-1: (W(p), U(p), M(p), N(¢), P(p)) = (500, 5,0.8, 0.8, 3), (Solid lines in the fig-
ures),

IV-2: (W(p), U(p), M(9), N(¢), P(9))
figures),

IV-3: (W(p), U(p), M(¢), N(p), P(¢)) = (800, 3, 0.4, 0.4, 1), (Dotted lines in the fig-
ures), where ¢ € [—3, 0]. Choosing selected values of 11 , 2, n3 and o under the mentioned
initial conditions leads to the following cases:

Stability of Dy. 1 = 0.0003, 72 = 0.00001, n3 = 0.0001 and o = 0.002. With these
parameters, we have %9 = 0.34 < 1. Figure 1 displays that the trajectories initiating with
IV-1, IV2 and IV-3 reach the equilibrium Dy = (1000, 0, 0, 0, 0). This shows that Dy is
G.A.S according to Theorem 1. In this case, the HIV particles will be cleared from the body.

Stability of D;. n; = 0.003, n2 = 0.00002, n3 = 0.001 and ¢ = 0.002. With such a
choice, we get 1] = 0.10 < 1 < 3.29 = . It is clear that the equilibrium point D exists

(650, 4, 0.6, 0.6, 2), (Dashed lines in the
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t

() HIV-specific CTLs

Fig. 3 The behavior of solution trajectories of system (27) in case of %ty > 1

withD; = (303.7, 12.90, 3.46, 6.40, 0). Figure 2 displays that the trajectories initiating with

IV-1,1V2 and I'V-3 tend to D . Therefore, the numerical results support Theorem 2. Hence,

a chronic HIV infection with inactivated CTL-mediated immune response is attained.
Stability of D,. n; = 0.003, n, = 0.00002, n3 = 0.001 and o = 0.2. Then, we calculate

Ny = 2.50 > 1. In Fig. 3, we show

that b, = (747.86, 4.67, 0.5, 0.93, 3.76) exists and it is

G.A.S and this agrees with Theorem 3. Hence, a chronic HIV infection with CTL-mediated

immune response is attained.

6.2 Effect of antiviral drugs

To study the effect of antiviral drugs on the HIV dynamics, we incorporate three types of

antiviral drugs into model (27) as:
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Fig. 4 The influence of antiviral drug efficacy on the behavior of solution trajectories of system (29)

p—aW — (10 —=E)mWN -0 -E)mWU — (1 -&)psWM,
e MW, [(1 = ENmNg, + (1 — &)Uy, + (1 — E)n3My, | — (A +y) U,
(29)

re~M2y, —aM — uPM,
= be %3 M, —eN,
=ocPM—nP,
where &) € [0, 1]is the efficacy of antiviral therapy in blocking infection by VTC mechanism.
Moreover, & € [0, 1] and &3 € [0, 1] are efficacies of therapy in blocking infection by silent

SN NS

HIV-infected CTC and active HIV-infected CTC mechanisms, respectively [50].
For model (29), the basic HIV reproduction number is given by:

No29) (1, 62, 63)
Woe ™91 [ae(1 — &)ma + e ™22 {1 (1 — §1)e™ ™% + en3(1 - §3)]]
ag (y + 1) '
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Fig. 5 The influence of time delay parameters on the behavior of solution trajectories of system (29)

Weleté =& = & = &3, then

Woe*hIWl [agnz + )\‘efﬁz(pz (l’)}’]]eiﬁyp3 + 8773)]

N9 () = (1 — &) TRy

(30)

Now, we want to determine the minimum drug efficacy that stabilizes the system around the
infection-free equilibrium and consequently the viruses will be cleared from the body. Let
9%0(29) (§) < 1, then we obtain

&< as (y +A)
T WoemM91 [agny + he 292 (bye= 393 4 en3) |
s as(y +A)

Woe— e [aanz + Le~ 2w (bnle_h3¢3 + 87]3)].
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Since 0 < £ < 1, then for (‘5‘8) < & < 1, the infection-free equilibrium Dy of model (29) is
G.A.S, where

: ag(y +2)
. =max 30,1 — . 31
5(29) { Woe*ﬁl(Pl [aenz + Ae*ﬁZWZ (br“e*ﬁyp} + grm)] ( )
Using the values of the parameters given in Table 2 and choosing the parameters ¢ = 3,
¢ =2, 93 =1, n =0.003, n, =0.00002, n3 = 0.001 and o = 0.2. We compute S(IEB)

as S(“iié‘) = 0.6963 and then we have the following scenarios:

(1) If 0.6963 < & < 1, then 9%0(29) (¢§) < 1 and hence Dg is G.A.S. In this scenario, the
virus particles will be removed from the body due to the strength of antiviral treatment.

(1) If 0 < & < 0.6963, then 9{0(29) (&) > 1 and thus one of the other equilibria is G.A.S.
This means that the HIV particles cannot be eradicated from the body due to less efficient
treatment.

To study the influence of drug efficacies on the HIV dynamics model (29), we consider
different values of £ and solve system (29) under the following initial condition:

(W(p), U(p), M(p), N(p), P(p)) = (600, 2.5,0.5,4,0.5), where ¢ € [-3,0].

The plots given in Fig. 4 show the solution trajectories of the system with different drug
efficacies. We observe that as the drug efficacy is increased, the concentration of healthy
CD47 T cells is increased, while the concentrations of silent/active HIV-infected cells, free
HIV particles, and HIV-specific CTLs are decreased due to the strength of the usage drugs.

6.3 Effect of time delays on the HIV dynamics

In this part, we vary the delay parameters ¢1, ¢z, ¢3 and fix the parameters n; = 0.003,
n2 = 0.00002, n3 = 0.001,0 = 0.2 and & = 0. Since N given by Eq. (30) depends on ¢y,
@2 and @3, then changing the parameters ¢, ¢, and @3 will change the stability of equilibria.
Let us take the following values:

M g1=¢2=¢3=0,

(II) 1 = 47 @2 = 3and¢3 = 27
(IID ¢1 =5, 92 =4and g3 = 3,
(V) ¢1=7,¢2=6andg3 =5.

With these values, we solve system (29) under initial condition IV-3. The numerical
solutions are displayed in Fig. 5. We observe that inclusion of time delays can significantly
increase the concentration of healthy CD4* T cells and reduce the concentrations of other
compartments.

In Table 3, we present the values No29, for selected values of ¢1, @2 and @s3. It is clear
that, 9%0(29) is decreased when ¢, @2 and @3 are increased and the stability of Dy will be
changed. Now, we want to calculate the critical value of the time delay that changes the
stability of Dg. To do so, we fix the parameters ¢, and ¢3 and write 309, as a function of
@] as:
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Table 3 The variation of 929,

with respect to the delay Delay parameters No(29)

parameters ol =g = g3 =0 555
pr=3¢p=2,¢p3=1 3.29
v1=5pm=4¢p3=3 1.13
P1 =06, =5¢3=4 0.69
01 =T,92=06,93=5 0.42

Woe~ e [aen, + re~h2e2 (bme”v”‘p3 +em3)]

No9)(e1) = v .

When ?)%0(29) (¢1) < 1, we obtain

min

Y1 = ¢

. 1
, where ™" = max {0, = In
1

Wo {a81’)2 + re 22 (bme_h““ + 87]3)}
ag(y +2) '

Therefore, if ¢; > w{nin, then Dy is G.A.S. Let ¢» = 5 and ¢3 = 4 and compute (p‘lni“ as
"™ = 2.22266. It follows that:

() If g1 > 2.22266, then N 29, (¢1) < 1 and Dy is G.A.S.
(i) If ¢y < 2.22266, then 5)10(29) (¢1) > 1 and Dg will lose its stability and one of the other
equilibria will be G.A.S.

We observe that the time delay has a similar effect as the drug efficacy. This gives some
impression to develop a new class of treatment which causes an increase in the delay period
and then suppress the HIV replication.

6.4 Effects of CTC transmission

Here, we investigate the influence of different modes of transmission on the HIV dynamics
(29). We use the parameters given in Table 2 and choose the values o = 0.05, ¢1 = 3,
@2 =2, 93 = 1 and & = 0 with the following initial condition:

IV-4. (W(p), U(p), M(p), N(p), P(p)) = (600, 10, 2, 0.5, 1), where ¢ € [—3, 0].

We choose three sets of parameters 1y, 172, 73 and investigate the following illustrative
cases:

Case 1: HIV dynamics with VTC, silent HIV-infected CTC and active HIV-infected
CTC transmissions: Here, we consider the parameters n; = 0.005, 7, = 0.002 and 13 =
0.003. Figure 6 shows that the solutions of the system approach the equilibrium Dy =
(151.64,15.71, 2, 3.70, 2.77).

Case 2: HIV dynamics with VTC, silent HIV-infected CTC and active HIV-infected
CTC transmissions: In this case, we choose the parameters n; = 0.004, n, = 0.001 and
n3 = 0.002. We can see from Fig. 6 that the trajectories of the system tend to the equilibrium
b, = (232.38, 14.22, 2, 3.70, 2.26).

Case 3: HIV dynamics with both VTC and active HIV-infected CTC transmissions: In this
case, we select the values n; = 0.003, 72 = 0 and 3 = 0.001. From Fig. 6, we observe that
the solution trajectories converge to the equilibrium D3 = (432.67, 10.51, 2, 3.70, 1.02).

Case 4: HIV dynamics with only VTC transmission: Here, we consider the values
n1 = 0.002 and 1, = n3 = 0. Figure 6 displays that the solution trajectories approach
the equilibrium D3 = (574.44,7.88, 2, 3.70, 0.14).
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Fig. 6 The evolution of HIV dynamics (29) under different modes of transmission

Case 5: HIV dynamics with only VTC transmission: In this situation, we pick the param-
eters n; = 0.001 and 1, = n3 = 0. It is clear from Fig. 6 that the solution trajectories reach
the equilibrium By = (1000, 0, 0, 0, 0).

From the above discussion, we note that the presence of silent HIV-infected CTC and/or
active HIV-infected CTC transmissions increases the infection rate. As a result, the con-
centration of healthy CD4™ T cells is decreased, while the concentrations of silent/active
HIV-infected cells, free HIV particles and HIV-specific CTLs are increased as shown in
Fig. 6.

7 Conclusion and discussion
In this paper, we formulated and analyzed an HIV dynamics model with CTL-mediated
immunity. We incorporated both VTC and CTC transmissions. We assumed that the CTC

infection has two sources, (i) the contact between healthy CD4™" T cells and silent HIV-
infected cells, and (ii) the contact between healthy CD4 ™ T cells and active HIV-infected cells.
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We incorporated three types of distributed-time delays into the model. We established that the
model is well posed by proving that the solutions of the model are nonnegative and bounded.
We calculated the three possible equilibria of the model, the infection-free equilibrium, Dy,
the chronic HIV infection equilibrium with inactive CTL-mediated immune response, D1, and
the chronic HIV infection equilibrium with active CTL-mediated immune response, D,. The
existence and global stability of the three equilibria are governed by two threshold parameters,
No (the basic HIV reproduction number) and N (the HIV specific CTL-mediated immunity
reproduction number). The global asymptotic stability of the three equilibria Dy, D and
D, was investigated by constructing Lyapunov functionals and utilizing LaSalle’s invariance
principle. To illustrate the theoretical results, we performed some numerical simulations.
We developed the model to take into account three types of antiviral drugs. We showed
that the inclusion of CTC transmission decreases the concentration of healthy CD4™ T cells
and increases the concentrations of infected cells and free HIV particles. On the other side,
the inclusion of time delay can significantly suppress the HIV replication and increase the
concentration of healthy CD4™" T cells.

We observe that the inclusion of silent HIV-infected CTC and active HIV-infected CTC
transmissions into the HIV infection model increases the basic HIV reproduction number
ﬂt0(29)’ since m()(29) = §R01(29) + ?7%02(29) + ?)i03(29) > §R01(29). Therefore, neglecting the
CTC transmission will lead to under-evaluated basic reproduction number. When the CTC
is neglected then model (29) leads to the following form:

W=p—aW—(1-&EmWN,

U=(-§&eMmW, Ny —h+7)U,

M = re~h2y, —aM — uPM, (32)
N =be ™% M,, —¢N,

P=0cPM—mP,
and the basic HIV reproduction number is given by

Worbn e~ Fnei+hagr+hizgs)
ag (y +2)

Ro32)(€) = (1 — &)

Then, the infection-free equilibrium Dy can be stabilized for S(rgii‘) < & <1, where

(33)

. A
53‘5)=max{0,1— aey +4) }

Worbnie—(Tuer+hap+hse3)

Comparing Egs. (31) and (33), we get that 5315) < E(“Z‘ié‘). Therefore, if we apply drugs
with & such that S('gi‘z“) < £ < 539"), this guarantees that No32) (¢§) < 1 and then Dy
of system (32) is G.A.S, however, 9’{0(29) > 1 and then D¢ of system (29) is unstable.
Therefore, more accurate drug efficacy which is required to clear the HIV from the body
is calculated by using our proposed model. This shows the importance of considering the
effect of CTC transmission in the HIV dynamics. Consequently, this observation sheds a
light on the great importance of considering the influence of CTC transmission in the HIV
dynamics. Our proposed model (3) can be extended by incorporating age structure of the
infected cells or diffusion [51-54]. Looking ahead to further developments an interesting
perspective would be introducing a stochastic internal variable, as in [55], to account for
virus mutations which generally develops by a stochastic dynamics. Moreover, since the
exact analytical solution of our proposed HIV dynamics model is not known, therefore, we
can only obtain an approximate solution of the model. Therefore, the discrete-time version
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of the model needs to be investigated (see, e.g., [56-58]). These extensions, indeed, require
more investigations; therefore, we leave it for future works.
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