Eur. Phys. J. Plus (2019) 134: 244 THE EUROPEAN
DOI 10.1140/epjp/i2019-12584-3 PHYSICAL JOURNAL PLUS

Regular Article

A high-order split-step finite difference method for the system of
the space fractional CNLS

Meng Li*
School of Mathematics and Statistics, Zhengzhou University, Zhengzhou 450001, China

Received: 25 July 2018 / Revised: 5 February 2019
Published online: 30 May 2019
© Societa Italiana di Fisica / Springer-Verlag GmbH Germany, part of Springer Nature, 2019

Abstract. In this paper, the schemes based on the high-order quasi-compact split-step finite difference
methods are derived for the one- and two-dimensional coupled fractional Schrédinger equations. In order
to improve the computing efficiency, we adopt the split-step method for handling the nonlinearity. By using
a high-order quasi-compact scheme in space, the numerical method improves the accuracy effectively. We
prove the conservation laws, prior boundedness and unconditional error estimates of the quasi-compact
finite difference scheme for the linear problem. Moreover, for the nonlinear problem, we show that the quasi-
compact split-step finite difference method can also keep the conservation law in the mass sense. For solving
the multi-dimensional problem, we combine the quasi-compact split-step method with the alternating
direction implicit technique. At last, numerical examples are performed to illustrate our theoretical results
and show the efficiency of the proposed schemes.

1 Introduction

The fractional Schrodinger equation (FSE), as a natural generalization of the classical (integer order) Schrodinger
equation, has been widely exploited to study fractional quantum phenomena. In [1,2], Laskin extended the Feynman
path integral to the Lévy one, and then obtained the FSE including a space fractional derivative of order o (1 < a < 2)
instead of the Laplacian in the classical Schrodinger equation. Naber [3] derived the time-fractional Schrédinger
equation by replacing the first-order time derivative with a Caputo fractional derivative. We can find more physical
applications of the FSE in [2,4-9]. The extensive theoretical studies, such as the well-posedness, conservation law,
dynamics and ground states of the FSEs, can be found in [2,3,10-13]. From the numerical point of view, Amore
et al. [14] developed a collocation method to obtain the numerical solutions to the quantum-mechanical problems
involving a fractional Laplacian. Bao and Dong [15] constructed a time-splitting sine pseudospectral method for the
nonlinear relativistic Hartree equation. In [16], Atangana et al. solved the space fractional variable-order Schrodinger
equation numerically via the Crank-Nicolson scheme, and then presented the stability and the convergence results. Wei
et al. [17,18] considered implicit fully discrete local discontinuous Galerkin methods for the time FSEs. Zhao et al. [19]
proposed a novel fourth-order compact ADI scheme for two-dimensional nonlinear space FSE. In [20-22], a series
of efficient numerical schemes were constructed for the coupled nonlinear FSEs with the Riesz fractional derivative.
Wang and Huang [23-26] studied the nonlinear FSEs via various finite difference methods. Li et al. [27-30] derived the
numerical solutions of the nonlinear FSE by using some difference schemes in time and finite-element methods in space.
In [31], Bhrawy et al. put forward an improved a collocation method for multi-dimensional space-time variable-order
FSEs. There were also some other numerical methods dealing with the classical Schrodinger equations and fractional
problems, such as [32-40].

As we all know, due to the efficiency in saving CPU time computer memory, the splitting methods are widely
adopted in many nonlinear problems. In the earlier work, Weideman [41] pointed an efficient and stable split-step
method for the numerical solution of the nonlinear Schrodinger equation. Muslu et al. [42] numerically solved the
generalized nonlinear Schrédinger equation by a split-step Fourier method. Wang [43] utilized the split-step finite
difference method to solve various types of nonlinear Schrédinger equations. Taha et al. [44] introduced a parallel split-
step Fourier method to numerically solve the coupled nonlinear Schrédinger equation and presented some numerical
experiments to show that the methods have accurate results and considerable speedup.
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In order to improve the spatial accuracy, there are also the authors using the high-order compact split-step finite
difference scheme to numerically solve the nonlinear Schrodinger equations [45-49]. The success of the split-step
method for the classical nonlinear Schrédinger equations, prompted several authors to try to extend this method to
the FSE. Wang and Huang [26] constructed a split-step alternating direction implicit difference scheme for solving the
FSEs in two dimensions. In [50], Duo and Zhang proposed three Fourier spectral methods for the FSEs, including the
split-step Fourier spectral method, the Crank-Nicolson Fourier spectral method and the relaxation Fourier spectral
method. In [51], the split-step quasi-compact finite difference method was proposed to solve the nonlinear fractional
Ginzburg-Landau equations both in one and two dimensions. However, there is no work focusing on the high-order
(quasi-)compact split-step difference method for the space fractional coupled nonlinear Schréodinger equation (CNLS).

In this paper, we consider a high-order quasi-compact split-step difference method for the system of the space
fractional CNLS (1 < a < 2)

iug — K(=A) 2w+ p(|ul® + Blv|H)u=0, zeR, t>0, (1)
vy — k(=A)2v + p(Jv]? + Blul*)v =0, xR, t>0, (2)

with the initial conditions
u(z,0) = up(x), v(x,0)=uvy(z), z€R, (3)

where ¢ = y/—1 is the complex unit, u(x,t) and v(z,t) are two complex-valued wave functions of time ¢ and space z, &,
p and (3 are positive real constants, and ug(x) and vo(x) are given complex-valued smooth initial data. The operator
(—A)*/? is defined by

1

A Pula) = g

(—oo D + 2D o Julw, t), (4)

where _ooD%u(x,t) denotes the left-side Riemann-Liouville fractional derivative

1 a2 [ u(é, 1)
_ Da )= —— 77(1
wDiuat) = mrm s | e
and , D¢ u(x,t) denotes the right-side Riemann-Liouville fractional derivative
1 d? [T w(ét)
DS )= ———d¢.
Foou(@ 1) I'(2 - «)da? /x (& —x)ot ¢

Following a similar approach as [11,15,45,52], we easily obtain the following two standard conserved quantities
(mass and energy) for the space fractional CNLS (1)—(3).

Proposition 1. If the wave functions u(x,t) and v(x,t) are the solutions of (1)—(3), then we have the following conser-
vation results:

1) mass conservation:
Ml(t) = ]\41(0)7 Mg(t) = MQ(O), t >0, (5)

2) energy conservation:
E(t) = E(0), t>0, (6)

where My(t) i= a2 gy, Ma(t) = 022z, BE) = 5(1(=2A)Fulaggy + 1(=A)F0lagmy) — 2010l + ol +
206 [ [ul?|v|*dx). Here, || - |12y and || - |Lar) denote the L*-norm and L*-norm, respectively.

Proof. Computing the inner product of w and v with (1) and (2) respectively, and then taking the imagine parts of
the resulting equations, we can immediately obtain (5). Moreover, computing the inner product of u; and v; with (1)
and (2), respectively, and then taking the real parts of the resulting equations, we can also derive (6). O

The above conservation properties of the exact solutions u(z,t) and v(z,t) also motivate us to study the conserva-
tion results along the numerical front. As we all know, the conservative schemes perform better than the nonconserva-
tive ones for the classical Schrodinger equation. In [53], Zhang et al. proposed that the nonconservative schemes may
easily show their nonlinear blow-up. Li and Vu-Quoc [54] pointed out that one of the criterions to judge the success of
a numerical simulation was the ability to preserve some invariant properties of the original differential equation. For
the FSEs, there have been a lot of numerical methods satisfying the conservation properties. For example, the schemes
in [20,24] are mass conservative, and the schemes in [21-23,25,27,55] satisfy both the mass and energy conservation.
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All these schemes show their advantages in the long-time simulation. Nevertheless, to the best of our knowledge, there
is no work to utilize the high-order quasi-compact split-step difference scheme to study the conservation properties of
the space fractional CNLS.

This paper is organized as follows. In sect. 2, we introduce the quasi-compact WSGD operator for discretizing the
Riesz fractional derivatives, and the definitions and properties of the fractional Sobolev norm. In sect. 3, the quasi-
compact split-step WSGD scheme is derived for the fractional CNLS. In sect. 4, the rigorous theoretical analysis,
including the conservation laws, prior boundedness and unconditional error estimates, are given for the difference
scheme of the linear problem. Moreover, we show in this section that the constructed quasi-compact split-step difference
scheme of the nonlinear problem can also keep the conservation law in the mass sense. For the multi-dimensional system,
we derive a quasi-compact ADI split-step difference method in sect. 6. In sect. 7, numerical examples are performed to
check our theoretical results and show the efficiency of the proposed schemes. Some conclusions are drawn in sect. 8,
and some other three difference schemes in two dimensions are introduced in sect. A for the demand of the experiment.

2 Preliminaries

2.1 Quasi-compact WSGD operator for Riesz fractional derivatives

Various numerical methods have been given for approximating the Riemann-Liouville fractional derivative, such as the
first-order accuracy shifted Griinwald scheme [56,57], second-order accurate weighted and shifted Griinwald difference
scheme [58], high-order difference algorithms [59-63]. The shifted Griinwald formulae is defined by [56]

L ule) = haZgz“ u(e — (1 = p)h) = _oD3u() + O(h), (7a)

R yul) = haZg(‘” = 1)h) = DS cu(z) + O(h), (7h)

where p, r are integers and g;* (I > 0) are the coefficients of the power series of (1 — z)®, such that

o0

(1-ar = S0 () = s < ®
=0

=0

Obviously, the coefficients {g;*} can be computed by the following recursive form:

g =1, g9 = <1l)g}_>l, 1=1,2,....

The weighted and shifted Griinwald difference (WSGD) operators are then given by [63]
LZpu(r) = MLy u(r) + NorFy ou(r) + A1)y _qu(x),

rZpu(z) = Mr) (@) + Aorygu(x) + A1r ) _qu(®), 9)
where ) ) )
a® + 3a+ 2 4—« a® —3a+2
Al_T’ Ao = 6 Ll_T'

Therefore, rearranging the WSGD operators obtains that
LI u(x =1 Zwla u(z — (I = 1)h), rZpu(x) =1 lz;wla) x4+ (I —1)h), (10)
where the coefficients wga) (1> O) are defined by
w = Auge™, i = g Fdoge™ w0 = Mg deg™ H Aug Ty (12 2). (11)

Lemma 1. (See [63,64].) The coefficients wl(a) (i > 0) have the properties

w® >0, wi® >0 w*>0 1>3,

+oo M
sz(“’zo, wa‘”éo, M1, (12)

wf)a) +wl® > 0.
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When 1 < a < 2, the inequalities in (12) are strictly true, i.e., the sign “<” and “>7 can be substituted by “<” and
4(> 77'
The quasi-compact operator is defined by
A%u(z) := (I 4+ doh?62)u(zx), (13)
where I is the identity operator, d, = (—a? + o + 4)/24 and

—h) 4+ u(z) +ulx + h)
h? ’

The following lemma gives the error estimates between the Riemann Liouville derivatives and the quasi-compact
WSGD operators.

Lemma 2. (See [63].) Suppose that uw € L*(R) and

62u(x) = u@

“+o00
| arieacees < oo},

— 00

u(z) € €*T*(R) = {u

where 4(£) is the Fourier transformation of u(x). Then for a fized h, the quasi-compact operators hold
LZiu(e) == A (oo DJu(@)) + O(hY),  rZfu(z) := AZ (s DY ou(z)) + O(hY),
uniformly for x € R. Particularly, if « = 2, then it coincides with the approzimation of the second-order derivative.

Define

1

2 cos && 2

hO‘QCos o <Zwl u(r — (l—l)h)—i—;wla)u(m—&—(l— 1)h)> (14)

— (1 Z5u(x) + rZ5u(x))

fu(x) ==

From lemma 2, we have
hu(z) = AZ((=A)Fu(2)) + O(h?), u(z) € L'(R) NG (R). (15)
It is remarkable that when we replace the quasi-compact A$ by the identity operator I, we have

Afu(z) = (=A)2u(z) + O(h?), wu(z) € L'(R) NE*T*(R). (16)

2.2 Fractional Sobolev norm

Denote hZ be the infinite grid with the gird points z; = jh for j € Z. For any grid functions u = {u;} and w = {w,}
on hZ, we define the discrete inner product and its associated l,% norm as

(w,0) = hy uvy, lul® = (u,u),
jez
where v denotes the conjugate of v. Furthermore, the discrete [P norms are defined by
lullf, =2 JuslP (1< p<+400), [ulliee = sup |uy|.
jez JEL
For any u € 12 = {u | u = {u;}, |Julln < +o0, j € Z}, denote @ € L*[—7/h,7/h] be the semi-discrete Fourier

transform of u, i.e.,
—lklj
Z uze

JEL
(see [65,66]). Obviously,

1 / B
— a(k)e™ i dk.
V2T —m/h

U; =
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By using Parseval’s theorem, we have

7/h
(uy w)p, = / (k)R dk.

—m/h

Define the fractional Sobolev semi-norm and norm as follows:

7/h
Julfrn = / kI ak) Pk, lullf = llull® + Jul7. (17)

We now introduce the following two lemmas, which play the essential role in the subsequent theoretical analysis [52].
Lemma 3. (Discrete Sobolev inequality.) For any 1/2 < p <1, there exists a constant C,, = C(u) > 0, such that
lulliw < Cullullzzn. (18)

Lemma 4. For any 1 < o < 2, we have
Caluf?yg < (Afu,w) < ful? ., (19)

where C,, —Laal>0

37 cos

3 Derivation of a quasi-compact split-step WSGD scheme

In practical computation, if u(x,t) and v(z,t) are defined on the finite interval £2 = (a,b) and satisfy the homogeneous
boundary conditions, we can extend the functions by taking u(z,t) = 0 and v(x,t) = 0 for # < a and z > b,
respectively. Therefore, the space fractional CNLS (1)—(3) is truncated as

e — w(— ) Fut pl(ul + FloP)u =0, (2,0) € 2% (0,T], (20)
ive — K(=A) 2 v + p(|v]* + Blul’)v =0, € 2x(0,T], (21)
u(z,0) = up(x), v(x,0) =vo(x), =z € L2, (22)
u(z,t) =0, wv(z,t)=0, zeR\L, tel0,T], (23)

where, under the homogeneous boundary conditions, the Riesz fractional derivative has reduced to

1
ar
2 cos 5

—(—=A)Zu(z,t) = — [oDou(z,t) + » Dy u(x,t)].

The boundary conditions (23) are referred to as the nonlocal volume constraint (or the extended Dirichlet boundary)
and the corresponding problem (20)—(23) as the volume constraint problem (see [67,68]).

Let M, N be any positive integers and h = (b—a)/M, T = T/N. We define a partition of [0, 7] x [a, b] by £2; x {2,
with the grid 2, = {t, =n7; n=0,1,--- ,N} and 2, = {z; =a+jh; j=0,1,--- ,M}. From (10), if u € €*T*(R)
(see remark 2.5 in [63]), we have the simplified WSGD operator

j+1
LIu(z) =72 Zwl w(zj_141) = o D2u(x) + O(h?), (24a)
M— J+1
RDSu(x Z w (s 1-1) = «Dgu(z) + O(h?). (24b)

Then, we get the following WSGD approximation of the Riesz fractional derivative

Su(r) = ——— (1 Z0u(x) + pDfu(z))

2052

Jj+1 M—j+1
ha 2 cos & § :wl ‘T] H‘l § : wl IJ'H 1)
2

a

= Az ((=4)2 ())+0(h4) (25)
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Given any sequence of grid function ¢ = {¢} | (2;,t,) € £ x £2;}, we denote
500t = SD?H 2 ntd SD?H + ¢}
t‘pj - T ’ <p] - 2 .

For convenience, we denote the index set 7oy = {j | j =1,2,--- , M — 1} and the grid function space ¥, = {p | p =
(p1,02,++ ,onm—1)}. Moreover, under the boundary constraint (23), the previously defined norms are now restricted
in ij].

With these premises, we intend to derive the high-order quasi-compact split-step difference scheme of the space
fractional CNLS (20)—(23). To this end, we first split (20) and (21) into linear equations,

[N

uy = Lu(z,t) = —ik(—A) 2 u, vy = Lo(z,t) = —ik(—A) > v, (26)

and nonlinear equations,
uy = Np(u,v) = ip(|u|2 + ﬂ|v|2)u7 vy = Nao(u,v) = ip(|v|2 + 5|u|2)v. (27)

We will solve the linear equations (26) by the quasi-compact difference method in space and Crank-Nicolson scheme
in time. For the nonlinear equations (27), they can be integrated exactly in the physical space.

Considering (26) on the grid points z; (j € 7ar), and taking the quasi-compact operator A on both sides of the
resulting equations give

Adur(wj, 1) = AZ (Lu(z;, 1) = —inAZ((—A) Fu(z;, 1)) (28)
and .
Agvi(zj,t) = Az (Lo(z;, 1)) = —in A7 ((=4) 2 v(z;, 1)) (29)
By virtue of (15), we have
Ay (x4,t) = —ikAfu(z;, t) + O(h?), ASvy(z,t) = —ikAfv(x),t) + O(h?Y). (30)

Denote grid functions U} := u(z;,t,) (j € Ta, 0 <n < N). Then, by using Taylor’s expansion, we get

1 a1l AU 4 Acpr
ur(@j by 1) = 06U 7 +0(r2), AU = 2 5 "I 4 0. (31)

Hence, taking ¢ =1, , 1 in (28) and utilizing (31) give
1 et d ntd
A UTTE = —ikAGUTTE 4 RO (32)
where U;LJF% = (U}IJrl +U}')/2 and |R;-l+%| = O(7% + h*). Similarly, we have
1 otk ntd
A8V = ik ARV 4 PR (33)

1
in which |P]""?| = O(72 + h?),
1
Let u} and v} be the approximation of u(z;,t,) and v(z;,t,). Then, omitting the truncation errors R;L+2 and

n 1 . . . . . .
P T2 in (32) and (33) respectively, the quasi-compact difference schemes of the linear equations (26) read

n 1 . n 1 .
Agétuj+2—|—mAﬁuj+2 =0, je€Ty, 0<n<N-—1, 34

(34)
n-‘rl . n-‘rl .

Agdw; 2 +ikApv; 2 =0, j€Ty, 0<n<N-1, (35)

UO:UO(%)v Ug):’00<.'1}j), JETMa (36)

(37)

—(23)

J

Algorithms. The quasi-compact split-step finite difference (SSFD) method for the space fractional CNLS (20)—(23

from time ¢, to time ¢,41.
Step 1: for j = 0(1)M

u?(l) = exp {ip (|u?|2 + ﬁ|U?|2) T/2} uj, (38)

o = exp {ip (o} + Bl ) 7/2} o] (39)
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Step 2: for j =1(1)M — 1

a, n(2 a, n(l o n(2 o, n(l
Axuj( ) —Amuj( ) Ahuj( )—l—Ahuj( )

- +iK 5 =0, (40)
A(X’UT-L@) _Aa,UT_L(l) Aav”(z) _’_Aa,ufl(l)
2 I gt 2“ =0. (41)
-

Step 3: for j = 0(1)M

2
u?(z) ’ + 0

u}”‘l = exp {ip (
v;-”l = exp {ip (

4 Theoretical properties of the quasi-compact difference scheme

2
@[ Y2, ()

2 2
v;l@)) + 3 u?@)‘ ) 7'/2} U;L(Q). (43)

In this section, we show the theoretical analysis of the quasi-compact difference scheme (34)—(37), including the
discrete conservation laws, uniform boundedness and optimal higher order error estimate. To this end, We first give
the following properties of the operators A$ and A{ that are needed hereafter.
Lemma 5. (See [63].) A% is self-adjoint, i.e., for any u,v € ¥, it holds that

(AZu,v) = (u, AZv).

Lemma 6. (See [63].) For any u € ¥4, it holds that
L2 2 2
gllull® < iy < Jlull®,

where ||ul|a = /(A%u,u).

Lemma 7. (See [64].) For any two grid functions u,v € ¥, there exists a linear operator A* such that
(Afu,v) = (A%, A%).

We define below Im(s) and Re(s) as the imaginary part and the real part of a complex number s, respectively.
Then, a simple calculation by above lemmas gives

Lemma 8. For any grid function u™ € ¥4, 0 <n < N, we have

1
Re (Ao, umtd ) = = (13 = )13 (44)
T

1
Re (Agu"%,atuw%) =

5 (A% HZ = [ A%u™|?) (45)
Proof. Tt is obvious that
(Agétu”+%,u'L+%) = % {(ASu™ ™t 4+ (AW ) — (AZu w4 (ASu”,u™) )
= o (R (A ) — (AT ) o
From lemma 5, we have (A%u"™! u") = (u"+1, A%u™). Therefore, we get

1
Re (A0 %, uF ) = = (% = 1)
T

Similarly as above method and by using lemma 7, we can derive (45). U
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Theorem 1. The quasi-compact difference solution of scheme (34)—(37) is conservative in the following senses:
MP=M), My=M) E!}=E) Ey=ES n=12,...,N, (46)

where
Mp = |luh, Mg =|"h, EP = A%MP, By = (A%

Proof. Making the inner product of (34) with u"*é, taking the imaginary part of the resulting equation, and by using
lemma 8, we obtain M} = M}, which implies M = MY for n = 1,2,..., N. Making the inner product of (34) with
5tu”+%, taking the imaginary part of the resulting equation, and by using lemma 8, we obtain E{LH = FE7, which
implies E7 = EY for n =1,2,..., N. Similarly, we can obtain M} = MY and E} = EY forn=1,2,...,N. O

Remark 1. Indeed, the mass conservation results (i.e., |[u™]| = |[u°]| and |[v"| = ||v°]|, 0 < n < N) are still valid. We
will give the detailed proof in sect. 5.

Next, we establish the prior boundedness of the discrete solutions.
Theorem 2. The solutions of the scheme (34)—(36) are bounded in the following senses:
[u"]| < Cuyy  [uyg < Cupy  uflie < Cuyy, 0<n <N (47)

and

||Un|| < C’U17 |U < O’Uz? ||Un||l°° < Cv37 0<n<N, (48)

n| “
H?2
where Cy,, Cy,, Cuy, and Cy,, Cy,, Cy, are some positive constants.

Proof. From lemma 6 and the compact-norm conservation (46), we easily obtain the first inequality in (47). Then by

the conservation result of E7 in (46), from lemma 4, the second inequality is arrived at immediately. Finally, combining
the first two inequalities in (47) with the discrete Sobolev inequality (18) implies that

B < €2 (a2 + a2 4 ) < C2(C2, +C2,) = C2, 0<n<N.

The results of v™ follow analogue. Thus, we complete the proof. O

Finally, we establish the unconditional error estimates of the quasi-compact scheme (34)—(37). For convenience, we
define the error functions e” € ¥}, and E™ € ¥}, as

e = UM —

3 p i ER=Vi—wv! je€Ty, 0<n<N.

77

Subtracting (34) from (32), and (35) from (33), we obtain the following error equations:

n+i . nt+3i n+3 .
Agde; * +ikAje; 2 =R; ., j€Ty, 0<n<N-1 (49)
and
o n+3 . a n+i nt1 .
AZoBy 2 +ikARE; 2 =R, 2, j€Ty, 0<n<N-1, (50)
with the initial and boundary conditions
e) =0, jeTu, (51)
el =0, je€Z\Ty, 0<n<N. (52)

Theorem 3. Suppose that the exact solutions of the original problem (20)—(22) under the condition p = 0 are sufficiently
smooth. Then we have

le™ + |1E"[| < C(r* + h%), 0<n<N, (53)
where C' is a positive constant independent of h and T.

Proof. Computing the inner product of (49) with e""’%, taking the real part of the resulting equation, and by virtue

of lemma 8, we obtain

o (e — ) = Re (R 3, e (54
-
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For the term on the right-hand side of (54), by lemma 6, we have

Therefore, from (54) and (55), and by using [|e"™1(|% — [[e™[|4 = (le" |4 + lle™[|a)([le" |4 — [le™]la), we obtain

3
Re (RnJr%,enJr%) < HRn+% ents V3 le ) < % HRnJr% . (”enJrl”A + Hen”A) ] (55)

< HRn+%

n+%‘

e+ < llela + V3r || R+ (56)
which further implies
el < ella + VBT || R 44| < VBCRT (7 + BY). (57)
=0
By lemma 6, we have
le™* M| < V3llem*H a < C(r* + b, (58)

where C' = 3CRT. Similarly, we can obtain the estimate of ||E™||. Therefore, we complete the proof of theorem 3. O

5 Conservative properties of the quasi-compact SSFD scheme

In this section, we study the conservative properties of the quasi-compact SSFD scheme (38)-(43). For u =

(uy,uz, - ,up—1)7, we rewrite A%u and Afw in the matrix forms
[e3 [0 1
AZu = Au, hu = h—aC’u, (59)
where matrix A is a symmetric tri-diagonal matrix of (M — 1)-square, and matrix C 1= ;—r (W(®) 4 (W()T) ¢

2cos &F
]R(Mfl)x(Mfl) :

wga) wéa)

wéa) wga) w(()a)
w(@) — : wéa) w§a) c RM-1)x(M-1)
”LU§\(;)_2 . - I w(()a)

wﬁ)—l wg\?)—Q wéa) w§a)

From [19,60,64], we know that A and C are real-valued symmetric positive-definite matrices.
After above preparations, we now turn to prove the conservation properties of the quasi-compact SSFD scheme.

Theorem 4. The quasi-compact SSFD method (34)—(36) is conservative in the senses
MP=M2, M!=M? 0<n<N, (60)

where
M= [u™?, M} =",

are the mass in the discrete senses.

Proof. Denote u = ¢ + i) and @ = (1, P2, , -1, 01, %2, -+ ,¥ar—1)" . It follows from (40) and (59) that

Hi"® = glgn™), (61)

A —rC KT
HZ(T'C A), T.:%.

A? +r2C? 0
0 A% 202 )"

where

It is obvious that

HH" = H"H = ( (62)
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Hence, we have
(HH")Y"Y(H"H) = (HH")"Y(HH") = 1.

Then, we obtain
HHH"Y 'HT =1.

Therefore, we conclude that

|HEHT| = \/p((H-AHT)T[H-LHT)) = | [p(H(HHT) -1 HT) = 1. (63)

It follows from (62) and (63) that

[@ | = |7 @O < |HHT|| - @) < e, (64)
Similarly, we have
la ) < fla@. (65)
Therefore, by using (64) and (65), we get
[a @) = fla . (66)
Thus, it follows from (66) that
[l | = Ju” D). (67)
Further, according to (38) and (42), we get
| = [l MY, [a @ = . (68)

Consequently, combining (67) with (68) implies M? = M. Similarly, we can conclude M = M. Therefore, the proof
is completed. O

Remark 2. The compact split-step difference scheme and the corresponding conclusions can be expended to K-coupled
Schrodinger equations

K
iugy — k(—A)Fuy + <Zpls|us|2> wu=0 zeR, t>01=0,1--- K. (69)
s=1

We will show some numerical examples to illustrate some properties of (69) instead of stating them here for brevity of
the paper.

6 Extension to the two-dimensional problem

In this section, we adopt the quasi-compact SSFD method to solve the two-dimensional space fractional CNLS
iup — K [(—A) Tu+ (=Ay) Zu] + p([uf? + Blo)u=0, (z,y,t) € 2% x (0,77, (
e — K [(=Az) 20+ (=Ay) 2 0] + p([v]* + Blul)v =0, (2,y,t) € 2% x (0,T], (71
u(e,y,0) = uo(z,y), v(z,y,0) =wo(z,y), (z,y)€ Q% (
u(z,y,t) =0, (z,y,1) € 92% x (0, 7], (
where 29 = Q4 x 2¢ = (a,b) x (c,d).

We denote hy = (b —a)/M; and hy = (d — ¢)/Ms. Define a partition of [a,b] x [¢,d] by 2 x ng with the grid
fox ={z; =a+jhy; j=0,1,--- ,M;} and Q,‘fy ={y; =c+jhy; j=0,1,---, My} In addition, we denote the index
set Ty xn, = {(4,4) |i=1,2,--- My — 1,5 =1,2,--- , My — 1}. Similarly as the one-dimensional case, we define

Aju(z,y,t) = Ay ulz,y,t) + A%yu(:c,y,t),
where Aj u(z,y,t) and Aﬁyu(x, y,t) are given by (25) in the 2- and y-direction, respectively, in which, 75 u(z,y,t)

(or 175 u(@,y,1)) and R} u(w,y,t) (or RZ) u(z,y,t)) are denoted by (24). Then, denote AZ and Aj be the quasi-
compact operators in the z- and y-direction, respectively. Similarly as the one-dimensional case, one obtains

Agxu(xay’t) :Ag((fAf)%u(xayat))+O(hi)> A(f){yu(xayat) :Ag((iAy)%u(xvyat)) +O(h3) (74)
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In what follows, we first consider the linear space fractional CNLS, i.e., p = 0. A simple calculation yields

a fo +2 a A "+2 a Ao ”*2 _ pnts -
AZ A 6.U; + ik | Ay AR, +AA =Ry, %, (4,]) € Tmyxms, 1<n <N -1, (75)
1 1
ASASS, VT i [ASA‘;I A +AAY ”*2} —R2 (i,§) € Tty sy, 1 <n<N—1, (76)

+3 +3 . .
where RZ 2 and R;; 2 denote the truncation errors. Obviously, we have

)RZJ”%‘ < Cry (72 + hi + 1)),

)R"‘ﬁ%‘ < Cpy (12 + B + 1),

where Cg,, and Cg,, are positive constants independent of h and 7. Adding the small items ——Aa AP 6t n+2 and
TAfO:I Ap, 04V, i7j "2 into (75) and (76) respectively, one obtains
L
(A +igan ) (45 +igan, ) un = (42 —igan ) (A5 —igan, ) v + Ry, )
(4 + i%AgJ (45 + %Agy) vt = (As - %Azz) (4 - iZA7, YV R (78)

where

It is obvious that

| = 0 + 4 ),

~ntl
RV

= O(% + hy + hy).

ST 1 1 1 . . . . . .
Then, removing the local truncation errors RU+2 and RV+2 in (77)-(78) arrives at the following alternating direction
implicit (ADI) difference schemes

(.Az —|—z§Ahx) (Ay +Z§Ahy) Z;H (A - zfA ) (Ay - Z§Ahy) ui s, (79)
(1T ) (g +iTag, )oir = (A2 —ifag ) (A3 — i ag Yo, (80)
u?,j = UO(xiayj)a Uzo,j = UO(xiayj), (Za.]) € Zza (81)
ul> =0, o' =0, (i,j) € Z\Tar,xn,, 1<n<N. 82
2,] i, 1 2
To seek the solutions u™*! and v"*!, the Peaceman-Rachford ADI scheme is adopted. Firstly, we solve
(A‘;} + %Agz) up = (A;j - %A‘;y) ur, (Ag + z’%A%Z) Vi, = (Ag - i%A‘ﬁy) o, (83)
and then
(A5 +iZag, Jurtt = (A2 —iZap ) iy (A +igan ot = (Ax—ilan ) v, (84)
where (i,7) € Tamyxnm,, 1 <n < N —1. Denote €', = U"; —uj'; and E7'; =V, — o5, 0 < n < N. Then, one obtains
the error equations
(As+izaq,) (Ag +igay, ) et = (Az —igan ) (A5 —igap ) e+ Ry, (85)
(A + %Agz) (45 + i%Aﬁy) Bt = (A - iz Ay ) (45 - %Agy) EP + RUTR (86)

Then, similarly as theorem 3.3 in [26], we arrive at the following approximation results.
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Theorem 5. Suppose that the exact solutions of the original problem (70)—(73) under the condition p = 0 are sufficiently
smooth. Then we have for 0 <n < N,

le"] < Ce(r? + hg +hy),  |E"|| < Cp(r? + h + hy), (87)
where C, and Cg are positive constants independent of hy, hy and 7.
For the nonlinear system (70)—(73), we put forward a split-step algorithm as follows.

Algorithms. The quasi-compact ADI SSFD method for the nonlinear two-dimensional space fractional CNLS (70)—(73)
from time ¢, to time £,11, 1 <n < N — 1.
Step 1: for i = 0(1)My, j = 0(1) Mz

uzgl) = exp {ip(|u?7j|2—|—ﬁ|v )7'/2} ug's, (88)
v%l) zexp{ip(|v2j\2 +ﬁ|u2j\2) 7'/2} v (89)
Step 2: for i = 1(1)M; — 1, j =1(1)My — 1
(As +izan) (Ag +igar, ) ur® = (A5 —igag ) (Ag —izag, ) uld?, (90)
a a n(2) _ a T za a T zo n(1)
(A —&-zfA ) (A +z ) JZ (.Az —Z§Ah1> (Ay — iy hy) v, 7]1 . (91)

Step 3: for i = 0(1)My, j = 0(1) M,
uf = exp {ip ( 2)‘ ) 7/2} ™) (92)

vfjl = exp {ip ( n(Z)‘ ) 7/2} "(2). (93)

For the difference scheme (88)—(93), the mass conservation results can be obtained following similar lines as theo-
rem 4. For brevity of the paper, we omit the proof here.

n(2)
U; J

n(2
el

7 Numerical experiments

All our tests are performed under MATLAB 2012a on a Dell desktop with i7-4790 CPU and 8 GB memory.
Example 1. Consider (1)—(3) with the initial conditions [20-22, 45, 46]

u(x,0) = sech(z + Dyg) - exp(iVox),

v(x,0) = sech(x — Dy) - exp(—iVpz). (94)

In this example, the considered domain is (z,t) € [—20,20] x [0,T], and we choose the parameters Dy = 10, Vy = 3,
k=1, p=1and g =3.

Firstly, the convergent rates in temporal and spatial directions for the quasi-compact SSFD method are checked.
We obtain the numerical “exact” solutions U™ and V" by the schemes with a very fine mesh and a small time step,
e.g. h =0.0125 and 7 = 0.0001. In order to check the temporal convergent rate, the spatial step is fixed small enough.
Moreover, to check the spatial convergent rate, we take the temporal step sufficiently small. In this example, we choose
h = 0.0125 and 7 = 0.0001, respectively. Due to the consistency of the errors and convergence orders for ™ and v",
we only plot the errors between the numerical solution ™ and the “exact” solution U™ in fig. 1 which show that the
scheme is of second order in temporal direction and fourth order in spatial direction. In this experiment, we take T'= 1
and denote e, = u" — U".

Secondly, we study the conservation laws in the mass sense. Define Q) = |[u™|| and Q7 = ||v"] for 0 < n < N.
Table 1 and fig. 2 show the values of \QZC;,Q(H or |QZC;)Q2| for different values of a. We observe that the scheme is
conservative in the mass, and this supportsuthe result of theorem 4. In this experiment, we choose 7 = h = 0.05.

Finally, we compare the errors via the SSFD method and quasi-compact SSFD method which show that although

the CPU time of both methods are almost the same, the quasi-compact SSFD method is more accurate than the SSFD
method (see table 2).
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Fig. 1. Convergent rate in time and space.

Qu-Ql Qu-Qy - —h=
Table 1. The values of | == or |===¢| for different a and 7 = h = 0.05.

o t=1 t=3 t=5

1.2 2.8060e-12 2.6917e-10 3.6133e-10

1.5 4.4795e-12 4.2922e-12 2.7960e-10

1.8 1.7175e-12 1.4351e-12 6.3387e-11

2.0 4.7103e-16 4.7103e-16 5.1813e-15
10

1(Q7-Q0)/QY) or |(Q]-Q%/Q|

Error of Mass
T

T
—F—o=12
—+—a=15

—S—o=18(]
—H— a=2.0

Fig. 2. The conservation laws of @, and Q.
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Table 2. Comparison of errors via SSFD and compact SSFD for different c.

o SSFD Compact SSFD
L*°-error L*-error L*°-error L2%-error
1.2 1.1580e-01 1.6164e-01 2.2492e-03 2.8173e-03
1.4 1.3449e-01 1.9423e-01 4.0584e-03 5.6457e-03
1.6 1.2795e-01 2.1656e-01 5.9709e-03 1.0051e-02
1.8 1.0717e-01 2.2449e-01 7.8972e-03 1.7008e-02
2.0 8.7339e-02 2.2764e-01 1.1061e-02 3.1426e-02
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Fig. 3. Convergent rates of u, v and w in temporal direction.

Example 2. In this example, we consider the following 3-coupled fractional Schrédinger equations [20-22,45, 46]

iug — w(—A)2u+ p(jul> + Blv]? + Blw|P)u =0, z€0, t>0,
vy — k(—=A) 20+ p(|v)? + Blul* + Blw*)v =0, z€2, t>0,
iw; — k(—=A) 2w + p(lw* + Blul> + Blv|H)w =0, z€ N, t>0,

where the initial conditions are given by

u(z,0) = sech(z + D) - exp(iVpx), v(x,0) = sech(x), w(z,0) = sech(z — Dy) - exp(—iVpz).

In this example, we choose the considered domain (z,t) € [—20,20] x [0, T7.

—~ o~
O © ©
~N O Ut
_ = =

(98)

Firstly, similar as example 1, in order to check the convergence order of the difference scheme, we firstly obtain
the numerical “exact” solutions U™, V™ and W™ by the schemes with a very fine mesh and a small time step, e.g.
h =0.025 and 7 = 0.0001. To check the convergence order of 7 and h, we plot the errors of v (w™) and v" in fig. 3

and fig. 4. In this experiment, we choose the parameters Dy =10, Vj =3,k =1, p=1 and § = 3.
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Fig. 4. Convergent rates of u, v and w in spatial direction.

Qu-Qu Qu—Ql, . —h=
Table 3. The values of | === or |=%5=| for different a and 7 = h = 0.05.

o t=1 t=3 t=25

1.2 2.7927e-12 2.6178e-10 1.8549e-10
1.4 4.5096e-12 4.9189e-12 4.3988e-12
1.6 3.7188e-12 3.7150e-12 3.4675e-12
2.0 1.7271e-15 2.0411e-15 2.8262e-15

n 0
Table 4. The values of \Q“Q;OQ”\ for different o and 7 = h = 0.05.

«o t=1 t=3 t=5

1.2 8.9679e-10 3.6956e-09 4.3082e-09
1.4 1.7854e-10 6.9538e-10 5.1844e-10
1.6 2.8206e-11 7.9693e-11 5.9786e-11
2.0 1.9940e-14 5.2912e-14 8.8239%e-14

Secondly, we study the conservation laws in the mass sense. See the details in table 3, table 4 and fig. 5.

Finally, we check that the order o will affect the shape of the soliton. From figs. 6-8, it is observed that the order «
dramatically influences the collision points of the three waves. In this experiment, we choose the parameters Dy = 10,
Vo=3,k=1/2,p=1and =2
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Example 3. Consider (70)—(73) with the initial conditions [26,45, 46]
2 2
U(l‘,y70) = —=€Xp (—[(.’IJ - 3)2 + (y - 3)2]) ) ’U(l‘,y,O) = —=€Xp (—[($ + 3>2 + (y + 3>2]) . (99>

VT VT

In this example, the considered domain is (z,y,t) € [—10,10] x [—10,10] x [0,T], and we choose the parameters
k=1, p=1and =3.
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Fig. 9. Convergent rates of u and v in time and space.

Firstly, the convergence orders of the quasi-compact ADI SSFD method in time and space are given in fig. 9,
respectively. The numerical “exact” solutions U™ and V"™ by the schemes with a very fine mesh and a small time step,
e.g. h = 0.025 and 7 = 0.0001. It follows that the convergence order is O(72 + h%).

Secondly, by comparing the CPU times with the QCCN scheme, QCIM scheme, QCLI scheme and QCLII scheme,
we show the dramatic efficiency of the high-order quasi-compact split-step ADI (QCSSADI) scheme. We propose the
schemes in the appendix and the results of the comparison are given in table 5.
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Table 5. The CPU times of the CCN scheme, CIM scheme, CLI scheme and CLII scheme (seconds).

o M QCCN QCIM QCLI QCLII QCSSADI
1.2 25 1.6468 1.4127 7.9939 1.8103 0.0646
50 37.5997 35.3218 333.1728 43.8226 0.1098
1.5 25 1.4375 1.4759 7.8439 1.8210 0.0429
50 33.1416 35.3218 333.1728 43.8226 0.1079
1.8 25 1.3895 1.3662 8.2093 1.7239 0.0418
50 31.4152 31.7364 313.1218 42.2711 0.0956
2.0 25 1.3622 1.3224 8.2345 1.7581 0.0420
50 32.2549 31.3459 330.1181 41.1651 0.1188
3 T
—P—oa=1.2
—*—o0=1.5
25 o=1.8 |4
v 0=2.0

0.5F

t

Fig. 10. The conservation laws of Q7 and Q.
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Fig. 11. Profile (left) and contour plot (right) of |u| and |v| for a = 1.1.

Then, we also examine the conservation property of the QCSSADI scheme. The conservation results are shown in
fig. 10.

Finally, we use the QCSSADI scheme to simulate the dynamics of the model. Figures 11-14 depict the profiles
and contours of the wave functions with different «. It follows that the order a will affect the shape of the soliton.
We observe that as the decrease of «, the wave functions decay significantly faster, and moreover, the wave shapes
becoming taller and steeper. We get similar conclusions as the one-wave cases [26].
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Fig. 12. Profile (left) and contour plot (right) of |u| and |v| for a = 1.5.
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Fig. 13. Profile (left) and contour plot (right) of |u| and |v| for a = 1.9.
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Fig. 14. Profile (left) and contour plot (right) of |u| and |v| for a = 2.0.
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8 Conclusion

In this paper, we proposed and analyzed the quasi-compact split-step finite difference methods for the one- and two-
dimensional coupled fractional Schrodinger equations. For the linear problem, the conservation laws, prior boundedness
estimates and unconditional error estimates of the resulting schemes are proved rigorously. Moreover, for the nonlinear
problem, we showed that the quasi-compact SSFD scheme can keep the conservation law in the mass sense. Then,
the quasi-compact split-step method and the ADI technique were combined together for solving the multi-dimensional
problem. At last, numerical examples conformed our theoretical results and showed the efficiency of the proposed
schemes.
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Appendix A. Some other schemes

For comparison, we introduce other three difference schemes in two dimensions. The first one is the quasi-compact
Crank-Nicolson (QCCN) scheme
1 1 1
AT AT E s [ AGAR i+ ATAR | 4 ASAT [l P+ eyl BT+ Bl
(i7j)€TM1><M27 1§n§N_17
1 1 1
AT Ao — e [ A AT VLT 4 ATAT 0T - ARAT (G (WP P 4+ Bl Bl ) o] =
(i7j)€TM1><]WQa ].S’I’LSN_].,
uzod = U0($i7yj)a UZOJ = Uo(xiayj)7 (7"]) € ZQa

up; =0, vf; =0, (i,5) € Z\Tar,xns,, 1 <n<N.

2) uﬁf%} =0,

]

The second one is the quasi-compact implicit midpoint (QCIM) scheme

AGAGSal = [ A AT AR ARl | A [o (P Bl ) i ] =0,
(4,7) € Thty x My s 1§n§N—17

iAgA;‘5th;r% — K [.AZ‘ ‘f{mvlnj% + AS ‘,’l‘ n+2} + ATAY [ (|U”+z|2+6| n+2‘ ) n+2] 0,
(4,7) € Tary sy, 1<n<N-—1,

u?,j = uo (@i, Y;), U?,j =vo(ws,y;), (i,j) € 72,

up; =0, vf; =0, (i,5) € Z\Taryxrs,, 1<n<N.

The last one is the quasi-compact linearly implicit (QCLI) scheme

AT A Sy — k| AG AR @+ ASAR |+ ASAG [o (w2 + Bl 12) ] =0,
(i,j) € Tayxans 1 <n <N —1,

RGOy — e [AS AT 00, + ARG O]+ AL [0 (117 + Bl ) 01,] =0,
(i,9) € Taryxar,, 1<n <N -1,

u) s =uo(wi,y;), vp; =volziy;), (i,4) €22

up; =0, v, =0, (i,§) € Z\Taryxrs,, 1<n<N

where d;u;’; = (Tt — 1y /(27) and aF

i Uiy = (" + iy h)/2.

0,J
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In order to implement the numerical experiments, the efficient iterative algorithms of the QCCN and QCIM schemes
are also essential. See more details in [20-22,26]. Since a new coefficient matrix should be generated at each time step,
the compute of the QCLI scheme is very expensive. An iteration procedure (QCLII) is also proposed as follows:

uT,Hfl(ﬁkl) —unl
A AG =t D LATAR (Y ) + A AR, (Y )]
+A2Aa[ (|UZJ|2+/B|’U¢J‘ )( n+1(9)+ iy 1)}:07 (iaj)eTMQdeza ]-SnSN_]-a 5:0,172"'a

n+l(s+1) n—1

o 1o i 1,7 a AQ n+1(s+1 n— a AQ n+1(s+1 n
LAY g G [ AR GO o) £ AT AR G )]

AL (et + Bl

)(UZ;FI(S)—FU?]I)}:O, (1,5) € Tarixnys 1<n<N-1, $=0,1,2---,

U?)J - U/O(xi?yj)a ’U7,O,J = Uo(xiayj)a (27.]) € Z27

up; =0, vf;=0, (i,5) € Z\Tar,xns,, 1 <n <N,

where

n+1(s) _ n n—1 n+1(s) _ n n—1
u; ; —2ui’j—ui,j y Y —21)1-’]- —V; 1<n<N-1.
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