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Abstract Oncolytic virotherapy (OVT) is a promising treatment for cancer which can replace
or support the traditional treatments like chemotherapy and radiotherapy. Mathematical mod-
els have been considered as a powerful tool to develop oncolytic viral treatments and predict
the possible outcomes. We study a spatial model for OVT with cytotoxic T lymphocyte
immune response and distributed delays. This model is an extended version of the model
studied by Wang et al. (Math Biosci 276:19-27, 2016). We study the basic properties of the
model including the existence, nonnegativity, and boundedness of solutions. We carefully
analyze all equilibrium points and determine the conditions for their existence. We show
the global stability of each one of these points by constructing suitable Lyapunov function-
als. We use the characteristic equations to confirm the corresponding instability conditions.
We carry out some numerical simulations to support the theoretical results and draw some
important conclusions. The results show that the distributed delay can have a large impact on
the efficacy and amount of OVT. When the immune response is present, the concentration
of oncolytic viruses is decreased and the efficiency of treatment is reduced. Changing the
diffusion coefficients does not affect the long-time behavior of solutions.

1 Introduction

Despite the great advances in medicine, finding a crucial cure for cancer that has no side
effects is still under investigation. The traditional cancer treatments like chemotherapy and
radiotherapy may damage healthy cells besides cancer cells. This may cause many side effects
such as hair loss, nausea, fatigue, and mouth sores [1]. Oncolytic virotherapy (OVT) is an
experimental cancer treatment which uses oncolytic viruses to destroy tumor. The oncolytic
viruses can selectively infect and replicate in cancer cells without targeting healthy cells.
When the infected cancer cell is lysed, many oncolytic viruses are released and continue
to infect other tumor cells [2,3]. If the treatment works successfully, it can reduce the size
of tumor and eventually eradicate it [3]. Thus, OVT can be an ideal treatment for some
types of tumor which show resistance to standard treatments [4,5]. A variety of oncolytic
viruses have been tested in clinical trials including vesicular stomatitis virus (VSV), herpes
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simplex virus (HSV), adenovirus, reovirus [6—8], and M1 virus [9]. Nevertheless, talimogene
laherparepvec (T-VEC) is the only oncolytic virus which was approved by the US Food and
Drug Administration (FDA) to treat melanoma. T-VEC is a genetically modified HSV which
means that it does not cause herpes, but it selectively targets tumor cells [10]. Actually, the
approval of T-VEC has increased the motivation to develop oncolytic viruses to treat other
types of cancer like lung cancer, pancreatic cancer, glioblastoma, and prostate cancer [11,12].

Although promising results have been reported by clinical studies, the complete potential
of oncolytic viruses to remove the tumor has not been achieved yet [13,14]. The initiation
of different immune responses against tumor cells during the treatment is one of the major
obstacles in OVT. The immune system may attack and destroy the infected tumor cells
before the release of new oncolytic viruses. Also, macrophages of the innate immune system
can attack oncolytic viruses. These attacks can limit the replication of oncolytic viruses
and decrease the efficacy of OVT [3,6,15]. However, there is an evidence that the success of
oncolytic viral treatment depends on the induction of strong immune responses against tumor
cells [6]. Hence, the immune system is a double-edged sword in OVT, and understanding
its complicated role is an active area of research. Another challenge in OVT is the ability of
oncolytic viruses to spread through the tumor and infect more cells [14]. The current research
efforts aim to resolve the different challenges and design effective oncolytic virotherapies
with maximum safety and minimum cost [10,12]. Thus, these efforts work on enhancing
the tumor selectivity of oncolytic viruses and determining the significant amount of dosage
needed to cure tumor [4,10].

Mathematical modeling has been considered as a powerful tool to develop oncolytic viral
treatments and predict the possible outcomes. Also, it helps to understand the complex virus—
tumor—immune response interactions. Oncolytic modeling uses approaches that are similar
to those used in virus dynamics models (see for example, [16-23]). Oncolytic virotherapy
models have been formulated using different types of differential equations. Many of these
models are based on the use of ordinary differential equations (ODESs). For example, a basic
model for OVT was proposed by Tian [24]. The model consists of three ODEs which reflect the
interactions between uninfected tumor cells, infected tumor cells and free virus population.
Moreover, Komarova and Wodarz [25] performed a mathematical analysis of a general ODE
model to shed light on some conditions needed for the success of OVT. Okamoto et al. [26]
developed a mathematical model in which viruses are allowed to infect normal cells besides
tumor cells. They argued that reducing the specificity of oncolytic viruses can lead to faster
tumor elimination before the presence of an adaptive immune response. Ratajczyk et al.
[27] formulated an ODE model to study the effect of combining virotherapy with TNF-«
inhibitor. TNF-« is a protein produced by macrophages to destroy tumor cells. Ratajczyk and
his colleagues proved that the inhibition of TNF-« can give a chance for oncolytic viruses to
replicate, and thus it increases the effectiveness of OVT. Then, the same model was analyzed
in [3] as an optimal control problem with two controls, one for the amount of OVT and the
other for the amount of TNF-«. Jenner et al. [7] performed a local stability and bifurcation
analysis of a system of three ODEs which capture the interaction between oncolytic viruses,
uninfected and infected tumor cells populations. Malinzi et al. [28] developed a mathematical
model to determine the optimal dosage of chemovirotherapy that is needed to eliminate a
tumor. They showed that, under certain conditions, virotherapy can be used to enhance
chemotherapy in treating cancer patients.

As mentioned above, the spatial spread of oncolytic viruses plays a vital role in the success
of OVT. This has motivated to use partial differential equations (PDEs) to take into account
the spatial variations in the distribution of oncolytic viruses and cells during the treatment
[29]. For example, Tao and Guo [5] investigated a spherical-symmetric oncolytic virotherapy
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PDE model with immune response. They found that the immune response can have a negative
impact on the effectiveness of treatment. Malinzi et al. [1] got analytical traveling wave
solutions of a PDE model that studies the interaction dynamics between oncolytic viruses,
cytotoxic T lymphocytes (CTLs), and tumor cells. Alzahrani et al. [29] introduced a new
multiscale modeling approach based on systems of reaction—diffusion equations both at
macroscale and microscale. This approach addresses the complex interactions between tumor
and oncolytic viruses, where the two scales are connected through a double feedback loop.

It has been shown that time delay is a pivotal element that should be carefully controlled
to guarantee the success of oncolytic virotherapy in experimental and clinical trials [30,31].
This has raised the need to extend ODEs to delay differential equations (DDEs) where the
effect of time delay of some biological processes is included. Many mathematical models
with DDEs have been rigorously analyzed. For instance, Wang et al. [32] determined critical
values for the time delay 7 at which Hopf bifurcation occurs in OVT model. Wang et al.
[30] showed by means of DDEs that the time delay associated with the viral lytic cycle and
the number of viruses released from the infected cancer cells are two important factors in
OVT. Ashyani et al. [31] showed that the CTL immune response against infected cancer cells
causes the fail of virotherapy in the second injection except for a short delay interval [0, r0+ ).
Kim et al. [33] proved the existence of Hopf bifurcation and formulated an optimal control
problem with two controls for DDE model with CTLs. They studied the effect of a time delay
on the amount of OVT. Wang et al. [8] proposed a model with intracellular delay and CTL
immune response. They suggested many strategies to enhance the effect of oncolytic viruses
based on the results of their model.

Due to the sensitive role of time delay in virus dynamics models, PDEs have been extended
to delay partial differential equations (DPDESs) to account for both spatial diffusion and time
delay effects [34-37]. As an example, Zhao and Tian [14] formulated a delay reaction—
diffusion model for OVT. They highlighted many medical implications of their results which
cannot be obtained from ODE models. Wang et al. [38] determined the optimal dosage needed
for complete tumor eradication in different cases depending on different gene mutations. The
models in [14,38] incorporate discrete time delays. A discrete time delay means that each
individual within a population is subject to the same delay during a certain biological pro-
cess [39]. On the other hand, a distributed time delay assumes that the delay is continuously
distributed by a continuous distribution function. Hence, the distributed time delay is consid-
ered more general and realistic [22,39,40]. In this paper, we deal with PDEs with distributed
delays.

In2014, Lin et al. [9] identified a naturally occurring alphavirus M1 as a selective oncolytic
virus that targets cancer cells with Zinc-finger antiviral protein (ZAP) deficiency. More
recently, Zhang et al. [41] have found that tumor cells may impair the removal of oncolytic
M1 virus by tumor-associated macrophages. This impairment may enhance the tumor selec-
tivity of M1 virus and improve its efficacy. In [42], Wang et al. formulated an ODE model
to show the effect of M1 virus on the growth of normal cells and tumor cells. Their model
takes the form

dzt(t) =K — dH(t) — ﬂlH(t)N([) — ﬂZH(t)Y(t),
dﬁf” =1 BtH@)N() — (d +n)N (),
% = HMDY ) — BYOV(E) — (d+n)Y (@),

VO — 4 By OV () — (d + 03V ().

ey
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where H(t), N(t), Y (¢) and V (¢) denote the concentrations of nutrient, normal cells, tumor
cells, and free M1 virus particles, respectively. The model is considered in the chemostat,
where the normal and tumor cells compete on a limited nutrient source. Therefore, there
is a prey—predator relationship between nutrient and the normal or tumor cells. Also, there
is a competition relationship between the normal cells and tumor cells. In model (1), the
parameter « represents the recruitment rate of nutrient, and p represents the M1 virotherapy
dosage. The parameter d is the washout rate constant of nutrient and bacteria. The parameters
11, N2, and n3 are the natural death rate constants of normal cells, tumor cells, and M1 virus,
respectively. The nutrient is consumed by the normal cells and tumor cells at rates §1 HN
and By HY, respectively. The contribution rates of nutrient to biomass of normal cells and
tumor cells are given by a1 81 HN and « 82 HY , respectively. The M1 virus kills tumor cells
atrate 83Y V and grows at rate a3 83Y V.

To the best of our knowledge, none of the previous works of OVT combine the effects
of distributed delay and CTL immune response in their models. In order to design better
oncolytic treatments, we need to understand the different factors that may affect the efficacy
of these treatments including delays, immune responses, and spatial diffusion. Since M1
has shown high tumor selectivity and efficacy [41], forming a model to study its role might
be quite beneficial to the oncolytic studies. The authors in [42] focused on one equilibrium
point of model (1) corresponding to tumor elimination, and they determined the minimum
effective dosage of M1 required to remove the tumor. They neglected the other equilibrium
points of system (1), the effect of delays, immune responses, and diffusion. Thus, our purpose
in this paper is (i) to extend model (1) to include distributed delay in the dynamics of normal
and tumor cells; (ii) to study the effect of CTLs on the efficiency of OVT in the presence
of delay; (iii) to include the diffusivity of all model’s components; (iv) to study the basic
properties of the extended model; (v) to study the global properties of the model; (vi) to study
the spatiotemporal behavior of solutions; (vii) to discuss the minimum effective dosage of
M1 required to eradicate the tumor in the presence of delay. The effect of innate immune
response is not included in the model due to the impairment effect exerted by tumor cells
as mentioned above. The paper is organized as follows. In Sect. 2, a detailed description of
the model is given. In Sect. 3, the nonnegativity and boundedness of solutions are discussed.
In addition, all possible equilibrium points and their existence conditions are investigated.
In Sect. 4, the global stability and local instability of these equilibrium points are proved. In
Sect. 5, some numerical simulations that verify the theoretical results are provided. In Sect. 6,
the results of our work are highlighted.

2 A delayed reaction—diffusion oncolytic M1 virotherapy model
In this section, we take model (1) to further destination by studying the effect of adaptive

immunity, particularly CTLs, on the efficacy of OVT. We achieve this goal by considering
the following reaction—diffusion model with distributed delays
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8H3(;r,t) =DyAH(x,t)+x —dH(x,t) — B1H(x,t)N(x,t) — BoH(x, )Y (x, 1),
o0

NGO — Dy AN (x, 1) + a1 B /gl(g)e—“lgH(x, t— NGt —¢) dg
0
—(d +n)N(x, 1),

oo
WD) — Dy AY (x,1) + a2 / 22()e S H(x,1 — )Y (x,1 — ¢) dg
0

—B3Y (x. )V (x.1)
—BaY (x, Z(x,1) = (d + m)Y (x, 1),
WED = DyAV(x, 1)+ p+ a3fsY (x, OV (x. 1) — (d +n3)V (x. 1),
B2 = Dz AZ(x, 1) + aaBaY (x, N Z(x, 1) = (d + ) Z(x, 1),

(@)
fort > 0 and x € 2, where Z(x, t) denotes the concentration of CTLs at position x and
time ¢. All components of the model are assumed to diffuse in a continuous and bounded
domain © with a smooth boundary 9€2. The diffusion term of any component v of the
model is given by D, Av(x, t), where D,, is the diffusion coefficient and A is the Laplacian
operator. CTLs kill tumor cells at rate 84Y Z and proliferate at rate a4f4Y Z. We assume
that the normal and tumor cells consume nutrient at time ¢t — ¢ and benefit from it at time
t, where the delay ¢ is a random variable taken from a continuous probability distribution
function g;(¢) for i = 1,2. The factor e %S accounts for the probability of survival of
normal cells during the delay period with death rate a;. The factor e~“2S accounts for the
probability of survival of tumor cells during the delay period with death rate a;. Thus, the term

o0

o1 B f g1(¢)e ™S H(x,t—¢)N(x, t—c) dg gives the contribution of nutrient to biomass of
0

o0
normal cells at time 7. Similarly, the term a2 8> f g2(g)e @S H(x,t—¢)Y(x,t—¢) dg gives

0
the contribution of nutrient to biomass of tumor cells at time 7. The probability distribution
functions g1(¢) and g (¢) are assumed to satisfy

o0 o0
gi(s) >0, /gi(g) d¢=1, 0< /gi(g)e‘“"g de <1, fori=1,2.
0 0

The initial conditions of model (2) are given by
H(x,0) = wi(x,0), N(x,0)=wr(x,0), Y(x,0)=w3(x,0),
V(x,0) = ws(x,0), Z(x,0) =ws(x,0), for(x,60) € Qx (—00,0], (©)
where w;(x,0)(i = 1,...,5) are nonnegative and continuous functions in Q x (=00, 0].
Also, we consider the homogeneous Neumann boundary conditions (NBCs)
oH oON 9dY 9V  0dZ
—=—=—==-—==-—=0, f , 1 Q2 0, s 4
on on on on on or . 1) € x (0, +o0) @
a
where PH is the outward normal derivative on the boundary d€2. The NBCs indicate that the
n
cells and viruses are confined within the boundary and do not cross it.

Remark 1 A model with discrete delays can be obtained from model (2) by considering
special forms of g1(¢) and g2(¢) as
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gi(¢) =38(¢ —¢i), fori=1,2,
where §(.) is the Dirac delta function and ¢; are finite time delays. Then, the delay terms in

the second and third equations of model (2) are given by a1 B1e ™ *'S' H(x,t —¢)N(x,t—¢1)
and anBre 2 H (x,t — ¢»)Y (x,t — ¢2), respectively.

3 Basic properties

In this section, we show the well-posedness of model (2)—(4). Also, we identify all possible
equilibrium points and establish their existence conditions.

Let X = C (S_Z, RS ) be the Banach space of continuous functions from Q to RS,
Define the Banach space of fading memory type [43] C, = {¢ € C ((—00,0],X) :
¥ (0)e*? is uniformly continuous for § € (—o0, 0] and Supg <o v (@)]e*? < oo}, where
1Y 1l = supy<p ¥ (0) |e®? and o is a positive constant. Then, we identify an element w € C,
as a function from € x (—o0, 0] into R> defined by w(x,0) = w(6)(x). For any continuous
function A : (—00, 0) — X, we define A, € C, by A;(0) = A(t+0),foro > 0and 9 < 0.
It is not hard to see that t — A; is a continuous function from [0, o) to C,.

Theorem 1 Suppose that Dy = Dy = Dy = Dy = Dyz. Then, there exists a unique
nonnegative and bounded solution defined on Q x [0, 4+00) for any given initial data satisfying

3).

Proof For any v = (w1, w,ws, ws,w5)] € Cyu and x € §, we define F =
(F1, F2, F3, F4, F5) : C, — X by

Fi(w)(x) =k —dwi(x,0) — Brw1(x, Qw2 (x, 0) — Bowi (x, 0)ws(x, 0),

F(@)(x) =a1B1 [ gi1(s)e™ S wi(x, —¢)wa(x, —¢) dg — (d + ni)wa(x, 0),
0

F3(w)(x) = a2 [ g2(s)e S wi(x, —g)ws(x, —¢) dg — Baws(x, 0)ws(x, 0)
0

—Baw3(x, O)ws(x, 0) — (d + n)ws(x, 0),
Fa(w)(x) = p + azBzw3(x, 0)awy(x, 0) — (d + n3)wa(x, 0),
Fs5(w)(x) = a4 faw3(x, 0)ws(x, 0) — (d + n4)ws(x, 0).

Then, we can rewrite problem (2)—(4) as the following abstract ordinary differential equation

%—f — MA+F(A), t >0,
A(0) = w € Cy,

where A = (H,N,Y,V,Z)T and MA = (DyAH, DyAN, DyAY, DyAV, DZzAZ)T . Tt
is clear that F is locally Lipschitz in C,. According to [44—47], we conclude that problem
(2)—(4) has a unique local solution on its maximal existence time interval [0, Tiax). Also,
we have H(x,t) > 0, N(x,t) > 0, Y(x,t) > 0, V(x,t) > 0 and Z(x,t) > 0 since
0 =(0,0,0,0,0) is a lower solution of problem (2)—(4).

The next step is to show the boundedness of solutions. From the first equation of (2), we
get

XD pyAH(x,1) <k —dH(x, 1),

oH _
7 =0,

H(x,0) = wi(x,0) > 0.
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Let H (t) be a solution to the following ODE system

40 _ e afi (),
ﬁ(O) = max wj(x, 0).

xeQ

This implies that H (1) < max {g, max wi (x, 0) } From the comparison principle [48], we
xXeQ

have H(x,t) < ﬁ(t). Hence, we get

H(x, 1) < max {S,mag( w1 (x, 0)} . for (x, 1) € @ % [0, Tnax)-

xe
This implies that H (x, t) is bounded. Let

oo

G, = /gi(g)e*“ig de¢, fori=1,2. 5)
0
Then, we define
o0 o0
ren = [ i - ds + [ @ e - o) ds
0 0

1 1 1 1
+—Nx, )+ —Yx, )+ —Vx,0) + —Z(x,1).
aq o o203 oR0l4

When Dy = Dy = Dy = Dy = Dz, we get

al'(x, 1)
at

— Dy Al'(x, 1)
o0 S o

< ﬁ +/</g1(§)e““§ dg +K/gz(§)e‘“2§ dg —d/gl(g)e‘“‘gH(x,t —¢)dg
0 0 0

o0

—d/&@k”“H@J—ng
0
d d d
( +m)N(x’t)_ ( +"2)Y(x,t)— (d+n3)
o] [6%) Q03
@t
o0y
k(G + Gy —dT(x, 1)
o003
"

—— 4+ 2k —dI'(x, ).
@03

Vix,t)

Z(x,1)

IA

IA
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Thus, I'(x, t) satisfies the following system

ILED — Dy AT (x, 1) < g + 26 —dT(x, 1),
ar __
o T 00 00
F.0) = [ g1(s)e w1 (x, =5) ds + [ g2(5)e w1 (x, —5) ds + Gran(x. 0)
0 0
1 1
+a—2w3(x, 0) + m&a(% 0)

+-L ws(x,0) > 0.

04

Hence, we can deduce from the comparison principle [48] that

2 _
F(x, 1) < max{ 2% max F(x,O)} . for (x,1) € © X [0, Tona)-
awazd  d e

This implies that N (x, 1), Y (x, E)’ V(x,t) and Z(x, t) are bounded on Q x [0, Tax)- Thus,
all solutions are bounded on 2 x [0, Tihax). Then, the boundedness of the solutions on

Q x [0, +00) are deduced from the standard theory for semi-linear parabolic systems [49].
O

For the sake of simplicity, we let

di=Wd+m), da=(d+mn), di=(d+n3), ds=(d+n4),
v=v(x,t)forve {H,N,Y,V,Z}.

Theorem 2 There exist positive parameters Ro, R1, Ri, Rm, Ru, &1, &2 and p such that
model (2) has six possible equilibrium points whenever the following conditions are hold:

(a) The competition-free equilibrium Ey = (Hp, 0, 0, Vi, 0) always exists;
(b) The treatment failure immune-free equilibrium E1 = (H1,0, Y1, V1, 0) exists if Ro >
Ri;
(¢) The tumor-free equilibrium Eo» = (H», N2, 0, V2, 0) exists if R1 > 1;
(d) The treatment failure equilibrium E3 = (H3,0, Y3, V3, Z3) exists if p > 1 and Ry >
R + M—SZ’.
azddrds(p — 1)
(e) The partial success immune-free equilibrium Es = (Ha, Na, Ya, Va,0) exists if
G
Ro/Ri > 1, Ru < Ry + 12 and Ry > Ry + HP1G1P3
a3ddry(Ro/R1 — 1) ddidrd;
(f) The coexistence equilibrium Es = (Hs, N5, Ys, Vs, Zs) exists if p > 1, R > Ry, and
G
Ro > Ry + ko B1Gragfy .
azddidads(p — 1)

Proof Any equilibrium point E = (H, N,Y,V, Z) of model (2) satisfies the following
system
k—dH — B1HN — poHY =0,
a1B1G1HN —dN =0,
2B2GoHY — B3YV — BuYZ — dbY =0, (6)
w+a3B3YV —dsV =0,
aafaYZ —dsZ = 0.

By solving system (6) algebraically, we get the following equilibrium points:
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(a) The competition-free equilibrium Eg = (Hp, 0, 0, Vg, 0) with

The equilibrium point is biologically admissible if all of its components are nonnegative.
Hence, Eo always exists since Hy > 0 and V > 0.

kazfrGa up3
(b) Define & = ford3z + a3fzd, Rop = L andR; =1+ i
dd, dordj
The treatment failure immune-free equilibrium is given by E; = (Hy,0, Y1, V1, 0),
where
H — B2B3 (1 + ka2 Gra3) + da&l + (ka2 2 Goot3 3 — dok)* + a3 [B2B3 (1 + 2kan Goarz) + 2dak1 ]
: 222Gt ’
= ko BrGara3 3 — o1 + Ba(ups + 2dads) — V (ka2 Gz B3 — do1)” + a3 [B2B3 (1 + 2kar Grors) + 2da 61
: 2pra3B3d> '
Vi = ka2 rGaozfs — dat + 2B + v (kaa f2Goaz s — dokD)® + uBafs [B2B3 (1 + 2k Gooz) + 2dak1]
2361 ’

It is easy to note that H; > 0 and V; > 0. Thus, the existence condition of Ej is
determined by Y7 > 0. We find

Y1 > 0 = kaaprGrazfB3 — dr&1 + Ba(uB3 + 2drd3)

> \/(Kazﬂszoé3ﬂ3 — d2€1)” + B2 [B2B3 (1 + 262 Grat3) + 2da 1]

& 22 (K PaGaraz Bz — dol) (13 + 2dads) + B3 (uB3 + 2dads)?
> uPaB3[BaBs (1 + 2karGraz) + 2dar61]

ka2 frGo “h3
—— = =~ > 1 + —
ddy dords

< Ro > Ry.

Hence, E; exists if Rg > R;.

G
(c) Take R = %. The tumor-free equilibrium is given by E» = (Ha, Na, 0, V», 0),
1
where
a'1 d “u
=——> M=—M®R -1, Vo=-—.
a181G1 Bi d3

It is clear that H> > 0, N, > 0if Ry > 1, and V, > 0. Hence, the existence condition
of Epis Ry > 1.

d d
(@) Define & = fads +aaad, p = B g g, = 1 4 L24
TR aisfd
The treatment failure equilibrium is given by E3 = (H3, 0, Y3, V3, Z3), where
d
H; = m4ﬁ4, V3= ——, V3= __peafs ;
& a4By azfads(p — 1)
7y — ko BaGoazoBads(p — 1) — & [nasPfs + azdrds(p — 1)]

azfBadsba(p — 1)
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Clearly, H3 > 0, Y3 > 0, and V3 > 0 if p > 1. Now, we need to find the condition for
which Z3 > 0. Indeed,

Z3 > 0 = ko faGorozaufads(p — 1) > & [uagPfy + azdrds(p — 1)]

G d.
ko B2Go 4 Bady né2
dd, agfad  azddrds(p — 1)
né2

— R, R, _—
0= R ¥ ddrda(p — D)

Hence, the existence conditions of E3 are p > 1 and Rg > R,,, + M—SZ
azddrds(p — 1)
Bads

(e) Take R, =1+ 7 The partial success immune-free equilibrium is given by E4 =
a3 f3
(Hy, Ny, Y4, V4, 0), where

Hy— d Ny = B3 ka1 B1Grazda(Ro/Ri1 — 1) + upadi] — didr§1(Ro/R1 — 1)
181Gy’ BrazBadidy(Ro/R1 — 1) ’
dod3s(Ro/R1 — 1) — d

_d3(Ro/R1 — 1) Mﬂ37 Vo= 2 Ro/mi - 1),
a3B3da(Ro/R1 — 1) B3

As we can see, Hy > 0, and V4 > 0if Ro/R; > 1. Next, we need to determine the
conditions for which N4 > 0 and Y4 > 0. We have

Ny > 0 & B3 [ka1 B1Gra3d2(Ro/R1 — 1) + upadi] > dida§1(Ro/R1 — 1)

d
ko B1Gy ub2 . Bads
dd, a3ddy(Ro/R1 — 1) a3fad
<— R + pb2 Rau.

>
a3ddy(Ro/R1 — 1)

Also, we get

Y4 > 0 & drd3(Ro/R1 — 1) > ufs
ko B2Go - ka1 f1G1 ka1 fi1G1B3
ddy ddy ddidyrd;
kpa B1G1B3
dd dyds

<— Ro>Ri+

upa

Hence, the existence conditions of E4 are Rg/R1 > 1, R, < R1+
azdd,(Ro/R1 — 1)

kpafi1G1B3
ddidrdy
(f) The coexistence equilibrium is given by E5 = (Hs, Ns, Ys, Vs, Zs), where

and Rg > R +

Hs = , Ns= , Ys=—r, Vs= —i———
a181Gy BraaBad, 4Py azfBzdy(p — 1)
Zs 116G 1a3d2ds(Ro/R1 — D(p — 1) — pai fi1Grog By
a1 B1GrazPads(p — 1) '

dq ka1 B1Gragfs — di1&2 y dy oy By
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It is clear that Hs > 0, Y5 > 0, and V5 > O if p > 1. Then, we need to investigate the
existence conditions corresponding to N5 > 0 and Z5 > 0. We get

Ns > 0 = «ka181G1aafs > di152
ka1 f1G Body
= >
ddv T wapad
<— R > Rpy.

On the other hand, we have

Zs > 0 &= a1 1Gra3drds(Ro/R1 — D(p — 1) > ua1 f1Grogfs
ko BrGo - ka1 B1Gy kpay B1Gragfy
ddy dd azddydady(p — 1)
ke B1Grog By
azddidrds(p — 1)

< Ro >R+

Hence, the existence conditions of E5 are p > 1, Ry > R, and Ry > Ri +
ke BrGrog By

—_ o
azddidyds(p — 1)

4 Global properties

In this section, we show the global stability of all equilibrium points computed in Theorem
2. In addition, we check the local instability conditions of these points.

Define a function ® : (0, +00) — [0, +00) by ®(v) = v — 1 — Inv. Clearly, ®(v) =0
if and only if v = 1.

Theorem 3 (a) The competition-free equilibrium Ey is globally asymptotically stable if
Ri <land Ry < Ry.
(b) The equilibrium Eq is unstable if Ry > 1 or Ro > R;.

Proof (a) We define the following Lyapunov functional

U(t)—/{H¢<H>+ oy Lyt V<I><V>+ L 4
0 Q 0 Hy a1Gy aGy arGraj 0 Vo ayGray

00 S
+%/gl(g)e—“'gfﬂ(x,r—9)N(x,r—9) do d¢
1
0 0

00 S
+%/‘gz(g)efazg/H(x,t—0)Y(x,t—9) do dg} dx.
2
0 0
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By taking the time derivative of Uy (¢) along the solutions of (2), we get

didy Hp
—_— = 1—— ) [DyAH +x —dH — B1HN — BHY]
dr Q H
1 r [e%e)
+ G DNAN+a1,31/gl(g)e_“'gH(x,t— SIN(x,t —¢)de —diN
16| g
| B [e%s}
DyAY+azﬁ2/g2(§)e‘““H(x,t—g)Y(x,t—g) dg
aGa
L 0

—B3YV — BuYZ — drY

1 Vi
1= 2)[DyAV + pu+ a3psYV — dsV]
arGoraz )%

[DzAZ + asfsY Z — ds 7]
arGooy

+ %/&(g)e‘“'g [HN — H(x,1 = ¢)N(x,1 = ¢)] dg
0

i %/gz(g)e_azg [HY —H(x,t — )Y (x,1 — )] d§} dx
2
0

B Hy d (H — Hy)? d
_/Q{(l_?>DHAH_7H +</31H0—a1G1>N

—l—(ﬁzHo— 4 —ﬁ3VO>Y

a2Gy Gy

1% Vo \% dy 1 1
2———— | - Z + DyAN + Dy AY
ayGora3 \% Vo arGooy a1G arGo

! Y\ poavy !
ayGraj 1% v anG

2014
@)
By using the divergence theorem and NBCs (4), we have

O:/ Vv-ﬁdx:/div(Vv)dx:/Avdx,
IR Q Q

1 . 1 A ik
ozf va-ndx:/div(va)dx:/[—v—“ ‘;” :|dx,
v Q v QL V %

forve{H,N,Y,V,Z}.

Thus, we obtain

/Avdx:O,
Q

A vl
/de:/ 1701
Q Vv Q Vv

®)

dx, forve{H,N,Y,V,6 Z}.
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(b)

Therefore, Eq. (7) is reduced to

di d (H — Hy)? d; d>
— = - Ri—DN Ro—TR)Y
ar /Q{ I +a1G1( 1 ) +a2G2( 0 1)
V — V)2 d
oo 0" L PR
arGraz VW oy Gooty
VHI|? DvV, vV |2
 DuHo IVH] &y PvVo vV dx.
o H? wGaz Jg V?

We conclude that % <0ifR; < land Ry < R;. Moreover, % = 0Owhen H = H,
N =0,Y =0,V = Vyand Z = 0. Thus, the largest invariant set Wy C ¥ =
{(H,N,Y,V,Z) | duy _ 0} is the singleton {Ep}. By LaSalle’s invariance principle
[50,51, Theorem 5.3], Ey is globally asymptotically stable when R| < 1 and Rg < R;.
To prove the local instability of Ep, we need to find the characteristic equation. Let
0=¢ < & < -+ < & < --- be the eigenvalues of the Laplace operator —A
with the homogeneous NBCs. Let £(¢;) be the eigenfunction space corresponding to the
eigenvalues ¢; (i = 1,2,...). Let {p;; : j = 1,2,...,dim £(¢;)} be an orthonormal
basis of £(¢;), where dim £(¢;) is the dimension of the space £(¢;). Define

O0H 9N _dY 3V 9Z

S={(H,N,Y,V,2) e [C"@] : 5=

—=—=—=—=—=00n0Q},
on on on on on

Sij = {apij | a € R°}.
Then, we have

dim £(&) 00
Si = @ Sij and S = Si.
j=1 i=1

LetE, = (H,, Ne, Yo, Ve, Z,) be an arbitrary equilibrium point of system (2)—(4). Then,
the linearization of system (2) at E, is given by

ow
W =DAW+ W, 1)+ W(x,t—g),

where W = (H, N, Y, V, Z)!, D = diag(Dy, Dy, Dy, Dy, Dz),

_d_,BINe _IBZYe _ﬁlHe _,BZHe 0 0
0 —d 0 0 0
J = 0 0 —,33 Ve — /34Ze —d _,83Ye _:34Y€ ’
0 0 33V, a3f3Ye — d3 0
0 0 asfa”Z, 0 a4faYe —dy
and
0 0 0 00

a11G 1N, 181G H, 0 00

D= | wfGrY, 0 aBrG2H, 00
0 0 0 00

0 0 0 00

Define LW = DAW + 71W(x,t) + LW(x,t — ¢). Foreach i > 1, S; is invariant
under the operator £. In addition, A is an eigenvalue of £ if and only if it is a root of the
characteristic equation

@ Springer



117 Page 14 of 40 Eur. Phys. J. Plus (2020) 135:117

det(A + D& — Ji — Jre ) =0, )

for some i > 1, for which there is an eigenvector in S;. Here, I is the identity matrix.
To prove the instability of any equilibrium point, it is enough to find i such that the
characteristic equation (9) has a positive root. Let

o0

G; = /g,-(g)e*(“f“)g de, fori=1,2.
0

Now, the characteristic equation at Ey is given by
Jo1 (M) foo(A) (A +d + Dugi) (A +d3+ Dy&i) (A +ds + Dzgi) =0, (10)

where .
foa1(N) =A —a11G1Hyo +dy + Dy,

fo2(A) =A — a282G2Ho + do + B3Vo + Dy &i.

From Eq. (10), two roots of the characteristic equation are given by fp (1) = 0 and
fo,2(A) = 0. We can see that

lim fo1(0) =400, lim fp2(2) = +o0.
A——+00 r——+00

In addition, we have
J0,10)|i=1 =—a1f1G1Hy+dy =—di (R —1) <0 if Ry > 1,
J0200)|i=1 = —a2BoGrHy +dr + B3Vo = —da (Ro — Ry) <0 if Rg > Ry.

Hence, the characteristic equation (10) has positive roots if R; > 1 or Rgp > R;. Thus,
the equilibrium Ej is unstable if Ry > 1 or Rg > R;.

In the next theorems, we will need the following quantities

nH(x»t_g)N(x»t_S‘) _ nH(xvt_g)N(xat_g)

1 1

i foriz2.4s
n—, ori =2,4,9,
H

HN H; N

H(x,t—c)Y(x,t — H(x,t — )Y (x, 1 — H; )

In (x Y (x g)zln (x Y (x §)+lnij’ for j = 1.3.4.5.
HY H;Y H

an

Theorem 4 Assume that p > 1, Ro/R1 > 1 and Ry > R;. Then, we have the following
two situations:

(a) The treatment failure immune-free equilibrium E1 is globally asymptotically stable if

upB2 J123)
R, >R+ dRoy <Ry + —m——.
"= T sddy(Ro/Ry — 1) O = Ot3dd2dé(p — D
up2

(b) The equilibrium Eq is unstable if R,, < R1 + or Rg > Ry +

azddy(Ro/R1 — 1)
ué&2
azddrds(p — 1)
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Proof (a) We take the following Lyapunov functional

Z/{(t)—/{HCD(H>+ ! N + ! YdD(Y)
R Q 1 H; a1Gy aGy : Y
+ ! Vid v + ! V4
ayGoag ! Vi oy Gooty
B1

S
+Gf/gl(g)e*‘“g/H(x,t—G)N(x,t—e) do d¢
0

&) S
+ &HlYlng(g)e_a2§/¢ (H(x’t_g)y(x’t_9)> de dg} dx.
0 0

G, H\ Y,
By taking the time derivative of /| (t) along the solutions of (2), we obtain

H
%:/ {(1_71> [DyAH +x —dH — B1HN — ByHY]
dr Q H
00

DNAN + a1 /gl(g)e_”‘gH(x, I=6)N(x, t—¢)ds —diIN
0

+
a1Gq

o0

1 Y

+ 1— 1) | DyAY + a / 82(5)e @ H(x,t — )Y (x,t —¢) dg
arGo Y

0

—B3YV — BuYZ — drY

| 1%
(1 - i) [DyAV + u+a3BYV — d3V]

a2 Gro3 %4
+ [DZAZ+a4/34YZ—d4Z]
O{QG
/31 _
G1 g1(g)e™ ¢ [HN — H(x,t —¢)N(x,t — ¢)] dg
0
8 i ( )Y ( )
2 _ HY Hx,t —¢)Y(x,t —¢
vy axg —
+ G, 1/82(5)6 |:H1Y1 Y,

+1In

H(x»t_g)Y(x»t_S') d dx
HY o

From (6), we can see that E satisfies the following equilibrium conditions

k =dH) + BH Y1,

nv, =

(12)

d3 _ K
Olszota Vi a2G20t3 ’

nvi+ Y.

Olsz

BoH Y| =

012G2 OtzG2
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By using (12), the time derivative of U/ (¢) is simplified to
i,

= =Yl —an H d\y
o —A{(—?)( 1 — )+(ﬁ1 l_a]G1>

Vi \% d.
LM oV, P y, - 4 7
arGro3 \% Vi arGo arGooty

o0
H, 1 e Hx, 1 = 9)Y (x,t —¢)
+B/HI Y |2— — — */gz(g)e e dg
H Go

H\Y
0
8 i H(x,t = Y (=)
2 _ X, I =¢)r(x,t —¢ (13)
— HY s d
+ G, M 1/5’2(5‘)6 n Y S
0
(=B pyam+ - puav+— (1= p,ay
H " a1G N arGyp Y Y
P 1= Y pyav
arGoro3 1% v
DZAZ} dx.
arGooy
After using (8) and (11), the time derivative in (13) is transformed to
sy d (H — H)*
ke R Hy — Hy) N
” /Q{ 7 + B1 (H) 4)
wo (V—=Vv)? Ba
- 1—-Y)Zz
arGoraz VvV a2Ga

_ B [ —azs Hi
G2H1Y1 /gz(g)e 2 |:<b ( H)
0

+d (H(x, t—c)Y(x,t — g))] dg} o

HY
vVH|? DyY vY|?
_ DuH, I 2|| a2 Il 2|| dx
o H aGy Jo Y
DyVi [ |vV]|?
— dx.

arGraz Joq V2

du
We can see that d—tl < 0if (H; — Hs) <0and (Y] — Y3) < 0. From the equilibrium points,
we have

- )
Hi—Hi<0 e BaB3 (n + kaaGaas) + daér + x/(Kazﬂszot;fzﬂ Gdz?) + uB2B3 [P2f3 (1 + 2k Gra3) + 2dré, ]
282G

dy
=
111Gy

= \/(Kazﬂsza3ﬁ3 — d2E1)* + BB [B2B3 (1 + 2k Goaz) + 2daEy ]

- 202 $2Gd &)
o116

> ka1 f1G1a3f3d2(Ro/R1 — 1) + pnp2p3d

— ka2 B2Gra3 B3 — dr§1 + 2d261 + B2l

< (Prdidards + a3B3ddidr) (Ro/R1 — 1)
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ka1 pi1Gy “p2 <14 Pads
dd, a3ddy(Ro/R1—1) ~ a3pzd
uh2 -
a3ddy(Ro/R1— 1) —

= R+ Rn.

Also, we have
2Pra3B3drds
a4pa
= \/(Ka2ﬂ2G2a3,33 — h&1)* + 12 [B2Bs (1 + 2k 2Gra3) + 2dok1]
= ka2B2Groza4Bads(p — 1)
< azdrds (Bods + aafad) (p — 1) + poa fsbn

Y| = Y3 <0 <= kaxf2Gra3f3 — d2§1 + up2fs + 2podads —

kazBrGo <14 Bads ué
— T dd aaPad  azddrda(p — 1)
né
S Ro<Rpy+———7-7—7-—.
0 azddards(p — 1)
du, : uB2 né
H ,— < 0if R < R,and Ry < Ru _—
enee, g = ORI bRy Ry — 1) — e R T asddada(p — 1)

du
Also, one can show that d—tl =0when H =H,N=0,Y =Y,V =Vyand Z = 0.

Thus, the largest invariantset W; C W = {(H, N, Y, V, Z) | % = 0} is the singleton {E}.

When p > 1, Ro/R1 > 1 and Rg > R;, LaSalle’s invariance principle [50,51] ensures that
uB2 <R,

a3ddy(Ro/R1 — 1)

the equilibrium E is globally asymptotically stable for R +

23
azddyds(p — 1)
(b) From (9), the characteristic equation at E is given by

and Rg < Ry +

1) (A —agBaY1 +ds + Dz&) <Ot3ﬁ32Y1V1 A+ B2Y1 +d + Dyi;)

+ A —a3B3Y +d3s + Dyi)

- (14)
x [@2B3GoHi Y1 + (A + BoY1 +d + Dp¢y)

(A —a2f2GorHy + B3Vi + do + Dy{i)]) =0,
where o
i) =2 —a1f1G1Hy +dy + Dy

Two roots of the characteristic equation (14) are given by f1(A) = 0 and (A — asfaY1 +
ds + Dz¢&) = 0. We have

lim  fi(A) = 400,
A——400
f1O)i=1 = —181G1H; +dy = —a1p1G1 (H] — Hy) .

From the proof of part (a), we can see that f1(0)|i=1 < 0 if R, < Ri +
wha
azddy(Ro/R1 — 1)

. The other root at i = 1 is given by

né2

Ali=1 = Yi —ds = Y1 =Y 0 if R R, _
li=t = aaBaY) — ds = aafs (Y, 3) >0 if Rp > m+a3dd2d4(p—1)
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Thus, the characteristic equation has positive roots if R,, < R1 + WP or
azdd,(Ro/R1 — 1)
Ro > R 1é2 . In this situation, the equilibrium E is unstable. O

+ -
azddrds(p — 1)

Theorem 5 Assume that Ry > 1. Then, we have the following two situations:
(a) The tumor-free equilibrium E; is globally asymptotically stable if Ry < R +

ko B1G1B3
ddydyds

G
(b) The equilibrium E; is unstable if Ry > R1 + M

dd\drd3

Proof (a) We consider the following Lyapunov functional
Us(1) f{H®<H>+ ! N<I>(N>—|— ! Y
2 = 2 = 2 ~
Q H, a1Gy N> arGs
+ : Vo @ v + : Z
05262053 2 Vz OlszOé4

00 S
H(x,t —0)N(x,t—0
+—1H2N2/g1(§)e_“‘5/<1>< r NG )> do dc
0 0

B
Gy Hy N,

00 S
+%fgz(g)e‘““/H(x,t—Q)Y(x”—e) do dg} dx.
2
0 0

By computing the time derivative of U/ () along the solutions of (2), we have

dih,

_ H _dH — _
< _fQ{<1— H)[DHAH-H( dH — BiHN — B, HY]

o0
1 Ny —arc
I—— )| DNAN + 1B | gi()e” ™ H(x,t = ¢)N(x,1 —¢)dg —diN
0

oo

1

Ao |:DyAY +a2ﬂ2‘/g2(§)67”“1'1(x, t—=)Y(x,t —¢)ds — YV —BuYZ —sz:|

2G2
0

1 1%
1= 2 ) [DyAV + pu+a3psYV —d3V]
ayGora3 1%

[DzAZ +asBaYZ — dyZ]
ayGoray

HN  H(x,t—¢)N(x,1—¢)
Hy N, Hy N,

o0
+ﬂH2N2fg1(§)efalg[
Gy

0

H(x,t— N(x,t—
+In (x SIN(x ;)] de

HN

+%[82(§)67a2§ [HY —H(x,t — )Y (x,1 = ¢)] dg} dx.
2
0
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From (6), we can see that E» satisfies the following conditions

k =dHy + B1H2 N>,

BLH2N, = alGlNz, 15)

W _ _d3
arGraz T a2Goa3

Vs.

By using (15), the time derivative of /> (¢) can be simplified to

ditr H d> B3
— = 1——)(dH,—dH H, — — 1Y
o /Q{< H>( 2 )+</32 2T G @G 2)

V \%
A
arGro3 \% %3

da Z+ BN, (222
05262054 172 H
1 —acH& 1 — )N, 1 =)
- d
f&(s‘)e HoN
B i (.1 — INGx, 1 — ) "
1 _ H((x,t —¢)N(x,t —¢
—H)N. a1s] d
+ G, 2/81(5‘)6 n N
0
(1= pyan+ 1= M2\ puan
H " a1Gq N N
+— L pyay+ 1 1= Y2\ p,av
Gy " a2Gro3 1% v
DZAZ} dx.
arGoroy
After using (8) and (11), the time derivative in (16) is transformed to
@_/ _dH-—H)*  ddidy . paiBiGiB
dr — Jg H ka1 B1G1onGo 0 ! ddydrds
_n (V=W da
a2Gra3 VVo arGooty
oo
Bi f _ Hy H(x,t —¢)N(x,t —¢)
— —H)N; “as @ [} d¢yt d
G, 2N gi(g)e =)t N ¢ dx
VH|? _ DyN. VN|? Dy V- vV|?
AL wN2 [IINIZ  DvVa [ I9VIE
061G1 o N2 arGraz Jo V2
dut G
‘We note that = <0ifRg <R| + M. In addition, It can be easily shown
dr ddidyrd;

dut.
that d—tz =0if H=H), N=N,Y =0,V =V, and Z = 0. Thus, the largest
invariantset W C W = {(H, N, Y,V,Z) | % = 0} is the singleton { E»}. Accordingly,
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LaSalle’s invariance principle [50,51] guarantees the global asymptotic stability of E;
kpa1f1Gips

ddidrd;
(b) From (9), the characteristic equation at E is given by

when Ry > land Rg < R +

20) (A +d3+ Dy&i) (A +da+ Dz&i)
x (01 B{G2HaN2 + (o + BiN2 +d + D) (A — a1 1G1Ha + dy + Dy&i)] =0,

(I7)
where o
o) = A —axBaGoHy +dy + B3V2 + Dy
One root of the characteristic equation (17) is given by f>(%) = 0, where we have
lim f>(A) = 400,
A——+00
dd\d> kpe B1GBs
0)]|j=1 = — GoyH) +d Vi=e——--""Ro—-RI ————— ).
f20)i=1 2 prGrHy +do + B3V Ka1ﬁ101< 0 1 ddydods
G
We note that f>(0)];i=1 < 0if Rp > R + W, and the characteristic equation
14243

(17) has a positive root in this case. Hence, the equilibrium E» is unstable if Rg > R +
kpafi1G1B3
ddidrdy

[}

né

+ —————————— Then, we have the
azddyds(p — 1)

Theorem 6 Suppose that p > 1 and Rg > Ry

following two situations:

(a) The treatment failure equilibrium E3 is globally asymptotically stable if R1 < R,.
(b) The equilibrium E3 is unstable if R1 > Ry.

Proof (a) We consider the following Lyapunov functional

U(z)—/{Hq>(H>+ Loyg ! ch(Y)
’ Ja ’ H; a1Gy Otsz3 Y3

n 1 Vadb \% n 1 72 V4
arGora3 3 V3 arGooy 3 Z3

oo S
+ g—lfgl(g)e—“w/f](x,z—e)N(x,t—e) do dc
! 0 0
B r i H( )Y ( 0)
2 _ X, — X, —
22 Hyy as | ¢ do d¢} dx.
+ G, 3 3/82(§)e / ( HYs ) §} X
0 0
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By taking the time derivative of U/3(¢) along the solutions of (2), we obtain

du H
73:/ 1—2) | DyAH +« —dH — BiHN — pHY
dr Q H

oo

+ - G DNAN+a1ﬁ1[g1(§)e‘“‘§H(x,t—;)N(x,t—g) d¢ —diN
101 0
o0
1 Y3 —a
1——=) | DyAY+a2B | g2(5)e" *H(x,t — )Y (x,t —¢) dg
ar2Go Y

—B3YV — B4YZ — dyr)Y]

1 V3
+ <1—*> [DyAV +pu+a3f3YV —d3V]

arGra3 |4

1 Z3

1— —= ) [DzAZ + a4fsYZ — dsZ]

0l2G2¢X4 Z
/31 —aig
+ o [ @@ IHN — Het = ONG1 =1 d

0

o0
B / _ HY Hx,t —¢)Y(x,t —¢)
— H3Y- e hs —

+ Go 305 [ 82(6) H3Y3 H3Y;

Hx,1—¢)Y(x,t —¢)
+1In dc} dx.
HY g
(18)
From (6), we can see that E3 satisfies the following equilibrium conditions
k =dH;3 + B2 H3Y3,
B — w
012(3?2 Y3Vs = 012G32a% 37 wmGaas? (19)
bi_y 7,=_d1_7
arGy 343 _ﬂasztm 3, p
BorH3Ys = JEY3Va+ JTEY3Z3 + asz Y3.

By using (19), (8) and (11), the time derivative in (18) is transformed to

diss d(H — H3)?  aupadd no (V—V3)?
— = - (R1—Rm) N —
dr Q H a1G1& arGoro3 VVs

B [ eriorens [0 (5
—G2H3Y3/g2(g)e 2 [q)(H)
0

+d (H(x,t —o)Y(x,t — g))] dg} dr

HY
VH 2 DyY: vY 2
s [ 101 o [
Olsz
DyVs [ |vV|? DzZ3y [ IVZ)?
- dx — dx.
arGraz Jq V2 arGoray Jo 72
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This implies that % < 0if R1 < R,,. Moreover, %: = 0 when H = Hj,

N =0,Y = Y3, V = Vzand Z = Z3. Thus, the largest invariant set V3 C WV =

{(H,N,Y,V,Z) | % = 0} is the singleton {E£3}. By LaSalle’s invariance principle

[50,51], the equilibrium E3 is globally asymptotgcally stable if R| < R,, given that the
ué2

azddads(p — 1)

(b) From (9), the characteristic equation at E3 is given by

point exists for p > 1 and Rg > R, +

fs(k)<()» + BoYs +d + D) [aBiYsZs (h — a3p3Ys +ds + Dy &)
+a3f3Y3Vs O — aPs¥s +di+ Dz8)|
+ (A —oafaYs +ds+ Dz8) (M —a3f3Y3 +ds + Dy ) (20)
x [02B3G2H3Y3 + (A + PoY3 +d + D &)

(A —2B2GoH3 + B3V3 + BaZs + do + DY{!‘)]) =0,

where -
) =2 —a1B1G1H3 +di + Dy¢;.
One root of the characteristic Eq. (20) is determined by f3(A) = 0, where

lim f3(A) = +o0,
L——+00

a4Padd,
HO)i=1 = —a11G1H3 +d1 = e (R1 —Rim) -

When Ry > R,,, we can see that f3(0)|;=1 < 0 and the characteristic equation (20) has
a positive root in this situation. Hence, the equilibrium E3 is unstable if R > R,,. ]
Theorem 7 Assume that p > 1, Ro/R1 > 1, R, < R1 + 1P and Ry >

G o3ddy(Ro/R1 — 1)
R1+ M. Then, we have the following two situations:
ddidrd;
(a) The partial success immune-free equilibrium E4 is globally asymptotically stable if Rg <
e B1GraaBa

' wsddydada(p — 1)

G
(b) The equilibrium E4 is unstable if Ry > R1 + cpaipiGrasps

azddidads(p — 1)
Proof (a) We take the following Lyapunov functional

u(t)—/Hd>H+lNCI>N+1Yd>Y
! e * Hy a1Gy * Ny 062624 Yy

+ ! V4i® v + ! V4
arGoaz 4 V4 arGooy

00 S
Bi / _ / H(x,t —0)N(x,t —0)
— HuN. ars b de d
+G1 4Ns | g1(s)e HaNs c
0 0
B r [ H( )Y ( 0)
2 _ X, — X, —
——HyY. @s | o do de¢!} dx.
+ G, 4 4/82(5)6 / ( AR ) g} X
0 0
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By computing the time derivative of Uy (¢) along the solutions of (2), we obtain

dis _ﬂ B . _
?_/Q{<l H)[DyAH—}-K dH — B1HN — ByHY]

o0
1 Ny —a
+ 1—— )| DNAN + a1 [ gi(s)e ™ H(x,t —g)

a1Gq N
0

XN(x,t —¢)dec —d|N

o0

1 Y.

+ 1-22) | Dyay +azﬁ2/gz(§)e*“2§H(x,t— Y (x,t—¢)dg
arGo Y

0

—B3YV — BuYZ — drY

P 1— Y\ pyav
arGras \% v

+u+a3f3YV —diV]

[DzAZ + asfsYZ — dyZ]

arGooy
o0
HN Hx,t —¢)N(x,t —
+ﬂH4N4/g1(§)€_a'§ - )M 2
G1 HiN, HuN,
0

+1

H(x,t—g)N(x,t—g)]
n de¢
HN

[ee]

B2 / - HY H@x.t—¢g)Y(x.1—¢)
—~ H.Y. e @28 —
+ G, Ha¥s 82(5) HiYs HiYs
0
Hx, 1 —o)Y(x,1—¢)
In dg ¢ dx.
+ 17372 S
2n
From (6), we can see that E4 satisfies the following equilibrium conditions
k =dHy + B1HyNy + BrHyYy,
BiHyNy = 4Ny,
@ 22)
BoyyVa= 8 _vi— L
G2 arGoe3 aGoaz”’
BoHyYy = aféz YaVy + aféz Ys.
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By using (22), (8) and (11), the time derivative in (21) is transformed to

Yy —Ys)Z —
5 + (Y4 —Ys)

ity / _d(H—H)’ P po V-V’
Q H axGy arGras VVy

- ﬂH4N4fg1(g)e‘“1§ [cp([;;) +<1><H(x’t_§)N(x”_§))] dc

G HyN
0
B i H H( Y ( )
2 _ 4 X, —¢ X, 1 —¢
— — H,Y. e RS | d [} d d
G, 44/g2(§) |: <H>+ ( HaY )] §} X
0
vH 2 _ DyN, VN|?
_DH/II [ NNy [ ] ”dx
(XlGl Q N2
_ Dyyy IIVYII2 Dy Vy / IIVVII2
arGo azGZGfS

dau.
The sign of 4 is determined by the sign of (Y4 — Ys) since all other terms are negative.

t
From the equilibrium points E4 and E5, we find

drd3(Ro/R1 — 1) — ups dy

Yy —Ys = —
azfzdr(Ro/R1 — 1) a4fy
:Ol3d4 (282G2d) — 181G 1da) (p — 1) — pa1 B1Graafa
a1B1Grazasfadr(Ro/R1 — 1)
_ ddidsy(p — 1) [Kazﬁsz ka1 fiGr kpaiBiGiosps ]
ka1 B1Gragfa(Ro/R1 — 1) dd dd; azddidyds(p — 1)
_ ddids(p — 1) [ VR ko B1Grasfs }
ka1 B1Graafa(Ro/R1) azddydads(p — 1)
du. G
As aresult, we find that bl <0if Rg <R1 + M. Also, we can show
dr aszddidrds(p — 1)

du.
that d—: =0when H = Hy;, N = N4, Y = Y4,V = Vgand Z = 0. Thus, the largest

invariant set W4 C W = {(H, N, Y, V,Z) | duy _ 0} is the singleton {E4}. According
to LaSalle’s invariance principle [50,51], the equilibrium Ejy is globally asymptotically

G
stable if Ryp < R + M provided that the point is defined for p > 1,
Ol3dd1dzd4(;0’3— D 8,618
np2 ko p1G1p3
Ro/R 1, R R dR R _—
o= LR < Rit i Ro R — 1 R0 R T s
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(b) From (9), the characteristic equation at E4 is given by

f4(A)< [0[]/3126] HyNy+ A+ BiNs+ BoYs +d + D)

(A —a1B1G1Hy +dy + D) |

X [043532Y4V4 + (A — 282G 1 Ha + B3Va + dy + Dy ;)
(A —a3B3Ys +ds + Dy i)l

+ a2B3G2Ha Yy (A —a1B1G1Hys + di + DnEi)

(23)

(A —a3B3¥s+d3 + DvCi)) =0,

where
faW) =X —aaBaYs +dy + Dz

One root of the characteristic equation (23) is given by fa(A) = 0. In other words, we
have the eigenvalue

Ali=1 = a4faYs —dy = asfs (Ya — Ys5).

Koy B1Grogfy
o - . . a3dddyds(p — 1)
In this situation, the characteristic equation has a positive root, and the equilibrium Ej4 is
unstable. O

From the proof of part (a), we can see that (Y4 — Ys) > 0if Rg > R+

Theorem 8 The coexistence equilibrium Es is globally asymptotically stable if p > 1,

G
R1 > Rmand Ry > R1 + —Klw“ﬂl 104 .
azddidyrds(p — 1)

Proof We take the following Lyapunov functional

Us(t) /{H®<H>+ ! N¢<N>+ ! Y(D<Y>
5 = 5 e 5 -~ 5 -
Q Hs a1Gy N5 arGo Y5
1 \% 1 Zz
+ Vs® | — | + Zs | -
a2Gro3 Vs oy Gooy Zs

00 <
Bi / _ / H(x,t —0)N(x,t —6)
— H=N. a s ) de d
+G1 sNs | gi(s)e N <
0 0

[e%e} S

B2 / —a / H(x,t —0)Y(x,t —0)

—— HsY: 25 [ ® df d¢ dx.

+G2 sYs | g2(s)e HsYs G dx
0 0

After using the equilibrium conditions at E5, (8) and (11), the time derivative of Us(¢) is
given by
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%_/ d (H — Hs)* o (V=Vs)?
dr Q H arGraz  VVs

T H H(x,t —¢)N(x,t —
o o o () o)
0

i H Hrt— )Y (rot —
- %Hsstgz(g)e*m [@ (ﬁ) +q>< .1 ZY(X ! 9)] dg} dx
0

VH|? Dy N. VN|?
Dy Hs IVH dy _ PN VN &
o H? a1G; Jo N?
DyYs [ ||VY|? DyVs [ |VV|?
— dx — dx
Gy Jo Y? Gz Jo V2
DzZs IvZ]?

- dx.
arGoroy Jo 72

dud: dus:
This implies that d—ts < 0. Also, one can show that d—ts =0when H = H;, N = Ns,Y =

Ys,V = Vsand Z = Zs. Thus, the largest invariantset Ws C W = {(H, N, Y, V, Z) | % =
0} is the singleton { Es}. According to LaSalle’s invariance principle [50,51], the equilibrium
kpay B1Grogfy

Esis globall totically stable if I,LRi > Rpwand Ry > Ri+ ————.
5 1s globally asymptotically stable if p > 1> Rpand Ry > R O{3dd1d2d4(p—1)u

Remark 2 1t follows from Theorem 5 that the tumor cells will be removed from the body
when Ry > 1 and ¢t 1 G 1 B
R05R1+7ddld2d3
Kpe1 f1G1p3
dd dyds
ddidrds (Ro —R1) _
ka1p1G1B3
o = K,

<—Ryp—R1 <

where

o= ddydyds (Ro — R1)

24
ka1 B1G1B3 @

Hence, ¢ is the minimum effective dosage of M1 virus required to eliminate the tumor.
When p < o, we see from Theorem 7 that the tumor cells will persist as 1 —> 00.
5 Numerical simulations

In this section, we pursue some numerical simulations in order to verify the results of Theo-
rems 3-8. For this purpose, we choose g; (¢) in model (2) as

gi(c) =bie™%s, fori=1,2.

@ Springer



Eur. Phys. J. Plus (2020) 135:117 Page 27 of 40 117

Clearly, gi(¢) > 0 and [y~ gi(¢) dg = [;° bie7"¢ dg = 1. This form of g; () was taken
in [22]. Consequently, the values of G| and G, defined in Eq. (5) are given by

o0
b.
Gi = b,-/e—<“i+”f)5 de = ———, fori=1,2.
ai +b;
0

The values of R and R are given by

_ konfobs _ kaifib
dds (ay + by)’ "7 da (a1 +b1)’

In order to transform system (2) to PDE system, we introduce the following new variables

Ro (25)

o0
Ax, 1) =/e—<”'+”1>§H<x, t—¢)N(x, 1 —¢)dg,

0
00

B(x,1) =/e_(”2+b2)5H(x, t—¢c)Y(x,t—¢)dc.
0

(26)

Thus, system (2) is transformed to the following system

XD — Dy AH(x, 1)+, —dH(x,1) — BrHx, ON(x, 1) — foH (x, Y (x, 1),

Meﬁ%’) =Hx,0)N(x,1) — (a1 + b)) A(x, 1),

INCD = Dy AN (x, 1) + a1 Bib1A(x, 1) — dN(x, 1),

IBLD — H(x,1)Y (x,1) — (a2 + b2) B(x, 1),

WD — Dy AY (x, 1) + a2 fobr B(x, 1) — B3Y (x, )V (x, 1) — BaY (x, N Z(x, 1)
—dbY (x,1),

WD — Dy AV (x,0) + e+ a3fsY (x, )V (x, 1) — d3V (x, 1),

2D — Dy AZ(x, 1) + aaPaY (x, O Z(x, 1) — ds Z(x, 1).

(27)
For system (27), we consider the following initial conditions

H(x,0) =0.3(1+0.2cos?(mx)), N(x,0)=0.2(1+0.2cos*(nx)),
Y(x,0) = 0.2 (1 + 0.2 cos*(7x)),
V(x,0) =03 (1 +0.2cos?(mx)), Z(x,0) =0.02(1+0.2cos*(7x)).

The initial conditions for the new variables A(x, ¢) and B(x, t) can be computed from (26).
We take the spatial domain as 2 = [0, 2] with a step size Ax = 0.02. We perform the
simulations on a time interval [0, 400] with a step size At = 0.1. The values of a2, B1, B2,
B3, Ba, 01, 12, n3 and n4 are taken as free parameters while the other remaining parameters
are listed in Table 1. Some parameter values are taken from [42], while others are taken as
an assumption. The results of the numerical simulations are classified into six categories:

(a) We consider ap = 0.8, 81 = 0.03, g = 0.03, 3 = 0.1, B4 = 0.03, n; = 0.04,
n2 = 0.01, n3 = 0.008 and n4 = 0.01. These values give R; = 0.3636 < 1 and
Ro = 0.7273 < R; = 2.1905. In this situation, the competition-free equilibrium
Ey = (1,0,0,0.3571, 0) is globally asymptotically stable as shown in Fig. 1. This result
coincides with Theorem 3. At this point, both populations of normal and tumor cells are
extinct. This extinction might be a result of a severe competition between the normal and
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Table1 List of parameters of Parameter Value Parameter Value Parameter Value

model (2)
K 0.02 oy 0.8 Dy 0.03
n 0.01 Dy 0.02 aj 0.1
d 0.02 Dy 0.02 ap 0.1
3] 0.8 Dy 0.01 by 1
a3 0.5 Dy 0.04 by 1

tumor cells on a limited nutrient source. Hence, the effect of oncolytic virotherapy on
tumor growth cannot be examined in this situation.

(b) Weconsideray = 0.8,8; =0.03,8, =0.1,83 = 0.1, 84 = 0.2, 91 = 0.04, n2 = 0.008,
n3 = 0.008 and n4 = 0.01. This set of parameters gives p = 2.9867 > 1, Ro/R1 =

B2
7.1429 > 1, Rg = 2.5974 > R; =2.2755,R,, = 3.8 > R + =
g 0 - " - a3ddr(Ro/R1 — 1)
0.945and Ry < R,y + M—SZ = 5.6527. As reported in Theorem 4, the treat-

a3ddrds(p — 1)
ment failure immune-free equilibrium E; = (0.908, 0, 0.0214, 0.3707, 0) is globally
asymptotically stable as shown in Fig. 2. The severe competition between the normal
and tumor cells led to the extinction of normal cells, where the OVT failed in demolish-
ing the tumor and saving the normal cells. At this stage, the life of cancer’s patient can
be at a real risk or he/she may die.
(c) We consider ap = 0.8, g1 = 0.1, B = 0.03, B3 = 0.1, B = 0.03, n; = 0.008,

n2 = 0.01, n3 = 0.006 and n4 = 0.01. For this combination of parameter values, we

G
obtain R; = 2.5974 > 1 and Rg = 0.7273 < Ry + HHPIGIB 5 0h0) 1
ddidyds

agreement with Theorem 5, the solutions of system (2) globally converge to the tumor-
free equilibrium £, = (0.385, 0.3195, 0, 0.3846, 0) as shown in Fig. 3. This case reflects
the success of OVT in reducing tumor load to zero before the initiation of CTL immune
response. Thus, the parameters and global stability conditions of this point can help
design oncolytic viruses with better efficacy.

(d) We consider an = 0.9, B = 0.04, B = 0.5, B3 = 0.1, Bs = 0.6, n; = 0.05,
n2 = 0.008, n3 = 0.005 and n4 = 0.02. These values give p = 6 > 1, Rg = 14.6104 >
Rm + M—Sz = 8.369 and Ry = 04156 < R,, = 3.0833. As a result,

azddrds(p — 1)
the treatment failure equilibrium E3 = (0.3247, 0, 0.0834, 0.4799, 0.0943) is globally
asymptotically stable as shown in Fig. 4. This result supports Theorem 6. This case
reflects the oncolytic virotherapy failure which results in normal cells extinction. At this
point, the tumor is controlled by CTL immune response, which may limit the replication
of oncolytic M1 virus and lead to therapy failure.

(e) We consider ap = 0.9, g1 = 0.16, B = 0.35, 3 = 0.1, B4+ = 0.1, n; = 0.009,
n = 0.008, n3 = 0.008 and n4 = 0.01. Then, we get the values of the thresh-
old parameters as p = 1.4933 > 1, Ro/R1 = 25488 > 1, R, = 108 <

uh2 kpa B1G1B3
R =12.0832, Ro = 10.2273 > R+ ————— =9.1306
' azddy(Ro/R1 — 1) 0 > Fat dddrds
G
and Ry < R1 + M = 19.505. In this case, the partial success immune-

. azddidrdi(p — 1) , _
free equilibrium E4 = (0.2493,0.1593, 0.0992, 0.4341, 0) is globally asymptotically

stable. This result supports Theorem 7 and is shown in Fig. 5. At this point and with no
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Fig. 1 The numerical simulations of system (2) when R| < 1 and R < R;. The competition-free equilib-
rium E|) is globally asymptotically stable. The sub-figures show the spatiotemporal distributions of a nutrient,
b normal cells, ¢ tumor cells, d free M1 virus, and e immune response
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Fig.2 The numerical simulations of system (2) whenp > 1,Ro/R1 > 1,Rn > R+

uér

dRg <R, _—
nd Ro = R+ ddrda(p — 1)

azddy(Ro/R1 — 1)

. The treatment failure immune-free equilibrium E7 is globally asymp-

totically stable. The sub-figures show the spatiotemporal distributions of a nutrient, b normal cells, ¢ tumor

cells, d free M1 virus, and e immune response
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Fig. 4 The numerical simulations of system (2) when R| < R,,. The treatment failure equilibrium E3 is

globally asymptotically stable. The sub-figures show the spatiotemporal distributions of a nutrient, b normal
cells, ¢ tumor cells, d free M1 virus, and e immune response
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. ) o ) ) a3ddidyda(p —1)
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distributions of a nutrient, b normal cells, ¢ tumor cells, d free M1 virus, and e immune response
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immune response, the viral therapy partially succeeds in saving the normal cells, but it
does not have the full ability to demolish the tumor.

(f) We consider ap = 0.9, g1 = 0.19, B = 0.5, B3 = 0.05, 2 = 0.8, n; = 0.008,
n = 0.008, n3 = 0.005 and n4 = 0.03. With this choice of parameters, we
get p = 128 > 1, Ry = 49351 > R, = 29531 and Ry = 14.6104 >

G
R1 + M = 8.7588. In agreement with Theorem 8§, the coexistence
azdd\drds(p — 1)
equilibrium Es5 = (0.2027, 0.2085, 0.0781, 0.4339, 0.0415) is globally asymptotically

stable in this case as shown in Fig. 6. The tumor is controlled by immune cells and the
OVT loses its ability to control the tumor. Thus, the presence of CTL immune response
renders the OVT ineffective.

To see the contribution of the distributed delay to the efficacy of OVT, we increase the
value of a in model (2). Increasing a; means decreasing the survival probability of tumor
cells during the delay period. Accordingly, we consider the same parameter values given in
(e) except for a>, where we take it as ap = 0.8. The solutions in this case tend to the point
with H = 0.2495, N = 0.3758,Y =0, V = 0.3574 and Z = 0. The associated threshold

G
parameters are Ry = 4.0125 = 1and Ry = 6.25 < Ry + “FUPIGB3 _ g 1306 This
ddydads

means that increasing a; switches the system from the partial success equilibrium Ej to the
tumor-free equilibrium E3. The resulting figure is quite similar to Fig. 3.
In order to examine the effect of the distributed delay on the minimum effective dosage

o required to remove the tumor, we first vary a; in Eq. (24) while the conditions R > 1

G

and Rg < Rj + W are hold. We fix all other parameters in Eq. (24) to the same
1a2d3

values considered in case (e) with ap = 0.8, where the solutions approach the tumor-free

equilibrium E5. The values of Ry and R are computed from Eq. (25). We see from Fig. 7a
that increasing @, which means decreasing the survival probability of normal cells during
the delay period, increases the minimum amount of dose required to eliminate the tumor. The
next step is to vary a, in Eq. (24) and fix the values of all other parameters. We observe from
Fig. 7b that increasing a;, which means decreasing the survival probability of tumor cells
during the delay period, decreases the minimum effective dosage . Thus, the delay terms
can have a strong impact on the minimum amount of OVT needed to eradicate the tumor.

The effect of CTL immune response on the concentration of M1 virus can be seen by
varying a4 and fixing all other parameters to the same values considered in case (f). The
result is shown in Fig. 8. Increasing CTL stimulation rate constant «e4 in model (2) decreases
the concentration of oncolytic M1 virus. This supports the result of case (f) that CTLs reduce
the efficiency of OVT.

To see the effect of changing diffusion coefficients on global stability, it is sufficient to
consider the impact on normal cells. For this purpose, we change the diffusion coefficient of
normal cells in case (f) to Dy = 0.002 and Dy = 0.0002. We note from Fig. 9 that changing
the diffusion coefficient does not affect the global stability of the equilibrium, but it only
affects the earlier local behavior of solution.

6 Conclusion
Oncolytic virotherapy is a promising cancer treatment depends on attacking cancer cells by

viruses. Research efforts have focused on solving the different issues of OVT in order to
increase its efficacy. Mathematical models have been used to shorten the path toward the
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Fig.6 The numerical simulations of system (2) whenp > 1,R|; > R,y andRg > R+

azddydrds(p — 1)

The coexistence equilibrium Es5 is globally asymptotically stable. The sub-figures show the spatiotemporal
distributions of a nutrient, b normal cells, ¢ tumor cells, d free M1 virus, and e immune response
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Fig. 8 The effect of varying CTL stimulation rate constant oy on the concentration of M1 virus for the
coexistence equilibrium E5

adoption of this treatment. In this paper, we studied a system of five PDEs with distributed
delays. The model has six equilibrium points which reflect different possible outcomes of
oncolytic virotherapy. These points are

(a) The competition-free equilibrium E which always exists and it is globally asymptotically

stable if R < 1 and Rog < R;. At this point, the normal and tumor cells populations are
extinct and the efficacy of oncolytic virotherapy cannot be measured.
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Fig. 9 The effect of changing the diffusion coefficient on the concentration of normal cells. All parameters
are identical to those used in Fig. 6 except for the diffusion coefficient Dy

1

(b) The treatment failure immune-free equilibrium E;| which exists if Rg > R;. It is
globally asymptotically stable when the conditions p > 1, Ro/R;1 > 1, R, >

R1+ 1> andRg < R+ //«—%'2 are satisfied. The extinction
a3ddry(Ro/Ry — 1) azddyds(p — 1)
of normal cells at this point indicates to the fail of oncolytic virotherapy and to the death
of patient.
(c) The tumor-free equilibrium Ej exists when R; > 1 and it is globally asymptotically
G
stable if Rg < R + W. The extinction of tumor cells at this point reflects
14243
the success of oncolytic viral therapy. Hence, reaching this point is the goal of viral
therapies.
(d) The treatment failure equilibrium E3 which exists if p > 1 and Ryg > R, +
ué2

——————— . Itis globally asymptotically stable if R < R,,. This point reflects the
arddadi(p = 1) . |
fail of oncolytic virotherapy in the presence of CTL immune response.

(e) The partial success immune-free equilibrium Ey4 exists if Ro/R1 > 1, R, < R +

G
1P and Ro > R + M. It is globally asymptotically stable

azddr(Ro/R1 — 1) dddyds

kua B1Gra
when the conditions p > 1 and Ry < R1 + M are met. At this point,
azddidads(p — 1)

the oncolytic virotherapy does not have the full efficacy to remove the tumor cells.
(f) The coexistence equilibrium Es is defined and globally asymptotically stable if p > 1,
ke BrGrogBs . . .
R1 > Ry and Ry > Ry + ————— . At this point, the immune response
azddidads(p — 1) o
controls the tumor and prevents the oncolytic M1 virus from completing its role.

We found that the global stability of the equilibrium points of model (2) is ensured for any
diffusion coefficients as long as the conditions given in (a)-(f) are hold. Additionally, some
parameters in the distributed delay terms have a critical impact on the efficacy of oncolytic
virotherapy. These parameters can change the fate of OVT or change the minimum amount
of the therapy required to remove the tumor (Fig. 7). Hence, the values of these parameters
should be carefully chosen and controlled. Moreover, the immune response against tumor
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cells decreases the concentration of oncolytic M1 virus (Fig. 8) and reduces the efficiency of
cancer viral therapy. Thus, our results support the studies which suggest using some drugs
with the oncolytic virotherapy to inhibit the immune response against tumor cells [5,8,13].
This usage of inhibition drugs is equivalent to decreasing the stimulation rate a4f4Y Z in
model (2) or increasing the death rate (d +174) Z. Comparing with the existing models of OVT,
the model in this paper is the first model addresses with a complete mathematical analysis
the interaction between oncolytic M1 virotherapy and CTLs in the presence of distributed
delay. M1 virus has shown great selectivity and efficacy in treating tumor [41]. Thus, our
results can be subjected to further investigation in order to be used in the development of M 1
virotherapy. The results can be used to determine the minimum effective dosage required to
eliminate the tumor in the presence of CTLs and infinite delays (see Remark 2). Our results
can help to estimate the parameters and compute the thresholds needed for full eradication
of tumor. Further, the model can be extended to study the effect of combining oncolytic
M1 virotherapy with chemotherapy. Applying the multiscale modeling approach discussed
in [29] may help to better understand the dynamics of oncolytic virotherapy and its role in
tumor elimination. Besides, considering model (2) with cross-diffusion may give a deeper
insight into some nonlinear features associated with diffusion [52,53]. Performing a linear
stability analysis and investigating the occurrence of bifurcation is another possibility to
understand the role of oncolytic virotherapy in model (2). These points are left as possible
future works.
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