Eur. Phys. J. Plus (2020) 135:15 THE EUROPEAN
https://doi.org/10.1140/epjp/s13360-019-00035-w PHYSICAL JOURNAL PLUS

Regular Article

Check for
updates

Multiple residual symmetries and soliton-cnoidal wave
interaction solution of the (2 + 1)-dimensional
negative-order modified
Calogero—-Bogoyavlenskii—Schiff equation

Wenguang Cheng!>®, Deqin Qiu’2®), Tianzhou Xu'

1 School of Mathematics and Statistics, Beijing Institute of Technology, Beijing 100081,
People’s Republic of China

2 Department of Mathematics, Yuxi Normal University, Yuxi 653100, People’s Republic of China

3 Department of Mathematics, China University of Mining and Technology, Beijing 100083,
People’s Republic of China

Received: 25 May 2019 / Accepted: 29 September 2019 / Published online: 7 January 2020
© Societa Italiana di Fisica (SIF) and Springer-Verlag GmbH Germany, part of Springer Nature 2020

Abstract The residual symmetry for the (2 4+ 1)-dimensional negative-order modified
Calogero-Bogoyavlenskii—Schiff (nmCBS) equation is derived from the truncated Painlevé
expansion, and is extended to the multiple residual symmetries, which can be transformed to
Lie point symmetries by introducing a suitable prolonged system. The nth Béicklund trans-
formation (BT) related to multiple residual symmetries is given in terms of determinant.
More importantly, we obtain the explicit soliton-cnoidal wave interaction solution from a
consistent differential equation.

1 Introduction

The (2+1)-dimensional negative-order modified Calogero-Bogoyavlenskii—Schiff (nmCBS)
equation [1] reads:

Uy + Uyxs —414214; —4uX/uu,dx =0, (1.1)

or equivalently

Uy + Uxxr — 4u2u, —4u,v =0,
(1.2)
uu; — vy = 0.
In [1], the (2 4 1)-dimensional nmCBS equation (1.1) was derived by means of the inverse
recursion operator [2,3] of the modified CBS equation, and has multiple soliton solutions.
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It is known that symmetry analysis [4,5] and Painlevé analysis [6,7] are effective methods
to find exact solutions of nonlinear evolution equations (NLEEs) which model various non-
linear phenomena in physics and other related fields [8—12]. Recently, the study of nonlocal
symmetry whose infinitesimal generator depends on integral of the dependent variable in a
NLEE has attracted a lot of attention, since it can be used to generate exact interaction solu-
tions between a soliton and other types of nonlinear waves. A few years ago, Lou [13] pointed
out the connection of nonlocal symmetry with the Painlevé analysis, that is, the residue with
respect to the singularity manifold in the truncated Painlevé expansion corresponds to a non-
local symmetry. Such type of nonlocal symmetry is referred to as the residual symmetry. One
can use it to find finite symmetry transformation and novel symmetry reduction through the
localization of the residual symmetry [14—19]. The nth BT can be found after extending the
residual symmetry to multiple residual symmetries [13,20-25]. Hinting at the novel results of
nonlocal symmetry reduction, Lou [26] further established the consistent Riccati expansion
(CRE)/consistent tanh expansion (CTE) method for obtaining abundant interaction solutions,
especially the interaction solution between a soliton and the cnoidal periodic wave [26-34].
In addition, by applying this method, we can identify integrability of NLEEs in the sense of
having the CRE/CTE.

In this article, we study the residual symmetry and soliton-cnoidal wave interaction solu-
tion for the (2 + 1)-dimensional nmCBS equation (1.1). The outline of the present paper is
organized as follows. In Sect. 2, the residual symmetry of the (2 4+ 1)-dimensional nmCBS
equation is derived through the truncated Painlevé expansion method. Based on the residual
symmetry, we obtain the nth BT in the form of determinant. In Sect. 3, we construct the soliton
and soliton-cnoidal wave interaction solutions for the (2 + 1)-dimensional nmCBS equation
by solving a consistent differential equation, which is obtained by performing a straighten-
ing transformation to the Schwarzian nmCBS equation. Finally, we give some conclusions
in Sect. 4.

2 Residual symmetry and nth BT

For the (2 4 1)-dimensional nmCBS system (1.2), its truncated Painlevé expansion is of the
form:

uo V0 1]
U=—+uy, v=-—5+—

J =gty twe @.1)

where ¢ = ¢ (x, v, t) is the singular manifold, and ug, u1, vo, v1 and vy are functions of
x, y and ¢, which are determined by vanishing all the coefficients of each power of % after
substituting (2.1) into system (1.2). Some computations give us that:

1
uy = ¢y, vo= §¢x¢t,

1 dox 1

uy = —542:, v = =3 ¢u, 2.2)
1 ¢y + ¢xxt 1 ¢xx¢xt

vy = — -
4 ¢ 4 ¢
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and the following nonauto-BT

1 ¢xx
u = —Ed)i,
X
23
bt b @3
4 ¢ 4 ¢
between the (2 4+ 1)-dimensional nmCBS system (1.2) and its Schwarzian form
. 3 ¢2
S+K.o=0, K=2 Sz‘p“‘“—fd’xg. (2.4)
¢X ¢X 2 ¢x
This form is invariant under the Mobius transformation
a+ bg
9 d b 9 2.5
¢_)c+d¢> (ad # bo) (2.5)

which implies that the Schwarzian equation (2.4) admits the following Mobius transformation
symmetry

oc? = _¢2_ (2.6)

Applying the residual symmetry theorem [13] to the (2 + 1)-dimensional nmCBS system
(1.2), it is inferred that the residual symmetry of system (1.2) is given by

1
(O-M, Gv) = <¢X7 _E(f)xt)- 2.7
We introduce three functions g, 4 and p defined as
g§=¢x, h=¢1. p=g. (2.8)
The nonlocal residual symmetry (2.7) can now be localized to a local Lie point symmetry
1
ol=g, o'=—-p, c? = — 2’
§ 2P ¢ (2.9)

of =—2¢g, o' =-20h, of =-2¢p+gh),

for the prolonged system (1.2), (2.3) and (2.8). Solving the corresponding initial value prob-
lem

dii(e)

d =g(e), u(0) =u,
£
die) _ 1.
- —Ep(e), v(0) = v,
d~ ~ ~
‘Zf) =~ $0) =,
d (2.10)
dg(e) TNz 5
5 = —2¢(e)g(e), 80) =g,
£
dhie) _ —2¢(e)h(e), h(0) = h,
de
. ) 3
ZS) = —2¢()p(e) + E©)h(e), p0) = p,

we get the finite symmetry transformation, which is stated in the following theorem.
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Theorem 2.1 If {u, v, ¢, 8, h, p}is a solution of the prolonged system (1.2), (2.3) and
(2.8), then so is {ti(e), v(e), Pp(e), g(e), h(e), p(e)}, and it is given by

2

o €g Lo ep e“gh
&) =t T MO e T 2T e
) ¢ 8

o B 2.11
o(e) l—l—sd)’ g(e) (]—|—8¢)2’ ( )
_ _L B . P _ 28gh
MO = Tep PO Urep?  Urep

where ¢ is an arbitrary group parameter.

Due to the linearity of the symmetry equation and existence of an infinite number of
solutions of the Schwarzian equation (2.4), we can obtain an infinite number of residual
symmetries

n n
1
o#=2ci¢i,x, a;=—52ci¢i,xt, n=12..., (2.12)
i=1 i=1
where ¢; (i =1, ..., n) represent different solutions of the Schwarzian equation (2.4). The

symmetries (2.12) can be localized in a similar way, the corresponding result is illustrated as
follows.

Theorem 2.2 If {u, v, ¢;, gi, hi, pi, i = 1,...,n}isasolution of the prolonged system

Uy + Uxxr — 4142”[ —4uyv =0, (2.13a)
umu; — vy =0, (2.13b)
u= O (2.13¢)
2 ¢i,x
V= 1¢i,y + d)i,)cxt _ ld)i,xxzd)i,xt , (213(1)
4 ¢i,x 4 d’i,x
& =%ix, hi=0di pi=gi: (2.13e)

then the symmetries (2.12) are transformed to local Lie point symmetries
n
o= sy
Jj=1
l n
v
=3 2 CiPi
Jj=1

Q
I

n
0¥ = —cip} =Y citid),
J#

n
0% = =2cidigi — ) cj(ig; + ;8.
J#
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n
ohi = —2cipih; — ch(d)lhj +¢jhi)7
j#i
n
olt = =2¢;(¢pipi + gihi) — ch(‘/’ipj +¢jpi +gihj +gjhi). (2.14)
i

Proof The linearized system of the prolonged system (2.13) is written as

o) +o¢y —4u(uo +2u,0") — 4oy +uco’) =0, (2.15a)
uo}' — o) +u0" =0, (2.15b)
oi [
ol = L Oxx W”;"" : (2.15¢)
2 ¢i,x 2 ¢i,x
ol = lo'yi + U)?)ét _ lq)i,xxo}?zi + ¢i,xt0)?)€ + (¢i,y + ¢i,xxt)0';cpi + 1¢i,xx¢i,xlo',?i
4 . 4 87, 24

(2.15d)

o8 = af”, ol = at¢i, ol =of, i=1,...,n. (2.15¢)

Without loss of generality, we fix k, ¢y # 0 while c; = 0, j # k in Eq. (2.12). From (2.9)
we get

o' = crgr, (2.16a)
o = _%ckpk, (2.16b)
o% = —cr?, (2.16¢)
o8 = —2crdr gk, (2.16d)
oM = —2crprhy, (2.16¢)
o = —2cr (P pr + 8khi)- (2.16f)

For j # k, eliminating # and v through Eqs. (2.13c) and (2.13d) by taking i = k and i = j,
respectively, we deduce that

¢j,xx = ¢k,;:¢j,x 5
N 2.17
d" _ ¢k,y¢j,x ( )
Y ¢k,x ’

Substituting (2.16a) and (2.16b) into (2.15c) and (2.15d) with i = j, respectively, and
eliminating ¢; ,» and ¢; , by means of (2.17), we find

0% = —ckpibr. (2.18)
Using (2.15e) with i = j, we have
o8 = —cr(Pjgk + drgj).

ol = —cp(pihi + pihj), (2.19)
ol = —ci(@jpk + dipj + gjhic + gihj).
Taking linear superpositions of the above results fork = 1, 2, .. ., n, the proof of Theorem 2.2
is then completed. O
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The initial value problem corresponding to Lie point symmetries (2.14) reads

du(e) N
1:18 = nggj(s),

d
U(é‘) chp](g)

do; 7 e ’s
q;('s) = —c;¢i(e)* — Zc,-rbi (&)p;(e),
€ J#
dg; Z = - 5 o b g
gd,ig) S CEIOED M CICICRECHIC)E
~ (2.20)
dh; - 5 () b:(e)h
J#i
dp; < ~ 5 h
1215(8) = —2c; ((f)l e)pie) + gi (S)hi(s))

=3 (B @5 + @@ pile) + & (@ () + & @hie))
J#i
i0)=u, 90)=v, ¢0) =,
2i(0)=gi, hi(©)=h;, piO)=p;, i=1,...,n.

Solving the above initial value problem, we obtain the following result which describes nth
BT for the prolonged system (2.13).

Theorem 2.3 If {u, v, ¢;, i, hi, pi, i =1,...,n}isasolution ofthe prolonged system
(2.13), then so is {u(e), v(e), ¢>, (&), gi(e), h; (8) pi(e), i =1, n}, and it is given by

1
u(e) =u+ (In|My, v(e) =v— E(ln|M|)xta

i(e) = H» gi(e) = dix (o), (2.21)

hi(e) = gis(e), Pi(e) = ixe(e),

where
crepr +1 crewpy - clewy;  c-- ClE®@I
cewy ey + 1 -0 crewn; - C2Ewoy
M= L‘jsza)lj L‘jaza)gj Cj8¢:j+1 Cjé‘:u)jn ’ wij = ¢i¢j‘
CnS‘CU]n Cns.wZn : Cn“:'wjn ’ ) C,,E(]ﬁ;, +1 nxn
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cregr +1 clewn Clewy i—1 Clewi; ClEW] i+1 Cclewiy
CrEW]) crepr + 1 LR CoEW) i1 CrLEW); C2EWD i+ cee creEW,
Mo | GirEoni-r cicigopior e Cioredioi F 1 o8- Giol8®i-Litl c CGim1EWi—1n
=
1 i e i1, o i i+1 e Win
CitlE€W1 iyl  Citl€W2it] **+  Citl€Wi—1i+]l Citl1€Wii41  Cit1&8Pit1 +1 o ciy18Wit1n
Cn€Win Cp&€w2p Cp€Wi—1.n Cn€Wip Cn€Wi+1,n cnepy +1

nxn

3 Soliton and soliton-cnoidal wave interaction solutions

We know that the CTE is connected to the truncated Painlevé expansion via the following
straightening transformation
¢ = &l
~ dytanh(f) +d3’

This transformation allows us to reduce the truncated Painlevé expansion (2.1) and
Schwarzian equation (2.4) to the CTE solution

(dy, dy #0). 3.1

1 fx
u = fytanh(f) — - =—,
2 fx (32)
1 1 1 XX L fox fx ’
0= =3 fufisech(f) = 3 fgtanh(f) + DI foxf 3
and a new consistent equation
fxxx 3f)52x) (fv)
A 4+ | — —4 xJx =07 33
(% 272), T\ ) T G

respectively. Once the solution of the consistent equation (3.3) is given, explicit expressions
for u and v can be deduced. In the following, we provide two kinds of exact solutions of the
(2 4 1)-dimensional nmCBS system (1.2), including the soliton solution and soliton-cnoidal
wave interaction solution.

3.1 Soliton solution

Equation (3.3) has a quite trivial straight-line solution
f=rxix+hLy+oit+w, (3.4)
which results in the following single soliton solution

u = kq tanh(k1x + 11y + w1t + wo),
3.5

1 [
V= ——K|W] sechz(/qx + Ly + o1t + wp) + —l.
2 4icy

3.2 Soliton-cnoidal wave interaction solution

To construct the soliton-cnoidal wave interaction solution, we take the solution of Eq. (3.3)
to be

f=kix+hy+owit+ Flox +by+ wxt) =x1x + 11y + o1t + F(§). 3.6)
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The substitution of (3.6) into the consistent equation (3.3) produces the following elliptic
equation

Flz’ézao—l—a]F]—I—a2F12+a3F13+4F14, F| = F, 3.7
with
_ 26 (C1 = Cak1) ki (kily — ke2ly)
0 s . ;
Kkily — K2ly
ar =2k1(2C; = 3Cak1) — —5—, (3.8)
K5 w)
263 (C1 — 3Caky) + 4k} 2(4k1 — Cak3)
ar = 5 , az = .
K5 K2

Then, (3.6) leads to the interaction solution between a soliton and the F function wave
solution of system (1.2) of the form

u = (k1 + k2 Fp) tanh(k1x + 1y + o1t + F) — ﬂ
1 1 1 1 2(K1+K2F1)7
1

v = _E(Kl + Kk Fr)(w —|—w2F1)sech2(/qx +hy+wit+ F)

1
—EKQCL)QFLS tanh(k1x + 11y + w1t + F)
KSwZFﬁg_K2llFl — K1l K22w2F1,§g+12F1
4kt + k2 F1)? (k1 + 12 F1)

It is well known that the elliptic equation (3.7) has Jacobi elliptic functions solution. We take
only a simple solution of elliptic equation (3.7) as

Fy = by + bisn(b§, m), (3.10)

(3.9)

where sn(b&, m) is the Jacobi elliptic sine function. Substituting (3.10) and (3.8) into (3.7)
and vanishing the coefficients of different powers of sn(b2&, m), cn(b2§&, m) and dn(b2§&, m)
give rise to

_4bj + ba(4by — 4bs + bym?) ) = 22bo —b2)

1= , Co=—7%5—,
2K7 K5

1 1 1
k1= —5k2Qbo+b2), I ==5bQ2bo+by) = Geaby(m* = 1), by = Sbom.

2
3.11)
We thus have the following exact soliton-cnoidal wave interaction solution of the (2 + 1)-
dimensional nmCBS system
1 kpbomC D

1
= —Kaby(mS — 1) tanh(X) — ~
U= mprabamS = Danh(0 =5 = e

)

1 1
v = —gaba(mS — D201+ w2(2by + bymS)] sech?(X) + Zkzwzb%mCD tanh(X)

L 1k3b3mD?[S(mS — 1) + mC?] 1 krwrb3(m>SC? + 2m?* — 2)
41 4 ka(mS — 1)2 4 mS — 1

3

(3.12)
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-0.24 —0.2 4
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Fig. 1 The soliton-cnoidal wave interaction solution (3.12) with the parameters k| = —1.74, kp = 1.2,
I} = —1.4670776,1 =2, w1 = 1,wy = 1.5,bg = 1,b1 = 0.135, b =0.9,m =03 and y = 0. a, e The
profiles at t = 0 and y = 0, b, f the profiles at t = 0 and x = 0, ¢, g the three-dimensional plots, d, h the
density plots
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where § = sn(b&é,m), C = cn(bré,m), D = dn(byé,m) and X = %bigx +
$hal263nbd(m* — 1) + L]y — (@1 + w2bo)t — §In(D —mC) —y.

We illustrate the interaction solution (3.12) graphically in Fig. 1. As seen in the figure, a
soliton propagates on the cnoidal periodic wave background. This kind of interaction exists
in some physical systems, such as the Fermionic quantum plasma system, the unmagnetized
plasma system and the magnetized electron-positron-ion plasma system [35-38].

4 Conclusions

In the present paper, we first derive the residual symmetry using the truncated Painlevé
expansion. Then by introducing three functions, this residual symmetry is converted into
the Lie point symmetry and the finite symmetry transformation is derived. Furthermore, the
multiple residual symmetries, which are a linear superposition of residual symmetries with
different solutions of the Schwarzian nmCBS equation, are provided. Analogously, they are
also transformed to Lie point symmetries through introducing more functions and nth BT
in the determinant form is presented. Finally, via a straightening transformation, we directly
derive the CTE solution and a new consistent equation, which yield the exact soliton and
soliton-cnoidal wave interaction solutions.

It is well known that many physically important systems are connected to negative-
order equations via reciprocal transformations, such as the Camassa—Holm equation and the
negative-order KdV equation [39], the Degasperis—Procesi equation and the negative-order
Kaup—Kupershmidt equation [40], the Novikov equation and the negative-order Sawada—
Kotera equation [41]. Whether one can find a physically meaningful system reciprocally
linked to the (2 + 1)-dimensional nmCBS equation (1.1) is a very interesting issue to be
clarified by further study.
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