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Abstract. The (G'/G)-expansion method, the improved Sub-ODE method, the extended auxiliary equation
method, the new mapping method and the Jacobi elliptic function method are applied in this paper for
finding many new exact solutions including Jacobi elliptic solutions, solitary solutions, singular solitary
solutions, trigonometric function solutions and other solutions to the nonlinear Schrodinger equation with
fourth-order dispersion and dual power law nonlinearity whose balance number is not positive integer.
The used methods present a wider applicability for handling the nonlinear partial differential equations.
A comparison of our new results with the well-known results is made. Also, we compare our results with
each other yielding from these five integration tools.

1 Introduction

The exact solutions of nonlinear partial differential equations (PDEs) are very important in studying the nonlinear
physical phenomena. These phenomena appear in various scientific and engineering fields, such as fluid mechanics,
plasma physics, optical fibers, biology, solid state physics, chemical kinematics, chemical physics and geochemistry.
These exact solutions can be found using many powerful methods, such as the inverse scattering method [1], the
tanh function method [2-5], the Hirota bilinear transform method [6], the truncated Painlevé expansion method [7—
10], the Bécklund transform method [11,12], the exp-function method [13-17], the Jacobi elliptic function expan-
sion method [18-20], the generalized Riccati equation method [21-23], the (G'/G)-expansion method [24-34], the
(G'/G,1/G)-expansion method [35-37], the Sub-ODE method [38,39], the extended auxiliary equation method [40,
41], the improved Sub-ODE method [42], the new mapping method [43], the soliton ansatz method [44-50], and so on.

The objective of this paper is to employ the (G’/G)-expansion method, the improved Sub-ODE method, the ex-
tended auxiliary equation method, the new mapping method and the Jacobi elliptic function method to construct many
exact solutions including Jacobi elliptic solutions, solitons and other solutions of the following nonlinear Schrédinger
equation with fourth-order dispersion and dual power law nonlinearity [44,51-53]:

iqt + aqys — bqg::rw:v +c (|Q‘2m + k1|q|4m) q= Oa 1= V _17 (1)

which describes the propagation of optical pulse in a medium, and ¢(z,t) is the slowly varying envelope of the
electromagnetic field, where a, b, ¢ are real numbers. If b = 0, eq. (1) reduces to the nonlinear Schréodinger equation
with dual power law nonlinearity. In addition if m = 1, eq. (1) reduces to parabolic law nonlinearity, which has been
discussed in [54] using two direct algebraic methods. The coefficient of a represents the group velocity dispersion
(GVD), while the coefficient of ¢ represents the self-phase modulation (SPM) with dual power law nonlinearity. The
constant k1 binds the two nonlinear terms and the exponent m governs the power law. Also, the coefficients of b are
the fourth-order dispersion terms. Equation (1) has been discussed in [44] using the soliton ansatz method and in [53]
using two methods which are different from the five methods used in this paper. Also, eq. (1) has been solved in [50]
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in the special case m = 1, k; = 0 using the soliton ansatz method. To our knowledge, eq. (1) has not been discussed
elsewhere using the five mathematical methods mentioned above.

This paper is organized as follows: in sect. 2, we apply our proposed five methods to solve eq. (1). In sect. 3, we
present some graphical representations for some solutions of eq. (1). In sect. 4, conclusions are obtained.

2 Applications

It is to be noted that eq. (1) is not integrable by the classical method of inverse scattering transform since it will fail
the Painlevé test of integrability [55]. It is, however, still possible to obtain a closed 1-soliton solution to eq. (1) given
by the following phase-amplitude format:

g(w,t) = ¢(£)e'H, (2)

where ¢(&) is the amplitude portion which is a real function of &, while Q(z,t) is the phase portion of the soliton. It
is assumed that & and Q(x,t) are given by
= — o, 3)

and
Qz,t) = —kz + wt + 0, (4)

where v, k, w, 6 are constants, such that v is the velocity of the soliton, k is the frequency of the soliton, w is the wave
number and @ is a phase constant.
Substituting (2) into eq. (1) and separating the real and imaginary parts, we get

Re: — (w+ak? +0k*) ¢ + (a+ 6bk?) ¢ — b + ¢ (¢*™ 1 + k™) =0, (5)
Im: - (U + 2ak + 4bk3) ¢+ 4bke" = 0. (6)

Differentiating (6) and substituting the resulting equation in (5), we have the nonlinear ODE:
a1¢/l + b1¢+ e (¢2m+1 4 k1¢4m+1) _ 0’ (7)
where aq, by and c¢; are given by

a1 = 2ak + 200k3 — v,
by = —4k (w + ak® + bk*)
c1 = 4kc. (8)

2.1 On solving eq. (1) using the (G’/G)-expansion method

According to the (G’/G)-expansion method [31-34], we assume that eq. (7) has the formal solution:

G’(&)}N
=A
w0 =45 9
where A is a constant to be determined and G(&) satisfied the ODE:
G"(6) + AG'(§) + nG(§) =0, (10)

where \ and 1 are constants. The power N in eq. (9) can be determined by balancing ¢” with ¢*™*! in eq. (7) to get
N=5.
2
Sul;nstituting (9) along with eq. (10) into eq. (7), collecting all the coefficients of power (G'/G) and setting them
to zero, we have the following algebraic equations:

1

(G'/G)™ : ar (N* +2p) +4mPb; =0, (11)
(@/G)™ s au(l—m) =0, (12)
(G'/G) T A (1 + m) + 2m2e; AP = 0, (13)
(G'/G)™ ™ ay®(1 —2m) =0, (14)
(G'/G)T" 2 ay(1+ 2m) + dmPerky A = 0, (15)
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On solving egs. (11)—(15), we have the results

—4m?2by (1+2m) c1(142m)

= O )\2 = AQm = — k - 16
=5 o Nk (1 +m) LT (T +m)2” (16)
where a1b; < 0, Ak; > 0 and ky # 0.
Now, eq. (1) has the new exact solution
1
7(1 + Qm) Ale*)‘g 2m .
t) = —k t+6 1
ot0.8) = { G | e | e ik bt o), a7)

where Ay, A; are arbitrary constants. From (8) and (16), we deduce that w and v are given by

w = —ak® — bk* — m and v = 2ak + 200k + W (18)
In particular, if Ag = A; = 1, then we have the solitary wave solution of eq. (1) in the form
q(z,t) = {m 1 + tanh (m ;ﬁ%)] }M exp [t (—kz + wt +0)], (19)
while, if Ag =1, A; = —1, then we have the singular solitary wave solution of eq. (1) in the form
T
oz, 1) = {m 1 + coth <m ;?15>] } expli (—kz + wt + 0], (20)

where k1 < 0 and a;b; < 0.

Note that the solutions (17), (19) and (20) of eq. (1) are all new and not found in [44]. Douvagai et al. [53] solved
eq. (7) using a different technique and found the exact solutions of eq. (1) where some of them are equivalent to (19)
and (20). Finally, note that the above technique is not used in [44,53].

2.2 On solving eq. (1) using the improved Sub-ODE method

To this aim, we multiply eq. (7) by ¢'(¢) and integrate with respect to £ with zero constant of integration, we get the
auxiliary equation:

¢/2 _ A(j)2 + B¢2m+2 4 C¢4m+2, m> 0. (21)
The coefficients A, B and C' are given by

D S - S o_ _—ak (22)

3

ay aj(m—+1)’ a;(2m+1)’

where a; # 0. It is well-known [42,56] that eq. (21) has many solutions. With the aid of these solutions eq. (1) has
the following new solutions:
1) If A > 0 and B? — 4AC > 0, then we deduce that eq. (1) has the hyperbolic solutions

sech |2m ;bl (£ + o) .
4(€) = :!:21)1 (m+1) — —H[ ! \/>1 ] exp [i (—kz +wt + 0)], (23)
1 1— % + sech [Qm _aflil €+ 50)}

4by k1 (m+1)2

provided that a1b; < 0, c1(2m+1)

< land bye; <0 (or byey > 0).
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2) If A > 0 and B? —4AC < 0, then we deduce that eq. (1) has the hyperbolic solutions

1
2m

o 1 csch [2m % (€ +&)
q(&) = 1(T+ : 21k (m+1)? { 1 st e
1 dallmtD” — 14 csch [2m ;—j(£+§o)]

provided that a1b; < 0, % > 1 and byc; <0 (or byey > 0).

3)If A>0, B2 —4AC =0 and B < 0, then we deduce that eq. (1) has the dark soliton solutions

q(&) = {m 1 + tanh (mwabll (£—|—§0)>] } exp [i (—kx + wt + 0)], (25)
1 + coth (m, / ;—?1 &+ fo))

provided that a1b; <0, k1 <0, kb = % and bic; < 0. It is easy to show that w = % — (ak? + bk*).
Note that the solutions (25) and (26) are equivalent to the solutions (19) and (20), respectively, if &, = 0.

4) If A <0 and B? —4AC > 0, then we deduce that eq. (1) has the trigonometric solutions

and the singular soliton solutions

) —@m+1)
a(e) = {4k1(m +1)

} N exp [i (—kx + wt + 0)], (26)

2b(m + 1 sec [27” L (E+ 50)} ‘
W& =<7 1( » ) —— ! - exp [i (—kz + wt + 0)], (27)
1 (/1 — 7611(127%“) + sec [2m o &+ 50)}
and .
%, (m + 1) csc [Qm % &+ fo)} zm
W& =<7 » RS ESYE - exp [t (—kx + wt + 0)], (28)
1 - = by (12m+1) =+ csc [Zm S+ 50)}
provided that a1b; < 0, % < 1 and bye; <0 (or byey > 0).
5) If A =0 and B # 0, then we deduce that eq. (1) has the rational solution
1
—4da;(m+1)(2m +1) om )
—k t+0 29
q(§) = leQ(Qer & + dayky (m £ 1) exp [i (—kx + wt 4+ 0)], (29)

we have w = —(ak? + bk?).

where ¢; # 0 and b; = 0. Thus, from (8),
(29) of eq. (1) are all new and not found in [44,53] or elsewhere.

Note that the exact solutions (23)-
2.3 On solving eq. (1) when m = 1 using an extended auxiliary equation method

To this aim, we set m = 1 in eq. (7) and multiply the resulting equation by ¢'(£) and integrate with respect to &, we
get the extended auxiliary equation

¢ = co+ c2¢” + cad* + 60", (30)
where ) ) X
€1 —01 —C1 —C1R1

0= =", =50 Cs 30, (31)

where a1 # 0 and ¢; is the constant of integration. It is well known [40,41,57] that eq. (30) has many Jacobi elliptic
function solutions. With the aid of these solutions eq. (1) has the following Jacobi elliptic solutions:

1) If ¢ — @M1 CQZM 0 < My <1, cg >0, then we have

3262]\/[2 ’ 16¢e M2
—3c1 : .
1 :I:SH g W exp [Z (—kx-i—wt-i—@)] 5 (32)
1

q(§) = {8,:;
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or
2
-3 1 )
q(&) = T 1+ = exp [t (—kx + wt +0)], (33)
! My sn (5\/ 16a1k11]\/[12)
where k1 = Bea(5M7 1) <0, €6 = =91 (M7 1) and aycp > 0.

64b1 M7 512k? M3
If M; =1, then sn = tanh, and we have the same solutions (25) and (26) when m = 1, respectively.

2)IfCO:M,CQ:M,O<M1<1,cﬁ>0,thenwehave

322 T6cs
© =L 23 (1400 (602N expli (ch + wt 4 0) (34)
q - 8]€1 ! 16&1](31 P ’
or
-3 1 C
q§) =R — |1 £ ———— exp [i (—kx + wt + 0)], (35)
8k1 Sn( —3c1 )
16a1k1
where k| = %ZIM%) <0, € = %;{‘Mf) and a;c; > 0.

If M; = 1, then sn = tanh, and we have the same solutions (25) and (26) when m = 1 respectively, while if M; = 0,
then sn = sin, and we have the solution

4(6) = (;é) exp [i (—k + wt + )] (36)

or the trigonometric solutions

g(6) = {3 {1 T ese (g —3a )} }é exp [i (—kz + wt +0)], (37)

8k 16a1 k1
where k1 = éigi <0,6 = 5*1;—;12 and ajcp > 0.
__ 4 _ caaMP+1)
3) If g = N7 2 T 16egi7 0 < M; <1, ¢cg <0, then we have
© =42 l1eMen (g3 . i (—ka + wt + 0)] (38)
NS =19 8k ! 16a ki M2 P ’
or )
17M2sn(§4/3$) ’
-3 1 16a1ky M7 .
g€ =4 o |1+ = exp [i (—kz +wt +0)], (39)
8]{51 dn (g 3cy )
16a1k1M12
where k1 = %1\41\1/12?1) <0, € = 51;3% and a1, < 0.

If M; =1, then cn = sech, and we have the bright soliton solutions

1
-3 301 2 .
=< — |1 £sech —k t+ 0 40
o) = { g [1sean (51 22 )]} enplioo vt 40, (10)
and the same solution (36), where k; = éigi <0, € = 5_13721% and ajc; < 0.
3 2 2 2
DIfeg= oM oy = GBMY) - A <1 ¢g < 0, then we have

32c2(M2-1)° 16c6(MZ—1)°

a = =2 1idn(§ i)

exp i (—kx + wt + 0)], 41
- — pli( ) ()
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or
2
-3 1 .
q(é) = S 1+ - exp [i (—kx +wt +0)],
C1
dn <€ 16a1k1(1—M12)>
_ 3ci(5MZ—4) =9 M2

where kl = Wéfl) < O, €1 = Wl\m and aicp < 0.

If M7 =0, then dn = 1, and we have the solution

o= (7) ¥ expli(<ka+ wt +0)].

where k1 = 136%1 < 0,6 =0.

_ ci(aM?-5)

3
5) Ifcozm,CQ—m,0<Ml<l, C6>0,thenWehaVe

-3 1

&)=< — |1+ exp [i (—kz + wt + 0)],

Skl g 7301

on 16a1ky (1-M?)

or .
-3 dn <£ 16a1k1(;11v112)> ]
q(é) = S 1+ exp [i (—kx + wt + 0)],
2 —3c
/1 — M?sn <§ 16a1k1(11_M12)>
E 2

where k'l = WJA\H < O, €1 = m and ajcy > 0.

If M; =0, then dn = 1, cn = cos, sn = sin and we have the trigonometric solutions

q(€) = {;}j {1 + sec (g 15’;1 ﬂ }; exp [i (—kz + wt + 0)],

and the same solution (37), where k; = éi;i <0, € = 5_1221% and ajc; > 0.
3 s2 2 2
6) If ¢ = Ci.jf‘;\ffzﬁ02:%}:;4),0<]\41<1,06<0,thenwehave
6
3
-3 301 .
=4J— |1+£d —k t+ 6
o0 = { g |1 (6 o )|} el wr o,
or
M2 '
_3 1_
q(€) = S 1i—31 exp [i (—kx + wt + 0)],
C1
! dn <€ 16(11]{?1)
where k; = % <0, e = 7:1621]?%[12 and ajc; < 0.

(42)

(43)

(45)

(46)

(47)

(48)

If My = 1, then dn = sech, and we have the same solutions (40) and (36), respectively, while if M; = 0, then we

have the same solution (43).

Note that our solutions (32)—(48) of eq. (1) are new and not found in [44,53] or elsewhere.

2.4 On solving eq. (1) when m = 1 using the new mapping method

To this aim, we follow sect. 2.3, and rewrite eq. (30) in the form

¢/2:T+p¢2+%¢4+§¢67

(49)
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where 5 ) )
€ — —C —C
r:Ja p:717 qzila s = 117 (50)
al aiy aq ay

where a; # 0 and €3 is the constant of integration. It is well known [43,58] that eq. (49) has many exact solutions.
With the aid of these solutions eq. (1) has the following exact solutions:

DIfp<0,¢>0,s=3L p= 102

@7 r = W7 then we have

Nl=

1 I tanh? (e 3%5)
q(&) = . ; exp [i (—kx + wt + 0)], (51)
1|34 tanh (e ;—g)
and
1 coth? (e 3%115) i
9(&) = 7~ ; exp [i (—kz + wt +0)], (52)
1| 3 4 coth (e ;7115)
where a1by > 0, k1 = 13531 <0, e = %.
_ 3¢ . _ 16p®
2)Ifp>0,¢<0,s= 165 T = g then we have
_ oLl
1 tan? ( e,/ gfllf) ’
q(&) = = - exp i (—kz + wt + 0)], (53)
1|3 —tan? (e, / nglf)
and .
1 cot? (e,/ g{i’ll §) ’
q(&) = . exp [i (—kx + wt + 0)], (54)
1 13— cot? (e, / gTbllf)
where a1b; <0, k1 = 13601711 >0, bicy >0, €5 = %
2
3) pr>0,s:%,r=0,thenwehave
-3 = \1)*
q(€) =4 == |1+ tanh [ g/ —=¢ exp [t (—kz + wt +0)], (55)
8k a1
and
r 1) 2
-3 —b
q(€) =< == |1+ coth | e,/ —¢ exp [i (—kx + wt + )], (56)
8k aj

where a1b; < 0 and k; = 136651 < 0, which are equivalent to (25) and (26) respectively, when m = 1, and e5 = 0, while
e==+1.
4) If p > 0 and r = 0, then we have

[N

—6by sech? ( _a—lilﬁ)

3¢1 — 4biky {1 4 etanh ( %’?f)r

q(&) = exp [i (—kx + wt + 0)], (57)

and

[N

6b, csch? ( ;—Tf)
q(&) = 5 exp [i (—kx + wt + 0)], (58)
3c1 — 4biky {1 + ecoth ( ;—bg)]

where a1b1 < 0 and e = 0, while € = 1.
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5)If p>0, s>0and r =0, then we have

N

—6by sech? ( ig)
q(&) = exp [i (—kz + wt + 0)],
361 — 46\/ Sclblkl tanh ( %6)

and

[

6b; csch? ( _a—lilf)
q(§) = exp [i (—kz + wt + 0)],
3c1 — 4ev/3c1b1kq coth ( _a—ﬁlﬁ)

where a1by < 0, c1birky > 0, e =0, e==1.
6) If p< 0, s>0and r =0, then we have

N|=

—6b; sec? ( %f)
q(§) = exp [i (—kz + wt + 6)],
3¢y — 4ev/—3c1 b1k tan (, / 2—115)

and

=

—6by csc? ( %f)
£6) = exp [i (—kz + wt + 0)],

where a1by > 0, c1b1k1 <0, e =0, € = £1.
7)If p>0, M =9¢> — 48ps > 0 and r = 0, then we have

Nl

4(6) = —12b, exp [i (—k + wt + )],

€/9¢7 = A8bycrky cosh (24/52€) + 3¢y

and

[N

—12¢bq sech (2 %f)

q(§) = -
\/9c? — 48byc1ky + 3ecy sech (2 _a—llf)

exp [t (—kz + wt + 0)],

(62)

(63)

(64)

where a1by < 0, 9¢2 > 48byc1ky, €2 = 0, € = £1. We note that the solution (64) is equivalent to (23) if m = 1, & = 0.

) Ifp>0,¢g<0,5<0, M=9¢>—48ps > 0 and r = 0, then we have

Nl=

—4b; sech? (e ;—ﬁlg)

2c14/1 = % - (\/1 - % - 1) sech? (e —Tﬁlg)

—4b; csch? (e —by f)

ai

q(g) - b1 k b1k 2 b
2ery /1= 1R oy (/1= 15 4 1) eseh® (e /2¢)

where a1b1 < 0, %<1and bic1 <0, e =0.
9)Ifp<0,¢g>0,s<0, M>0and r =0, then we have

q(§) =

and

Nl

4b, sec? (e Z—llf)

q(§) = exp [i (—kz + wt + 0)],

2c14/1 — % - (,/1 - 716;;1]” + 1) sec? (e Z—llf)

exp [i (—kz + wt + 0)],

exp [i (—kx +wt + 0)],

(65)

(66)

(67)
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and

—4b; csc? (e %{)

q(&) = exp [i (—kz +wt + 0)], (68)
2¢4 1—%—01( 1—%—1)05(:2(6 Z—llf)
where a1b; > 0, 16(’1’“ <1, bicy <0, e =0.
10) If p < 0, M>Oandr:0,thenwehave
1
2
—4by )
q(§) = exp [i (—kz + wt +0)], (69)
c1 [e,/l - %cos (2 b—1§> + 1}
C1 aq
and 1
3
—4by .
a(§) = exp [i (—kz + wt + 0)] (70)
e [eyf1— B sin (2,/¢) + 1]
C1 aq
where a1b1 > 0, mbl}“ <1, bicy <0, e =0.
11) If p <O, M>0and7“—0 then we have
%
—4eby sec (2 %5)
q(&) = exp [i (—kz + wt + 0)], (71)
e /1 16b1k1 + ecy sec ( %5)
and
—4ebq csc (2 Z—%)
exp [i (—kx + wt 4+ 0)], (72)

q(§) =
01W+ €Cq CSC ( %5)

where a1b; > 0, % <1,b1c1 <0, (or bycg >0), €2 =0, e = £1.
Note that the solutions (71) and (72) are in agreement with (27) and (28), respectively, when m =1 and &, = 0.
12) If p > 0, M = 9¢> — 48ps < 0 and r = 0, then we have

—4by
ecl,/% — 1sinh (2 _a—lilf) +

where aiby < 0, 1 > 1, bye; <0, 6= 0, € = £1.
Note that the solutions (51)—(73) of eq. (1) are all new and not found in [44,53] or elsewhere.

q(€) = exp [i (—kx + wt 4+ 0)], (73)

2.5 On solving eq. (1) when m = 1 and k; = 0 using the Jacobi elliptic equation

Biswas et al. [50] have solved eq. (1) in the special case m = 1 and k1 = 0, using the soliton ansatz method and
have obtained only 1-soliton solution. In this section, we obtain many exact solutions using the solutions of the Jacobi
elliptic equation.

Following sect. 2.4, and setting k3 = 0 in eq. (49), we have the Jacobi elliptic equation [59,60]:

() =7+ pe*(§) + 26°(9), (74)

2&‘2
where r = 2, p = > b g== ot a1 # 0.

Tt is well known [19,20,59 60] that eq. (74) has the following solutions:
NIfp=1,qg=-2,r=0, then ¢(£) = sech(§). In this case, eq. (1) has the bright soliton solution

q(z,t) = sech (x — vt) exp [i (—kz + wt + )], (75)
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where .
U:2k(a—c+10bk2), wzi—akz—bk‘l, g9 = 0.

2)If p=—2,qg=2,r =1, then ¢(&) = tanh(&). In this case, eq. (1) has the dark soliton solution
q(z,t) = tanh (z — vt) exp [i (—kz + wt + 0)] , (76)

where
U:2k(a+c+10bk2), w=c—ak® — bk, g9 = —kec.

) Ip=—(ME+1),q=2M% r=1,0< M; <1, then ¢(¢) = sn(¢). In this case, eq. (1) has the Jacobi elliptic
solution

q(z,t) =sn(z —vt)exp[i (—kx + wt + 0)], (77)
where (021 1)
c 9 c(Mf +1 9 4 —kc
U:2]€(a+w+10bk>7 :W—ak —bk, EQZW.

If M; =1, then sn(§) = tanh(€), and we get the same dark soliton solution (76).
NIfp=—-(ME+1),g=2,7r=M 0< M; <1, then ¢(¢) = ns(€). In this case, eq. (1) has the Jacobi elliptic
solution

q(z,t) =ns (z — vt)exp[i (—kx + wt + 0)], (78)
where )
Mi+1
v=2k(a+c+100k*), w= % —ak® —bk', ey = —keMy.

If My =0, then ns(§) = esc(€), and we get the trigonometric solution
q(z,t) = csc(x — vt) exp [i (—kz + wt + 0)], (79)
where

v=2k(ate+100%),  w=g—ak?—bk', e =0.

If My =1, then ns(§) = coth(§), and we get the singular soliton solution
q(z,t) = coth (x — vt) exp [i (—kx + wt + 0)], (80)

where
v =2k (a+ c+ 100k?), w=c— ak® — bk*, g9 = —kc.

5)Ifp=2M2 —1,q=—2M2, r=1— M 0 < M; <1, then ¢(¢) = cn(¢). In this case, eq. (1) has the Jacobi
elliptic solution

q(z,t) = cn (x — vt) exp [i (—kz + wt + 6)], (81)
where (212 ) ( 2)
c c(2M7i —1 ke(1 — M
= 9% (a— = + 10bk> =250 ) k2 — bkt =)
v k (a g + 10bk ) , w BIE: ak® — bk*, €9 Rz

If My =1, then cn(€) = sech(&), and we get the same bright soliton solution (75).
6) If p=2M7—1,q=2(1 - M}), r=—M?, 0< M; <1, then ¢(¢) = nc(§). In this case, eq. (1) has the Jacobi
elliptic solution:

q(z,t) = nc (x — vt) exp [i (—kz + wt + 0)], (82)
where (M2 1) )
c —c(2M7 -1 keM:
=2k 10bk? =1L~ —ak® bk = L.
Y <a+1—M12+ 0 > T V) R v

If M; =0, then nc(€) = sec(§), and eq. (1) has the trigonometric solution
q(z,t) = sec (x — vt) exp [i (—kx + wt + 0)], (83)

where .
U:2k(a—|—c—|—10bk2), wzﬁ—ak’z—bk‘l, g9 = 0.
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Fig. 1. Plot solution |g(x,t)| of (32) with by = —1, ¢1 =1, k1 = —3/64.

NI p=2—M32 q=2,7=1-M?,0 < M; < 1, then ¢(¢)=cs(£). In this case, eq. (1) has the Jacobi elliptic solution

q(z,t) =cs(z —vt)exp[i (—kx +wt +0)], (84)
where
v=2k(a+c+100k?), w= _C(%M%) —ak? =k, ey = —ke (1 - M?).
If My =0, then cs(§) = cot(§), and eq. (1) has the trigonometric solution
q(z,t) = cot (x — vt) exp [i (—kz + wit + 0)], (85)
where
v=2k(a+c+100k*), w=-—c—ak®—bk', e =—kc
If My =1, then cs(§) = csch(€), and eq. (1) has the singular soliton solution
q(z,t) = csch (x — vt) exp [i (—kz + wt + 0)], (86)
where

v=2k(a+ct+100k2), w=-—v—ak®—bk*, e =0.

Note that the solution (86) is equivalent to the solution (58? if we set k1 =0 in (58).
8) If p=2—-M?, q=2(1-M?), r=1,0< M; <1, then ¢(¢) =sc(£). In this case, eq. (1) has the Jacobi elliptic solution
q(z,t) = sc(z —vt)exp [i (—kz + wt + )], (87)
where c —c(2 — M3) —kc
v =2k (a+ e +1Obk2), W:W—ak‘f—bk‘*, 52:1_7]\412.
If My =0, then sc(§) = tan(§), and eq. (1) has the trigonometric solution
q(z,t) = tan (r — vt) exp [i (—kx + wt + 0)] , (88)
where
v=2k(a+c+100k*), w=-—c—ak®—bk', e =—kc

There are other Jacobi elliptic solutions which are omitted here for simplicity. Note that the solutions (75)—(88)
are new and not found in [44,50,53] or elsewhere.

3 Some graphical representations of some solutions

In this section, we present graphs of the Jacobi elliptic function solutions of the original equation (1). Let us now
examine figs. 1-4 as they illustrate some of our solutions obtained in this article. To this aim, we select some special
values of the parameters obtained, for example, in some of the Jacobi elliptic function solutions, (32), (38), (45)
and (47), of the nonlinear Schréodinger equation with fourth-order dispersion and dual power law nonlinearity (1) with
v=a =1, M; =1/2, =10 < z,t < 10, respectively. For the reader’s convenience the graphical representations of
these solutions are shown in figs. 1-4.
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Fig. 4. Plot solution |¢(z,t)| of (47) with by =1, ¢ = —1, k1 = —51/256.
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4 Conclusions

Biswas et al. [44] have solved eq. (1) using the soliton ansatz method and found only the 1-soliton solution. Recently,
Douvagai et al. [53] have solved eq. (1) using two methods which are different from the five methods used in this
paper. Here, we used five different mathematical techniques namely, the (G'/G)-expansion method, the improved
Sub-ODE method, the extended auxiliary equation method, the new mapping method and the Jacobi elliptic method
for constructing many new exact solutions of the nonlinear Schrédinger equation with fourth-order dispersion and
dual power law nonlinearity (1). These exact solutions include Jacobi elliptic solutions, hyperbolic function solutions,
trigonometric function solutions and rational function solutions. The special case of eq. (1) when m = 1 and k1 = 0, has
been discussed in [50] using the soliton ansatz method where the 1-soliton solution has been found, while in sect. 2.5,
we have found many new solutions of this special case using the Jacobi elliptic equation (74). Comparing our results
in this paper with the well-known results of [44,50-53], we conclude that our results are new and not found elsewhere.
Finally, our results in this paper have been checked with the aid of the Maple by putting them back into the original
equation (1).
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