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Abstract. In this paper, we introduce a new understanding tool, the Finsler hyperbolic geometric flow, and
establish the short-time existence and uniqueness theorem for reduced Berwald spaces. This kind of flow is
very natural to understand certain wave phenomena in physics as well as the geometry of Finsler manifolds.
Also we illustrate the wave character of the metrics and curvatures of reduced Berwald manifolds.

1 Introduction

Geometric flows are important in many sections of mathematics and physics. A geometric flow is an evolution of a
geometric structure under a differential equation related to a functional on a manifold, usually associated with some
curvature. The well-known geometric flows in mathematics are the heat flow, the Ricci flow and the mean curvature
flow. The subject of Hamilton’s Ricci flow, ∂

∂tg(t) = −2Ricg(t), lies in the more general field of geometric flows, which,
in turn, lies in the even more general field of geometric analysis. As a fully nonlinear system of parabolic partial
differential equations of second order, the Ricci flow in many respects appears to be a very natural equation. Similarly,
since the hyperbolic equation or system is one of the most natural models in physics, we feel the hyperbolic geometric
flow, introduced by Kong and Liu [1] in 2007, is also a very natural tool. Note that the elliptic, parabolic and hyperbolic
partial differential equations have been successfully applied to differential geometry and physics.

The hyperbolic geometric flow is a system of nonlinear evolution partial differential equations of second order,
and is useful to understand certain wave phenomena in physics as well as the geometry of manifolds, in particular,
it describes the wave character of the metrics and curvatures of manifolds. A Riemannian geometry is defined on a
manifold by a symmetric metric tensor and the corresponding Levi-Civita connection structure. However, the Finsler
and Lagrange geometries are constructed from three fundamental and independent geometric objects: the nonlinear
connection, metric and linear connection.

The hyperbolic geometric flow on a Riemannian manifold M with a Riemannian metric g0 is defined by the family
g(t) of Riemannian metrics on M satisfying

⎧
⎪⎨

⎪⎩

∂2

∂t2
gij(x, t) = −2(Ric)ij(x, t)

gij(x, 0) = (g0)ij(x),
∂gij

∂t
(x, 0) = K0

ij(x)
, (1)

where x ∈ M and K0
ij is a symmetric tensor on M , and Ric is the Ricci tensor of g(t). Kong and Liu in [1] showed that

there is a unique solution to this equation for an arbitrary smooth metric on a compact manifold over a sufficiently
short time. In this paper we are going to study the hyperbolic geometric flow in the Finsler geometry. The Finsler
hyperbolic geometric flow (FHGF) under consideration is the following evolution equation:

∂2F 2

∂t2
= −2F 2Ric, (2)

for a family of Finsler metrics F (t) on M . In this paper, we prove the short-time existence and uniqueness theorem
for reduced Berwald metrics, and drive the corresponding wave equations for the curvatures. The main difficulty to
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prove this theorem is that the Finsler hyperbolic geometric flow (2) is a system of nonlinear weakly hyperbolic partial
differential equations of second order. As the Finsler hyperbolic geometric flow (2) is only weakly hyperbolic, the
short-time existence and uniqueness result on a compact manifold does not come from the standard PDEs theory
directly. In order to prove the short-time existence and uniqueness theorem, using the gauge fixing idea as in the Ricci
flow, we can derive a system of nonlinear strictly hyperbolic partial differential equations of second order.

Preliminaries

1.1 Berwald metric

Let M be a connected n-dimensional manifold. Denote by TxM the tangent space at x ∈ M , and TM = ∪x∈MTxM
the tangent bundle of M . Any element of TM has the form (x, y), where x ∈ M and y ∈ TxM . The natural projection
π : TM −→ M is given by π(x, y) = x. Denote the pull-back tangent bundle π∗TM by

π∗TM = {(x, y, v) | y ∈ TxM0, v ∈ TxM},

where TM0 = TM \ {0}, π(v) = x. A Finsler metric on a manifold M is a function F : TM −→ [0,∞), which has the
following properties:

1) F (x, λy) = λF (x, y), ∀λ > 0
2) F (x, y) is C∞ on TM0;
3) For any tangent vector y ∈ TxM , the symmetric bilinear form gy : TxM × TxM −→ R on TM is positive definite,

where

gy(u, v) :=
1
2

∂2

∂s∂r

[
F 2(x, y + su + rv)

] ∣
∣
s=r=0

. (3)

In the local coordinate system (xi, yi) we have gij(x, y) = 1
2

∂2F 2

∂yi∂yj (x, y) and (gij) := (gij)−1. The pair (M,F ) is called
a Finsler manifold. The geodesics of F are characterized locally by

d2xi

dt2
+ 2Gi

(

x,
dx

dt

)

= 0

Gi =
1
4
gil

{

2
∂gjl

∂xk
− ∂gjk

∂xl

}

yjyk. (4)

For a Finsler metric F = F (x, y), its geodesics are characterized by the system of differential equations c̈i +2Gi(ċ) = 0,
where the local functions Gi = Gi(x, y) are called the spray coefficients and are given by

Gi =
1
4
gil

[
∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]

, y ∈ TxM. (5)

Finsler spaces for which the canonical parallel transport is a linear process are said to be of Berwald type. Thus,
on Berwald spaces, the F -preserving diffeomorphisms, ϕt : TxM \ {0} −→ Tσ(t)M \ {0}, generated by the canonical
parallel transport become linear isometries between normed tangent spaces. For example, Riemannian spaces and
locally Minkowskian spaces belong to this family.

A Finsler metric F is called a Berwald metric, if Gi = 1
2Γ i

jk(x)yjyk is quadratic in y ∈ TxM for any x ∈ M , where

Γ i
jk =

1
2
gil

(
∂glj

∂xk
− ∂gjk

∂xl
+

∂gkl

∂xj
− ∂glj

∂yr
Gr

k +
∂gjk

∂yr
Gr

l −
∂gkl

∂yr
Gr

j

)

. (6)

For a Berwald metric we have Γ i
jk = ∂2Gi

∂yj∂yk and Gi
j = ∂Gi

∂yj . Put Ai
jk = 1

2gil(∂glj

∂yr Gr
k−

∂gjk

∂yr Gr
l + ∂gkl

∂yr Gr
j) [2] and define the

following.

Definition 1. A Berwald metric F is called a reduced Berwald metric if Ak
ij is independent of y.

Example 1. Let F (x, y) = (y2)2

y1 such that y1y2 �= 0, we have g11 = 3(y2

y1 )4, g22 = 6(y2

y1 )2 and g12 = −(y2

y1 )3 = g21. This
is a non-Riemannian reduced Berwald metric.
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For a vector y ∈ TxM0, the Berwald connection is a map ∇y : TxM × C∞(TM) −→ TxM defined by

∇y
uV :=

{
u(V i)(x) + V j(x)Γ i

jk(y)uk
} ∂

∂xi

∣
∣
∣
∣
x

,

where u = ui ∂
∂xi |x ∈ TxM and V = V i ∂

∂xi ∈ C∞(TM).
From now, for a vector y ∈ TxM0, we suppose that ∇ = ∇y. The coefficients of the Riemann curvature Ry =

Ri
kdxi ⊗ ∂

∂xi are given by

Ri
k := 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj

∂Gj

∂yk
(7)

and

Ri
jk : =

1
3

(
∂Ri

j

∂yk
− ∂Ri

k

∂yj

)

(8)

Ri
jkl : =

1
3

(
∂2Ri

k

∂yj∂yl
− ∂2Ri

l

∂yj∂yk

)

. (9)

The Ricci scalar function of F is given by

Ric :=
1

F 2
Ri

i.

A companion of the Ricci scalar is the Ricci tensor,

Ricij :=
(

1
2
F 2Ric

)

yiyj

. (10)

A Finsler metric is said to be Einstein if the Ricci scalar function is a function of x alone, equivalently Ricij = R(x).

2 Finslerian hyperbolic geometric flow

In this section we state the short-time existence and uniqueness result for the Finsler hyperbolic geometric flow (2)
on a compact n-dimensional reduced Berwald manifold M . We can show that it is a system of second-order nonlinear
weakly hyperbolic PDE therefore we consider a modified system of evolution equations of the hyperbolic geometric
flow, which is strictly hyperbolic, so that we can get a solution for a short time by solving the corresponding Cauchy
problem. The solution of the system (2) comes from the solution of the modified equations.

More generally, one can provide lower bounds for the “life span” of solutions of second-order hyperbolic equations,

utt − G(Du,DxDu) = 0, (11)

where

Du = (ut, ux1 , . . . , uxn
)

DxDu = (uxixj
), i, j = 0, . . . , n i + j > 0

and, by convention, ux0 = ut.
We suppose G is a smooth function of λ̃ = ((λi), i = 0, . . . , n, (λ̃ij), i, j,= 0, . . . , n, i + j > 0), in a neighborhood

of λ̃ = 0. Also G(0, 0) = 0 and

n∑

i,j=1

Gλ̃ij
(0, 0)ξiξj ≥ m|ξ|2 m > 0, for any ξ = (ξ1, . . . , ξn) ∈ R

n, (12)

which expresses the fact that (11) is hyperbolic near the origin.

Proposition 1. Let (M, g) be a compact Finsler manifold with reduced Berwald metric. Then the Finsler hyperbolic
geometric flow on M is not strictly hyperbolic.
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Proof. From (2), (3), (7) and (10), we have

∂2

∂t2
grs = −(F 2Ric)yrys

=
(

2
∂Gi

∂xi
− yj ∂2Gi

∂xj∂yi
+ 2Gj ∂2Gi

∂yi∂yj
− ∂Gi

∂yj

∂Gj

∂yi

)

yrys

= gil

(

− ∂2grl

∂xs∂xi
− ∂2gsl

∂xr∂xi
+

∂2grs

∂xi∂xl
+

∂2gil

∂xs∂xr

)

+ lower-order terms.

If we put ξ = (1,−1, 0, . . . , 0), it satisfies ξ1 = 1, ξ2 = −1 and ξi = 0 for i > 2, then |ξ|2 = 2 and
n∑

i,j=1

Gλ̃ij
(0, 0)ξiξj = Gλ̃11

(0, 0) + Gλ̃22
(0, 0) − 2Gλ̃12

(0, 0).

By putting r = 1 and s = 2 a simple computation shows that

∂2

∂t2
g12 =

n∑

i,l=1

gil

(

− ∂2g1l

∂x2∂xi
− ∂2g2l

∂x1∂xi
+

∂2g12

∂xi∂xl
+

∂2gil

∂x2∂x1

)

+ lower-order terms.

therefore,
∑n

i,j=1 Gλ̃ij
(0, 0)ξiξj = −4g12, if g12 ≥ 0 then −2g12 < m. So FHGF is not strictly hyperbolic.

2.1 Short-time existence

Theorem 1. Let M be a compact Finsler manifold with reduced Berwald metric F0(x, y), then there exist a constant
ε > 0 and a smooth one-parameter family of reduced Berwald metrics F (x, y, t), t ∈ [0, ε), such that F (x, y, t) is a
solution of the initial value problem

⎧
⎪⎪⎨

⎪⎪⎩

∂2

∂t2
F 2(x, y, t) = −2F 2Ric(x, y, t)

F (x, y, 0) = F0,
∂F

∂t
(x, y, 0) = F 0(x, y)

, (13)

where F 0(x, y) is a C∞ function on TM0, such that F 0(x, λy) = λF 0(x, y) for all λ > 0. Moreover, the solution
F (x, y, t) is unique.

Remark 1. We use gij(x, y) = 1
2

∂2F 2

∂yi∂yj (x, y) and we rewrite (13) as

∂2

∂t2
gij(x, y, t) = −

(
F 2Ric

)

yiyj (x, y, t)

= −2Ricij , (14)

where F is a Finsler metric. So, if g0 and g(x, t) are Riemannian metrics on a compact manifold M , F0(x, y) =√
g0ij(x)yiyj and Ft(x, y) =

√
gij(t, x)yiyj are Finsler metrics, then FHGF is the same as the hyperbolic geometric

flow on the Riemannian manifold (M, g). Therefore the Finsler hyperbolic geometric flow is the natural extension of
the hyperbolic geometric flow.

We now follow the strategy of proving short-time existence and uniqueness for Finsler hyperbolic geometric flow.
Suppose the reduced Berwald metric ĝij(x, y, t) is a solution of the Finslerian hyperbolic geometric flow (14) and

ψt : M −→ M is a family of diffeomorphism of M . Let gij(x, y, t) = ψ∗
t ĝij(x, y, t) be the pull-back metrics. We now

want to find the evolution equations for the metrics gij(x, y, t), and denote by z(x, t) = ψt(x) = (z1(x, t), . . . , zn(x, t))
in local coordinates. Then

gij(x, y, t) =
∂zα

∂xi

∂zβ

∂xj
ĝαβ(z, y, t) (15)

and

∂

∂t
gij(x, y, t) =

∂

∂t

[

ĝαβ(z, y, t)
∂zα

∂xi

∂zβ

∂xj

]

=
∂zα

∂xi

∂zβ

∂xj

∂

∂t
ĝαβ(z(x, t), y, t) + ĝαβ(z, y, t)

∂

∂t

(
∂zα

∂xi

∂zβ

∂xj

)

.
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Lemma 1. The second-order time derivative of gij is

∂2

∂t2
gij(x, y, t) = −2R̂αβ(z, y, t)

∂zα

∂xi

∂zβ

∂xj
+

∂2ĝαβ

∂zγ∂zλ

∂zα

∂xi

∂zβ

∂xj

∂zγ

∂t

∂zλ

∂t

+ 2
∂2ĝαβ

∂zγ∂t

∂zα

∂xi

∂zβ

∂xj

∂zγ

∂t
+

∂

∂xi

(

ĝαβ
∂zβ

∂xj

∂2zα

∂t2

)

+
∂

∂xj

(

ĝαβ
∂zβ

∂xi

∂2zα

∂t2

)

+
[
∂ĝαβ

∂zγ

∂zα

∂xi

∂zβ

∂xj
− ∂

∂xi

(
∂zβ

∂xj
ĝβγ

)

− ∂

∂xj

(
∂zβ

∂xi
ĝβγ

)]
∂2zγ

∂t2

+ 2
∂

∂xi

(
∂zα

∂t

)
∂zβ

∂xj

(
∂ĝαβ

∂t
+

∂ĝαβ

∂zγ

∂zγ

∂t

)

+ 2
∂zα

∂xi

∂

∂xj

(
∂zβ

∂t

) (
∂ĝαβ

∂zγ

∂zγ

∂t
+

∂ĝαβ

∂t

)

+ 2ĝαβ
∂

∂xi

(
∂zα

∂t

)
∂

∂xj

(
∂zβ

∂t

)

.

Proof. It follows easily that:
∂ĝαβ

∂t
(z(x, t), y, t) =

∂ĝαβ

∂zγ

∂zγ

∂t
+

∂ĝαβ

∂t

and
∂2ĝαβ

∂t2
(z(x, t), y, t) =

∂2ĝαβ

∂zγ∂zλ

∂zγ

∂t

∂zλ

∂t
+ 2

∂2ĝαβ

∂zγ∂t

∂zγ

∂t
+

∂2ĝαβ

∂t2
+

∂ĝαβ

∂zγ

∂2zγ

∂t2
.

So, from (15) we have

∂2

∂t2
gij(x, y, t) =

∂zα

∂xi

∂zβ

∂xj

d2ĝαβ

dt2
(z(x, t), y, t) +

∂

∂xi

(
∂2zα

∂t2

)
∂zβ

∂xj
ĝαβ

+
∂zα

∂xi

∂

∂xj

(
∂2zβ

∂t2

)

ĝαβ + 2
∂

∂xi

(
∂zα

∂t

)
∂zβ

∂xj

dĝαβ

dt

+ 2
∂zα

∂xi

∂

∂xj

(
∂zβ

∂t

)
dĝαβ

dt
+ 2

∂

∂xi

(
∂zα

∂t

)
∂

∂xj

(
∂zβ

∂t

)

ĝαβ .

The proof follows from the fact that the reduced Berwald metric ĝij(x, y) is a solution of FHGF.

Lemma 2. If we choose the normal coordinates (see [3]) around a fixed point p ∈ M , i.e. ∂gik

∂xj = 0 at p, then

∂ĝαβ

∂zγ

∂zα

∂xi

∂zβ

∂xk
− ∂

∂xi

(
∂zβ

∂xk
ĝβγ

)

− ∂

∂xk

(
∂zβ

∂xi
ĝβγ

)

= 0 ∀i, k, γ = 1, . . . , n.

Proof. See [4], p. 6.

Using lemmas 1 and 2, then

∂2gij

∂t2
(x, y, t) = −2Rij(x, y, t)

+
∂

∂xi

(

gmj
∂xm

∂zα

∂2zα

∂t2

)

+
∂

∂xj

(

gmi
∂zα

∂xm

∂2zα

∂t2

)

+
∂2ĝαβ

∂zγ∂zλ

∂zα

∂xi

∂zβ

∂xj

∂zγ

∂t

∂zλ

∂t
+ 2

∂2ĝαβ

∂zγ∂t

∂zγ

∂t

∂zα

∂xi

∂zβ

∂xj

+ 2
∂

∂xi

(
∂zα

∂t

)
∂zβ

∂xj

(
∂ĝαβ

∂t
+

∂ĝαβ

∂zγ

∂zγ

∂t

)

+ 2
∂zα

∂xi

∂

∂xj

(
∂zβ

∂t

)(
∂ĝαβ

∂t
+

∂ĝαβ

∂zγ

∂zγ

∂t

)

+ 2ĝαβ
∂

∂xi

(
∂zα

∂t

)
∂

∂xj

(
∂zβ

∂t

)

.
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We define a time-dependent vector field on the slit tangent bundle TM0 as

V k = gjl
(
Γ k

jl − Γ 0k
jl

)
(16)

and define z(x, t) = ψt(x) by the following initial value problem:
⎧
⎪⎪⎨

⎪⎪⎩

∂2zα

∂t2
=

∂zα

∂xk
V k − gjlΓ̂α

βγ

∂zβ

∂xj

∂zγ

∂xi

zi(x, 0) = xi,
∂

∂t
zα(x, 0) = Zα(x)

, (17)

where Γ k
jl and Γ 0k

jl are the connection coefficients corresponding to the reduced Berwald metrics gij(x, y, t) and
gij(x, y, 0) and Zα(x) (α = 1, 2, . . . , n) are arbitrary C∞ smooth functions on the manifold M .

Using lemma 2, we get the following evolution equation for the pull-back metric:

∂2gij

∂t2
(x, y, t) = −2Rij(x, y, t) +

∂

∂xi
Vj +

∂

∂xj
Vi

+
∂2

∂zγ∂zλ

(
∂xk

∂zα

∂xl

∂zβ
gkl

)
∂zα

∂xi

∂zβ

∂xj

∂zγ

∂t

∂zλ

∂t

+ 2
∂2

∂zγ∂t

(
∂xk

∂zα

∂xl

∂zβ
gkl

)
∂zα

∂xi

∂zβ

∂xj

∂zγ

∂t

+ 2
∂

∂xi

(
∂zα

∂t

)
∂zβ

∂xj

(
∂

∂t

(
∂xk

∂zα

∂xl

∂zβ
gkl

)

+
∂

∂zγ

(
∂xk

∂zα

∂xl

∂zβ
gkl

)
∂zγ

∂t

)

+ 2
∂

∂xj

(
∂zβ

∂t

)
∂zα

∂xi

(
∂

∂t

(
∂xk

∂zα

∂xl

∂zβ
gkl

)

+
∂

∂zγ

(
∂xk

∂zα

∂xl

∂zβ
gkl

)
∂zγ

∂t

)

+ 2
(

∂xk

∂zα

∂xl

∂zβ
gkl

)
∂

∂xi

(
∂zα

∂t

)
∂

∂xj

(
∂zβ

∂t

)

− ∂

∂xi

(

grjg
sl

(
∂xl

∂zα

∂xk

∂zγ

∂zα

∂xk
Γ k

lk +
∂zα

∂xl

∂2xl

∂zα∂zγ

)
∂zγ

∂xs

)

− ∂

∂xj

(

grig
sl

(
∂xl

∂zα

∂xk

∂zγ

∂zα

∂xk
Γ k

lk +
∂zα

∂xl

∂2xl

∂zα∂zγ

)
∂zγ

∂xs

)

= −2Rij(x, y, t) +
∂

∂xi
Vj +

∂

∂xj
Vi + I(Dz,DtDxz),

where gij(x, y, 0) = g0
ij(x, y), ∂

∂tgij(x, y, 0) = k0
ij(x, y), Dz = (∂zα

∂t , ∂zα

∂xi ) and DtDxz = ( ∂2zα

∂xi∂t ) for (α, i = 1, 2, . . . , n).

Let λ̂ = (∂zα

∂t , ∂zα

∂xi , ∂2zα

∂xi∂t ), (α, i = 1, 2, . . . , n), the nonlinear term I = I(λ̂) = I(Dz,DtDxz) is smooth and
I(λ̂) = O(|λ̂|2) holds.

Since Γ k
ji = ∂zα

∂xj
∂zβ

∂xi
∂xk

∂zγ Γ̂ γ
αβ + ∂xk

∂zα
∂2zα

∂xj∂xi , the initial value problem (17) can be written as

⎧
⎪⎪⎨

⎪⎪⎩

∂2zα

∂t2
= gjl

(
∂2zα

∂xj∂xl
− Γ 0k

jl

∂zα

∂xk

)

zα(x, 0) = (xα),
∂

∂t
zα(x, 0) = Zα(x)

. (18)

We calculate −2Rij(x, y, t) + ∂
∂xi Vj + ∂

∂xj Vi using Ricrs := (1
2F 2Ric)yrys , where

F 2Ric = 2
∂Gi

∂xi
− yj ∂2Gi

∂xj∂yi
+ 2Gj ∂2Gi

∂yi∂yj
− ∂Gi

∂yj

∂Gj

∂yi
. (19)

If g is a reduced Berwald metric, then

Gi =
1
4
gil

(

2
∂gjl

∂xk
− ∂gjk

∂xl

)

yjyk, (20)
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where 1
4gil(2∂gjl

∂xk − ∂gjk

∂xl ) is independent of y. Using (19) and (20), then we have

(
∂Gi

∂xi

)

yrys

=
1
4

∂gil

∂xi

(

2
∂gjl

∂xk
− ∂gjk

∂xl

)

(δj
rδ

k
s + δj

sδ
k
r )

+
1
4
gil

(

2
∂2gjl

∂xi∂xk
− ∂2gjk

∂xi∂xl

)
(
δj
rδ

k
s + δj

sδ
k
r

)

=
1
2
gil ∂2grl

∂xi∂xs
− 1

2
gil ∂2grs

∂xi∂xl
+

1
2
gil ∂2gsl

∂xi∂xr
+ lower-order terms

and

∂2Gi

∂xm∂yi
=

1
4

∂gil

∂xm

(

2
∂gjl

∂xk
− ∂gjk

∂xl

)

(δj
i y

k + δk
i yj)

+
1
4
gil

(

2
∂gjl

∂xm∂xk

∂gjk

∂xm∂xl

)

(δj
i y

k + δk
i yj)

(

ym ∂2Gi

∂xm∂yi

)

yrys

=
[(

1
2

∂gjl

∂xm

∂gjl

∂xk
− 1

4
∂gjl

∂xm

∂gjk

∂xl

)

ymyk +
(

1
2

∂gkl

∂xm

∂gjl

∂xk
− 1

4
∂gkl

∂xm

∂gjk

∂xl

)

ymyj

+
(

1
2
gjl ∂2gjl

∂xm∂xk
− 1

4
gjl ∂2gjk

∂xm∂xl

)

ymyk +
(

1
2
gkl ∂2gjl

∂xm∂xk
− 1

4
gkl ∂2gjk

∂xm∂xl

)

ymyj

]

yrys

=
1
2
gjl ∂2gjl

∂xr∂xs
− 1

4
gjl ∂2gjs

∂xr∂xl
+

1
2
gjl ∂2gjl

∂xs∂xr

− 1
4
gjl ∂2gjr

∂xs∂xl
+

1
2
gkl ∂2gsl

∂xr∂xk
− 1

4
gkl ∂2gsk

∂xr∂xl

+
1
2
gkl ∂2grl

∂xs∂xk
− 1

4
gkl ∂2grk

∂xs∂xl
+ lower-order terms

= gjl ∂2gjl

∂xr∂xs
+ lower-order terms.

Lemma 3. If F is a reduced Berwald metric, then ∂2Gi

∂yi∂ym (Gm)yrys has not any second derivative term.

Proof. Direct calculating shows

(Gm)yrys =
1
4
gml

(
∂gjl

∂xk
− ∂gjk

∂xl

)

(δj
rδ

k
s + δj

sδ
k
r )

=
1
2
gml

(
∂grl

∂xs
+

∂gsl

∂xr
− ∂grs

∂xl

)

so

(Gm)yrys

∂2Gi

∂yi∂ym
=

1
2
gml

(
∂grl

∂xs
+

∂gsl

∂xr
− ∂grs

∂xl

) [

gjk

(
1
2

∂gjt

∂xm
− 1

4
∂gjm

∂xt

)

+ gkt

(
1
2

∂gmt

∂xk
− 1

4
∂gmk

∂xt

)]

has not any second derivative term.
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For a reduced Berwald metric, we have Γ i
jk = ∂2Gi

∂yj∂yk , so

∂

∂xr
Vs =

∂

∂xr

(
gskgjl(Γ k

jl − Γ 0k
jl)

)

= gskgjl ∂

∂xr

(
∂2Gk

∂yj∂yl

)

+ lower-order terms

= gskgjl ∂

∂xr

(
1
2
gkm

(
∂gjm

∂xl
− ∂gjl

∂xm
+

∂glm

∂xj

))

+ lower-order terms

=
1
2
gskgkmgjl

(
∂2gjm

∂xl∂xr
− ∂2gjl

∂xm∂xr
+

∂2glm

∂xj∂xr

)

+ lower-order terms

= gjl

(
∂2gjs

∂xl∂xr
− 1

2
∂2gjl

∂xs∂xr

)

+ lower-order terms.

Proof of theorem (1). By (14), (18), (19) and lemma 3, the second-order time derivative of grs is

−(F 2Ric)yrys +
∂

∂xs
Vr +

∂

∂xr
Vs =

(

−2
∂Gi

∂xi
+ yj ∂2Gi

∂xj∂yi
− 2Gj ∂2Gi

∂yi∂yj
+

∂Gi

∂yj

∂Gj

∂yi

)

yrys

+
∂

∂xr
Vs +

∂

∂xs
Vr

= −gil ∂2grl

∂xi∂xs
− gil ∂2gsl

∂xi∂xr
+ gil ∂2grs

∂xi∂xl

+ gil ∂2gil

∂xs∂xr
+ gil ∂2gir

∂xs∂xl
− 1

2
gil ∂2gil

∂xs∂xr

+ gil ∂2gis

∂xr∂xl
− 1

2
gil ∂2gil

∂xr∂xs
+ lower-order terms

= gil ∂2grs

∂xi∂xl
+ lower-order terms.

Thereby, the initial value problem (18) can be written as
⎧
⎪⎪⎨

⎪⎪⎩

∂2grs

∂t2
(x, y, t) = gkl ∂2grs

∂xk∂xl
+ I(Dz,DtDxz) + H(g,Dxg)

grs(x, y, 0) = g0
rs(x, y),

∂

∂t
grs(x, y, 0) = k0

rs(x, y)

, (21)

where g = (grs), Dxg = (∂grs

∂xk ), (r, s, k = 1, 2, . . . , n) and k0
rs(x, y) is a bilinear form on M . Let μ̂ = (grs,

∂grs

∂xk ),
(r, s, k = 1, 2, . . . , n). The nonlinear term H = H(μ̂) = H(g,Dxg) in (21) is smooth and quadratic with respect to
Dxg. We observe that (21) and (18) are clearly strictly hyperbolic systems. Since the manifold M is compact, it follows
from the standard theory of hyperbolic equations (see [5] and [6]) that the system united by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂2grs

∂t2
(x, y, t) = gkl ∂2grs

∂xk∂xl
+ I(Dz,DtDxz) + H(g,Dxg)

∂2zα

∂t2
= gjl

(
∂2zα

∂xj∂xl
− Γ 0k

jl

∂zα

∂xk

)

grs(x, y, 0) = g0
rs(x, y),

∂

∂t
grs(x, y, 0) = k0

rs(x, y)

zα(x, 0) = (xα),
∂

∂t
zα(x, 0) = Zα(x)

(22)

is strictly hyperbolic and hence has a unique smooth solution for a short time.
Finally we prove the uniqueness result for FHGF. Suppose there are solutions ĝ1(t) and ĝ2(t) of FHGF, with

initial condition ĝ1(0) = ĝ2(0) and ∂ĝ1
∂t (0) = ∂ĝ2

∂t (0). Taking ψt : M −→ M as a family of diffeomorphisms of M ,
corresponding to the solutions zα for (22) we produce solutions g1(t) and g2(t) for (22). Since g1(t) and g2(t) are
solutions of the same initial value problem for a system of partial differential equations, by uniqueness of solutions of
the system (22), g1(t) = g2(t) for all t in their common interval of existence, so ĝ1(t) = ψ−1

t

∗
g1(t) = ψ−1

t

∗
g2(t) = ĝ2(t)

proving uniqueness for the FHGF.
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Equation (13) has a unique solution with the initial reduced Berwald metric g0, but it is not obvious whether
FHGF metrics remain reduced Berwald along the flow. We show the FHGF metrics evolve in the space of reduced
Berwald metrics, for this purpose we use [7] and check three coditions.

In reduced Berwald space we have Gi(y) = 1
2Γ i

jk(x)yjyk, where

Γ i
jk =

1
2
gil

(
∂glj

∂xk
− ∂gjk

∂xl
+

∂gkl

∂xj
− ∂glj

∂yr
Gr

k +
∂gjk

∂yr
Gr

l −
∂gkl

∂yr
Gr

j

)

and
Ricij =

∂

∂xk
Γ k

ij −
1
2

∂

∂xi
Γ k

jk − 1
2

∂

∂xj
Γ k

ik + Γ k
ijΓ

s
ks − Γ k

siΓ
s
jk.

In the above equation any term is only in terms of x, therefore ∂Ricij

∂yk = 0. Similarly ∂Ricik

∂yj = 0. Since Ai
jk is

independent of y,
∂

∂yk

(
∂2

∂t2
gij(x, y, t)

)

= − ∂

∂yk
(Ricij(x, y, t)) = 0, (23)

it implies that
∂2

∂t2

(
∂

∂yk
gij(x, y, t)

)

= 0

and
∂2

∂t2

(
∂

∂yk
gij(x, y, t)

)

=
∂2

∂t2

(
∂

∂yj
gik(x, y, t)

)

∀t ∈ [0, ε),

put
∂

∂yk
gij(x, y, t) − ∂

∂yj
gik(x, y, t) = h(x, y, t) ∀t ∈ [0, ε),

so in t = 0, we have
∂

∂yk
gij(x, y, 0) − ∂

∂yj
gik(x, y, 0) = 0,

therefore h(x, y, t) = 0 for all t ∈ [0, ε) and

∂

∂yk
gij(x, y, t) =

∂

∂yj
gik(x, y, t).

Since Ricij is positively homogeneous of degree zero (that is, invariant under positive rescaling) we have

∂2

∂t2
gij(x, λy, t) = −2Ricij(x, λy, t) = −2Ricij(x, y, t)

so
∂2

∂t2
gij(x, λy, t) =

∂2

∂t2
gij(x, y, t).

Put
h′

ij(x, y, t) = gij(x, λy, t) − gij(x, y, t) ∀t ∈ [0, ε),

thus in t = 0, h′
ij(x, y, t) = 0, by using initial conditions, we have

h′
ij(x, y, t) = 0 ∀t ∈ [0, ε), λ ∈ R, λ > 0.

The third condition is obvious, FHGF metrics are smoothly dependent on x and nonzero y ∈ TxM . Now we can
consider the Finsler Ricci flow in the space of reduced Berwald metrics.

Example 2. Suppose that M is a compact Finsler manifold and F0 �= 0 is an Einstein Finsler metric which is reduced
Berwald with constant Ricci scalar, equivalently Ric(F0) = λF 2

0 where λ is a constant. We assume that Ft = u(t)F0

is a solution for the Finsler hyperbolic geometry flow,
⎧
⎪⎪⎨

⎪⎪⎩

∂2

∂t2
F 2(x, y, t) = −2F 2Ric(x, y, t)

F (x, y, 0) = F0,
∂F

∂t
(x, y, 0) = F 0(x, y)

. (24)
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Equations (7) and (10) imply that Ric(Ft) = Ric(F0) and

Ric(Ft) =
Ric(Ft)

F 2
t

=
λ

(u(t))2
,

therefore by substituting it in the Finsler hyperbolic geometric flow, we have u′′ + 1
uu′2 = −λ

u and this implies
(u(t))2 = 1

λc1 − λ(t − c2)2. But u(0) = 1 and ∂F
∂t (x, y, 0) = F 0 so c1 = λ + 1

F 2
0
(F 0)2 and c2 = −1

λF0
F 0. Therefore

F 2(t) = F 2
0 [((1 + 1

λF 2
0
F 02)) − (λt − 1

F0
F 0)2] is a solution for the hyperbolic geometric flow.

If F0 = 0, then the hyperbolic geometric flow has a trivial solution.

3 Wave property of curvatures in a reduced Berwald space

The Finslerian hyperbolic geometric flow is an evolution equation on the reduced Berwald metric gij(t, (x, y)). The
evolution for the metric implies a nonlinear wave equation for the Finsler curvature tensors. The goal in this section is
to work out the evolution equations for Finsler curvatures under the Finsler hyperbolic geometric flow. More precisely,
we will concentrate on obtaining the global forms of the evolutions under FHGF.

Remark 2. In this section we put ∂
∂tg

ij = Hij whereas him = −gmkgijhkj .

Proposition 2. Let F is a reduced Berwald metric and hij = ∂
∂tgij, then we have

a) ∂2

∂t2 gij = −(hikhj
k + hljhi

l − 2gikgjlRickl),
b) ∂2

∂t2 Γm
jk = ∂tH ∗ ∂g + H ∗ ∂h − g ∗ ∂Ric.

Proof. As gijgjl = δi
l we find that ∂

∂tg
ij = −gikgjl(hkl). In which case

∂2

∂t2
gij = −gimgkthmtg

jlhkl − glmgjthmtg
ikhkl − gikgjl

(
∂2

∂t2
gkl

)

= −gimhk
mhj

k − glmhj
mhi

l − gikgjl

(
∂2

∂t2
gkl

)

.

Proposition 3. If Ft is a smooth one-parameter family of reduced Berwald metrics on a manifold M , then the curvature
tensor Ri

jkl evolves by

∂2

∂t2
Ri

jkl = ∂t∂H ∗ ∂g + ∂H ∗ ∂h + ∂g ∗ ∂Ric + ∂tH ∗ ∂2g + H ∗ ∂2h

+ g ∗ ∂2Ric + (∂tH ∗ ∂g + H ∗ ∂h − g ∗ ∂Ric)(g ∗ ∂g)
+ (H ∗ ∂g + g ∗ ∂h)(H ∗ ∂g + g ∗ ∂h),

where ∂
∂tg

ij = Hij.

Proof. We compute

∂2

∂t2
Ri

jkl =
1
3

∂2

∂t2
∂3Gi

∂xl∂yj∂yk
+ l ←→ k + 2l ←→ j

+
1
3

(
∂2

∂t2
∂2Gm

∂yj∂yl

)(
∂2Gi

∂ym∂yk

)

− 2
3
k ←→ j +

1
3
k ←→ l

+
1
3

(
∂2

∂t2
∂2Gi

∂ym∂yk

)(
∂2Gm

∂yj∂yl

)

− 2
3
k ←→ j +

1
3
k ←→ l

+
2
3

(
∂

∂t

∂2Gm

∂yj∂yl

) (
∂

∂t

∂2Gi

∂ym∂yk

)

− 4
3
k ←→ j +

2
3
l ←→ k

= I + II + III.
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We have

I =
1
4

∂2Hic

∂xl∂t

(

2
∂gjc

∂xk
− ∂gjk

∂xc
+ 2

∂gkc

∂xj
− ∂gkj

∂xc

)

+
1
2

∂Hic

∂xl

(

2
∂hjc

∂xk
− ∂hjk

∂xc
+ 2

∂hkc

∂xj
− ∂hkj

∂xc

)

+
∂

∂xl
gic

(

− ∂

∂xk
Ricjc +

1
2

∂

∂xc
Ricjk − ∂

∂xj
Rickc +

1
2

∂

∂xc
Rickj

)

+
1
4

∂

∂t
Hic

(

2
∂2gjc

∂xl∂xk
− ∂2gjk

∂xl∂xc
+ 2

∂2gkc

∂xl∂xj
− ∂2gkj

∂xl∂xc

)

+
1
2
Hic

(

2
∂2hjc

∂xl∂xk
− ∂2hjk

∂xl∂xc
+ 2

∂2hkc

∂xl∂xj
− ∂2hkj

∂xl∂xc

)

+ gic

(

−∂2Ricjc

∂xl∂xk
+

1
2

∂2Ricjk

∂xl∂xc
− ∂2Rickc

∂xl∂xj
+

1
2

∂2Rickj

∂xl∂xc

)

.

The second and third terms are

II =
1
2
gic

(
∂gkc

∂xm
+

∂gmc

∂xk
− ∂gkm

∂xc

)[
1
2

∂Hmc

∂t

(
∂gjc

∂xl
+

∂glc

∂xj
− ∂gjl

∂xc

)

+ Hmc

(
∂hjc

∂xl
+

∂hlc

∂xj
− ∂hjl

∂xc

)

− gmc

(
∂Ricjc

∂xl
+

∂Riclc

∂xj
− ∂Ricjl

∂xc

)]

III =
[
1
2
Hmc

(
∂gjc

∂xl
+

∂glc

∂xj
− ∂glj

∂xc

)

+
1
2
gmc

(
∂hjc

∂xl
+

∂hlc

∂xj
− ∂hlj

∂xc

)]

×
[
1
2
Hic

(
∂gkc

∂xm
+

∂gmc

∂xk
− ∂gkm

∂xc

)

+
1
2
gic

(
∂hkc

∂xm
+

∂hmc

∂xk
− ∂hkm

∂xc

)]

,

we can rewrite the formula as

I = ∂t∂H ∗ ∂g + ∂H ∗ ∂h + ∂g ∗ ∂Ric + ∂tH ∗ ∂2g + H ∗ ∂2h + g ∗ ∂2Ric

II = (∂tH ∗ ∂g + H ∗ ∂h − g ∗ ∂Ric)(g ∗ ∂g)
III = (H ∗ ∂g + g ∗ ∂h)(H ∗ ∂g + g ∗ ∂h).

Proposition 4. Under the Finsler hyperbolic geometric flow, the evolution of the curvature tensor Ri
jk is given by

∂2

∂t2
Ri

jk = (∂tH ∗ (∂g)y + H ∗ (∂h)y − g ∗ (∂Ric)y)(g ∗ ∂g)

+ (∂tH ∗ ∂g + H ∗ ∂h − g ∗ ∂Ric)(g ∗ (∂g)y)
+ (H ∗ ∂g + g ∗ ∂h)(H ∗ (∂g)y + g ∗ (∂h)y).

Proof. We compute

∂2

∂t2
Ri

jk =
(

∂2

∂t2
∂Gm

∂yk

)(
∂2Gi

∂ym∂yj

)

+
(

∂2

∂t2
∂2Gi

∂ym∂yj

)(
∂Gm

∂yk

)

+ 2
(

∂

∂t

∂2Gi

∂ym∂yj

)(
∂

∂t

∂Gm

∂yk

)

− k ←→ j

= I + II + III.

We have

I =
[
1
4

∂Hmc

∂t

((

2
∂gkc

∂xb
− ∂gkb

∂xc

)

yb +
(

2
∂gac

∂xk
− ∂gak

∂xc

)

ya

)

+
1
2
Hmc

((

2
∂hkc

∂xb
− ∂hkb

∂xc

)

yb +
(

2
∂hac

∂xk
− ∂hak

∂xc

)

ya

)

− gmc

[(
∂

∂xb
Rickc −

1
2

∂

∂xc
Rickb

)

yb +
(

∂

∂xk
Ricac −

1
2

∂

∂xc
Ricaj

)

ya

]]

×
(

1
2
gic

(
∂

∂xm
gjc +

∂

∂xj
gmc −

∂

∂xc
gjm

))

,
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the second term is

II =
[
1
2

∂Hic

∂t

(
∂gjc

∂xm
+

∂gmc

∂xj
− ∂gjm

∂xc

)

+ Hic

(
∂hjc

∂xm
+

∂hmc

∂xj
− ∂hjm

∂xc

)

− gic

(
∂

∂xm
Ricjc +

∂

∂xj
Ricmc −

∂

∂xc
Ricjm

)]

×
[
1
4
gmc

((

2
∂gkc

∂xb
− ∂gkb

∂xc

)

yb +
(

2
∂gac

∂xk
− ∂gak

∂xc

)

ya

)]

and the third term is

III =
(

1
2
Hic

(
∂gjc

∂xm
+

∂gmc

∂xj
− ∂gjm

∂xc

)

+
1
2
gic

(
∂hjc

∂xm
+

∂hmc

∂xj
− ∂hjm

∂xc

))

×
{

1
4
Hmc

[(

2
∂gjc

∂xb
− ∂gjb

∂xc

)

yb +
(

2
∂gac

∂xj
− ∂gaj

∂xc

)

ya

]

+
1
4
gmc

[(

2
∂hjc

∂xb
− ∂hjb

∂xc

)

yb +
(

2
∂hac

∂xj
− ∂haj

∂xc

)

ya

]}

.

We can rewrite the formula as

I = (∂tH ∗ (∂g)y + H ∗ (∂h)y − g ∗ (∂Ric)y)(g ∗ ∂g)
II = (∂tH ∗ ∂g + H ∗ ∂h − g ∗ ∂Ric)(g ∗ (∂g)y)

III = (H ∗ ∂g + g ∗ ∂h)(H ∗ (∂g)y + g ∗ (∂h)y).

4 Discussions

Hyperbolic partial differential equations have been used to describe the wave phenomena in nature. In this paper,
we introduced a new kind of hyperbolic geometric flows, the Finsler hyperbolic geometric flow, to illustrate the
wave character of the Finsler metrics, which also implies the wave property of the curvature. The FHGF possesses
very interesting geometric properties and dynamical behaviour. So far there is great success of elliptic and parabolic
equations applied to mathematics and physics, but by now very few results on the applications of hyperbolic PDEs are
known. We believe that the Finsler hyperbolic geometric flow is a new tool to study geometric problems and physical
application. In the future we will study several fundamental problems, for examples, solitons, stability, long-time
existence, formation of singularities, as well as the general Finsler case and the physical and geometrical applications.

We know that if we want to study the global properties of FHGF, then it is important to find curvature conditions
that are preserved under the evolution. How to develop such techniques? For instance, suppose M is compact Finsler
manifold and let F (t), t ∈ [0, t) be a solution to FHGF on M and consider d2

dt2Ric; can we claim that non-negative
isometric curvature is preserved?

The authors thank Doctor Shahroud Azami for his useful non-Riemannian reduced Berwald example.
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