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Abstract In this study, we suggest an effective method of the evaluation of HC and SS of real
gases by using the FVC over Lennard-Jones (12-6) potential. As known, the determination
of the FVC is a key step to correct evaluation of the thermal properties. As an example of
application, the suggested method has been performed for gases of Ar, SF6 and SiH4. The
obtained results of HC at constant pressure and SS of gases Ar, SF6 and SiH4 are in good
agreement with the corresponding theory and experimental data in the range of temperature
from 90 to 800 K and range of pressure from 0.09 to 100.7 atm. The precision and accuracy of
obtained results from the suggested method have been validated by the literature observations.

List of symbols

VDW Van der Waals
FVC Fourth virial coefficient (cm9 mol−3)
HC Heat capacity (kJ/kg K)
SS Speed of sound (m s−1)
D(T ) Fourth virial coefficient (cm9 mol−3)
f (rij) Mayer function
u(rij) Intermolecular interaction
CP Heat capacities (kJ/kg K)
C0

P Heat capacities of ideal gases (kJ/kg K)
u Speed of sound (m s−1)
T Temperature (K)
kB Boltzmann constant (J K−1)
NA Avogadro number (mol−1)
2 Depth of potential energy minimum (kcal/mol)

σ Value of r at u(r) � 0 (Å)
P Pressure (atm)
R Universal gas constant (J/mol K)
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M Molecular weight (g/mol)
γ Heat ratio

1 Introduction

A research of the thermodynamic properties is significant in the understanding of the spe-
cific behavior of real gases for various pressure and temperature ranges [1, 2]. The leading
work of VDW in 1873 caused the generation of new equations of state to investigate the
thermal properties of gases [3]. Therefore, researchers have suggested many of equations
of state for the determination of the thermal properties of fluids [4, 5]. The equations of
state such as Soave–Redlich–Kwong [6], Redlich–Kwong [7], Beattie–Bridgeman [8] and
the Peng–Robinson [9] have been used commonly for the study of fluid systems. The virial
equation of state that defines thermal properties such as speed of sound, entropy, enthalpy
and heat capacity at constant pressure for gases is one of these equations. The virial equation
of state consists of the second, third, fourth virial coefficients, etc. The virial coefficients
are important because there are strong relations between the interactions of the molecules
in pairs, triplets, and so on [10]. The virial coefficients ensure a precious way to knowl-
edge of the intermolecular forces since they depend on intermolecular interaction energy and
temperature [10, 11]. Therefore, we preferred the virial coefficients which are suitable for
calculating the HP and SS of used gases accurately for the industrial field in this work. The
sufficient methods are presented for the second and third virial coefficients; however, pre-
cise determination of the fourth virial coefficient for different intermolecular potentials has
not been completed yet [12]. Therefore, many researchers have proposed a lot of methods
for the evaluation of fourth virial coefficient accurately. Katsura has tried to calculate the
FVC over square well potential by utilization of Fourier transforms [13]. Also, Boys and
Shavitt have calculated the FVC for Lennard-Jones (12-6) potential approximately by using
the method based on Gaussian functions [14]. Barker and Monaghan have calculated the
FVC over Lennard-Jones (12-6) and square well potentials by using Legendre polynomial
expansion procedure [15]. But the FVC of different intermolecular potentials has not been
calculated precisely and accurately so far. Nowadays, it is still quite difficult to determine
the FVC and thermodynamic properties analytically according to the FVC [15–19].

We have suggested a new approach in this study for the computation of the HC and
SS of real gases using the approach for the FVC over Lennard-Jones (12-6) potential. To
our knowledge, this work is the initial approximation to the computation of HC at constant
pressure and SS for real gases by FVC over Lennard-Jones (12-6) potential. This theoretical
study strongly benefits the evaluation of HC at constant pressure and SS of real gases. Note that
the obtained results are in a satisfactory agreement with the existing numerically evaluated
data.

2 Definition and expressions of FVC and HC at constant pressure and SS

The FVC is given by

D(T ) � D1(T ) + D2(T ) + D3(T ), (1)

where the quantities D1(T ), D2(T ) and D3(T ) can be written in the following forms [12,
15]:
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D1(T ) � −3N 3
A

8

˚
f (r12) f (r14) f (r23) f (r34)dr2dr3dr4, (2)

D2(T ) � −3N 3
A

4

˚
f (r12) f (r13) f (r14) f (r23) f (r34)dr2dr3dr4, (3)

D3(T ) � −N 3
A

8

˚
f (r12) f (r13) f (r14) f (r23) f (r24) f (r34)dr2dr3dr4. (4)

Here, f
(
ri j

) �
(
eu(ri j )

/
kBT − 1

)
is Mayer function [12]. In Eqs. (2)–(4), angular coor-

dinates are expressed as follows:

ηi j � cos θi j , (5)

r2
i j � r2

li + r2
l j − 2rli rl j cos θi j , (6)

cos
(
θi j

) � cos(θik) cos
(
θl j

)
+ sin(θik) sin

(
θl j

)
cos ϑ. (7)

By substituting Eqs. (5)–(7) into Eqs. (2)–(4) and considering Lennard-Jones (12-6) poten-
tial, we obtain the following formulae:
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Table 1 Parameters of
Lennard-Jones (12-6) potential

Gases ε/kB (K) σ (Å)

Ar 120 3.40

SF6 206.85 5.783

SiH4 193.65 4.539
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where b0 � 2πNAσ 3
/

3. Note that the deviations from the ideal behavior are efficiently
described by the second virial coefficient at low densities, but higher virial coefficients must
be considered at higher densities [20]. Therefore, the HC and SS of gases may be expressed
with the fourth virial coefficient approximately as follows [12, 21, 22], respectively:

CP − C0
P � − 1

4R4

(
P

T

)3

D(T ), (11)

u2 � γ RT

M

(

1 + 2

(
P

RT

)3
(1 + γ )

γ
D(T )

)

, (12)

where D(T ) is the fourth virial coefficient and γ � CP
/
CV is the heat capacity ratio. The

symbol small zero
(

0
)

expresses the property of gas in its ideal state in Eqs. (11)–(12). We
have suggested a new approach for calculating heat capacity at constant pressure and speed
of sound according to the fourth virial coefficient by substituting Eq. (1) into Eqs. (11)–(12).
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3 Numerical results and discussion

A new approach to calculate the HC at constant pressure and SS for real gases using the FVC
is presented. The utility approach for calculating HC and SS of gases is proposed, and it can
be applied to any gases. We made some mathematical transformations on the fourth virial
coefficient to make it numerically solvable. Equations (11)–(12) have been evaluated using
the numerical method. This work is the first approach to the calculation of HC at constant
pressure and SS for real gases by FVC over Lennard-Jones (12-6) potential, as far as we know.
The Lennard-Jones (12-6) parameters for gases of Ar, SF6 and SiH4 are given in Table 1
[24–26]. The Mathematica 7.0 software system has been used to compute the HC at constant
pressure and SS. The obtained results are given for HC at constant pressure and SS of gases
of Ar, SF6 and SiH4 in Tables 2, 3 and 4. The calculation results of Eqs. (11)–(12) have been
compared with those obtained by literature data [2, 22, 23, 27, 28]. The results are in well
agreement with the existing literature at a varying temperature ranging from 90 to 800 K and
at a varying pressure ranging between 0.09 and 100.7 atm [2, 23]. The standard deviation is
given for the sound of speed and heat capacities of Ar, SF6 and SiH4 in Tables 2, 3, 4, 5,
6 and 7. The obtained results of the HC at constant pressure for gases of Ar, SF6 and SiH4

are compared with theoretical data [22, 23, 27, 28]. The calculated results of SS for gases
Ar, SF6 and SiH4 are compared with theoretical and experimental data [2, 22, 23, 27]. It
is well known that the real gases begin to switch into the liquid phase at low temperatures
and high pressures. Therefore, as seen in Tables 2, 4 and 6, the computation results of the
heat capacities by using the FVC deviate a little from literature data at high pressures and
low temperatures [22, 27, 28]. Also, as the pressure increases at a constant temperature,
the agreement between the obtained calculation results for SS and the experimental data
is demonstrated in Table 5. As seen from Tables 2, 3, 4, 5, 6 and 7, note that the FVC is
implemented at the private temperature and pressure ranges that molecule indicates the gas
behavior. As known, the deviations from the ideal behavior at low densities are efficiently
expressed by the second virial coefficient; however, higher virial coefficients are taken into
regard at higher densities. One of the advantages of this work is the utilization of the FVC for
the accepted formulae of HC and SS for gases at higher densities. Therefore, the established
formulae for the FVC to calculate HC and SS are suitable in the arbitrary range of values
of parameters. As seen from the calculation results, the suggested approach displays good
results in various ranges of parameters. Therefore, the calculation results obtained from this
work will be beneficial for a different perspective of industry and technology.

4 Conclusion

A new approach has been proposed in this study to calculate the HC at constant pressure
and SS of real gases at different temperature and pressure ranges using the fourth virial
coefficient. As seen from the results, the present theoretical approximation is general and
provides a useful guidance for a correct assessment of the other thermal properties of gases.
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