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Abstract. Under investigation in this paper is a generalized (3+1)-dimensional varible-coefficient nonlinear-
wave equation, which has been presented for nonlinear waves in liquid with gas bubbles. The bilinear form,
Béacklund transformation, Lax pair and infinitely-many conservation laws are obtained via the binary
Bell polynomials. One-, two- and three-soliton solutions are generated by virtue of the Hirota method.
Travelling-wave solutions are derived with the aid of the polynomial expansion method. The one-periodic
wave solutions are constructed by the Hirota-Riemann method. Discussions among the soliton, periodic-
and travelling-wave solutions are presented: I) the soliton velocities are related to the variable coefficients,
while the soliton amplitudes are unaffected; II) the interaction between the solitons is elastic; III) there
are three cases of the travelling-wave solutions, i.e., the triangle-type periodical, bell-type and soliton-type
travelling-wave solutions, while we notice that bell-type travelling-wave solutions can be converted into
one-soliton solutions via taking suitable parameters; IV) the one-periodic waves approach to the solitary
waves under some conditions and can be viewed as a superposition of overlapping solitary waves, placed
one period apart.

1 Introduction

As encountered in some branches of science and engineering, such as fluid mechanics, condensed matter physics,
particle physics, elastic mechanics and plasma physics [1-8], nonlinear evolution equations (NLEEs) have been used
to describe some nonlinear physical phenomena and the propagation characteristics of waves [9-12]. As the exact
solutions of the NLEEs can provide much physical information and more insight into the physical aspects of the
problems [13-16], it is significant to derive the exact solutions of NLEEs, e.g., soliton [17-20], travelling-wave [21]
and periodic-wave solutions [22]. Accordingly, Bell-polynomial manipulation [23,24], Hirota bilinear method [25-28],
Bécklund transformation (BT) [29,30], polynomial expansion method [31] and Hirota-Riemann method [32-37] were
proposed.

In the field of the liquid with gas bubbles, bubble-liquid mixture equations have been developed to describe the
propagation of weakly nonlinear waves [38,39]. As the real nonlinear waves in a liquid with gas bubbles are multi-
dimensional, a liquid with gas bubbles in the 3D case should be take consideration. Motived by that, a generalized
(3 4 1)-dimensional nonlinear-wave equation [40]

[duy + duty + Ugpr — dug)e + 3(Uyy + u..) =0, (1)

has been proposed, where u is the wave-amplitude function of the scaled spatial coordinates x, y, z and temporal
coordinate t, the subscripts z, y, z and t represent the partial derivatives.

The variable-coefficient NLEEs can describe real phenomena in the inhomogeneities of media and non-uniformities
of boundaries and provide us with more properties than their constant-coefficient counterparts in some realistic physical
situations [41-43]. For example, in the context of ocean waves, the temporal variability of the coefficients may be
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caused by the pressure dependence of thermal expansion coefficient of seawater coupled with the large-scale meridional
variation of the oceanic temperature-salinity relation, topography of the continental shelf, changing hydrography from
deep to shallow water and other dynamical conditions [44-46]. In this paper, we will investigate the generalization of
eq. (1) with variable coefficients as

[us + a(t)uug + B(t)Uzzz + 7()Uz]e + 5(t)uyy + o(t)u.. =0, (2)

where «(t), B(t), v(t), 6(t) and o(t) are all the real functions of ¢. Another constant-coefficient special case of eq. (2)
has been seen [47], and another variable-coefficient version of eq. (2) has been presented [48].

This article will be organised as follows. In sect. 2, concepts and formulas about the binary Bell polynomial approach
will be introduced, and the bilinear form, Bécklund transformations, Lax pair and infinitely-many conservation laws
of eq. (2) will also be obtained. The soliton, travelling-wave and periodic-wave solutions will be derived in sects. 3, 4
and 5, respectively. In sect. 6, the discussions about the soliton, travelling-wave and periodic-wave solutions will be
presented analytically and graphically. Conclusions will be given in sect. 7.

2 Bilinear form, Backlund transformations, Lax pair and infinitely-many conservation laws of
eq. (2)

In this section, Bilinear form, Bécklund transformations, Lax pair and infinitely-many conservation laws of eq. (2) are
obtained via the binary Bell polynomials.
2.1 Multi-dimensional Bell polynomials
Multi-dimensional Bell polynomials are defined as follows [47]:
Ynlxl,...,nrfbr(f) = Yn1,.,.,nr<fl1m1 P flracr) = eifa;lll e 8:;'ef, (3)

where f = f(x1,22, -+ ,2,) be a C function, fi,4, .. iz, = 85611 -~-(“)§g‘r (0<l; <nyy, i =1,2,...,r). Taking n = 1,
the Bell polynomials is given by

' n
Vel = Vil frooon o) = 3 S e S P (4)

The multi-dimensional binary Bell polynomials can be defined as follows:

Viyzr,oolpzr, 114+ 1 is odd,

Drraremea, (U, 0) = You on (Ol oy ey, =
N1LL,..., Ny T ( ) ) N1, N ( )‘fl,l.,l,...,h,,T {/wllm’”w[rmr7 ll +"'+lr is even.

For example,

%(va):vlw %z(U7U/):'Ua2,:+U}2m,

Do (V, W) = V3 + BVpWop + V5, Dot (V, W) = VeV + Wy, - (6)
The link between the #-polynomials and the Hirota bilinear operator can be given through the identity

1

DM ... DV E.
FG T T G7 (7)

F
s minn (v =1In rek w = 1nFG) =

where F' and G are both the functions of x and t. Taking F' = G, the identity (7) becomes

1 0, ny +---+ n, is odd,

— DM D F.F =%(0,q=2InF) :{

2 .
F Prarsmpa (@), M1+ +n, is even.

For example,

P22(0) = q2a, Py2(q) = Qua + 3q%z,
Poa(q) = Goe + 15020040 + 1563, Pai(Q) = Qo - ©)
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The binary Bell polynomials #},,,, .. n,.. (v,w) can be separated into &-polynomials and % -polynomials

1

ni Uz — .
FGD"cl e DmTF G = %1$1,--~,ﬂr$r(vvw)|v:ln g,w:lnFG‘ -

ni Ny T n
)DINED SIS DY | [ () N A ) (10
ni+---+n,=even ;=0 1,,=017=0 H
The key property of the multi-dimensional Bell polynomials,

%1x1,~~~,nrwr (U)|v:111¢ = ’L/}nlzlfuwnrxr/w’ (11)

implies that the binary Bell polynomials %}, 4, ... n,, (v, w) can still be linearized by means of the Hopf-Cole transfor-
mation v = In¢, that is, v = F/G.
2.2 Bilinear form of eq. (2)
In order to obtain the linearizable representation of eq. (2), we introduce
U= CQag, (12)

where ¢ is a real nonzero constant. Substituting expression (12) into eq. (2) and integrating once with respect to x,
we get

1
E(g) = ga1 + 5ea(t)az, + B()qae + (1) @20 + 5(t)gy + 0(t)g2- = 0. (13)
Setting ¢ = 6, «(t) = B(t) and using (9), we can obtain the connection between eq. (13) and the &-polynomials, as
E(q) = Z2,4(q) + B(t) Paa(q) + (1) P20(q) + 6(t) P2y (q) + 0(t) P2:(q) = 0. (14)

Finally, through property (8) and setting ¢(x,y,z,t) = 2In f(x,y, 2, t), eq. (14) gives the bilinear form of eq. (2) as
follows:
[D.Dy + BE)D +(t)D? + (1) D2 + o(t) D] - f =0, (15)

2.3 Backlund transformations of eq. (2)

In order to seek the Béacklund transformations of eq. (2), we suppose ¢ = 2In f be another solution of eq. (14), then

E(q) — E(q) = [Z2,4(q) + B(t) Pac (@) + (1) P20(q) + 0(t) P2y (@) + 0(t) P2:()]
— [P2.4(q) + B() Paa(q) + (1) P22(q) + 6(t) P2y (@) + (1) P2:(q)] = 0. (16)
Those conditions can be regarded as an ansatz for a bilinear Backlund transformation and may produce the required

transformation under the appropriate additional constraints. To find such constraints, we introduce some new auxiliary
variables

W=In(ff), V=hi, §=2Inf=W+V, q¢q=2Inf=W-V, (17)

then rewrite the condition (16) as

E(q) = BE(q) = [Z2(W +V) = Zo (W = V)] + B())[ P12 (W + V) = Pua(W = V)]
FY(O[P2(W + V) = Pou(W = V)| +0()[ P2y (W + V) = Py (W = V)]
+ Q(t)[gZQZ(W + V) - QZZ(W - V)]
=2V, +26(t) (Viag + 6War Vay) + 27(t) Vag + 26(t) Vay + 20(t)Va, = 0. (18)

For the sake of expressing eq. (18) as #'-polynomials, we choose

D (V, W) + o (V,W) = A,
328(t) = o(t), (19)
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in which w is an undetermined constant, and X is an arbitrary parameter. On account of eq. (19), eq. (18) can be
rewritten as

OAG (VW) + (1) (V, W) + [BAB(E) + ()% (V, W) — 3w ()%, (V. W)} + 0,[6(t) %, (V,W)] = 0. (20)
With the aid of formula (10), eq. (7) can be transformed into a bilinear form as follows:
(D} +@wD. —\)f
{0:[Dy + B(t) D3 + (3AB(t) + 7(t)) Do — 3wB(t) D D] + 0, [6(t) Dy} f - g = 0, (21)
o(t)

36(t)°
generalized (3 + 1)-dimensional variable-coefficient nonlinear wave equation (2).

where w? = then ¢ is another solution of eq. (15). The system (21) is called a Bécklund transformation of the

2.4 Lax pair and infinitely-many conservation laws of eq. (2)

With the help of (11) and the Cole-Hopf transformation V' = Int, (10) read as follows:

%(WW):%7
%(WW):%7
%(VW):%7
%(VW):%,

Yoo (V. W) =tm+%7
DoV, W) = %Jr%

%r,y(vy W) = qQC:;/)y + 2(1901,wa 1/)21271} .

Via formula (22), egs. (19) and (20) can be linearized into the following Lax system:

1/121 + Wi/fz + (ng - >\)1/) =0,
Oo{the + B() (Y30 + Buzetha) + [BAB(E) + ¥(1)]e — 3wB(E) (Ua ¥ + Ya,e) } + Oy[6(2)1hy] = 0. (23)

In order to derive infinitely-many conservation laws of eq. (2), we shall decompose (19) and (20) into the z-, y-
and z-derivative as follows:

V724 Wae + @V, — A =0,
O {B(1)(Vay + 3VaWas + V2) + [BAB(E) + (1) Ve — 3w(t) Ve Vz }
+ 0, [8(t)V,] + 0.[-3wAB(t) + 3wB(t) V.2 + o(t)V,] + 0:(Vi) = 0. (24)

By introducing a new potential function,
n= (¢ — q)/2, (25)
there follows, from relations (17), that
Ve=n,  Vy=08"ny).  Ve=0.'(n),  Wa=got. (26)
Substituting (26) into (24), we decompose (18) into a Riccati-type equation
Qo0+ Mo+ 0 + @I, 0. — A =0, (27)
which is a new potential equation with respect to ¢ and a divergence-type equation
0 [B(t)n2z + 6AB(t)n — 28(t)n° — 6wB(t)nd; 0= + ()] + 3, [6(£)9; " n,]
+0:[-3wAB(t) + 3wB(t)n® + o(H)0; 0] + e = 0, (28)
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Letting A = £? and making use of transformation 1 = 7 + ¢, eqs. (27) and (28) can be rewritten as

Q20 + 7 + 17 + 20 + w8, 7], =0, (29)
B [B() 2w + 4B(8)e* — 20(1)77° — 68(t)en® — 6w B(1)70;, 7. — 6w /3(t)ed; 7.
+(1)(7 + )] + 9, [6(0)0; i) + 0:-[3wB()7i* + 6w B(1)ed + o(t)d; Vi) + 7l = 0, (30)
By inserting the expansion, N
= Z @ tar. . ), (31)

into eq. (29) and equating the coefficients for the same powers of €, we can get

[e's) 00 0o 00 n—1
Got Y Inwt "H @Y Inae 20042 Fgpae D (Z /i/,”-g—”> -0, (32)
n=1 n=1 n=1 n=1 \n=1

then we can explicitly derive the recursion relationship of the conserved densities # as follows:

1 1
/1 = —§Q2z = —E%
1 1 1 1
/2 = Zq3ac + qugx,z = ﬂ(uac + wa;c uz)v
n—1
fn—i—l -5 (jnr+W8 jnz+2//n 1>7 (TL:2,3,) (33)

In addition, substituting expansion (31) into (30), we have

O [ﬁ(t) Z fnﬂig + 45 6 - 2/6 Z ( Z fkl /kz fksg_n>

n=1 n=1 \ki+ko+ks=n

o

TR - i ST

— 6wp(t)ed; (Z /n,zE_"> +7(t) (E + Z /m‘”) . (Z /n,yﬁ_"ﬂ

n=1

o fE(Erre) G ol )
+ i e " =0. (34)

While the first fluxes 27,’s are given by

20 = B(t) F190 +(t) F1 — 68(t) F2 - 63(t)wd;* Fs.,
Lo = B(t) Fone + () Fo —120(t) F1 Fo — 68(t)wd;t 3. — 66(t)w 10, " 71,

%'nzﬁ(t) </n,29:_62/i/n—i+1_2 Z /kljkzjk;a)

ki1+ka+kz=n

_6ﬂ(t)w <am1fn+1,z +Z/kamlfnk,y> +7(t)/na (n:3747"')7 (36)
k=1
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the second fluxes «7,’s are given by

A = 500" Fry = —350(00; My,

1
oy = 5(15)8;1/27?; = ﬂ‘s(t)(uy + wagzluy&)v

1 :5(t)a;1jn,yv (n:233a"')a
where 82;1 means integrating with respect to = twice, and the third fluxes 27,’s are given by

21 = 68w Fo + 0o(t)0, 71,
P =3B(t)w 77 + 68(t)w I3+ o(t)d; ! .z,

f[wn—&-l = 36(75)@ z_: jijn—i + Gﬁ(t)w/n-‘rl + Q(t)agg_ljn,z (n = 2737 e )

The conversed densities # and three fluxes 27, &7, 2 provide us the infinitely-many conservation laws

jn,t"'%n,x"'mhy“‘gn,z:o, (n:1,2,...).

3 Soliton solutions of eq. (2)
Soliton solutions of eq. (2) can be derived by expanding f(z,vy, z,t) as

f(x7yvz7t) = 1+€f1('rayazvt) +€2f2(‘rayazvt> +53f3(55ay527t) +.o

where f,(z,y,2,t)’s (v=1,2,3,...) are the real functions of z, y, z and t.

3.1 One-soliton solutions

Truncating expressions (40) as
[y, 2,t) =1+ efi(e,y, 2, 1),
setting e = 1 and substituting expression (41) into eq. (15), we obtain the one-soliton solutions for eq. (2) as
12k2e
u = 12(111 f)23; = m y

with

kq
0 = kiz+ Ly +piz+wi(t) +m,

mayi/—%ﬂﬂ—ﬁﬂﬂ—ﬁﬂﬂ—ﬁdﬂﬁv

where k1, I, p1 and n; are all complex constants.

3.2 Two-soliton solutions

Truncating expressions (40) as

f(ac,y,z,t) =1+ 5f1(:v,y,z,t) +52f2(x,y727t)7

(38)

(39)

(40)

(43)
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substituting expression (44) into eq. (15) and setting ¢ = 1, we can get the two-soliton solutions for eq. (2) as

w = 12[k%601 (]. + 602)(1 + Algeez) + 2]@1]@2(1412 — 1)601+92 + k%eoz(l + 691)(1 + Algeel)]
— (1 +€91 + 602 +A12€‘91+02)2

where

oty = [ IR B0 3200 )

O; = kix + Ly +piz +wi(t) +m (1 =1,2),
A = 1+ 12K3K3 (1) [~3k3K1 B(1) — 6k3KIB(1) — 3KIKZB(E) + KII38(t)
— 2kokilalo8(t) + K3136(t) + o(t) (k1pa — kap1)’), (46)
with k;, [;, p; and n; are all the complex constants.
3.3 Three-soliton solutions

Truncating expressions (40) as

fl@y,z,t) =1+efi(z,y,2,t) + e falm,y, 2, 1) + % f3(x, y, 2, 1), (47)

substituting expression (47) into eq. (15) and setting € = 1, we can derive the three-soliton solutions for eq. (2) as
U= 12((A12691+92 + Ajggelitletls 4 A e01H0s 4 Ap o205 4 01y 02 4 05 4 1)
X (A12€7% (ky + k2)® + A123e” T2 (ky + kg + k3 )? + Arge” T (ky + ks)?
+ Aose® T (ky + ks)® + € k7 + € k3 + €™ k3) — (A12e” %2 (ky + k2)
+ Aroge? 00 (B 4 kg + ks) + Arse® T (ky + ks) + Agsze® 1% (ky + k3) + €%y + €% ks
+ e%3k3)?) /(A12e?1 702 4 Ajp3efit02H0s L 4 gef1H0s | 4002405 | of 4 002 4 o0 4 1)2, (48)

where

) = [ O HRAD S0 =00y 5
0; =kiz+ Liy+piz+wi(t)+n (i=1,2,3),
Ay =1+ 123K (1) /[-3K3 K B(t) — 6K3K} B(t) — 3k k7 B(t) + k7176(t)
— 2k;jkilil;0(t) + KHZ5(t) + o(t) (kip; — kjpi)®),  (i=1,2; j =2,3.) (49)
Atgs = [3koks((—A12 + Arg + Ags)ko + (A1p — A1 + Agg)ks) B(t) k]
— 6koks((Arz + A1z + Aos)k3 — 2(A1z + A1z — Aog)ksks
+ (A1 + A1 + Ao3)k3)B()KT — (3(Ar2 — A1z — Ass)ksB(t)k5
—12(A1o — Ayz + Ag)k3B(1)KS + 12(A1a — A1z — Aoz)k3B(t) k3
— (Ar2 — Az + Ag3) (3B(t)k3 — 136(t) — p3o(t) ks
— (A12 — Ayz — Ags)ks(o(t)p? + 126(t)))k? + (3(A1a + Az — Agz)k2B(t)ks
— 6(A1z + A1 + As3)k3B(1)K3 + (Arz + A1z — Ags)(3B8(t)ks — 136(t) — p3o(t))k3
+ 2k3(((— A1z + Ayz + Agz)lila + (A1 — A1z + Aoz)ly + (Arz + A1z — Ag3)la)l3)0(1)
+ ((=A12 + Aiz + Agz)pipz + ((Ar2 — Az + Ags)pr + (A12 + A1z — Aaz)p2)ps)o(t)) ke
— (A1 + Arz — As3)k3(0(t)p3 + 136(t))) k1 + koks((Arz — A1z — Asz)ks
— (A2 — Auz + Asz)ka) (0(t)pt + 136(1))]/ [Bk2ka (k2 + k) B(1) k]
£ Ghaka(hs + ks B(KD + (SkaB()KE + 12K25(0KS + 12K30(1)3
+ 3B(0)KL — BA(t) — po(t)hs — kalo(t)63 + BSOS + (BKB(KE + GKB()AS
+(3(t)ks — 130(t) — p3o(t)k3 + 2k3((Llz + (I + 12)13)(1)
+ (p1p2 + (01 + p2)p3)o(t)) k2 — k3 (0(t)3 + 156(1))) k1 — kaks (k2 + k3)(o(t)pT + 173(1))], (50)

with k;, [;, p; and 7; as complex constants.
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4 Travelling-wave solutions of eq. (2)
In this section, with the aid of the polynomial expansion method, we would like to construct the travelling wave
solutions of eq. (2).
4.1 Polynomial-expansion method
For a given (3 + 1)-dimensional NLEE

F(u, Uy Uy Uy Ugy Uy Uggygs Uz s Uiy Uy Uz Uz, Uty Uty gy - -+ ) = 0, (51)
we seek its travelling-wave solutions in the following form [49]:

u(z,y,z,t) = U(E), E=kx+ly+pz+w(t), (52)

where w(t) is a function of ¢, and k, [, p are all free constants.
Substituting eq. (52) into eq. (51), eq. (51) can be converted into a nonlinear ordinary differential equation (ODE)

d d2 3
AU AU U (53)
dé’ g2 g
We assume the solutions of eq. (53) have the following form:
U(€) = ao(t) + Y ai(t)Z(&)" + D bi(t)Z(&) ", (54)
i=1 i=1
with oz
— =72"+AZ+B 55
e tAZ+ b, (55)
where a;(t), b;i(t) (i = 1,2,--- ,n) are functions of ¢, and A, B are free constants. The constant parameter n is a

positive integer determined by the equilibrium of the nonlinear terms and the highest-order linear term of eq. (53).
Accordingly, eq. (55) have several types of solutions as
1) when A =0, B =0,

Z(§) = & (56)
2) when A #£0, B=0,
A
Z(§) = Coc—AE 1 (57)
where (Y is an integrating constant;
3) when A =0, B >0,
Je) = [ VB (VB 5
B —v/B cot(vV/B¢);
4) when A =0, B <0,
2(6) = —+/—Btanh(v/—B¢), (50)
V=B coth(v/—B¢);
5) when A # 0, B # 0, ( :
01 — C165¢e 01-02)¢
26) = A G (60)
with
p —A++VA?2—-4B 0 —A— VA2 - 4B (61)
1= ’ 2 = ’
2 2

where C1 is an integrating constant.
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4.2 Travelling-wave solutions
According to the travelling-wave transformation (52), eq. (2) can be rewrite as the following ODE form:

EBOUW + [kw' (t) + K2y (t) + 126(t) + p?o(t)]U” + K*B(t)U"? + K*B(t)UU" = 0. (62)
Based on the definition n of eq. (54), we derive that n = 2 in eq. (62). Then eq. (54) can be reduced to

bi(t) = ba(t)
AGRNAGER

substituting the expression (63) into eq. (62) and using eq. (55), algebraic equation of Z(§) can be derived. Then
equating the coefficients of the Z(€) power series at all levels to zero, we get the following results:

U(€) = ao(t) + a1 (t)Z(€) + az(t) Z(€)* + (63)

Case 1)
A0, B = by(t) = by(t) = 0, ao(t) = —k*A2%, ai(t) = —12k2A,
w(t) = =12k, w(t) = / k() - z?};sa) —prel®) g, (64)
Case 2)
B #0, A=a(t)=bi(t) =0, ao(t) = —8k*B, as(t) = —12k2,
bo(t) = —12k2B2,  w(t) = / k() - ZZ:(” —polt) o, (65)

Combing Case 1), Case 2) with eq. (56)—(60), we obtain the following three types of travelling-wave solutions of
eq. (2):
I) when A =0, B > 0,
uy; = —8k%B — 12k? B cot?(VBE) — 12k* B tan® (V BE); (66)

IT) when A # 0, B =0,
12k2A%(1 + ©)

U2 = 7]€2A2 - @2 s (67)
with
O = Coe 48 —1; (68)
III) when A =0, B <0,
uz = —8k?B + 12k B coth® (v/— B¢) + 12k* B tanh?(v/— B¢); (69)

where & = kz +ly +pz + [ *k27(t)712k5(t)7p29(t) dt, k, I, p and Cj are all free constants.

5 Periodic-wave solutions of eq. (2)

In this section, with the help of the Hirota-Riemann method [47], we will construct the one-periodic wave solutions of
eq. (2).

5.1 Hirota-Riemann method for NLEEs

The multi-dimensional Riemann theta function is defined as follows:

19(577_) _ Z e-rrv',(n*r.,n)+2-rrz'(£,n)7 (70)
nezZN
where the integer value vector n = (ny,...,ny)T € Z¥ and complex phase variables & = (&;,...,&n)T € ON.

Furthermore, for two vectors f = (f1,..., fn)? and g = (g1,...,gn5)7T, their inner product is defined by

(f:9) = fig1 + faga + -+ + fngn. (71)
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The equality of —iT = —i(7;;) is a positive definite and real-valued symmetric N x N matrix, which is called the
period matrix of the theta function. We consider the entries 7;; of the period matrix as free parameters of the theta
function (70). Equation (70) can converge to a real-valued function for an arbitrary vector & € C under the bilinear
conditions. The periodic-wave solutions can be constructed by an algebro-geometric method [47]. The matrix 7 is
usually derived by a compact Riemann surface Z of genus n € N. In this paper, the real-valued theta function (70)
can be obtained through taking the matrix 7 to be a pure imaginary matrix.

5.2 One-periodic wave solutions

To construct the one-periodic wave solutions of eq. (2), a more generalized form of the bilinear equation should be
introduced. Suppose that eq. (2) satisfies the asymptotic condition u — ug when |{] — 0, we can find that the
periodic-wave solutions of eq. (2) follow the constraint

u = uo(t) + 1202 In9(¢, 1), (72)

where uo(t) is a function with respect to t of eq. (2), and phase variable ¢ is of the form ¢ = (£1,&,...,&n)T, & =
Substituting the expression (72) into eq. (2), a new bilinear form can be obtained as follows:

[Do Dy + B(t) Dy + uo(t)3(1) D7 + () D3 + () Dy + o(t) D + c()]9(§, 7) - 9(€, 7) =0, (73)

where ¢(t) is a function with respect to ¢.
Setting (70) with N = 1, then (70) is reduced to the following form

400

,19(5)7_): Z ewi71,27-+27r1',n§’ (74)

n=—oo

where { = Kx + Ly + Pz + u(t) + €, 7 is a complex constant and meet the condition Im(7) > 0. Substituting (74)
into (73), we have

+o00 400
;o2 - .2 .
E E %(Dl’ Dya D27 Dt)eﬂzm T42mimé . errzn T42ming

m=—00 N=—0o0

%(DwDy’DZ’Dt)ﬂ(gvT) : 19(577-)

+oo +oo
> Y #Qin(n—m)K, 2in(n — m)L, 2ix(n — m) P, 2im(n — m)u)

m=—0o0 N=—00

“+o0
ewi(m2+n2)r+27ri(m+n)§ m'::m-‘rn Z <%7(7n/)627rim'£’ (75)
where
_ +oo 2 "2
B(m') = Z B(2im(2n — m' VK, 2im(2n — m') L, 2iw(2n — m/) P, 2im(2n — m/ ) g )™+ =m0
- =
nen Z B(2in[2n’ — (m' = 2)|K, 2iw[2n’ — (m — 2)|L, 2iw[2n’ — (m — 2)]P,

2im[2n — (m! — 2)|pg )™ H O = (m =27 2mi(m! =17
B0)emim'T m’ is even,

. o, m',n' € Z, 76
B(1)e™ D7 m! s odd, (76)

@(m/ o 2)627ri(m'71)‘r = {

from which we find that %B(m’) for m' € Z are completely dominated by Z(0) and Z(1). If Z(0) = (1) = 0, then
it follows that Z(m') = 0, and thus (72) is an exact solution of the bilinear form (73), i.e., (D, Dy, D,, D,)9(§,7) -
I 1) =0.
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Noticing the specific form of the bilinear form (73), the one-periodic wave solutions can be derived by
+oo 5
P(0) = Z B(dnmiK, AnmiL, dnmi P, dnmipg )e*™ ™7

n=—oo

“+o0
> [F167 07 Ky + 2568(t) 7 n* K* + 16uo(t) 3(t)°n’ K? — 167 (t)7*n’ K>

n=—oo

— 166(t)72n?L? — 160(t)72n>P? + c(t)]e* ™™ = 0, (77)

400
3" B2in(2n — 1)K, 2in(2n — 1)L, 2in(2n — 1)P, 2im(2n — 1)) e™ 37 20407

n=—oo

N
—
=
=

I

io [—4m%(2n — 1)2Kp, + 168(t) 7" (2n — D)AK* + duo(t)B(t)7*(2n — 1)2°K?

n=—oo

—dy(t) 7 (2n — 1)2K? — 45(t)7*(2n — 1) L% — 160(t)7%(2n — 1) P? + ¢(t))]

% e7‘ri(2n272n+1)‘r = 0. (78)

By introducing the following notations:

A= e‘/ri‘l"
+o0 ) oo .
an(t) = — Z 16722 KA | aia(t) = Z A2n° (79)
+oo ) 1o ]
agl(t) = — Z 47T2(27’L o 1)2KA27L 72n+1’ agg(t) _ Z A2n 72n+1’
+o00
bi(t) = > [2368(t)7 0! K* — 16uo(t)3(1)n*n K> + 169(t)m*n’ K>

+ 166 (t)m*n*L? + 16@(t)7r2n2P2}/12”2,
+oo
brr(t) = Y [-168(t)m* (2n — 1)*K* — dug(t) B(t)7* (2n — 1)°K? + dy(t)7*(2n — 1)° K>

n=-—oo
+45(t)m2(2n — 1)2L2 + 4o(t)7%(2n — 1)2 P2 A2 2041,
egs. (77) and (78) can be simplified to a linear system about the p; and ¢(t) as
a11(t) ai2(t) 1t br(t)
= . (80)
az1(t) as2(t) ) \ c(t) brr(t)
Solving the eq. (80), the one-periodic wave solutions of eq. (2) can be derived as
u = ug(t) + 1202 IndI(, 1), (81)

where ug(t) is a function with respect to ¢ and the parameters K, L, P, 7 and € are arbitrary.

6 Discussion

In this section, we will discuss the properties of the solitary, periodic and travelling waves analytically and graphically.

6.1 Soliton solutions

From eq. (42), we notice that the amplitude of the one-soliton solutions is 12k?, which means the amplitude of the
one solitons is not related to the variable coefficients 3(¢), v(t), d(t) and o(t). Then, we will investigate the velocity of



Page 12 of 17 Eur. Phys. J. Plus (2017) 132: 255

(a)
Fig. 1. One-soliton solutions via (42) with k; : =t

(b) B(t) = y(t) = 5(t) = o(t) = 1% (c) B(t) =

-2

(a) (b) (c)
Fig. 2. Two-soliton solutions via (45) with k1 = 2, ko =2, [y = > = 1 and p1 = p» = 1, when B(t) = v(t) = 6(t) = o(t) = t*
(a)y=2=0; (b)z=2=0; (c) z =y =0.

the one solitons by characteristic line equation of u(x,y, z,t) as

kix+lLiy+piz+wi(t)+m =Cy, (82)

where C is a free real constant. Differentiating the eq. (82) with respect to t, we derive the velocity of the one
solitons as

BB + Ky (n) + 136(1) + pRalt)

V., = ’
ELB(t) + k2~(t) + 126(t 2o(t
V. — 18(t) + kiv(t) + [5(t) + pio(t)
Y kily ’
V. = ELB(t) + kiv(t) +136(t) + pTo(t) (83)
o kip1 ’

Hence, we find that the velocity of the one-soliton solutions is determined by the parameters k1, {1, p; and the
variable coefficients ((t), v(t), 6(¢) and o(t).

Figures 1 present the propagation of the one soliton when the variable coefficients 5(t), v(t), 6(t) and o(t) are
of different types of functions. when 3(t) = ~(t) = 6(t) = o(t) = t, a parabolic-shape one soliton is obtained, as
shown in fig. 1(a); when 3(t) = v(t) = 6(t) = o(t) = t?, a cubic-shape one soliton is obtained, as shown in fig. 1(b);
when B(t) = (t) = §(t) = o(t) = 4cos(2L), a periodic-shape one soliton is obtained, as shown in fig. 1(c). From which
we discover that 3(t), v(t), (t) and o(t) could influence the velocities of the solitons, but the amplitudes of the solitons
do not change during the propagation, it is consistent with analytical analysis above.

Figures 2 present the interaction between the two solitons when 3(t) = ~(t) = 6(t) = o(t) = t2, there appear
two cubic-shape solitons. From which we find that the amplitudes of the two solitons remain unchanged after the
interaction, except for a phase shift. Figure 3 exhibit the three solitons when 8(t) = (t) = 6(t) = o(t) = 5 cos(t),
there appear three periodic-shape solitons and propagate in the same direction all the way. From which we observe
that the characteristics of fig. 3 are similar to fig. 2, the soliton amplitudes remain unchanged after each interaction
which indicates the interaction among the three solitons is elastic.
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Fig. 3. Three-soliton solutions via (48) with k1 = %, ke =2, ks = 1,11 =1l =1Il3 =1 and p1 = p2 = ps = 1, when

B(t) =~(t) =6(t) = o(t) = jcost: (a) y=2=0; (b) = 2=0; (c) z =y =0.

—08 Y s Z08 Y

(a) (b) (¢)

Fig. 4. Travelling-wave solutions with k =2, =1, p = 3 and 7(t) = §(t) = o(t) = t: (a) via (66) at B = 1; (b) via (67) at
A=Co= -1, (c) via (69) at B = —1.

6.2 Travelling-wave solutions

Figure 4 exhibit three different travelling waves in the a-y plane of eq. (2), by taking certain parameters, namely,
the triangle-type periodical, bell-type, soliton-type travelling waves [49]. We notice that bell-type travelling-wave
solitons (67) can be converted into one-soliton solutions when A = Cy = —1, but there exist singular points in the
travelling-wave solutions (66) and (69).

6.3 One-periodic wave solutions

Figure 5 present the propagation of the one-periodic waves with constant coefficients, viewed as a superposition of
overlapping solitary waves, placed one period apart. Figures 6 and 7 show the propagation of one-periodic waves
when the variable coefficients 3(t), v(t), 6(t) and o(t) are selected as cubic and sine functions, respectively. When the
cubic function case, one-periodic waves with u-shape is obtained along the x-direction. When the sine function case,
one-periodic waves with wave-shape is derived along the x-direction. From which we find that variable coefficients
B(t), v(t), 6(t) and o(t) can affect the structure of the one-periodic waves, but not influence the period characteristics
along the z-direction.
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u u

AN NACANANNTL,
VARV VRVILY
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(b) (¢)
Fig. 5. One-periodic wave solutions via (81) with uo(t) =0, k=1= 3, p= g, 7 =i and € = 0, when 3(t) = ~(t) = 6(t) =
o(t) = 1: (a) perspective view of the wave when y = z = 0; (b) wave propagation pattern of the wave along the z-axis; (c) wave
propagation pattern of the wave along the t-axis.

u
(a) (b) (c)
Fig. 6. One-periodic wave solutions via (81) with uo(t) =0, k =1 = é, p =43

& 7 =1 and € = 0, when B(t) = y(t) = 0(t)
o(t) = t3: (a) perspective view of the wave when y = z = 0; (b) overhead view of the wave, with contour plot shown; (c) wave
propagation pattern of the wave along the z-axis.

u
08|
(a) (b) (c)
Fig. 7. One-periodic wave solutions via (81) with ug(t) =0, k=1=3%,p = ¢

5» T =tand € = 0, when B(t) = v(t) = 6(t) =
o(t) = 2cos(4t): (a) perspective view of the wave when y = z = 0; (b) overhead view of the wave, with contour plot shown; (c)
wave propagation pattern of the wave along the z-axis.
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In this section, the relations between the one-periodic wave solutions (81) and the one-soliton solutions (42) of
eq. (2) will be discussed. Firstly, we expand a1, ai2, as1, age, br(t), and by (t) of eqgs. (79) as

a11(t) = —32Km2(A2 + 448 4+ -« + 242 4.,
aa(t) =1+ 2(A% 4+ A% + -+A2"2+---),
a1 (t) = —8Km3(A 4+ 9A° 4 - 4 (2n — 1)2A%% =20+ ),
aza(t) :2(/1+A5 C A2y
br(t) = 2[—2568(t) K r* — 256u0(t)B3(t) Kt 4+ 167 (t) K272 + 165(t) L*7% + 160(t) P?w?] A2
4 2[2566(1) KA rint — 256u0(t)ﬂ(t)K47r4n4 + 167(t) K272 n?
+ 160(t) L2702 + 160(t) P2rn2] A2 + ...

brr(t) = 2[-166(t) K*n* — 16u0(t)ﬂ(t)K47r4 + 4y () K2 7% + 40(t) L 72 + do(t) P*r?]A + - - -
+2[-168(t) K nt(2n — 1)* — 16uo(t) B(t) K*n*(2n — 1)* + 4y(t) K*7*(2n — 1)?
+46(H) L2712 (2n — 1)% + 4o(t) P27 (2n — 1)2] A% 2041 4L (84)

Accordingly, we can rewrite the eq. (79) into power series as follows:

ai(t) a2(t)) o
<a21(t) azg(t)) = Ao(t) + A1 () A+ A (1) A% + - -+, .
(lict((tt))) = Xo(t) + X1 () A+ Xo () A% 4 - - -, )

br(t)
(bn(t)> = Bo(t) + Bi() A+ Ba() A% + -+ -, )

where

o (3): () e ()

Aalt) = As)) =0, As) = (_ppay ) Bol0) =0, Balt) = Balt) =
B 0

1) = <2 (—167*K*3(t) — 167*K*B(t)uo(t) + 4m2 K2(t) + 4n2L25(t) + 47> P?0(t)) ) ’
Ba(t) = (2 (=256 K*1B(t) — 256w KB (t)uo(t) +016772K27(t) + 1672 L26(t) + 16w P2p(t)) ) 7

0
Bs(t) = <2 (—12967* K45(t) — 12967 K* B(t)uo(t) + 3672 K2y(t) + 3672 L25(t) + 36m2 P2 o(t)) ) ’

(88)
Then, we can derive
28 (t) - BP (1) 28" (1) — [Ba(t) — As(t)Xo(1)]?
Xo(t) = 8K 2 , X1(t) = 8K 2 ,
B(t) Bl()
2[Bpy1 (t) = Z7_p Ay (8) X ()1 — [Brga (8) — 2705 A (8) Xy (1))
Xn(t) = 8K sy (89)

[Busa(t) — Zjp Ay (1) Xy ()]

where n > 2, n € N, and A” (k = 1,2) denotes the x-th elements of the two-dimensional vector A.
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From eq. (89), we have

4K37%B(t) — Ky(t) — LPK~16(t) — P2 K'o(t) + 4AK372B(t)uo(t
ot = (T~ Ka) ® olt) POWOY -0
=8 (—4m2K33(t) (uo(t) + 1) + L20(t) K1 + P?o(t) K~ + K~(t))
Xo(t) = ) - ) ) ) (90)
=322 (—4m2K*B(t) (uo(t) + 1) + K2y(t) + L25(t) + P2?o(t))
Substituting eq. (90) into the system (86) and setting A — 0, we can obtain
c(t) —
w(t) — /4K3 2B(t) — Ky(t) — LAK15(t) — PPK " to(t) + 4K 37 B(t)uo(t)d;. (91)
By assuming
= S _ iy _ T
uo(t) =0, K= 2’ L= 2w’ P= 2’ €= 2 (92)
we have
2imé = 2in| / AK372B(t) — K~y(t) — LPK16(t) — PP K~ 'o(t) + 4K372 B(t)uo(t)d;
Kax+Ly+ Pz+e€ =kix+hy+piz+wi(t)+n —mir =6, —mir. (93)
Combining eq. (74) and (93), we further obtain
I ) . . .
19(5,7’) _ Z eTin T+2ming _ 1+ (627”5 + 6727”5)/1_’_ =14 601 + 6701/12 +
1207 4 e, (94)

Hence, according to the results of analysis, we conclude that the one-periodic wave solutions (81) approach to the
one-soliton solutions (42) when the amplitude A4 — 0.

7 Conclusions

In this paper, a generalized (3 + 1)-dimensional variable-coefficients nonlinear-wave equation, i.e., eq. (2), has been
investigated, which has been presented for nonlinear waves in liquid with gas bubbles. The bilinear form (15), Backlund
transformation (21), Lax pair (23) and infinitely-many conservation laws (39) are obtained via the binary Bell poly-
nomials. One-, two- and three-soliton solutions are generated by virtue of the bilinear form (15) and the Hirota
method, i.e. (42), (45)and (48). Travelling-wave solutions (66), (67) and (69) are derived with the aid of the poly-
nomial expansion method, and the one-periodic wave solutions (81) are constructed by the Hirota-Riemann method.
In addition, we find that the soliton velocities are related to the variable coefficients 3(t),v(t),d(t) and o(t), but the
soliton amplitudes are independent to that, and the interactions between the solitons are elastic. We also notice that
the bell-type travelling-wave solitons (67) can be converted to one-soliton solutions (42) when A = Cy = —1, and that
the one-periodic waves (81) approach to the one-solitary waves when the amplitude A — 0 and can be viewed as a
superposition of overlapping solitary waves, placed one period apart.

We express our sincere thanks to all the members of our discussion group for their valuable comments. This work was supported
by the National Natural Science Foundation of China (grant number 11272023); the Fundamental Research Funds for the
Central Universities under Grant No. 50100002016105010.
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