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Abstract. This paper retrieves soliton solutions to an equation in nonlinear electrical transmission lines
using the semi-inverse variational principle method (SIVPM), the exp(—{2(£))-expansion method (EEM)
and the improved tan(¢/2)-expansion method (ITEM), with the aid of the symbolic computation pack-
age Maple. As a result, the SIVPM, EEM and ITEM methods are successfully employed and some new
exact solitary wave solutions are acquired in terms of kink-singular soliton solution, hyperbolic solution,
trigonometric solution, dark and bright soliton solutions. All solutions have been verified back into their
corresponding equations with the aid of the Maple package program. We depicted the physical explanation
of the extracted solutions with the choice of different parameters by plotting some 2D and 3D illustrations.
Finally, we show that the used methods are robust and more efficient than other methods. More impor-
tantly, the solutions found in this work can have significant applications in telecommunication systems
where solitons are used to codify data.

1 Introduction

This study focuses on the nonlinear transmission line [1] described by the modified Zakharov-Kuznetsov (MZK)
equation. Based on [1], one can acquire the discrete differential equation as follows:

?Qnm 1 0?
% = Z (Vn+1,m - Vn,m + anl,m) + CSW (Vn,m+1 - Vn,m + Vn,mfl) (]-)
and the nonlinear charge, in terms of V,, ., = V;,.1»(T), is given as
Qntm = CVO (Vn,m + %VnQ,m + ﬁ;vrim> ) (2)
where 51 and (35 are constants. Putting (2) into eq. (1), we achieve
o B B2
Comes (Vin + =V2 +22V3 ) =
08T2< ) +2 nm+3 n,m
1 0?
E (VnJrl,m - Vn,m + anl,m) + CSW (Vn,erl - Vn,m + Vn,mfl) . (3)

Inserting V;, ,,(T') = V(n,m,T) into eq. (3), the following equation can be obtained:

0? B1 B2 1 02 1 0%V 0? 1 0%V
Comoi (VA =V V3 ) = = (V4 = Cizma— | V+—=5—]- 4
o7 ( TRy ) T on? < T an2> O o ame ( * 128m2) @)
Using the independent variable transformations
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Fig. 1. Profile of the nonlinear electrical transmission line.

where x is the formal parameter, vy = 1/(LCy), and by utilizing the reductive perturbation method, afterwards eq. (4)
can be transformed into the modified MZK equation [2,3] as follows:

ur + Autg + Buluy, + Mgy, + Nugy, =0, (6)

where

1 B

A=-Pv,, B=-fw,, M=-—\ N=-—"1L__ 7
fro brv 245, Lu, 288L20,C2 Q

The system model studied here is given by fig. 1. The mathematical model used in this work plays a prominent role in
the theory of a nonlinear network and arises also in other physical applications such as the lines in the transverse di-
rection [2]. During the last several years, exact solutions of the modified ZK equation and its related equations became
important for scientists and engineers due to their application to the wave propagation problems and in the transverse
direction modeling in the field of electrical engineering. Several researchers worked out some new solutions for the
modified ZK equation using different analytical methods. We will review some of the literature about the modified ZK
equation and analytical methods. In this respect, Yu and Feng [4] introduced and investigated the Darboux transfor-
mation to determine one-soliton solution as well as other soliton solutions for the modified ZK equation. Moreover,
Zhen et al. [5] applied the Hirota bilinear method to find soliton solutions of the MZK equation. Recently, Sardar and
coworkers adopted the especial analytical methods to seek soliton solutions of the MZK equation and obtained different
kinds of solutions which are presented in [3]. This equation also appeared in many scientific applications such as discrete
networks, wave propagating systems, laser [6-9]. Due to the rapid expansion of some powerful symbolic computations
based mathematical packages such as Maple and Mathematica, the extraction process of exact solutions is now much
easier than in the past. In this context, researchers have gained a platform to produce new exact solutions of well-
known partial differential equations (PDEs) that arise in applied sciences with numerous robust methods such as the
Exp-function method [10-12], the trial solution approach [13], the generalized Kudryashov method [14], the extended
Jacobi elliptic function expansion method [15], the improved tan(¢/2)-expansion method [16-19], the G’/ G-expansion
method [20,21], the generalized G’ /G-expansion method [22], the Bernoulli sub-equation function method [23,24], the
Ricatti equation expansion [25,26], the rational function transformations [27], the multiple exp-function method [28,29],
the invariant subspace method [30], the formal linearization method [31], the Lie symmetry [32], the Hirota bilinear
method [33-36] , the Darboux transformation(DT) [37-39], the inverse scattering transformation (IST) [40,41], and
so on. The main aim of this study is to introduce the modified ZK equation for converting the PDE into the or-
dinary differential equation with the help of the semi-inverse variational principle method [22,42-44], the improved
tan(¢/2)-expansion method [45,46] and the exp(—£2(§))-expansion method [47,48]. Besides, we will explore the new
exact solutions for the modified ZK equation with the aid of the aforementioned methods. The obtained solutions are
expressed by exponential, hyperbolic, trigonometric and rational function forms.

The remainder of the paper is organized as follows. A brief discussion about the semi-inverse variational principle
method and its application to the modified ZK equation is presented in sect. 2. Section 3 and its sub-sections deal with
the applications of the EEM to look for new closed forms of exact solutions of the modified ZK equation. Moreover,
in sect. 4, we present the ITEM along with its application to MZK equation. Finally, we draw a conclusion about the
executed methods and generated results in sect. 5.
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2 The SIVPM

The main steps of the SIVPM are as follows:
Step 1. Consider a general form of a PDE, say in two independent variables x and ¢ as
N (w, wg, Wy, g,y Ugg, Uy, - . .) = 0. (8)

In eq. (8) u = u(w,t) is an unknown function, A is a polynomial in u(z, ) and its various partial derivatives, in which
the nonlinear terms and highest order derivatives are involved. The PDE can be converted to an ODE

QU, mU U, —r3U’ ,r3U" r3U",...) = 0, (9)

by the transformation £ = r1x + roy — r3t in which the wave variable is. Also, r1, ro and r3 are arbitrary constants to
be determined later.

Step 2. According to He’s semi-inverse method, we construct the following trial-functional:

J(U) = /Ldg, (10)

where L is an unknown function of U and its derivatives.

Step 3. Utilizing the Ritz method, we can acquire various forms of solitary wave solutions, such as

U(&) = Fsech(G¢), (11)
U(€) = Fsech?(Ge), (12)
F

u(é) = D + cosh(G¢)’

where F' and G are constants to be further determined. Upon substituting (11)—(13) into (10) and making J stationary
with respect to F' and G results in

oJ
ar % (14)
oJ

Solving eqs. (14) and (15), we obtain F' and G. Therefore, the solitary wave solutions (11), (12) and (13) are well
determined.

2.1 Application of semi-inverse variational principle

By using He’s semi-inverse principle [42-44], one can get the variational formulation as follows

00 3 2 2
B r3 5 Ar 5 B 4 Mri4+ Nrirs (du(€)
7= [ 26y + Artu(ey + Sotu(eyt + o) |4 (16)
Utilizing a Ritz-like method, a solitary wave solution will be as follows.
Case I:
u(§) = Fsech(G¢), (17)

where F and G are unknown constants to be further determined. Upon substituting (17) into (16) and carrying out
the integration gives

17 F? 1 Am P37 1 Br F*

5 ¢ Tu ¢ T ¢ (18)

1 1
J= EFQGMT‘;’ + 6F?Gerrg -



Page 4 of 19 Eur. Phys. J. Plus (2018) 133: 119

Making J stationary with A and B supplies

aJ(F, G) 1 3 1 2 7’3F 1A’]"1F27T 2BT’1F3
PR ZPGMr? + - FGNrmr2 — 2 4 2 z - 1
5F 3 G 7’1+3 GNryrs; e +8 G +9 e 0, (19)
BJ(F,G) 1 2 3 1 2 2 17‘3F2 1 A?"lFB’/T 1 BT1F4
G Z RS 4 RPN - - - = — 0. 2
oG o Mgty Tyt 1w (20)
Solving egs. (19) and (20), one can obtain
o ThAmT V/25A2r372 + 1536 Bryrs
16B7‘1 ’
\/—67"1(M7"f 2N <A(5Ar17r—\/25A12é'fB7r2+1536B7'17'3)77 N 24r3>
G= (21)

12r1(Mr? +r3N)

The domain of definition of the above relations is:

A(BArim — \/25A2r27w2 + 1536 B
9542272 4 1536Brirs > 0,  6ry(M7r2 +12N) ( (5Anm—/ H;l; i rars)m +24r3> <0.  (22)
Hence, finally, the 1-soliton solution to the nonlinear electrical transmission lines is given by
(s ) = —5Ar T+ \/25A27’%7T2 + 1536 Bryr3
1637‘1
\/—67"1 (MT% + T%N) <A(5AT17r\/25A12gf37r2+153637“17“3)7r + 247’3)
h —rst)| . 23
X sec 12, (Mr2 1 12N) (r1z + roy — r3t) (23)
Also, a bright soliton wave solution can be found as follows.
Case 1I:
()= —5— (24)
u(é) = ,
cosh?(G¢)

where F' and G are unknown constants to be further determined. Upon inserting (24) into (16) and carrying out the
integration gives
1 F%(84r{G%*M + 8471 G®Nr2 — 10513 + 28 Ary F + 12Br  F?)

= . 2
315 G (25)
Making J stationary with F' and G one obtains
0J(F,G) _ 2 F(84r{G*M +84r1G*Nr§ — 10505 + 284r, F +12Br1 F?) | 1 F*(284r, +24BrF) _ 26)
oF 315 G 315 G -
8J(F,G) 168 ,, 4 o1 F2(84r3G2M + 84r1G2Nr2 — 10513 + 28Ar, F + 12Br, F?)
) D028 4 Nr2) — —— = 0. 27
oG g150 M ATINT) =g €2 27)
Solving eqgs. (26) and (27), one can acquire
o T35AN & V/1225A277 + 756087173
3637“1 ’
o] \/=2Bri(Mr? + Nr3)(270Brs + 35A%r, — A\/35r, (35A%r, + 216B73))
=+— . 28
36 Bri(Mr? 4+ Nr3) (28)

The domain of definition of the above relations is

1225A%r2 + 7560Bryrs > 0,  2Bri(Mr? + Nr2)(270Brs + 35A%r; — A\/35r1(35A2r; +216Br3)) < 0. (29)



Eur. Phys. J. Plus (2018) 133: 119

Page 5 of 19
Thus, finally, the 1-soliton solution to the nonlinear electrical transmission lines is given by
—35Ar; & /1225 A2¢2 B
u(a:,y,t) _ 35 71 \/ 5 1 + 7560 r1rs
3637"1
[ 1 /2B (M £ Nr3) (270Brs +35A%r — A\/35r1 (3542, 1 2165rs))
x sech” | £ — 5 5 (rixz+roy—rat)
36 Bri(Mri 4+ Nr3)
(30)
Finally, another singular wave solution can be considered as follows.
Case 11I:
F
= - 31
UE) = oot (31)

where F' and G are unknown constants to be further determined. Upon putting (31) into (16) and carrying out the
integration gives

_ F? s - |
= 36G(D + 1)2(D — 1)>(D? — 1)3 (3X(D 1) 91—5-\/1?271(22),

) =

—6G*r1D(D? — 1)(Mr} +r3N) + BriF?D(2D? + 3) + 2Ar F(D? — 1)(2D* + 1) — 12r3D(D? — 1)

2 = BriF*(6D* — D + 3)(3D* — D +2) + 6G*r1 D(D* — 1)(9D* + 10D + 13)(Mr{ + r3N)
+6Ar  F(D +1)(4D* — D+ 1)(D — 1)? — 36r3(D + 1)*(D — 1)*,

X = arctan (D_l)
vD2=1)'

(32)
Making J stationary with F' and G yields
dJ(F,G) F ;
= < (3X(D —1)°0, + /D2 — 112
oF 1SG(D+1)2(D_1)5(D2_1)§( ( )* 8 \/72>
F2
* 3X(D — 1) p + VD2 — 1625 ) = 0,
36G(D+1)2(D_1)5(D2_1)g< ( )*(p VD2 -1 2F>
Q1 p = 2Br  FD(2D? + 3) + 2Ar (D* — 1)(2D? + 1),
Qo = 2Br F(6D? — D +3)(3D* — D +2) + 6Ar (D + 1)(4D? ~ D + 1)(D — 1)?, (33)
8J(F,G) F2 ,
o 3 3X(D —-1)°12 —+ D2719
oG 36G2(D+1)2(D_1)5(D2_1)§< ( )72 \/72>

F2
+ - (3X(D - 12216 + VD2 — 18255) =0,
36G(D + 1)2(D — 1)>(D? —1)3 ( D —1)fhe QG)

¢ = —12Gr,D(D? —1)(Mr? +r3N), Q¢ = 12Gr1D(D* — 1)(9D? + 10D + 13)(M7r? + r3N).  (34)
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Solving eqgs. (33) and (34), one can get

F= —%(D 12D+ 1) [57“1XA(2D2 +1)(D — 1)+ 5rvV/D?2 — 1A(4D? — D + 1) — Q:,ﬂ :

25 = 25A%(D — 1) [X2(2D2 F12(D - 1) +2XV/D? — 1(D — 1)(2D? + 1)(4D? — D + 1)

+(D+1)(4D? = D+ 1)*| + 96B(D — 1)ryr3 [3D2X3(2D + 3)(D — 1)’

+ DX+\/D2? - 1(24D* — 21D3 4+ 37D* — 23D +15) + (D + 1)(6D* — D + 3)(3D*> — D + 2)} : (35)
\/_7
G= —E(D - 1)317#9495 2, = —9DX?(2D* + 3)(D — 1)3(N7r3 +r?M) + 6/ D? — 1X(9D° + D*

+ 211)3 +4D? f;;gﬁf 3)(D — 1)*(Nr3 +riM) + (D +1)(6D* — D + 3)(3D? — D +2)(9D? + 10D
+13)(Nr3 4+ riM),
25 = 18r3D*X*(D + 1)(2D? + 3)(D — 1)* + AryR\/D? — 1DX(—49D% 4 10 + 36D® 4 18D* + 54D")
+6Dr3(—12D* 4 8D% — 1 — 5D* — 11D + 18D° + 9D%) — 36r3 — 27Ar R,
2 = —9DX?(2D* 4 3)(D — 1)5(Nr2 + r?M) + 6/ D? — 1X(9D° + D* +31D* + 4D* 4+ 22D — 3)(D — 1)*(Nr3
+riM) + (D +1)(6D?* — D+ 3)(3D* — D +2)(9D* + 10D + 13)(Nr3 + r? M). (36)
The domain of definition of above relations is

D?—1>0, 23 >0, Dr024825 < 0, Dr 826 # 0. (37)

Thus, one can state that the 1-soliton solution to the nonlinear electrical transmission lines is given by

LD —1)%(D+1) [57'1XA(2D2 F1)(D —1)% + 5rVD? —TAM4D? — D + 1) — 22

D + cosh [%(D - 1)%(7‘% + 72y — 7‘31,‘)}
3 The EEM

The EEM has been utilized to discover traveling wave solutions of nonlinear PDEs [47, 48]. Consider the following
steps.

Step 1. Consider a general form of a PDE, say in two independent variables x and ¢ as
N (w, ug, Uy, Ug, Ugg, Ug, . ..) = 0. (39)

In eq. (39) u = u(x,t) is an unknown function, N is a polynomial in u(z,t) and its various partial derivatives, in which
the nonlinear terms and highest order derivatives are involved. The PDE can be converted to an ODE

Q (U7 riU', U’ *TgU,,T%U/,,T?%U”, .. ) =0, (40)

by the transformation £ = r1x 4 roy — r3t in which the wave variable is. Also, r1, ro and r3 are arbitrary constants to
be determined later.

Step 2. Suppose the solution of the nonlinear equation (40) can be expressed by an exponential polynomial in F'(£) as

N N
UE) =Y AF(€)+> BiF (), (41)
=0 =1

where F(€) = exp(—12(£)), A;(0 <i < N), and B;(1 < i < M) are constants to be determined, such that Ay # 0,
By #0, and, 2 = (&) gratifies the following ODE:
Q' = pFHE) + F(&) + M. (42)

The exact solutions [49,50] can be considered from eq. (42) as follows.
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Solution 1: If 1 # 0 and A\? — 4y > 0, then get to

A2 —4p VA2 — 4 A
where F is integral constant.
Solution 2: If ;1 # 0 and A\? — 4 < 0, then achieve to
VA2 +4p VA2 +4p A
208 =1 t E)y|—— . 44
© n< - an< L+ D)) - o (14)
Solution 3: If p =0, A # 0, and A2 — 4u > 0, the solution will be as
29 =1 (=1 (15)
=—In .
exp(AM{+ E)) -1
Solution 4: If 1 # 0, A # 0, and A2 — 4u = 0, the solution will be as
2ME+E)+4
RE=n|-————"-+-+— 46
o-n(-Siere ) o
Solution 5: If =0, A =0, and A\?> — 4p = 0, the solution can be found at
20 =h(+E), (47)

where A; (0<i< N), B; (1<i< M), X\ and p are constants to be determined. The N is a natural number which is
determined by the homogeneous balance principle.

Step 3. Inserting a new solution from eq. (41) into eq. (40) along with eq. (42) and comparing the terms results in a set
of nonlinear equations which by solving it using the Maple package, we will acquire new exact solutions of the fractional
partial differential equation. Solving the algebraic equations including coefficients of Ag,..., Anx, B1,..., By, r1, T2,
r3, A, and p into (41) one gets the exact solution of the considered problem.

3.1 Application of the EEM

This section is devoted to the application of the EEM to discover the exact solutions of eq. (6). By utilizing u(z,y,t) =
u(€) and € = riz + roy — 73t eq. (6) can be reduced to the following ODE:

u2

3
—rau -+ A7’1? + Brl% + (M72 + Nrird)u” = 0. (48)

Balancing u” and u?, we obtain m = 1; thus, (41) reduce to
u(§) = do + dy exp(—£2(§)) + e1 exp(£2(£)). (49)

Putting (49) along with (42) into (48) and collecting all the coefficients of Y7 = exp(—;£2(£)); (j = 0,1,...,6) and
setting them to zero, the following results get:

Set I:
1 A% BeiA — pA
=p, A= ——/A2u2 +4uB2%3, N —du= ;o dy=—"-2 dy =0, — ey,
p= Be, w* +4pBey H B2 0 G 1=0 e = el
1 [ 6Nr2u®+ Be? A? \/ 6N73u% + Be?
1 N\/ 6M ) g =T, T3 6B 6M ) (50)
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(@ (b)
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-0.6

-0.84

\

Fig. 2. Graph of eq. (51) by taking the parameters A= B =0.5,e1 =2, 12 =1, N=1, M = -1,y = E =0, and (a) 3D plot,
(b) contourplot, (c) density plot, and (d) 2D plot ¢ = 1.

X -1

via (43), the exact solution can be found at

pA A Ap (1 \/ 6N7r3u% + Be? A? \/ 6N7r3u? + Be?
t) = ——— — —tanh —N — — t+F 51
uy(z,t) 2B 2B anh | o <u i T +ray 6B i + (51)
(see fig. 2).
Set II:
B22)2 — A2 , A? A diA
ST 0 TN N NeEpge ety Asd ash

| 6Nr2+ Bd? A? 6Nr2 + Bd?
= —%, T2 = T2, T3=—6—B _—ESM L. (52)
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(a)

y — T T
- 50 100
¥
X
71|00 7|50 5|0 1(])0
—0.2—(
-0.34
~0.4
-0.5

Fig. 3. Graph of eq. (53) by taking the parameters A= B =0.5,d1 =2, A=2,12=1, N=1, M =—-1,y=E =0, and (a)
3D plot, (b) contourplot, (c) density plot, and (d) 2D plot ¢ = 1.

Via (43), the exact solution can be found at

A d 242 A 6N72 + Bd2
u(@,t) = —gp+ -+ d {‘mt”h 2Bd; (v BT VR
-1
A2 [ 6NrI+ B& OAB2d2
“eBV e TTE)| T B2d2)\2 — A2 (53)
(see fig. 3).
Set III:
A%~ ABd;\ , GAAB + 2B2d2)2 — A2
hE e TN Ao 2B°d2 ’
A diA A2~ ABd;\
do——ﬁ-i-?y dy = dy, N

6Nr2 + Bd? 2A2% + diAB) — B2d2)\? 6N7r2 + Bd?
e e P R i (54)
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(b)

|
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-100-

(d)

60
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20+

-60]

Fig. 4. Graph of eq. (55) by taking the parameters A= B =0.5,d1 =2, A=2,72 =1, N=1, M = -1,y = E =0, and (a)

3D plot, (b) contourplot, (¢) density plot, and (d) 2D plot ¢ = 1.

Via (43), the exact solution can be determined at

B22X* [ 6Nr2+ B
V- t+E
6 "

A diA 2v/2Bdy\/diA\AB + 2B2d?)\2 — A?
)= ——— F —= +d; ¢ —
us(@t) =55+ 1{ A2~ ABdA
1413 2132 212 _ 142 2 2 2 _
« tanh VA NAB + 2B2d3\ | 6Nr3+ Bd3 ey 2A% + d; ABA
2v/2Bd, 6M 12B
4\B%d3 ' A2 - ABdy\ [ 2v2Bdy\/diNAB + 2B22N% — A2
A2 — ABdj )\ B2d, A2 — ABdy )
2.72)2 _ A2 2 2 2 o
« ol VAIAAB +2B2d332 — A /_ 6N73 + Bd3 oy 242 4+ d; AB)
2V/2Bd; 6M 12B
| AABdR
A2 — ABdy )

(see fig. 4).

B*d2)\? [ 6Nr2+ Bd?
\/ - t+E
6ir "

(55)
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Also, via (44), the exact solution can be determined at

(2.1) = A dA ] 2V2BdA? — dMAB - 2B2di N
=g Ty T A2 — ABd, \
X tan VA2 — diAAB - 2B2di)? [ | 6Nr3+ Bd%x oy
2v/2Bd, 6M
-1
242+ dyABA - B%d}N* | 6NrE+ Bdt, el - ANB2d?
12B 6M A2 — ABd; )\

B2d,

A% — ABdi A

A2 — ABdy {2\/§Bd1 VAZ — i \AB — 2B22N?

X tan

VA2 — di\AB — 2B2d3 )2

6N+ B&E
2vV2Bd, V 6M 2
242+ i ABN - BN [6N3 +B&E, |\ B
128 V 6 A% — ABdA [

Moreover, via (45), the exact solution can be determined at

A
Bdy

Set IV:

A= A

6Nr2+Bd? 2 6Nr2+Bd?
exp {Bﬁl ( — = tr ety — fp\ -t E)| -1

_A2 +24Bu(Nr3 + Mr?)

1= pu,

6NT3 + 6Mr?
dl = _T )

r=ry,  rp=ry, 3=

6NT3 + 6Mr? 9
- A2 —dpu—
) B ) H
6N 73 + 6072
a=m-——F5F

6(Nr2 + Mr?

6B(Nrj + Mr?)

_rl(AQ + 24Bu(Nr3 + Mr?))
6B )

Page 11 of 19

(57)

ol

dy=—

(58)
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(@

3000~
6000+
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2000

1000+

1
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|
e}
B
—
o
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x -2000-

Fig. 5. Graph of eq. (59) by taking the parameters A =2, B=0.5,di=A=1,72=1,N=1, M =—-1,y=E =0, and (a)
3D plot, (b) contourplot, (¢) density plot, and (d) 2D plot ¢ = 10.

Via (43) and (44), the exact solutions, respectively, will be as

-1
A 6Nr3 + 6Mr? A2 —4p A2 —4p A
H=—2 44/ - tanh fo )
Uﬁ(xa ) B + B 2M an 2 (£+ ) 2#
6Nr3 4+ 6Mri A2 —4p A2 —4p A
+py/ — 5 By tanh T(E—FE) “a( (59)

-1
A | 6Nr3+6Mri | /A2 +4p VA2 +4p A
U7(x,t)——§+ - 5 o tan 5 (E+E) ~ o
N 2 M 2 —_)\2 4 —_\2 4
tu | 6 7“2—;6 ri {\/ Z;— Foion <—V)‘2+“(§+E)> _%}’ (60)

2 2 2
in which ¢ = ryz + roy — 24 +24BZ§BNT2+MT1))75 and F is a free constant (see figs. 5 and 6).
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Fig. 6. Graph of eq. (60) by taking the parameters A= B =2,di =A=1,r2 =1, N=1, M = -1,y =FE =0, and (a) 3D
plot, (b) contourplot, (¢) density plot, and (d) 2D plot ¢ = 1.

3.2 Discussion and remarks

With the aid of the EEM, we obtain solutions including exponential, hyperbolic and trigonometric functions forms
of the modified ZK equation. Whereas in [37], Yu and Feng used Darboux transformation and obtained one-soliton
solution and other soliton solutions. Sardar and coworkers acquired various types of solutions which are solitary, shock,
singular, periodic, rational and kink-shaped solitons obtained by using the special analytical methods given in [3].
Meanwhile, in this paper there are results, including the kink-singular soliton solution, the hyperbolic solution, the
trigonometric solution, dark and bright soliton solutions which agree with the results of [3]. Moreover, in the current
paper the better results are obtained when comparing these travelling wave solutions with the solutions achieved by
Krishnan and Biswas [6]. These travelling wave solutions are shown to obey the modified ZK equation with the aid of
Maple 13. To the best of our knowledge, the application of the EEM to the eq. (6) has not been submitted to literature
so far.

4 Description of the ITEM

In this section, all procedures of the ITEM for solving the nonlinear PDEs are described. The essential steps of this
method are as follows.

Step 1. Consider a general form of a PDE, say in two independent variables z and t as

N (w, Uy, gy, Upy U, Ugtsy - . ) = 0. (61)
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In eq. (61) u = u(z,t) is an unknown function, N is a polynomial in u(xz,t) and its various partial derivatives, in which
the nonlinear terms and highest-order derivatives are involved. The PDE can be converted to an ODE

O (U, U, U, —rsU' 720" r2U",...) =0, 62
1 3

by the transformation £ = r1x 4 roy — r3t in which the wave variable is. Also, r1, ro and r3 are arbitrary constants to
be determined later.

Step 2. Suppose the traveling wave solution of eq. (62) can be expressed as follows:

u(€) =S(@) = > Aplp+tan(s/2)]", (63)

k=—m

where A, (0 < k <m), Bx(1 <k <m) and p are constants to be determined, such that A,, # 0, B, # 0 and ¢ = ¢(§)
gratifies the following ODE:

¢'(§) = asin((¢)) + beos(4(§)) + ¢, (64)

where m is a natural number which is determined by the homogeneous balance principle.
Step 3. Inserting a new solution from eq. (63) into eq. (62) along with eq. (64) and comparing the terms results in a set
of nonlinear equations which by solving it using the Maple package, we will acquire new exact solutions of the fractional

partial differential equation. Solving the algebraic equations including coefficients of Ay, ..., An, B1,...,BnN, p, a, b,
¢, and r1, 7o, r3 into (41) one gets the exact solution of the considered problem.

Consider the following special solutions of eqgs. (64):

b—c  b—c 2

;{Zc tanh (@E)} .

Family 1: When A =a? +b> —c? <0 and b — ¢ # 0, then ¢(¢) = 2tan™! [ 4 V—2 tan ( v —AE)].

Family 2: When A = a? +b?> —c®> >0 and b — ¢ # 0, then ¢(¢) = 2tan~? [ﬁ +

Family 3: When A =a? +b*> —c®> > 0,b—c# 0 and a = 0, then ¢(¢) = 2tan~! [ % tanh ( ¥ bQQ*CQE)}.

Family 4: When a = 0 and ¢ = 0, then ¢(¢) = tan™! [Zji:, %]

Family 5: When ¢ = a, then ¢(¢) = —2tan! [m}

Famzly 6: When b = —c, then ¢(£) _ Qtanfl |: ae®€ :|

1—ceat
Family 7: When b = 0 and a = ¢, then ¢(¢) = —2tan™! [%—%‘2}
Family 8: When a = 0 and b = ¢, then ¢(¢) = 2tan~! [cﬂ

Family 9: When a = 0 and b = —c, then ¢(¢) = —2tan™! [%}

Here, £ = £+ C, p, Ao, Ay, By (k=1,2,...,m), a, b and c are constants to be determined later.

4.1 Application of the ITEM

In this subsection, the ITEM will be performed to handle the MZK equation for acquiring new soliton solutions. To
this end, we use the transformation u(x,y,t) = u(§) and £ = ri1z+rqoy — rat to reduce eq. (6) to the following nonlinear

ODE:
2

3
—r3u+Ar1% —|—Br1u§ + (Mr3 + Nrira)u” = 0. (65)
Balancing u” and u?, we obtain m = 1; thus, (63) reduce to

u(§) = Ao + Ay tan(¢/2) + By cot(¢/2). (66)
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Substituting (66) along with (64) into (65) and collecting all the coefficients of Y7 = tan’(¢/2); ( = 0,1,..

inserting them to zero, the algebraic equations conclude:

YO r1B1(2BB? + 3r?b2M + 6r2bcM + 3ric?M + 6bera N + 3c*r3N + 3b%r3N) = 0,
Y1 3riB1(2B1AoB + B1A + 3ribaM + 3ricaM + 3bar3 N + 3acriN) = 0,
Y2 3B1(2Br1A1 By + 2Nrir3a® + riNric® — ri Nr3b? — 2r3 — Mrib?

+2Br1 A2 + 2Ar1 Ag + Mric? + 2Mria?) = 0,

+3r1 A1 (r2baM + ricaM + bar3N + acriN + 2B A) = 0,

Y5 3riAj(ALA +2A,AgB — 3r?baM + 3ricaM + 3acriN — 3bar3N) = 0,
YS: r1A1(2BA? + 3r2c? M — 6r7beM + 3r20> M — 6beri N + 3c2r3N + 3b%r3N) = 0.

Solving the above algebraic (67), the following sets of coefficients can be written as

Set I:
o=\ A0+ 2 —ABZBI(1R —2),  b=b, c=c, A=d’ 0 -
Ab—2aBB; + Ac
AO = - )
2B(b+¢)
—3M(3Nr3(b+ c)? +2BB?
A1:07 BlzBla T‘lzi\/ ( 3]\/2[((b+6)) 1)7 Ty =T,
Set II:
0=\ JA2b—c)2 —AB2AXB —2),  b=b  c=c, = A=d 1~
A _Ab+2aBA1 — Ae
0 2B(b—c)
—3M(3N72(b —¢)?2 4+ 2B A?
Ay = Ay, By =0, 7’1=ﬂ:\/ ( 3]\;&_0% 1)7 rL =T,
Set III:
A A | b—c
— — — = —— fr— — B
a 07 b b» c Cy AO 2B’ Al 2B 2(b+ C) ’ 1
S V/3MB(b? — c2)(A2 — 12N Br3(b? — ¢2)) . . A%y
' 6MB(b? — ¢2) ’ e s 6B
Set IV:

A A [b—c A [b+ec
a—O, b—b7 cC=c, AO__ﬁ7 Al—@ b-i—c, Bl—@ b—c,
A27’1

4 \/—6MB(b2 — c2)(A2 — 24N Br3(b2 — c2))

" 12MB(b? — ¢2) ’

T =T2, r3 = —

Y3: 3riBi(—12baM + ricaM — bar3N + acr3N + 4A; AgB) + Ag(2Br1 A3 + 3Ar1 Ag — 6r3)

=

rs = —

_ A%(b+¢)?

4B?B?

A2T1
6B

2 _ AQ(b - 0)2

c =

_A
" 4B

6B

4B2AZ

2(b+0)
b—c ’

.,6) and

Y4 3A1(2Br1A1 By + N(2r173a® + rir3c® — r1r3b?) — 2rs + M (r3c? + 2ria® — r$b?) + 2Br1 A3 + 24Ar1 Ag) = 0,

(68)



Page 16 of 19

Eur. Phys. J. Plus (2018) 133: 119

Set V:
c? — b2 5A 5Aa 5Aa
=35 b c=¢ T B> LT T 19B(b 1)’ LT 19B(b o)’
VEMB(b2 — c2)(5A% — 24N Br3(b2 — ¢2)) TA%r
= :I: = = . 2
" 12MB(b? — ¢2) R Ty (72)
Set VI:
Ab—¢) A (b+c)A;
a 2BA, b=1, c=c, 0 5 1 1, 1 b
\V/—3M(2BAZ + 3N7r3(b — c)?) (A%2(b—c) +4BA3(b+c))r
= i = = — .
1 i ; =T, T3 6B(b—0) (73)
Set VII:
A%(b—c)+8B%*A3(b+¢) 4(b+ c)BA?
= — = = Ag= ———7~7—"F—— A=A
a 2ABA1 ) b ba c & 0 A(b—C) ’ 1 1,
Bl :—7(1)—’_6)1417 1 = Tro,
b—c
. \/—3M(2BA% + 3N72(b — c)?) _ (A*(b—c) —8B*A3(b+0))(A%(b— ¢) + 4B A3 (b + ))ry (74)
"= 3M BT 6B(b— c)2A2
To Set I, the following solution results:
Ab —2aBB; + Ac
== — B 2 .
u(€) S Breot(6/2 (75)
To Set II, the following solution results:
Ab+2aBA; — Ac
= — A 2 .
u(€) B+ A tan(6/2) (76)
To Set III, the following solution concludes:
u(§) = \/ an(¢/2) \/ ot(¢/2). (77)
To Set IV, the following solution results:
A A
w(©) = 55+ 1\ fe tan(8/2) + s cot(6/2). (79)
To Set V, the following solution results:
u(€) = (6/2) + 5/~ 55 g L0/, (79)
- 4B b +c
To Set VI, the following solution concludes:
A b+c)A
u(§) = 5 + A; tan(¢/2) — % cot(¢/2). (80)
To Set VII, the following solution results:
4(b+ c)BA? (b+c)Ay
=———+ At 2 —_— 2 1
ue) = o+ Ay tan(oy2) — S0 cor(2). (s1)
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For different values of a,b and ¢, we have the following results:

Result 1: If we take Family 2, then we have the following (75) solution as
Ab — 2BB1+\/A2(b + ¢)2 — AB2B}(b2 — c2) + Ac

u(®) = - 2B(b+ c)
-1
VA2(b+c)2 —4B2B3 (b2 — ¢2) Ab+c) Ab+e) =
B tanh 7 82
5 b—c BB =0 M\ IBB (b= ) (82)
~ —3M (3N r2(b+c)2+2BB?) A?%\/—3M (3N72(b+c)2+2BB2)
where{::ﬁ:\/ 31\/[2(b+c) Lx 4 roy — vV 18]VIBz(b+c) t+C.
Result 2: If we take Family 2, then we have the following (76) solution as
() = Ab+2BA\/A2(b— ¢)2 — 4B2A3(b? — %) — Ac
W& = 2B(b— o)
VAZ(b—c)2 — 4B2A2 (b2 — ?) A A~
A ! tanh { ——
N b—c *oma, M 1EA, (83)
~ —3M(3Nr3(b—c)2+2BA? A2,\/—3M (3Nr2(b—c)2+2BA?
where £ = + v ( 3Mz((b_cc)) Dy + roy — v I(SJMBQ((IH-CC)) Dy + C.
Result 3: If we take Family 3 and 4, then we have the following (77) solutions, respectively, as
A A b2 —c?~ A b? —c?~
= 4+ = /2tanh | L = V/=2coth | L 84
e+ (2] A o (F20). .
3MB(b2—c2)(A2—12N Br2(b2—c2 3MB(b2—c2)(A2—12N Br2(b2—c2)) A2
where £ = VM 61\)4B(b2—c2) & Do+ oy - VOMB 36)15432(172—62)2( 2t
A eME 1 2¢bE
u(§) = 2B \/ 2 tan < arctan e ]
A 1 €26 _ 1 2eb¢
+ EV_2 cot <2 arctan TR i (85)
~ 2_ r2p2 2_ r2p2)A2
where £ = i\/sMB(,;\M;iNB 2p )z 4 gy — \/SMB(gﬁj\/Il;JQVbB 2p2)A e

Result 4: If we take Family 3 and 4, then we have the following (78) solutions, respectively, as

u(€) = A A (1722_625) + A coth ("1722_62§~> ,

2B 4B 4B (86)

~ “6MB(b%—c2)(A2—24N Br2 (b2 —c2 “6MB(b%—c?)(A2_24N Br2 (b2 —c2)) A2
where § = i\/ ( 121v)1(B(b27c2) 2 Dy +ray — v ( 36124(32(b2—c2) ! : t+C,

)

e 1 9eE
e2b€ 17 e26€ 4

A 1 €26 1 ebE
+ — cot | = arctan — — , (87)
4B 2 eE 41 26 41
~ \/—6MB(A2—24N Br3b?) \/—6MB(A2—24N Br3b?)A*
where § = + 12MBb T+ T2y — 36MB2h t+C.

Result 5: If we take Family 1 and 2, then we have the following (79) solutions, respectively, as

-1
u(f)**%*% 3+\/§tanh<\/75>]+gA 3+\/§tanh< bf)] ; (89)
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—c2)(A2—24N Br2(b2—c?)) 7y/—6M B(b2—c2)(A2—24N Br3 (b2 —c?)) A?
12M B(b%2—c?) : x+r2y+ 576 M B2 (b2 —c2) 2 t+ C.

where £ = + V/Z6MBE

Result 6: If we take Family 6, then we have the following (80) solutions, as

-1

e Ab—c)F —e Ab—c) ¢
Al 35aE | (b4 o)A, | AbteEm
u(§) = B + AG—og T h_e AG-—o g ) (90)
1—ce2En 1—ce?Bn
= —3M(2BA2+3N73 (b—c)? A2(b—c)+4BA2(b+c)) \/—3M(2BA2+3NrZ(b—c)?
Whereﬁ::&:\/ Y ))x—l—rgy—( ( 63;_(1)—5)(4_))\/ ( - 3 ( ))t—l—C,
A A [cE+2 c€
W =-5- 35 |22 5 (o1)
B 2B | ¢ c+2
~ — A2 202 2_ 2 _ A2 202
where § = +Y SM(QBgM FINTS) 1 gy — A 643BA1) v 3M(2iM+3N Habe)
Result 7: If we take Family 6, then we have the following (81) solutions, as
by | [ e
u(§) = : ;
A(b _ C) | — com A2(b—L)QZSBBAzlA%(b+c)E
A2(b—c)+8B% A2 (b+c) _AZb—o)t8B2 A (bte) g
(bt oA | - 2ABA, e S (92)
b—c A2(b—c)+8B2 A% (b+e) - ’
l—ce — zapm ¢
= —3M(2BA2+3N73 (b—c)? 2(h—c)—8B2A2(b+c))(A2(b—c 2A2(btc)) \/—3M(2BA2+3Nr2(b—c)?
where £ = £V SMEBAINBO-0") |\, (A(b=c)=8B RENEEORE LR HLES) VIAMEBAMNGBO-9),, 4

5 Conclusion

The basic goal of this work was to execute the SIVPM, the EEM and the ITEM methods for exactly solving the
equation of nonlinear electrical transmission lines described by a MZK equation. As a result, we received many new
exact soliton solutions for the equation of nonlinear electrical transmission lines which are expressed by rational,
hyperbolic, trigonometric and exponential functions forms.

The rational, hyperbolic, trigonometric and exponential functions forms are based on arbitrary parameters which
can be zero or nonzero. To the best of our knowledge, the received results have not been reported in other studies
on the MZK equation. Therefore, the obtained results show that the implemented method along with the symbolic
computation package suggests a promising, robust, and the well-built mathematical tool for handling any nonlinear
PDEs arising in mathematical physics and other applied fields.
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