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Abstract. The aim of this paper is to introduce a generalized form of the Lorenz system with time delay.
Instead of considering each state variable of the Lorenz system belonging to R, the paper considers two of
them belonging to R™. Hence the Lorenz system has (2n + 1) dimension. This system appears in several
applied sciences such as engineering, physics and networks. The stability of the trivial and nontrivial
fixed points and the existence of Hopf bifurcations are studied analytically. Using the normal form theory
and center manifold argument, the direction and the stability of the bifurcating periodic solutions are
determined. Finally, numerical simulations are calculated to confirm our theoretical results. The paper
concludes that the dynamics of this system are rich. Additionally, the values of the delay parameter at
which chaotic and hyperchaotic solutions exist for different values of n using Lyapunov exponents and
Kolmogorov-Sinai entropy are calculated numerically.

1 Introduction

In 1963, Lorenz introduced a particular simplified hydrodynamic flow problem [1]. This system is an approximation
to the Navier-Stokes equations for the hydrodynamics problem given by Bénard. The following equations are derived
from a model of fluid convection:

— 2()x(t) — y(t),
2(t) = x(t)y(t) — Bz(1), (1)

where the variable x € R measures the rate of convection overturning, the variable y € R measures the horizontal
temperature variation and the variable z € R measures the vertical temperature variation. The parameter o is called
the Prandtl number, p represents the Rayleigh number and 3 represents some physical proportions of the region under
consideration. This system has chaotic attractors for wide ranges of values of the parameters, e.g. when o = 10,
8= % and p = 28. Chaos has been studied extensively and developed with much interest by researchers. It has many
applications in the biological systems, electrical engineering, networks, cryptography and image encryption. Thereafter,
many chaotic systems have been appeared such as Chen, Rossler, Lii, and Chua systems [2-5].

As a generalization of the Lorenz system (1), Fowler et al. [6] introduced what is called a complex Lorenz system
as
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where x,y € C represent the electric field amplitude and the atomic polarization amplitude, respectively, and z € R
represents the population inversion in a ring laser system of two-level atoms. The complex parameters p and a are
defined as p = p; +1ip2, a = 1 —ie, o and 3 are real parameters, i = v/—1 and an overbar denotes complex conjugate
variable. Two decades later, Mahmoud et al. [7] investigated the basic properties and chaotic synchronization of the
complex Lorenz model (2) by setting p = p1, a =1 as follows:

#(t) = o (y(t) — (1)),
9(t) = (pr — 2(8))z(t) — y(D),

(1) = 5 (@(05(0) + 2()y(1)) — F=(1), 3)

where z,y € C, z € R, 0, p and 3 € RT. In fact, many systems which include complex and real variables have played an
important role in many real applications, such as rotor dynamics [8], problems of laser physics [9], optical systems [10],
and disk dynamos [11].

The time delay system is a system which the rate of variation of its states depends on past states. This system can
be found in engineering [12], biology [13], as well as population dynamics [14]. Moreover, delays are strongly engaged in
challenging areas of information and communication technologies, e.g. in stabilization of networked controlled systems
and high-speed communication networks. It is well known that the existence of a delay in these systems inspires infinite
dimensional. In particular, various complex phenomena have been arisen as a result of the existence of a time delay in
a nonlinear system, such as bifurcation, multistability, chaos, hyperchaos, etc. On the other hand, since Mackay and
Glass [15] studied chaos in time delay system, there are increasing interest in chaotic and hyperchaotic systems with
delays [16-23].

Based on systems (1) and (3), this paper introduces and investigates a generalized form of (2n + 1) time delay
Lorenz system as

Z(t) = X1 ()Y (t) - BZ(1), (4)

where X = (X1, Xo,..., X)) € R" Y = (Y1,Ys,...,Y,)T € R*, Z € R,0,p and 3 are constant parameters, and
7 > 0 is a constant time delay. As a result of the presence of 7, system (4) has rich dynamics that do not exist in the
corresponding system without delay.

Remark 1. For the case n =1 and 7 = 0 we get Lorenz system (1).
Remark 2.1f n = 2 and 7 = 0 system (4) becomes complex Lorenz system (3).

The importance of this system is that it can be used in many applications, including secure communications,
and networks. Thus, the paper scrutinizes the local stability of system (4). Based on the distribution of eigenvalues
of transcendental characteristic equation, some general stability criteria involving the system parameters are derived.
Using the method stated by Hassard et al. [24], the validity of all conditions driving to a Hopf bifurcation for system (4)
is demonstrated. Finally, chaos is confirmed by computing Lyapunov exponents and Kolmogorov-Sinai entropy of
system (4) with different values of n.

The paper is organized as follows. In sect. 2, the fixed points and their stability of system (4) are calculated. The
existence of Hopf bifurcation is studied analytically. In sect. 3, the approach introduced by Hassard et al. [24] is applied
to compute the coefficients that determine the nature of the bifurcation and its stability. In sect. 4, some numerical
simulations are performed, in order to justify the theoretical analysis of sects. 2 and 3. In sect. 5, the Lyapunov
exponents and Kolmogorov-Sinai (KS) entropy are calculated for system (4) with different values of n. The values of
the parameter 7 at which, chaotic and hyperchaotic attractors of different orders exist are calculated numerically for
n = 2,3,10. In sect. 6, the results are concluded and future works are indicated.

2 Dynamics of system (4)

In this section, the basic properties of system (4) are investigated. The fixed points can be obtained by setting X = 0,
Y =0 Z=0and Y(t —7) =Y (t), so system (4) has three fixed points:

Fy = (0,0,...,0) € R*" 1

n n

Ff= |+ (Bp—1) =D X2 X5, X5+ |Blp—1) =D X2 X5, X;,p—1]. (5)
=2 =2
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If n =1, system (4) has three different fixed points [1]:

FOZ(O’OaO)v Fli:<i\/5(p*1)7i\//6(p*1)7p71)'

When n = 2, it has an isolated fixed point Fy = (0,0,0,0,0) and a whole circle of equilibria which can be written as

(EVB(p—1) = X352, X5, £¢/B(p — 1) — X532, X5, p— 1) [7].

2.1 The stability of Fg
Now, the stability of the trivial fixed point F are studied and investigated. The linearization of system (4) at Fy is

X(t)=o(Y(t—7) - X(t),

Y(t) = pX(t) = Y (1),

Z(t) = =BZ(1). (6)
The associated characteristic equation of system (6) is

(—o = NI, oe ™I, 0
det pI, (-1-XMI, 0 =0,
o” o’ —B-=A

where I, is the (n x n) identity matrix and 0 = (0,0,...,0)7 € R™. The characteristic equation of system (6) at Fy is

A+8) (N + (0 + 1A +0 —poe™)" =0. (7)
Clearly, eq. (7) has a negative root A = —f for all 7 > 0. Thus, the second-degree transcendental polynomial equation
is examined,
N4 (04 DA+ 0 —poe > =0, (8)
which can be written in general form as
Mt ad+b+ce ™ =0, (9)
where
a=o0+1, b=o, c= —po. (10)
For 7 =0, eq. (9) becomes
A +al+b+c=0. (11)
Equation (11) has negative real roots iff
a>0 and b+c¢>0. (12)

For 7 # 0, and if A = iw (w > 0) is a root of eq. (9), we obtain
—w? +iaw + b+ ¢ (coswr — isinwt) = 0.

By separating the real and imaginary parts, we get

—w?4+b=—ccoswr,
. (13)
aw = ¢sinwrT.
Adding up the squares of both equations of (13), we have
w + (a® = 2b)w? +b* — * = 0. (14)
The roots of eq. (14) can be written as
—(a® —2b) + 2 2b)2 —4(b% — 2

2
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From eq. (10), it could be concluded that a? — 2b > 0. Consequently, eq. (14) does not have positive roots if one of
the following conditions is satisfied:

¥ —c*>0 and A* = (a®—2b)% —4(b* —?) <0. (16)

That is, the characteristic equation (9) does not have purely imaginary roots, since, condition (12) ensures that all
roots of eq. (11) have negative real parts.
Equation (15) shows that there is a unique positive solution wi if

b —c? <0. (17)

Then at

1 awy . .
T = E (arctan (Wi — b) +27T]) ;o J=01... (18)

Moreover, eq. (9) has a simple pair of purely imaginary roots fw

vy = % m i BN GR DRL GRT Y (19

Now, we investigate the sign of

G = sign {ddTRe ()\(T))} )

where A(7) = v(7) £ iw(r) are the roots of (9) near 7 = 7; (j = 0,1,...) satisfying v(7;) = 0, w(7;) = w,. Here, we
have the following transversality condition.

Lemma 1. The following transversality condition

%Re (/\(T))T:Tj >0, (20)

is satisfied.

Proof. Differentiating eq. (9) with respect to 7, we get

dA (2/\ +a— cre‘”) =che .
dr
This gives
dA ! (22X +a)e T
dr N cA A
_—@Atae) 7
AN HaN+b) N
Therefore
-1
sign {(i_Re ()\(7'))})\_‘ =sign< Re (di\ig-T)> } |
W A=iwy

Re(, *(22iw+fa) >
iwy (—wy + aiwg +b) N

a? — 2b+ 2wt }
a?w? + (b —w?)?

{

Since a? — 2b > 0, therefore
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From the above lemma, it could be concluded that if (17) holds, then (9) has at least one eigenvalue with strictly
positive real part for 7 > 7.

Theorem 1. Let 7; be defined by eq. (18), 8 > 0 and condition (12) holds:

1) The fized point Fy of system (4) is asymptotically stable for T > 0 if (16) satisfied. While, if (17) holds then Fy is
asymptotically stable for T € [0,79) and unstable for T > 1.

2) Hopf bifurcation occurs when T = 19. That is, a family of periodic solutions bifurcates from Fy as T passes through
the critical value Tq.

2.2 The stability of F*

To study the stability of system (4) at the nontrivial fixed point FF, the paper considers that the general form of the
nontrivial fixed point is

_ E * k% E
F= (xlﬂx%'~'axnay17y27"'>ynaz )

Using the linear transform:

system (4) becomes
o(y(t—7)—z(t),
y(t) = px(t) —y(t) — 2" 2(t) —x"z,
(x*)Ty(t) + 2" (H)y" — B(t). (22)

The associated characteristic equation of system (22) is
HA) =N+ (@+1)A+0— oef)‘T)n_l
X N+ A +0+ BN+ (Bp+0+ o)A +0p8—a(A—Blp—2))e ) =0. (23)
Denoting the two factors of H(A) by Hi(\) and Ha()), respectively, we get
Hi(N) =N+ (c+ DA +o0— Uef)‘T)nil ,
Hy(A) := A+ (140 + BN+ (Bp+ 0 + o)A+ opB — (A= B(p —2))e . (24)

The following characteristic equation is considered:

n—1

Hi(N) =N+ (c+1DA+0— oe_M) , (25)
which is similar to eq. (9) but with different coefficients, where
a=0+1, b=o, c=—o.

Now, we investigate the sign of real parts of the roots of (25). Clearly, for 7 = 0, Hy(\) does not have positive real
parts. Also, for 7 # 0, if we set A\ = iw, w3 in eq. (15) does not have any positive roots. Therefore, the characteristic
equation (25) does not have purely imaginary parts. So, it could be concluded that the equilibrium points F¥ of
system (4) stable for all 7 > 0. Therefore, the other factor H2()) of the characteristic equation (23) is studied, which
can be written in general form as

N e\ + e+ ez + (kA + /fg)e_M =0, (26)

where ¢, =1+ 0+ 3, €2 = Bp+ 0 + 0, €3 = 0pf3, k1 = —0 and ke = o3(p — 2). The equilibrium FF is stable if all

roots of eq. (26) have negative real parts. In [25], the authors studied the distribution of the zeros of the third-degree

transcendental equation (26). For completeness and convenience, the results of [25] are summarized as follows.
Clearly, A =iw(w > 0) is a root of eq. (26) iff w satisfies

—w3i — €qw? + eqwi + €3 + (Kywi + Ka) (coswT — isinwT) = 0.
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Separating the real and imaginary parts, we obtain

3 (27)

€1w? — €3 = Ko COSWT + Kqw sin wT,
w® — €W = KW COSWT — Ko Sin wT.

To eliminate the trigonometric functions in the above equations, we square both sides of each equation above and add
the resulting equations. Thus, we have the following equation for w:

WO+ et Fegw? +e3 =0, (28)
where €1 = € — 2e, e2 = €3 — 2€1€3 — K3, and €3 = €3 — k3. Let = w?, then eq. (28) becomes
h(p) = pu +e1p® + eap +e3 = 0. (29)

Clearly, the function h(yu) is monotone increasing in u > 0 if A; = €2 — 35 < 0. So, h(p) has no positive real roots
when 3 > 0 and Ay < 0. Furthermore, when €3 > 0 and Ay > 0, g—z = 0 has two real roots:

. -1+ V4 - —1 — V4,
Nl—fa ﬂ2—f~

Therefore, applying the results of refs. [20,25], the following lemma is obtained.

Lemma 2. For the polynomial equation (29), we have the following results:

1) Equation (29) has at least one positive root, if €3 < 0, while it does not have positive roots when £3 > 0 and
Alzé‘%*gé‘z SO

2) Equation (29) has two positive roots, puy and po, if €3 > 0,A; = €2 —3g9 > 0, p} = %(—51 + VA1) > 0 and
h(ui) < 0.

Without loss of generality, it is supposed that eq. (29) has three positive roots ux (k = 1,2,3). From (27), we

obtain 5

, 1 _ _

T]g]) = — [arctan <(€1:1 riz) Wi J;(EQKQ 63ﬁl)wk) + ZTrj] , k=1,23,7=0,1,.... (30)
Wi wi (€1K2 + KW} — €2K1) — €3K2

Then +iwy, is a pair of purely imaginary roots of eq. (26) with 7 = T,Ej) (k=1,2,3; j=0,1,...).

Define
To = Téo) = 1r§nkiIS13 {T,EO)} , Wy = Wi - (31)
Furthermore, when 7 = 0, eq. (26) becomes
N e A% 4 (eg + K1)\ + ez 4 mp = 0. (32)
Applying the Routh-Hurwitz criterion, all roots of this equation have negative real parts, iff
€1 >0,e3+ke >0 and e1(ea+ K1) — (€3 +K2) > 0. (33)
Lemma 3. [25]. Suppose that (33) holds, for the third-degree transcendental equation (26). Thus,

1) all roots of eq. (26) have negative real parts for all T >0 if e3 > 0 and Ay = &3 — 35 < 0;
2) all roots of eq. (26) have negative real parts for T € [0,79) if one of the following holds: i) e3 < 0; ii) €3 > 0,
W= %(—51 + VA1) >0 and h(u) <O0.

Additionally, we investigate the sign of
d

e}

G = Sign{

_ G
T=7,’

Lemma 4. Suppose that pj, = wi and h'(uy) # 0, where h(py) is defined by (29). Then

X
fie {dT}TT;w 70

and Re{%}T_T(j) and W' (ug) have the same sign.
'k
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Proof. Differentiating the transcendental equation (26) with respect to 7, we get

d\
(3)\2 + 26\ +e+e M (k1 — 7 (K1IA + /@2))) — = A (k1A + K2) e,

dr

Thus L

d\\ ~ A2 4+ 261\

di :3 + 26 +626)\T+ K1 71’ (34)

dr )\(Iil)\+li2) )\(/ﬂ)\-i-lig) A
but

AT K1A =+ Ko
)\3 +€1)\2 +62)\+€3 ’
0 eq. (34) can be written as
Q - B 3A2 4+ 261\ + € K1 T
dr AN FaX2 Fedt ) AriIA+R2) A
Therefore,
d A ()
sign {Re (/\(T))} = sign § Re ( (T))
dr Ao dr )
¢ )\=7,wk
A2 + 261\ + €9 K1
= 51 R R e —
blgn{ e <_)\()\3+61)\2—|—62)\+e3) + fie AMR1A + K2) A—iwr,
. 3wi 4 2(ef — 2e3)wi + €3 — 2€€3 K3
= sigl WS 1 (282 — )t 2 _ 5 7,2 2.2, 2" (35)
o 1 —e)wp + (65 — 2e1€3)wi + €5 Kiwi + K3

By using (28), we obtain
wd + (26% — 62) wi + (6% — 26163) Wi + €3 = KIWE + K3

Therefore,

d 1
sign { — Re (A = sign{ ——5—— (3wi +2 (262 — 2 1 €2 — 263 — K2
51gn{dT e (T))}/\_Mk blgn{n%wz o ( wy, + ( €1 ez)wk + € €1€3 Hl)

1
= si ———— (312 + 2e1
Slgn{/@wi—i—/ﬁ% ( g + €1Hk+€2)}

o L.,
—sign { 31 () } 20

where A = 3w} + k3 > 0. So we conclude that Re{2}—, and h'(u) have the same sign.

As a result, the following theorem is concluded.

Theorem 2. Let T]Ej), To and wg are defined by egs. (30) and (31), respectively. Suppose that the condition (33) holds,
the following results hold:

1) The fized point FX of system (4) is asymptotically stable for all T > 0 if e3 > 0 and Ay = €2 — 3¢5 < 0, while it is
asymptotically stable for T € [0,79) if either e3 <0 orez >0, pp = %(—61 + VA1) >0 and () <0.

2) System (4) undergoes a Hopf bifurcation at the equilibrium F¥ when 1 = T,Ej) if one of the conditions of lemma 3
are satisfied, and h'(ug) # 0.

3 Hopf bifurcation of system (4)

In the previous section, we established that system (4) undergoes the Hopf bifurcation at the fixed points Fy and F*
when the constant delay 7 passes through some certain critical values. In this section, the stability of the bifurcating
periodic solutions of system (4) is discussed. To solve this problem, the center manifold theorem and the normal form
method approached by Hassard et al. [24] are utilized. Thus, we assume that system (4) undergoes Hopf bifurcations
at general steady state F' = (x7,..., 25, y5,...,y5, 2*) for 7 = 79. Then +iwy is the corresponding purely imaginary
root of the characteristic equation at equilibrium F = (z7,..., x5, y7,...,y5, 2%).
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Let wi = X; — 2}, Wign =Y — Y, ony1 = Z — 2%, ({ =1,2,...,n), and 7 = 79 + 1, where € R. Rescaling the
time delay ¢ — (1), then system (4) can be written as a functional differential equation in C' = C([—7y, 0], R*"!) as

u(t) = By (u(t)) + f (n,u(t)) , (36)

where w(t) = (uq(t),ua(t),. .., un(t), Unt1(t), ..., u2n(t), u2n11(t)) € R*"* and B, : C — R, f : Rx C — R are
given, respectively, by

—oI, 0I, O b0 (0)
B,(¢) = (10 +n) | (p—2")n I, —x* $2,.(0)
y ' T —p $2n+1(0)
0r, oI, 0 bn(—70)
+(r0+mn) | 0I, 0I,, O Gan(—T0) (37)

o7 o 0 ¢ant1(—70)

and
0
fn,0) = (10 +n) | =92041(0)0n(0) |, (38)
(¢n (0))T Pon (0)
where @ = (¢, 2n, d2n+1)” € CH([=70,0L, R*"H1), @, = (¢1, 02, -, 0n)", P20 = (Pns1s bngay -, P20) "
Using the Riesz representation theorem, (2n + 1) x (2n + 1) exists, such that
0
B¢ = dé(0,me(0) for ¢ € C* ([—m, 0], R*F1). (39)
According to the algorithm of [24], £(6,n) can be expressed as
—UIn OIn 0 OIn UIn 0
£0.m) = (ro+n) [ (p=2)n —Ln —x* | 5(0) — (0 + 1) [ 0Ln 0L, O [ 5(6 + 79), (40)
y*T :B*T _ﬂ OT OT 0
where §(0) is the Dirac delta function. For ¢p € C'([—70, 0], R?"*1), E(n)¢ and Q(n)¢ are expressed as [24]
de
@ ; 9 S [—7'07 O),
Emeé =1 .o (41)
| a0 =B, 00,
and
Q( )¢ 07 0 e [_7—070)7 (42)
”7 =
fno), 6=0.
Since du;/dt = du;/d6, system (36) can be rewritten as
= E(n)u + Q(n)uy, (43)
where u:(0) = u(t + 0).
For ¢ € C1([0, 7], R*" 1), the adjoint operator E* of E is defined as
di(s
) - zﬁi), s € (0, 7o),
E(s)={ (44)

/ dé™ (t,0)p(~t), s=0.

—70
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Note that the domains of E(0) and E* are C'([—79,0],R*"*1) and C*(]0, 7], R?"*1), respectively. For ¢ €
C([~70,0],R*" 1) and v € C1 ([0, 70], R*" 1), the bilinear form is defined as follows:

(s 600 =900~ [ [ gc-0agos0c (15)

where £(6) = £€(0,0). Then E(0) and E* are adjoint operators. From the results of sect. 3, we got that +iwyry are
eigenvalues of E(0), and they are also eigenvalues of E*.

For 6 € [—70,0], it is assumed that the eigenvector of E(0), which corresponds to the eigenvalue iwgty, is v(0) =
(1, 01,02, -« oy Qs Y1, Y25 - - -5 V) L €000 then E(0)v(0) = iworor(0). According to the definition of E(0) and &(6,n),

(iwg + o)L, —oe~ ™o, 0 0
| *=pI, (iwo+1I, a* v(0)=|(0]. (46)
7y*T —p*T iwo + B 0

Thus, it is easy to obtain the following:

O'.QO % N
ak—mxk+l, /{:—1,2,...,71—1,
o — 25+ (2
n _(Ql T 02) )

 (iwo+0) B
7k*ml’k+l, k—1,2,...,n71,
b = 0(e?oT0 (1 + iwp) (iwg + o) + o (2* — p))

Qlezwg‘ro _ 92
Q0 = yi (1+iwo) + i (p — 2°),

1 = (1 +iw) (iwo + o) (Z (z})% — wo + B+ iwe (1 + 5)) :
=1

2y =—0o(2" —p) <Z zry; + (B +iwo)(z" — P)) : (47)

Similarly, let v*(0) = D(1,a5, a3, ..., %, ¥, 75, - 75 )eeTs (s € [—1,0]) be the eigenvector of E* corresponding
to the eigenvalue —iwgty, and similarly we get
. oxie™o ™ ((iwg — Vypy, + (2 — p)xf i)
ol = — k1 L k=1,2,...,n—1,
_(Ql + .926“”070)

. O’inTO(Qg) + QG)

" Ql + (226iw070
oxretoTo(x} (0 —iwg) + oyj ., €0T0)
’VZ: L2 + ) k:1727 777’_]-7

Ql + QQeiono
. ozt (wy + o((p — 2*)ewoTo — 1) +iwy(1 + o))
7(_(721 + Q2€iw07‘g)

25 = (wo +i0) (wo(l + 8 —iwg) + i (ﬁ + Z (a:f)2>> ,
1=2

025 = —oetm (Z Ty + (B — o) (=" - p>> . (48)
=2
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Using (45), we obtain:

v (s),v(0)) =v

Then we choose

to satisfy (v

where

where Iy =

n—1
920 = 270D (7: <an + Z

al%)

g11

“(s),v(0)) =1

=D(1 ozl,...

Eur. Phys. J. Plus (2017) 132: 461

0 ]
- / / 5 (¢ — 0) dE(O)w ()
—1J¢=0

n’

_ T
’-Ylw"a’Y;;) (170[1,...,067“’}/1,..-,")/”)

/ D(1,a%,...,7:) e ™ 0mC=0dg(0) (1,1, ..., ym)" €070Cd¢
¢=0

0
(1 N Z al g+ ’_Yl*’Yl) o / (13 6‘;» s a;y:L) Qelonoedé-(g) (13 g, ... ,’Y")T)
—1

=

1

n

n—1
P (1 + 37 @ i + 5 n) + ome o (O‘" +>_aj ”>> '

=

1

=1

n n—1 -1
<1+Z ara; + ) +07)61w00<0¢ +Zaz%>> )
1=1

and (v*(s),v(0)) = 0.

Following a computation process similar to that of [25], the following quantities can be obtained:

n—1
o ( N zam;)) |
=1

=1

n—1

2Re{ay,} + Z (Qum + al’?l))

=1

=1

n—1
~Yn <d;§ +y dﬁ?) —n (a:;

n—1 n—1
go2 = 270D (v;: <an +3° am) —Yn (a:; +> ozwi‘)) :
=1 =1

g21

:T()D<

- Z 7 (2000 (0) + 29I 0) +

(2Ff2"“)

+7; (ﬂ”“)( )+ 20,117 (0)

+ Iy (0)

1 2
(FQ(O)’FQ(O)’ )

1-120(9> _ 1920
WoTo
1—111(0) - _ 1911
wWoTo
T,y =

n—1

(0) + 2717 (0) + 15" (0) + 30 155 (0))

gy (0) + 3,15 ()

)42 3 (a0 ) + ()

=1

n—1

V(o)eiw(ﬂ'o@ +

=1

iJo2 _

1 2
(Fl(l)’Fl(l)7"'7

a5 (0) + 3 (a0 + wéé*”<o>)) )

V(O)e—iwome + AeZiwomé)’
311)07'0

V(O)eiw0700+ igll 17(0)671'11)0700_'_/1’

WoTo

2n+1
riyr.

(50)

(51)
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Also, A = (AW, AQ) ACHINT ¢ 20+ and A = (AW, AR ACHINT ¢ €27+ are constant vectors,
which can be computed through the relations

0
(2iwg + o) I,, —cge?iwom], 0
—so
—(p—29I, (2iwp+1)I, x* CA = i ,
-y —&*T 2iwg + 3 an + Y
0
ol,, —ol,, O o
— (50 + Y5 x)
—(p—29I, I, | A= el ) (52)
~yT 2T B 2Re{an} + ) (@ + i)
=1
where o = (1, a1, g, .., a,)7T.
Using eq. (50) we can compute the following values [25]:
((0) = = PYPONCIN (11
1 20 911920 g11 3 9
__Rela(0)}
N2 =
Re{A(0)}
62 = 2R€{Cl( )},
I 0 Im{A(0
1y = Imle)} + mim{i©) -

wo

where 7o determines the directions of the Hopf bifurcation, by means the Hopf bifurcation is supercritical if 7o > 0
and if 7o < 0 then the Hopf bifurcation is subcritical and the bifurcating periodic solutions exists for 7 = 7. F2 defines
the stability of the bifurcating periodic solutions: the bifurcating periodic solutions are stable (unstable) if G2 < 0
(B2 > 0); and T, determines the period of the bifurcating periodic solutions: the period increases (decreases) if T > 0
(TQ < O)

4 Numerical simulation

This section checks numerically the validity of the analytical results of sects. 2 and 3. The stability of the trivial fixed
point Fy is investigated. Let o = 15, 8 = 8/3, n = 5 and vary p. If 0 < p < 1, the conditions (12) and (16) are satisfied.
So from theorem 1, then the trivial fixed point Fy is asymptotically stable for 7 > 0, as shown in fig. 1, for the case
p = 0.5, 7 = 3. Additionally, if we choose p < —1, the conditions (12) and (17) hold, i.e., system (4) is asymptotically
stable for 7 € [0, 7). Figure 2 shows the stability critical curve using (18) with (10) and (19) in p — 7 parameter space,
where, 7 is represented by the red line. It is concluded that the stable island lies between the 7 = 0 curve and the 79
curve. The shaded region in fig. 2 represents the stable zone, and the 7y curve represents the Hopf bifurcation curve.
If p = =2, for example, and from (18) and (10) we obtain wy = 1.717 and 79 = 1.1556. By choosing 7 = 1.1 < 79, Fp
is asymptotically stable as shown in fig. 3. By theorem 1, a Hopf bifurcation occurs when 7y = 1.1556, the origin loses
its stability and a periodic solution bifurcates from the origin exists for 7 = 1.19 > 7y, as displayed in figs. 4 and 5.
From eqgs. (53) in sect. 3, it follows that:

¢1(0) = —0.0477954 + 0.0155392i,
Re{A(0)} = 0.320481,
Im{A(0)} = —1.06822,
ny = 0.149137 > 0,

By = —0.0955909 < 0,
T = 0.0837316 > 0. (54)
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Fig. 1. Solution curve of the system (4) for o = 15, 8 =8/3, n =5, p = 0.5, and 7 = 3. By means, the conditions (12) and (16)
satisfied, the trivial fixed point Fy is asymptotically stable for any 7 > 0. (a) A state space in the (¢, ;) plane, [ = 1,2,...,5.
(b) A state space in the (¢, y;)-plane. (c) A state space in the (¢, z)-plane.
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Fig. 2. Stability zone in the p-7 parameter space with parameters o = 15, 3 = 8/3, n = 5. Shaded region indicates the zone of
stable trivial fixed point Fp.
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Fig. 3. Solution curve of the system (4) for o = 15, 3 =8/3, n =5, p = —2, and 7 = 1.1 < 7. The origin of this system is
asymptotically stable. (a) A state space in the (¢, z;)-plane, [ = 1,2,...,5. (b) A state space in the (¢,y;)-plane. (c) A state

space in the (¢, z)-plane.
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Fig. 5. Bifurcation diagrams of time delay system (4) for the parameters values o = 15, 8 = 8/3, n = 5, p = —2. (a) z1(t)
versus 7. (b) y2(t) versus 7. (c) z(t) versus 7.

Since 1 > 0 and (s < 0, the Hopf bifurcation is supercritical and the direction of the bifurcation is 7 > 7y. These
bifurcating periodic solutions from Fj at 7 are stable, as shown in figs. 4 and 5. Finally, since T5 > 0 the period of
the limit cycle increases with increasing 7. We can summarize these observations through the bifurcation diagram in
fig. 5. Figure 5 shows the bifurcation diagram of x1, y2, 2z versus 7 with p = —2. Clearly, when 7 < 79 = 1.1556 the
solution is asymptotically stable, when 7 = 7y the Hopf bifurcation occurs. Finally when 7 > 7y the periodic solution
appears.

Concerning the stability of the nontrivial fixed point F\, we choose 0 =6, 3 =1, p =8, n =5, and we get that
eq. (28) has two positive roots w; = 1.78089 and ws = 2.97127. Therefore, we obtain

) = 1.08315 + 3528115, 737 =0.172541 4+ 2.114655, j=0,1,....

From formula (53), it follows that ¢;(0) = 0.0120439 — 0.199998i, 12 = —0.01831 < 0, B2 = 0.0240878 > 0, T =

0.0553719 > 0. Thus, the equilibria F;} is stable for 7 < 72(0) as illustrated by the numerical simulation, see fig. 6.

When 7 passes through the critical value 7'2(0)7 FF loses its stability and a Hopf bifurcation occurs as shown in fig. 7.

Since 12 < 0, B2 > 0, the Hopf bifurcation is subcritical and the direction of the Hopf bifurcation is 7 > 7'2(0).
These bifurcating periodic solutions from F are unstable as depicted in fig. 7, where chaos appears. Moreover, it is
interesting to simulate the bifurcation diagram in fig. 8 for system (4). Figure 8 illustrates that when 7 increases the

nontrivial equilibrium F} becomes stable for [0,7'2(0)) and a Hopf bifurcation occurs when 7 crosses a critical value

72(0). After that chaotic solution appears which confirms our results of figs. 6 and 7.
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Fig. 6. Solution curve of the system (4) forc =6, 3=1,n =5, p=8 and 7 = 0.16 < 7-2(0)‘ The nontrivial fixed point F;
is stable. (a) A state space in the (¢, z;)-plane, I = 1,2,...,5. (b) A state space in the (t,y;)-plane. (c) A state space in the

(t, z)-plane.
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Fig. 7. Chaos solution when 7 = 0.18 > 7—2(0), 0 =6,3=1,n=2>5, p=_8. The nontrivial fixed point F,; is unstable. (a) A state
space in the (¢, z1)-plane. (b) (z2(t),ys(t))-plane. (c) (z3(t), 2(t))-plane. (c) (y3(t), z(t))-plane.
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(@)

Fig. 8. Bifurcation diagrams of time delay system (4) for the parameters values 0 =6, 3 =1, n =05, p = 8. (a) z1(t) versus 7.
(b) ya(t) versus 1. (c) z(t) versus 7.

5 Lyapunov exponents and Kolmogorov-Sinai entropy of (4)

In this section, the Lyapunov exponents and Kolmogorov-Sinai (KS) entropy of system (4) utilized for the choice
o=15 0= %, p = 28 and different values of 7 and n are computed. The values of 7 at which chaotic, hyperchaotic
solutions as well as solutions that approach fixed points are calculated. Other choices of the system parameters and
n can be similarly studied. Using the methods provided by Breda and Van Vleck [26], the Lyapunov exponents are
calculated.

Another sign that measures the complexity and the dynamics of system (4) is the KS entropy, that equals to the
sum of all the positive Lyapunov exponents [27,2§],

k
hKS = Z)‘T‘a
r=1
/\T>O(T:1727"'7k)7>\k+1Soa (55)

where the Lyapunov exponents are ordered as A, > A,41 and hgig is positive for chaotic and hyperchaotic solutions
and zero for periodic attractors or solutions that approach fixed points. Different values of n are considered below.



Eur. Phys. J. Plus (2017) 132: 461 Page 17 of 20

0 1 2 3 4 5 6 7 8
’ (c)

T T T T T T T T
04} .
0.3} .

¥

= 02} .
0.1F .

| | | | | | | |

0 1 2 3 4 5 6 7 8

T

Fig. 9. Lyapunov exponents of (4) versus 7 and the correspondence KS entropy, when o = 15, § = %, p=28n=2 (a) A1,
A2, Az versus 7. (b) A4, A5 versus 7. (c) KS entropy.

5.1 The case n = 2

For this case, the Lyapunov exponents A1, ..., A5 versus 7 are calculated as shown in fig. 9(a), (b). It is concluded that
system (4) has hyperchaotic attractors of order 5 for 7 € [5.03,5.04],[5.07,5.63] and [5.66, 8], while the hyperchaotic
attractors of order 4 exist for 7 lies in the intervals [2.32,2.33], [2.4,2.45], [3.16, 3.2], [3.23, 3.25], [3.29, 3.32], [3.35,5.02],
[5.05,5.06] and [5.64,5.65]. It also has a hyperchaotic attractor of order 3 for T € [1.33,1.39], [1.44,2.31], [2.34,2.39)],
[2.46, 3.15], [3.21,3.22], [3.26, 3.28], [3.33,3.34], hyperchaotic attractor of order 2 for 7 € [0.06,0.8], [0.95,1.32] and
[1.4,1.43]. The chaotic attractors are found for 7 € [0.81,0.82] U [3.3,3.5]. The attractors of system (4) that approach
trivial fixed points are exist for 7 € (0,0.05] U [0.83,0.93]. The KS entropy is simulated in fig. 9(c). It is clear that
the dynamics of this system is complex and rich since it has chaotic and hyperchaotic attractors of different orders
for large and small intervals of 7. Additionally, hxs = 0 for 7 € (0,0.05] U [0.83,0.93] and positive for chaotic and

hyperchaotic attractors.
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Fig. 10. Lyapunov exponents of (4) versus 7 and the correspondence KS entropy, when o = 15, 8 = %, p=28,n=3.(a) A1,
A2, Az versus 7. (b) A4, As, X6, A7 versus 7. (c) KS entropy.

5.2 The case n = 3

As we did in subsect. 5.1, we calculated Ay (k = 1,2,...,7) versus 7 and they are plotted in fig. 10(a), (b). The
hyperchaotic attractors of order 7 exist for 7 lies in the intervals [4.42,4.52], [4.63,4.64], [4.68,4.73], [4.78,4.84],
[4.89,4.91], [4.99,5.21] and [5.24, 6] while the hyperchaotic attractors of order 6 exist for 7 € [2.32,2.33], [3.52, 3.56],
[3.59,3.6], [3.63,4.41], [4.53,4.62], [4.65,4.67], [4.74,4.77] and [4.85,4.88]. This system has hyperchaotic attractors of
order 5 for 7 € (0.12,0.14], [1.28,1.3], [1.33,2.31], [2.34,3.51], [3.57,3.58] and [3.61, 3.62], hyperchaotic attractors of
order 4 for T € [1.2,1.27], [1.31, 1.32], hyperchaotic of order 3 for 7 € [0.05,0.12], (0.14,0.79], (0.94,1.2), hyperchaotic
attractors of order 2 for 7 € (0.79,0.84), chaotic attractor for 7 € (0.87,0.94]. It has solutions that approach trivial
fixed points for 7 € (0,0.05) U [0.84,0.87]. The KS entropy is plotted in fig. 10(c). It is concluded that the dynamics
of this system are rich and complex.

5.3 The case n = 10

In this case system (4) with n = 10 has 21 Lyapunov exponents and hyperchaotic attractors of order 21 for 7 €
[3.99,4.01], [4.06.4.09]. It has, also, chaotic and hyperchaotic attractors of orders 20,19,...,2 for different values of 7.
In fig. 11, the KS entropy is depicted and observed for 7 € (0,0.05] U [0.83,0.93] that hxs = 0. The dynamics of this
system in this case are similar to those cases for n = 2, 3.
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hKS

Fig. 11. The KS entropy for system (4) versus 7, when o = 15, § = %, p =28, n=10.

6 Conclusions

This paper deals with nonlinear models, in which some variables have n dimension, since they are related to networks
applications and secure communications. In this paper, a generalized Lorenz system of (2n + 1) dimension with time
delay has been introduced and studied. Namely, by taking the state variables x and y € R™. As seen from remarks 1
and 2, the new system (4) is a generalization of Lorenz system (1) and complex Lorenz system (3) by setting n = 1
and n = 2, respectively. Moreover, this system may belong to Clifford algebra. The complex dynamical behaviors of
system (4) are studied in detail. It has one trivial and two nontrivial fixed points, which are generalizations of the
fixed points of Lorenz system [1] and complex Lorenz system [7]. By analyzing the distribution of the eigenvalues of
the transcendental characteristic equation of the corresponding linearized system, local stability criteria are achieved,
see theorems 1 and 2. By choosing time delay as a bifurcation parameter, the model is found to undergo a sequence of
Hopf bifurcation when this parameter passes through a critical value 7 as in egs. (18) and (30). Furthermore, by using
the center manifold theorem and the normal form theory, the direction and the stability of the bifurcating periodic
solutions are determined in sect. 3. That is, a class of periodic orbits bifurcates from the corresponding fixed points
and the bifurcation diagrams are shown in figs. 5 and 8. Furthermore, we simulated the bifurcation diagrams for both
cases of the stability of trivial and nontrivial fixed points to bring out the nature of the underlying dynamics, see
figs. 5 and 8. Finally, by varying the 7 parameter, chaotic and hyperchaotic attractors of order (2n 4 1) exist. The
values of 7 are calculated numerically for n = 2,3, 10. Moreover, we plotted the KS entropy of system (4) for n = 2, 3,
and 10 in figs. 9(c), 10(c) and 11, respectively.

Interestingly, there are some properties of the time delay Lorenz system (4). For instance, the existence of delay
in the system, infinite dimensionality of delayed systems offers a great opportunity to the researchers to investigate
hyperchaos (two or more than two positive Lyapunov exponents). The complex Lorenz system (3) has one positive
Lyapunov exponent [7], but this system with delay has 5 positive Lyapunov exponents, as shown in fig. 9(a), (b). To
conclude for the parameters o = 15, 8 = %, p = 28, the time delay Lorenz system (4) with dimension (2n + 1) has
(2n + 1) positive Lyapunov exponents for some values of 7. Moreover, the time delay system (3) has infinite number
of eigenvalues, because of the exponential in the characteristic equations (7) and (23), while systems (1) and (3) have
only three and five eigenvalues, respectively. Therefore, the results of this work can be considered as a generalization
of those results in the literature. It is reckoned that this system will have broad applications in networks, engineering
systems and secure communications. Our system (4) leaves room for further investigations, e.g. the boundedness of
solutions which it is important in control theory and its applications, basin of attractions, and instead of constant
delay one can consider the time varying delay.

We would like to thank Prof. Dimitri Breda, assistant professor at University of Udine, for providing the scripts used to calculate
the Lyapunov exponents.
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