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Abstract. In this paper, the variable-coefficient (1 4 1)-dimensional Benjamin-Bona-Mahony (BBM) and
(24 1)-dimensional asymmetric Nizhnik-Novikov-Veselov (ANNV) equations are investigated via the gen-
eralized exponential rational function method (GERFM). This paper proceeds step-by-step with increasing
detail about derivation processes, first illustrating the algorithms of the proposed method and then ex-
ploiting an even deeper connection between the derived solutions with the GERFM. As a result, versions of
variable-coefficient exact solutions are formally generated. The presented solutions exhibit abundant phys-
ical phenomena. Particularly, upon choosing appropriate parameters, we demonstrate a variety of traveling
waves in figures. Finally, the results indicate that free parameters can drastically influence the existence
of solitary waves, their nature, profile, and stability. They are applicable to enrich the dynamical behavior
of the (1 + 1) and (2 + 1)-dimensional nonlinear wave in fluids, plasma and others.

1 Introduction

It is well-known that nonlinear evolution equations (NLEES) are widely used to describe complex physical phenomena
in various science domains, such as fluid physics, plasma physics and nonlinear optics [1-12]. It is worth mentioning
that solitary waves play the key role in NLEEs. Therefore, it is necessary to focus on solitary waves in a detailed
manner from a mathematical point of view. So far, a variety of powerful methods used for seeking solitary wave
solutions have been developed, including the Tanh method, the Hirota method, the linear superposition principle and
so on [1-17].

In some cases, the solitary structures exist indefinitely in time, as long as parameters stay constant. But, they will
disappear if the values of parameters move outside the possible range of existence of the soliton waves. Moreover, in
physical situations the variable-coefficient solutions are important as they can provide much more realistic models than
their constant-coefficient counterparts. Consequently, a good understanding of exact solitary solutions with variable
coeflicients is very useful for researchers to address the nonlinear wave model in real-world applications. At this moment
we are trying to search reliable solitary solutions via the newly developed method, called the generalized exponential
rational function method (GERFM) [13].

This paper aims to extract new solitary solutions of the variable-coefficient (1 + 1)-dimensional Benjamin-Bona-
Mahony (BBM) [14] and (2 4 1)-dimensional asymmetric Nizhnik-Novikov-Veselov (ANNV) equations [15]. The
GERFM is employed to help achieve our results. The remainder of this paper is organized as follows. In sect. 2,
the algorithms of GERFM are described. In sect. 3, new solitary solutions are generated. In sect. 4, conclusions are
given.
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2 The generalized exponential rational function method (GERFM)

In this section, we will briefly explain the fundamental steps involved in the GERFM. Let us take into account the
nonlinear partial differential equation (NPDE) in the form

Lty Uy, Ugg, - - .) = 0. (1)
Using the transformation £ = kx + my — ct, we reduce eq. (1) to the following ordinary differential equation:

du d?
L(u(§)7(:12-11’(i£1;""> =

Step 1) The key to this method is to suppose that eq. (2) has the formal solution

(2)

M M
u(@) = Ao+ Y APUE) + Y B (), (3)

q=1

where
- plemﬁ + p26f€25

D) = .
© p3erad + pyerad

(4)
The unknown coefficients Ag, Ay and By(1 < ¢ < M) and p; and k;(1 < j < 4) are arbitrary real (or complex)
constants to be determined, such that the solution (3) satisfies eq. (2). Note that, the positive integer M can be
determined by the balancing principle between the higher derivative and the nonlinear terms in eq. (2).

Step 2) After substituting eq. (3) into eq. (2) and collecting all terms, the left-hand side of eq. (2) is converted into
a polynomial P(Y1,Ys,Y3,Y)) in terms of Y; = e for j = 1,...,4. If we set each coefficient of P to zero, then we
derive a set of algebraic equations for p; and k; (1 < j <4), and for A, v, Ay, Ay, and B, (1 < ¢ < M). This can be
tackled with the aid of symbolic computation, such as Maple or Mathematica.

Step 3) After solving the algebraic equations in step 2, and substituting non-trivial solutions in eq. (3), the wave
solutions of eq. (2) could be obtained this way.

3 Applications
3.1 The new solutions for the (1 4 1)-dimensional BBM equation

Consider the BBM equation [14] as
U + Qg — Bl + 7(“’2)1 =0, (5)

where «, (3, v are arbitrary constants.

The BBM equation, a regularized version of the KdV equation was derived as a model for the unidirectional
propagation of long-crested, surface water waves and well investigated in the explicit literature. Furthermore, it is
applied in the analysis of waves arising in several physical fields, such as waves in cold plasma, inharmonic crystals
and other [18,19].

By the traveling wave ansatz and u(§) = u(z,t), £ = kx — ct eq. (5) is transformed into

—cug + akug + ck?Bugee + vk(u?)e = 0. (6)
Preceding the same matter, we can assume the solution as

u(€) = Ag + A190(€) + AsP*(€) + % + @23;(25) . (7)

Using the GERFM, we obtain the following non-trivial solutions of (5), as listed below.
Family 1. We obtain p =[1,1,—1,1] and k = [1,—1,1, —1], which gives

#(6) =~ 0
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_ 12a0k? 60k 6a k>
Casel)c——m,k—k AO ﬁfll—o A2 WBl—O BQ wﬁ(f)’Tf"Y

Substituting the above values and egs. (7), (8) into (6), we have

6afk? (coth?(€) — 1)2

U = 65Kz — 1) co®(€)

Therefore, an exact solution of eq. (5) is obtained as

60,8k (coth? (kx + Wt) 1)2

uy(z,t .
1( ’ ) (166]62 — 1) COth2(k$ + mt)
2 2 2
Case Q)C:#];H, k:k7 AOZ—%7A1:O, AQZ—%,Blz(l BQZ_%

Substituting the above values and eq. (7) into (6), we have

(6 coth?(€) + 4 coth?(€) + 6)Bk>

u(§) = — (168vk2 + ) cothz(f)

Therefore, an exact solution is obtained as

(6 coth® (kx — gbogt) + 4 coth? (kz — get) + 6)5k

uz(,t) = —
2(%,1) (1637k? + ) coth? (ka — t5-t)

Family 2. We obtain p = [2,0,1,—1] and x = [1,0,1, —1], which gives

cosh(&) + sinh(§)

d(&) = 9
(&) sinh(€) 9)

12a8k> _ _6apBk? _ —

Case 1) ¢ = 4ﬁk2 k=k A =04 =—50, Ao = 55z, Bi=0,B2=0.
Substituting the above values, egs. (7) and (9) into (6), we have
6a3k?
u(§) = 2 ) .
S(ARE — 1) s (€)
Therefore, an exact solution is obtained as
6a3k?
U3(1‘, t) = 2 . 2 ak .
Y(4B8k? — 1) sinh”(kz + 45— 1)
ak 4a8k? 12a8k> 6a8k>
Case Q)C:m,k:k, AO ﬁm’(})/ékiz—‘r'y’Al 4[3’;);@_’_7,%12:7%,31:07 BQZO
Substituting the above values, eqgs. (7) and (9) into (6), we have
u(€) = _afk(4 cosh?(€) + 2)
(4B7k? + ) sinh?(€)
Therefore, an exact solution is obtained as
walt) = _aﬁk2(4cosh2(kx 4Bk2+1 t) +2) .
(487k2 + ) sinh® (kz — mf)

Family 3. We obtain p = [-1—1i,1 —i,—1,1] and & = [i, —i,i,—i], which gives

o) = M ) (10)

sin(€)
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k 1208k> 24a8k> 24a8k>
Case1)C:ﬁ7k:k,AOZ—%,Alzo,AQZ(lBl W,BQ af

Substituting the above values, egs. (7) and (10) into (6), we have

12a8k>
v(48k% 4+ 1)(2cos(€) sin(€) + 1)

u(§) = -

Therefore, an exact solution is obtained as

1203k?
u5(.’13,t) = - 2 ak . :
V(4Bk? + 1)(2 cos(kx — j5rz7t) sin(ka — 45k2+1t) +1)
2 2
Cuse 2) 0= gty K=k, g = 2 A =0, 4y =0, By = 8 5, = g

Substituting the above values, egs. (7 ) and (10) into (6), we have

8aBk?(cos(€)sin(€) — 1)

u(§) =  y(4Bk2 — 1)(2cos(€) sin(€) + 1)

Therefore, an exact solution is obtained as

8afk?(cos(kx + 4Bk2 1 )bln(kl‘—l— 4ﬁk2 1t) 1)

ug(x,t) =

Family 4. We obtain p = [2,0,1,1] and k = [—1,0,1, —1], which gives

cosh(¢) — sinh(§)

@ =
© cosh(¢)
Case])c:%(/‘i7k:2f,Ao —3 A= A =2 B =0,B =

Substituting the above values, egs. (7) and ( 1) into (6), we have

a(2cosh?(€) — 3) .

u(é) = —
©) 37y cosh?(€)
Therefore, an exact solution is obtained as
a2 coshQ(Q‘(fx - 2(7315) 3)
ur(z,t) = — 2 7 oa .
3y cosh®( fx - vt)

2 2
Case 2) ¢ = 4%2 T k=k Ay=0, A = 4162'vo;£k—’y’ Ay = 45,‘;‘52’“_7, By =0, By =0.

Substituting the above values, egs. (7) and (11) into (6), we have

6a k>
~v(4Pk% — 1) coshQ(f) '

u() = -

Therefore, an exact solution is obtained as

6a8k>

ug(x,t) = .
8(@1) (4ﬁk2 — 1) cosh®(kx + 4ﬁk2 re—1t)

Family 5. We obtain p = [-3,—-2,1,1] and k = [0, 1,0, 1], which gives

cosh(€§) — sinh(§)

) = cosh(¢)

o=l

(4Bk2 —1)(2cos(kz + 4ﬁk2 7t) sin(kx + 4Bk72 )+ 1)
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VyB2—216a,/7VB B
Case 1) Cc = 7o 216\/3\/’7\/72’ k:—#\/%7140:%, Al :07 AQ:O, Bl = %,BQ:BQ.
Substituting the above values, egs. (7) and (12) into (6), we have
e‘EBQ
u(§) = 76(3 +2e6)2

Therefore, an exact solution is obtained as

(7 V7\/Ba _ \/AB2—216a,/7/B3 t)
e VBy\/vBy—216c 2163 BQ

ug(x,t) = —

T VB\/vBz—216a

( NV _wmww?zt) 27
6 (34 2e eve

Family 6. We obtain p = [2,3,1,1] and x = [1,0,1,0], which gives

2 4 3et
D)= —. 13
©) =T (13)
_ /=4B>—216a,/7VB _ VAV B2 __ 37B: _ _ _ _5B _
Case 1) ¢ = 2165 k= = e maee Ao = i A1 =0, 42 =0, Bi = —5¢%, By = Bo.

Substituting the above values, egs. (7) and (13) into (6), we have

© By (9e% — 24ef + 4)
u =
216(3ef + 2)2

Therefore, an exact solution is obtained as

af — V7V B2 g VB2 21607/ By, _ V7y/B2 m_\/77327216aﬁ«/B2t
Bg 9e VBy/ =By —216c 2168 — 2e VBy/=7Bg—216a 216V + 4

ulo(l‘, t) =

(_ ViV/Bs x_mﬁ@t> 2
216 | 3e\ VPV-7B2-216a 216V +2

It is worth noting that based on solitary solutions uj_1¢ the free parameters «, 3, v are revealed as non-zero arbitrary
constants.

3.2 The new solutions for the (2 4 1)-dimensional ANNV equation

The ANNYV equation is considered as

U+ w <u/umdy> + Upzr = 0. (14)
xr

It is notable that eq. (14) is also called the coupled KdV equation [15,20,21] due to the fact that it can be transformed
as

Ut + WUV + WUV, + Ugzr = 0,
/uxdy =, (15)

where w is a non-zero arbitrary constant. When u = v, * = y and w = 3 eq. (14) is reduced to the original KdV
equation
wp + 6ully + Uppe = 0. (16)

The ANNYV equation is derived as the model for an incompressible fluid, where u and v are the components of the
dimensionless velocity. In [20] the lump soliton, mixed lump stripe and periodic lump solutions were obtained.

Using the traveling ansatz £ = kx + my — ct, U(§) = u(x,y,t) and V(§) = v(z,y,t) eq. (15) are thus transformed
into

— U + wkUeV + wkUV; + k*Ugge = 0, (17)
kUe = mV. (18)
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Proceeding as before we assume the solution as

B, B
o5& e

Via the GERFM, we obtain the following non-trivial solutions of (15), as listed below.

U(E) = Ag + Ar1D(€) + AsP*(€) +

Family 1. We obtain p =[1 —4,—1 —i,—1,1] and k = [i, —i,i,—i], which gives
cos(§) — sin
ey — o5l —sin(©)
sin(¢)

Case 1) Cc = —4]€3, k= k, m = _u{124kz’ AO = 2A2, Al = 2A2, A2 = AQ, Bl :07 BQ =0.
Substituting the above values, eqs. (19) and (20) into (17), (18), we have

Ay
12k2
Vo) = _wsin2(§) '

Therefore, the exact solutions of the ANNV equations are obtained as

s (1) = -
e sin®(kx — 222y + 4k3t)

vy (z,y,t) = — 12/ .
e wsin?(kx — 952y + 4k3t)

Case 2) c=4k* k =k, m=—4B1 A, =21 A =0, A, =0, B, = By, By = By.
Substituting the above values, egs. (19) and (20) into (17), (18), we have

_ Bi(cos(§)sin(§) +1)
V) = =G cos(e) sn(e) — 3 °
B 48k?(cos(€) sin(€) + 1)
V(&) = w(6cos(§)sin(§) —3)

Therefore, the exact solutions are obtained as

B Bi(cos(kx — jgkl y — 4k3t) sin(ka — “Bly — 4k3t) + 1)

ug(z,y, 1) = 13k
2(%3,1) 6 cos(kx — 9Bty — 4k3t) sin(kz — ¥21y — 4k3t) — 3
48k2(cos(kx — “Bry — 4k3t) sin(kx — 8Ly — 4k3t) + 1
gty A5 costhe = Sy — 4890 sin(ks — By — k) + 1)

48k

Family 2. We obtain p = [i,—i,1,1] and k = [i, —1, 1, —i], which gives

sin(¢)
cos(€)

() =

Case 1) ¢ = A0 k= —¢d0 1 —m Ay = Ag, Ay =0, Ay = Ag, B; =0, By = 0.
Substituting the above values, eqs. (19) and (21) into (17), (18), we have

— AO
cos?(§)

o wA02
Vie)=- 12m?2 cos?(&)

U(¢)

w(6 cos(kx — ‘ZSB]; y — 4k3t) sin(kx — 9Bly — 4k3t) — 3)
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Therefore, the exact solutions are obtained as

(2,91 Ao
uz\r,y =
’ cos?(— “’AU 0+ my — Z32An‘13 t)
(.4]1402
1}3(.1‘, Y, t) = -
12m? cos?(— ‘f;:gx +my — :32’4723 t)

Case 2) ¢ =4k3, k =k, m = — 242 =42 A =0,A4,=A4,, B, =0, By, =0.
Substituting the above value, eqs. (19) and (21) into (17), (18), we have

(2 cos?(&) — 3) A

U(¢) Seo?(d)
2(2cos?(&) —
V(&) = s (i cosQ((?) Y ’

Therefore, the exact solutions are obtained as

_ (2cos 2k — “22y — 4k3t) — 3) Ay

ug(,y,t) = 12k ,
1@ ?) 3cos?(kx — ‘;’;,jy — 4k3t)
4k?(2 cos?(kx — @22y — 4K3t) — 3)
1}4(-1‘7 Y, t) = P i_,QAfCZ 3
weos?(kr — G52y — 4k3t)

Family 3. We obtain p = [2,1,1,1] and x = [1,0,1,0], which gives

2 +1
D) = )
©) ef+1
Case 1) ¢ = —ifeis, b= — 4 = B 4 =0, 4, =0, By = 35, B,
Substituting the above values, eqs. (19) and (22) into (1 )7 (18), we have

6532

U() TRt 12
wBy?et

46 -

T 96m2(2ef + 1)2

Therefore, the exact solutions are obtained as

_ wBy w3 By3
e( Z8m TTMY+ osga 3t B,

u5(1’, Y, t) = Dy 55,0 2
2 <2€( TBm LMY+ 155003 t) + 1>
wBo w3323
w3226 (_ T5m THWF 1155053 t)
Vs (l’, Y, t) =

5 -
96m2 (26( r+my+1100§22m ) + 1)

Family 4. We obtain p = [-3,—2,1,1] and k = [0,1,0, 1], which gives

—3 — 2
0=
3 3 w
Case 1) c 80621]5368m3’ k= *43557’ m=m, Ay = 216 ;A1 =0,4=0, B, = 527 By

= Bs.

Page 7 of 13
(22)
(23)
= Bs.
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Substituting the above values, eqgs. (19) and (23) into (17), (18), we have
Bo(—4e%* + 24e® — 9)

v = 216(3 + 2e6)2
wBy?(—4e2¢ + 24e8 — 9
V(e = “B2 e -9
93312m2(3 + 2¢%)

Therefore, the exact solutions are obtained as

B w3By3 wB w3By3
2(7:;72I+my7%\23t> (7#I+my7%23t>
BQ (_4e m 80621568m 24@ m 80621568 m _ 9

Ue (33, Y, t) = - y ’
(,ﬂ n ,ﬂt)
216 3 4+ 2e\ ™ B2 T T 50621568m3
2<_;ﬁw+my_%t> (—Zﬁwmy—%t)
wB22 (-46 32m 80621568m + 2e 32m 30621568 _9
V6 (1’, Y, t) =

w3Bgy3

2
93312m2 (3 i 26(—4aiix+my—mt))

Family 5. We obtain p = [-1—1i,1 —4,1,—1] and k = [i, —i,14, —i|, which gives

sin(€) + cos(é)

() = sin(§)

Case 1) Cc = %, k= _;)fﬂ?b’ m=1m, AO :AQ, A1 = 0, A2 = 0, B1 = —2A0, BQ :2A0
Substituting the above values, eqgs. (19) and (24) into (17), (18), we have

— AO
v = 2cos(&)sin(€) +1°7

wA02
V(¢ =  24m2(2cos(€) sin(€) + 1)

Therefore, the exact solutions are obtained as

ur(x,y,t) = - Ao .
0T dcon(— g my — gt sin(—gane + my — fant) +1
vr(x,y,t) = — wAo” . .
e 24m?2(2 cos(f‘é’fygx +my — %t) sin(f;’fygx +my — %t) +1)

Family 6. We obtain p = [1,1,—1,1] and x = [1,—1,1, —1], which gives

~ cosh(§)
sinh(¢)

P(§) =

3By® B 2B
Case 1) Cc = {';08723, k‘:—f%’;’,m:m, AOZ 32,A1 :0, AQZBQ,Bl :0, BQZBQ.

Substituting the above values, eqgs. (19) and (25) into (17), (18), we have
Bs(3coth?(€) + 2 coth?(€) + 3)

v = 3 coth?(€) ’
V(e) = _w322(3 coth*(€) + 2 coth?(¢) + 3)
B 36m?2 coth?(¢)

Therefore, the exact solutions are obtained as

_ B»(3 coth?(—9B2 + my — w® By t) + 2 coth?(—“L2 + my — “’SBzgt) +3)

3 2m 108m3
us (.’17, Y, t) 12m rosm 3B,3 )
3coth?(— “B2y my — Tofnzﬁ t)
3 3 3 3
S—_— wBs?(3 coth?(— “B2y 4 my — ‘1"0837733 t)+2 cothQ(—‘fQBnix +my — fofrsg t)+3)
8\Ly Yy = - .

36m2 coth?(— 982 + my — < Bazy)

12m 108m3

(24)
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Family 7. We obtain p = [—1,1,1,1] and k = [1,—1,1, —1], which gives

_ sinh(¢) (26)

() = cosh(¢)

Casel)c—“ng3 k= —wbs m:m,Aoz—%,Al:0,A2:O,31:0,B2:BQ.

— 432m3> T 12m>

Substituting the above values, eqs. (19) and (26) into (17), (18), we have

By(tanh?(€) — 3)

v =- Jtanh(¢)
_ wBy?*(tanh*(¢) — 3)
V)= 36m?2 tanh? ()

Therefore, the exact solutions are obtained as

Bg(tanhQ(—“’BQx +my — Z’;Qim?zt) -3)

Ug x,y,t) = 12m )
( Stalth(—TQBﬂix—i—my— ‘Z?’?’Qim%t)
3 3
(g t) BN S 4y — 585 ) )
CACERCE) =
36m?2 tanh*(— 252z + my — j;frig t)

Family 8. We obtain p =[1,1,1,—1] and k = [1,—1,1, —1], which gives

2 = TS (27)

Case 1) c = 16k3, k:k,m:—ﬁgg,Ao=—2A27A1 =0, Ay = Ay, B1 =0, By = As.

Substituting the above values, eqgs. (19) and (27) into (17), (18), we have

Az
U(&) = 2 . 2 I
cosh”(§) sinh” (&)
12k2
V(é) = - P} . 10 .
w cosh® () sinh” ()
Therefore, the exact solutions read as
uio(z,y,t) = Az
B cosh? (kz — wlzy — 16k53t) sinh? (kz — wizy — 16k3t)
12k2
vio(7,y,t) =

_wcoshQ(kx — @day  16k3t) sinh® (ko — 952y — 16k3¢t)

So far, new exact solutions of BBM and ANNYV equations are concisely obtained. They are all checked for accuracy
via Maple. It is easily found that all free parameters «, 3, v, w are non-zero arbitrary constants. Here, a brief summary

is given.

i) The obtained solutions can be presented as various versions of traveling waves by specifying the parameters «, 3,
v, w, including the solitary waves. They are helpful to simulate and elaborate a lot of experimental situations, as
shown in figs. 1-9. The resultant solutions and figures may provide significant supplements to the studies in cold
plasma and incompressible fluids.

ii) All free parameters «, [, v, w directly affect the amplitude and speed of the traveling waves to BBM and ANNV

equations.
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Fig. 2. The traveling waves to the BBM equation in the case of « = —1, 8 =2, k = 0.5, v = 1.5 via the solution us.

Fig. 3. The traveling waves to the BBM equation in the case of « = —1.6, § = —3, kK = 0.09, v = —1.2 via the solution us.
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Fig. 4. The traveling waves to the BBM equation in the case of a« = —0.1, § = 3.2, B, = 0.1, 7 = 41.2 via the solution ug.

Fig. 5. The traveling waves to the BBM equation in the case of « = —0.1, § = 3.2, B, = 0.1, 7 = 41.2 via the solution u19.

(®)

Fig. 6. The traveling waves to the ANNV equation in the case of t = 1, w = 0.2, A = —2, k = 0.5 via the solution uy (a) and
V2 (b)
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(®)

Fig. 7. The traveling waves to the ANNV equation in the case of t = 1, w = 3.2, A; = —1.2, k = 0.5 via the solution u4 (a)
and vy (b).

(®)

Fig. 8. The traveling waves to the ANNV equation in the case of t = 1, w = —0.2, B = —1.2, m = 0.4 via the solution ug (a)
and vs (b).

(@ (®)

Fig. 9. The traveling waves to the ANNV equation in the case of t =1, w = —0.01, B, = 1.2, m = 0.01 via the solution us (a)
and vg (b).
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