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Abstract This paper employs the discrete element method to examine the impact of particle shape on the
pressure dip phenomenon and structural characterization of the three-dimensional sandpiles. Particular
attention has been given to the underlying mechanism in the sandpile, which arises from the interplay of
the initial created structure and the induced changes in the subsequent deposition process. Different aspect
ratios produced different initial local geometry. The contact vector and strong contact force rotated away
from the z-axis when the aspect ratio deviates from 1.0. The flat particles had a better memory of initial
structures under the subsequent deposition process, which plays a vital role in force transmission and stress
propagation. However, when the aspect ratio approaches 1.0, the stress state behaves as a joint result of
maintained and gained contacts. For a certain range of aspect ratios, the newly generated interactions
of elongated particles induced the major stress in the horizontal plane, which thus produces a significant
pressure dip phenomenon. The results indicated that complex models accounting for contact creation are
required to capture the pressure profile.

1 Introduction

Richard et al. [1] proposed that granular materials
are the second-most manipulated material in nature
after water, which is mainly non-spherical with complex
shapes like sands, pharmaceutical tablets, food grains,
biomass particles, etc. Hence, a comprehensive under-
standing of the effect of particle shape on the behaviour
of granular packing is important for the design, opti-
mization and scale-up of industrial applications [2].
Sandpile is one of the simplest structures of granu-
lar packing, which exhibits many phenomena such as
segregation [3] and stratification [4] that are not yet
fully understood. Our study is focused on the pressure
dip phenomenon. It refers to a depression in the nor-
mal pressure underneath the apex of the sandpile. To
the author’s knowledge, Hummel and Finnan [5] were
the first experimentally observed the pressure dip phe-
nomenon underneath a sandpile using the point depo-
sition method, which has attracted extensive investiga-
tions since the 1980 s. Over the last couple of decades,
several influential factors and mechanisms have been
extensively investigated, including but not limited to
particle morphology [6–13], deposition process [14–16]
and base plane deflection [17,18].

Among the factors, particle shape is an important
aspect in controlling the fabric of granular materials.
Fitzgerald et al. [19] proposed that the flow behaviour
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of non-spherical particles is quite different from that of
perfect spheres, which can result in different packing
patterns, ability to fluidize and angle of repose. Matut-
tis et al. [20] and Zhou and Ooi [21] found that the
angle of repose is enhanced with the increase of the
non-sphericity. Change in the angle of repose would
influence the arrangement of particles and the stress
propagation. Zuriguel and Mullin [8,9] reported that
the non-spherical particles such as ellipsoid and pear
shape could generate a larger repose angle with a more
unambiguous pressure dip phenomenon.

The macroscale behaviour of granular materials
depends on the collective outcome of individual par-
ticles. With the development of numerical techniques,
simulations can investigate microscopic parameters
that are not accessible to experiments. The discrete
element method (DEM) is a powerful tool to provide
particle-scale information on granular materials with-
out any arbitrary assumptions. Some works can be
found in the literature to examine the particle shape
effects on the pressure dip phenomenon. Ai et al. [22]
studied the stress distribution with the clumped par-
ticles. Similar to the experimental work, they found
that the concentrated deposition produces an inclined
contact orientation, which is proposed to result in the
pressure dip phenomenon. Zhu et al [23] considered the
impact of the particle aspect ratio on the behaviour of
the pressure dip phenomenon. Results presented that
the degree of pressure dip phenomenon increased with
a higher aspect ratio, with particles oriented in the hor-
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izontal direction. Liu et al. [24] constructed the coni-
cal sandpiles with ellipsoids particles and demonstrated
that the force structures vary significantly with the
aspect ratios of ellipsoids.

As reported in the literature, the particle shape
would influence the connectivity and force networks
of the sandpile. Previous works are mainly limited to
the two-dimensional sandpile to explore the properties.
Compared with the two-dimensional system, the lat-
eral forces constraining the three-dimensional sandpile
are more complex [25]. Hence, more work is needed
to improve understanding of the pressure dip phe-
nomenon and the underlying mechanisms of three-
dimensional sandpiles. Our study is focused on the
particle shape effects on the heterogeneity and forces
propagation using the three-dimensional DEM simula-
tion. This paper is structured as follows, Sect. 2 intro-
duces the methodology for contact detection and the
implementation of the numerical model. We present
the macroscale behaviour of sandpiles in Sect. 3. The
structural properties and contact force are displayed in
Sects. 4 and 5, respectively. Section 6 discusses the pres-
sure dip phenomenon by the underlying mechanisms of
initial structure and the induced heterogeneous geom-
etry. Finally, we conclude and draw the future outlook
of this work.

2 Methodology

Various methods have been proposed in the literature
to generate the complex shapes of particles, such as the
ellipsoid particle [26], polar form of particles [27,28],
polygon particles [29] and multi-spheres particles [30].
The literature implies that the dip requires a large
enough pile compared to the grain size. Hence, the com-
putational efficiency in contact detection plays a vital
role in the DEM simulation. Concerning the clumped
particles, Soltanbeigi et al. [31] proposed that this
method requires enough spherical particles to construct
a smooth surface, and the rough surface may increase
the coordination number of particles. An alternative
approach is using the superquadric shape to define the
non-spherical particle, with the calculation method first
proposed by Barr [32]. Wiliams and Pentland [33] first
applied this algorithm in the two-dimensional DEM
simulation and suggested that 80% of all shapes can be
represented by the superquadric function. Thus, this
method is employed in this study to investigate the
shape effect on the mechanisms of sandpile using the
LIGGGHTS (LAMMPS Improved General Granular
and Granular-heat Transfer Simulations) software. The
following sections give a detailed introduction of the
algorithm, a comparison of the shape effect on the sim-
ulation time and the implementation of the numerical
model.

2.1 Particle definition

LIGGGHTS defines the shape of superquadric particle
using the following expression,

f(x, y, z) =
(
|x
a

|n2 + |y
b
|n2

)n1
n2 + |z

c
|n1 − 1 = 0 (1)

where a, b, c denote the half-length of the particles
along its principal axes. n1, n2 are the blockiness
parameters to control edge sharpness. Change the five
parameters can vary the size and shape of particles
from rounded to nearly cubical simplicity. The ellip-
soid particles are modelled with n1 = n2 = 2 and
a �= b �= c. The cylinder particle shape is composed
by n1 = 2, n2 ≥ 2, and if n1 ≥ 2, n2 ≥ 2, the particle is
in a box-like shape.

2.2 Contact detection

Compared with the spherical particles, the interaction
of non-spherical particles is more complex. Hence, it
is essential to optimize the algorithm of contact detec-
tion for improving computational efficiency. Ericson [34]
proposed that the computational time can be reduced
using bounding volumes in contact detection pre-steps.
The LIGGGHTS software employs this strategy to nar-
row contact detection. It is first approximated by the
bounding spheres, with the size determined as R =√

(a2 + b2 + c2). If the distance between the centres of
spheres is less than the sum of the radii, the particles
are intersected, otherwise are not in contact. The min-
imum oriented bounding boxes (OBB) is used for the
second survey, determined as a rectangular block with
semi-axes (a, b, c) and oriented axes, which checks the
interaction between two OBBs based on the concept
of the separation axis. For an arbitrary vector u, the
OBBs are regarded as interacted if the projections of
these boxes on u are intersected.

Then, the contact point is determined based on a
“midway” point X0 between two superquadric parti-
cles i and j. Applying Lagrange multipliers, this opti-
mization problem becomes a solution of the following
nonlinear system [35],

{∇Fi(X) + μ2∇Fj(X) = 0
Fi(X) − Fj(X) = 0 (2)

where X=(x, y, z)T. μ is the proportionality coefficient.
F is the shape function of a superquadric particle in
a global frame, which defines as Fi=f(AT

i ·(X-Xci) for
particle i. Xci is the centre of the superquadric particle i
in the global frame. Ai = A(qi) is the quaternion-based
rotation matrix, determined by qi=(q0, q1, q2, q3)T and
expressed as

Ai=

⎡
⎣

q20 + q21 − q22 − q23 2(q1q2 + q0q3) 2(q1q3 − q0q2)
2(q1q3 − q0q3) q20 − q21 + q22 − q23 2(q2q3 + q0q1)
2(q1q3 + q0q2) 2(q2q3 − q0q1) q20 − q21 − q22 + q23

⎤
⎦ .

∇Fi(X) is 1st (gradient) derivatives of the shape func-
tion. If the “midway” point X0 satisfies conditions
Fi(X0) < 0 and Fj(X0) < 0, the contact between two
particles takes place with the contact point X0. The
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nearest intersection points Xj and Xi between the con-
tact line and surfaces of particles i and j are expressed
as,

Fi(Xi) = 0, where Xi = X0 + αinij,
Fj(Xj) = 0, where Xj = X0 + αjnij.

(3)

where nij is the normal overlap direction, estimated
as nij = ∇Fi/‖∇Fi‖ at the contact point X0. Then,
the normal overlap vector is δn ≡ Xi − Xj = (αi −
αj)nij . The scalars αi and αj can be easily obtained by
Newton’s iterations,

αk+1
i = αk

i − f(Xk
i )

∇f(Xk
i )·n

,

αk+1
j = αk

j − f(Xk
j )

∇f(Xk
j )·n

.
(4)

2.3 Contact force

The interparticle force includes the normal force and
tangential force, which both contain a spring force and
a damping force. This study conducts the simulations
using the Hertz contact model. A nonlinear damping
term proposed by [36] has been used in the simulations.
The damping coefficient is an empirical constant related
to the restitution coefficient (e) as a function of the
incoming velocity in elastoplastic collisions. Equation 5
gives the expression of the normal and tangential force.

Fn = knδn − γnvn,
Ft = min(ktδt − γtvt, μs|Fn|). (5)

where Fn and Ft are the normal force component and
tangential force component, respectively. μs is the coef-
ficient of sliding friction. vn and vt denote the nor-
mal component and tangential component of the rela-
tive velocity, respectively. The normal relative velocity
between particle i and j estimates as vn=((vj-vi)·nij),
and the tangential relative velocity equals vt=vj-vi-
vn, where nij is the normal overlap direction. δt is the
tangential overlap, which represents the elastic tangen-
tial deformation of the particle surfaces that happened
since particles touched at t0 and estimates as δt=

∫ t

t0
vt

dt.
kn, kt are the normal and tangential spring coeffi-

cients, and γn, γt are the normal and tangential damp-
ing coefficients, respectively, expressed as,

kn = 4E∗√R∗δn/3, kt = 8G∗√R∗δn,

γn = −2
√

5
6β

√
Snm∗, γt = −2

√
5
6β

√
Stm∗.

(6)

where Sn = 2E∗√R∗δn, St = 8G∗√R∗δn. β is a coef-
ficient of restitution, estimated as β = ln(e)√

ln2
(e)+π2

. G∗,

E∗ and R∗ are the equivalent shear modulus, Young’s
modulus and radius, respectively. R∗ = RiRj

Ri+Rj
, which

is critical for the calculation of kn, kt, γn and γt.
We use local curvature radius at the contact point as

Table 1 Key parameters used in the DEM simulations

Density 2700 kg/m3

Equivalent diameter of a sphere 1.2 mm
Young’s modulus 70 GPa
Friction coefficient 1.0
Restitution coefficient 0.5
Poisson ratio 0.35
Time-step (s) 6.27×10−7

particle radius, estimated as R = 1/K, where K =
Kmean = (∇FT·∇2F ·∇F−|∇F |2(Fxx+Fyy+Fzz))

2|∇F |3 , ∇2F is the
2nd (Hessian matrix) derivatives of the shape function.
A detailed introduction for contact detection and con-
tact force calculation can be found in [35].

In a granular system, a given particle involves trans-
lational and rotational motion. In DEM, each particle
i is tracked by explicitly solving their trajectories using
Eq. 7, which are governed by Newton’s second law of
motion,

miẌi = Fi,

L̇i = Ti
(7)

where mi and Xi are the mass and position of the parti-
cle centre. Fi and Ti are the total force and total torque
acting on the particle, respectively. Li = Ii · ωi is the
angular momentum of the particle i. Ii is the tensor
of intertia and ωi is the angular velocity in the global
frame.

Accurate determination of a particle’s orientation
is critical for determining the angular velocity of a
superquadric particle [35]. We employ the particle-
based coordinate system to model the rotation of
the superquadric particles, which yields the following
expression,

Î
L

i ω̇i
L + ωi

L × Î
L

i ωi
L = TL

i (8)

where Î
L

i is the principal tensor of inertia. ωL
i and TL

i
are the angular velocity and angular moment in the
particle-based coordinate system, respectively. Based
on the rotation matrix A, the torque and angular
velocity in the global frame can be easily obtained as
TL

i =A·Ti, ωi =AT·ωL
i , where A−1=AT.

The LIGGGHTS software uses the velocity Verlet
integration scheme to calculate position and velocity as
a function of time [37], which contains two steps. The
first step is to update the velocities by a half-time-step
and positions by one step, and then compute the inter-
action forces between the particles and their neighbours
to update the velocities by another half-step.

2.4 Material properties

Cleary and SawLey [38] found that the average mass
flow rate predicted for discharge from the hopper was
reduced when increases the blockiness. The simulation
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requires enough large-scale systems to observe the pres-
sure dip phenomenon. Hence, we select the ellipsoids
for the simulations to reduce the computational time.
The equivalent diameter of a sphere is set to 1.2 mm
based on the experimental work of Vanel et al. [39].
Young’s modulus is 70 GPa, which is the typical value
of silica. The value of the restitution coefficient is cho-
sen based on the single-degree-of-freedom system [36]
as 0.5. The particle friction is 1.0 in order to achieve
a relatively steeper conical sand pile for the spheres.
We have not considered the rolling resistance of parti-
cles in this study to involve no unnecessary complexity.
The LIGGGHTS software determines the critical time-
step by the time through a particle with the Rayleigh
wave proposed by Johnson [40], expressed as,

t = πr ×
√

ρ

G
/(0.1631ν + 0.8766) (9)

where ρ and r are the density and radius of particles
respectively. G is the shear modulus and ν is the Pois-
son’s ratio. This study adopts the equivalent radius of
a sphere to estimate the time-step, which is 6.27×10−7

s. Table 1 lists the key simulation parameters.

2.5 Validation of the numerical models

2.5.1 Numerical model set-up

It is generally known that the pressure dip phenomenon
is dependent on construction history. Two pile forma-
tion processes, the point deposition and rain deposition
methods, have been simulated to validate the numeri-
cal models. Figure 1 illustrates the configuration of the
numerical model. The hopper and the sieve are used
in the point deposition and rain deposition methods,
respectively, located at 60 mm above the base plane.
The diameter of the hopper outlet equals 12 mm, which
is ten times the particle diameter. The sieve diame-
ter is set at 140 mm, the same size as the base plane.
We define particles by the aspect ratio (α), determined
as α = a/c, and b = c, which equals 0.5. During the
simulation process, particles are continuously generated
inside the hopper/sieve and deposited to the base plane
under the acceleration of 9.81 m/s2. Moreover, parti-
cles running off below the base plane would be deleted
to save computational effort. The graph suggests that
point deposition forms the sandpile by geometry, while
rain deposition constructs the heap layer by layer.

DEM simulations cannot achieve the complete static
condition, particularly for the free surface region of the
sandpile. The material is in an equilibrium state when
the forces acting on the particles are self-balanced.
Hence, the unbalanced force, as the total force acting
on the particles, is an index to identify the equilibrium
condition. We regard the system in an equilibrium con-
dition if the ratio of the average unbalance force to aver-
age contact force is below an acceptable tolerance (δtol),
expressed as,

fub
fac

≤ δtol (10)

where fub and fac denote the average unbalance force
and average contact force, respectively.

Li et al. [41] proposed that most kinetic energy of a
given boundary work was dissipated when the unbal-
anced force ratio is less than 0.01. We thus adopt the
tolerance as 0.01 in this study. Figure 2 depicts the spa-
tial distribution of the particle velocity in the (r − z)
space to verify the static state of the sandpile. The
graph shows the structure is in a quasi-static condi-
tion after the sandpile is constructed, particularly for
the central heap. This study aims to understand the
initial heap formation and growth on the behaviour of
the pressure dip phenomenon and structural character-
ization in the inner region. Hence, to certify the static
condition, we further checked the ratio of the kinetic
energy to the potential energy for the central heap,
which is less than 0.008 and identified a quasi-static
regime.

2.5.2 Base plane pressure profile

One of the main interests of the sandpile problem is
the pressure dip phenomena, which is relevant to the
stresses that sandpiles impose on the base plane. Hence,
we are only concerned about the interaction with the
base plane to interpret the base pressure. Due to the
axis-symmetric conical sandpile, the stress state is anal-
ysed in the cylindrical coordinate system.

For each particle, at the coordinate (x, y, z), the con-
tact force (fx, fy, fz) in the Cartesian coordinate sys-
tem is converted into components (fr, fϑ, fz) in the
cylindrical coordinate system using Eq. 11,

{
fr = fx cos θ + fy sin θ
fϑ = −fx sin θ + fy cos θ
fz = fz

(11)

Fig. 1 The configuration
of the numerical models
(unit: m)
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Fig. 2 Spatial distribution of particle velocity

Fig. 3 Base plane
pressure distribution under
different construction
histories

where θ = arctan(y/x).
Previously reported experiments used pressure cells

to record the forces acting within the cell area to esti-
mate pressure distributions [5,16]. Following a similar
spirit, we use the annulus-based average method to esti-
mate the stress, measured by summing up all the com-
ponents of contact forces falling within the concentric
rings over the corresponding annulus area. At radius
r, as shown in Fig. 3a, the annulus area (Ar) refers
to the region within (r − δr/2) and (r + δr/2), esti-
mated as Ar = π((r + δr/2)2 − (r − δr/2)2), where
δr equals 2 mm. The stress components are then mea-
sured as τr = fr/Ar, τθ = fϑ/Ar, σn = fz/Ar, where
σn, τr and τθ refer to the normal, radial shear and
circumferential shear stress, respectively. In this sec-
tion, we study the pressure dip phenomenon from the
estimation of normal pressure on the base plane, as
shown in Fig. 3b. The graph shows the pressure dip
phenomenon only occurs under the point deposition
method, which agrees well with the previous laboratory
observations [39,42] and validates the numerical mod-
els. We thus adopt the point deposition test to observe
the particle shape on the influence of the pressure dip
phenomenon.

3 Simulation results

We predominantly define different particle shapes by
varying the aspect ratio (α). Particles are oblate when
α < 1, which becomes prolate when α > 1. Seven dif-
ferent aspect ratios are selected, as 0.25, 0.5, 2/3, 1,
1.5, 2 and 3, to produce shapes from oblate to pro-
late. Particles are continuously inserted into the hop-
per and deposited to the base plane for the forma-
tion of the sandpile, following the process described in
Sect. 2.5. This section describes the macroscale proper-
ties of sandpiles and examines the base pressure profile
with different particle shapes.

3.1 Sandpile properties

Packing density is a common feature for determining
the structural characteristics of the packing problem,
which involves numerous works focusing on the corre-
lation between packing fraction and sphericity [43,44].
Here, we measure the total volume of the sandpile (V )
by the convex hull volume of discrete points and esti-
mate the average packing fraction as n = Vs/V , where
Vs is the solid volume of particles. Figure 4 depicts the
relationship between packing fraction and aspect ratio.
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Fig. 4 The evolution of packing fraction with particle
aspect ratio

Similar to the packing problem reported in [44], the
sandpile problem also gives an M-shaped curve for the
relationship between packing fraction and sphericity.
The graph displays that ellipsoidal particles can achieve
a denser sandpile than spherical particles within a spe-
cific range of aspect ratios. However, the packing den-
sity would become looser than spheres when the parti-
cles are too flat or elongated, particularly for the oblate
particles.

The repose angle is an essential parameter for under-
standing the micro-behaviour of the granular material
and relating to the macro-behaviour [45]. The com-
monly used definition of the repose angle is the steep-
est slope of the materials heaped without collapsing
[46]. Generally, the surface contours are not strictly
planar, particularly for the top surface. We thus subdi-
vide the heap into multiple layers to illustrate the sand-
pile profile, depending on the z-coordinate of particles,
as shown in Fig. 5a. The dimension of each layer is 10
mm in the z-direction. Figure 5b displays the graph in

the (r − z) space to measure the repose angle by the
inverse tangent (arctan) rule for each layer and esti-
mate as ϑ = arctan(Δh/Δr), where Δh and Δr refer
to the relative height and relative radius distance for the
envelope of the sandpile, respectively. Table 2 presents
the results. As expected, spherical particles achieve the
lowest repose angle, which increases when the particle
becomes more irregular. Moreover, the oblate particles
produce a steeper sandpile than the prolate particles.

3.2 Stress distribution on the base plane

Following the procedures described in Sect. 2.5, the base
plane pressure profile with different aspect ratios can be
obtained, as shown in Fig. 6. Due to the lower height,
the sandpile with α = 1 produces a relatively lower
normal pressure and radial shear stress. As expected,
the circumferential shear stress τθ is close to zero con-
cerning the axis-symmetric system. The stress profiles
fluctuate and produce local variations due to the inher-
ent randomness impact for granulate systems. Hence,
the difference in the pressure profile is not clear from
the scattered data point, particularly for the normal
pressure. The aspect ratio induces a significant differ-
ence in the behaviour of the radial shear stress, with
a higher peak magnitude observed for α = 0.25. For
the normal pressure, the polynomial fitting curves are
plotted for different aspect ratios to describe the pres-
sure dip phenomenon. The relative pressure dip (dp) is
quantified by (σp

n −σa
n)/σp

n, where σp
n refers to the peak

normal pressure and σa
n denotes the normal pressure

underneath the apex of the sandpile. Table 3 presents
the specific values of dp for different aspect ratios, with
the peak magnitude occurring at α = 2. The results
indicate that the pressure dip phenomena enhance with
the shape changes from the spheres to ellipsoids. For
the oblate and prolate particles, a relatively higher dp

is observed at α = 0.5 and α = 2, respectively.

Fig. 5 A schematic figure
of the measure of repose
angle

Table 2 Repose angle of sandpiles with different particle aspect ratios

Height α = 0.25 α = 0.5 α = 2/3 α = 1 α = 1.5 α =2 α = 3

(0∼10) mm 24.73◦ 34.29◦ 28.55◦ 16.85◦ 28.87◦ 33.39◦ 28.7◦

(10∼20) mm 42.39◦ 34.08◦ 28.0◦ 21.44◦ 28.88◦ 35.15◦ 39.16◦

(20∼30) mm 45.94◦ 32.76◦ 28.41◦ – 27.59◦ 30.38◦ 31.08◦

Average 37.69◦ 33.71◦ 28.32◦ 19.15◦ 28.45◦ 32.97◦ 32.98◦
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Fig. 6 Base plane pressure distribution with different aspect ratios

Table 3 Pressure dip of sandpiles with different aspect ratios

Aspect ratio (α) 0.25 0.5 2/3 1 1.5 2 3
Relative pressure dip (%) 24.87 28.45 19.52 3.79 9.21 38.49 19.02

4 Spatial structural characteristics of
sandpile

Stresses that sandpiles impose on the base plane are
highly related to the forces transmitted inside the sand-
pile. Generally, the interparticle forces are related to the
arrangement and connectivity of particles. Hence, it is
essential to examine the structural properties of sand-
piles for understanding the pressure profile constructed.
One of the most compelling continuum models reported
in the literature is the fixed principal axis (FPA) model
proposed by Wittmer et al. [47,48], which raised sensa-
tional attention as the simple model successfully repro-
duced the pressure dip phenomenon. They assumed
particles embedded frozen at the instant of deposition,
which means particles have a good memory of the initial
structure. We thus identify the structural properties of
the sandpile problem by the initial and induced prop-
erties for elucidating the underlying mechanisms and
whether the traditional continuum mechanics approach
can explain the pressure dip phenomenon.

4.1 Initial state of sandpile

The subsequent loading process implies the sandpile
generated by geometry under the point deposition
method. Hence, the initial local geometry refers to a
minimum available structure to form a specific pile,
defined by around 17,000 particles deposited in this
study. Al-Hashemi and Al-Amoudi [45] proposed that
factors like density, anisotropy and particle arrange-
ment will determine the material structure, while the
particle shape, size, contacts and distribution will con-
trol the fabric. We thus examine the characteristics of
void ratio, coordination number, contact orientation
and particle orientation to understand this complex
structure.

4.1.1 Void ratio

The Voronoi tessellation method is widely adopted to
determine the local void ratio, which subdivides the
domain into small cells with each cell containing only
one particle. The cell is constructed by the points with
distances to the particle surface no greater than those to
other particles. The originally Voronoi tessellation con-
cerns the volumeless points, which may affect the for-
mation of polyhedrons in the three-dimensional space
and influence the characteristics of local structures,
particularly for the non-spherical particles. Hence, it
requires a rigorous technique to generate the Voronoi
cells for analysing the spatial properties of the sandpile.
The literature presents several methods to obtain the
Voronoi cells of non-spherical particles, for instance, a
Voronoi channel method based on tracking the imag-
inary empty sphere of variable size inside a packing
[49] and a universal numerical method proposed in the
X-ray tomography [50]. This study employs the three-
dimensional Set Voronoi diagram method to form the
Voronoi tessellation cells for the data analysis.

The Set Voronoi diagram is defined in analogy to the
definition of the conventional Point Voronoi diagram,
with the distances between a point x and a discrete par-
ticle K measured to the nearest point on the bounding
surfaces of the particle, rather than to the particle cen-
tre. Hence, it consists of three steps to generate Voronoi
cells: first, it creates a sufficiently dense set of points to
represent the discretization of the bounding surfaces of
the particles, and second, creates a lookup for particle
indices and computes the conventional Point Voronoi
diagram of these particles, and finally, identifies the set
of Voronoi facets for each particle and merges the Point
Voronoi cells via removing the Voronoi facets whose
dual Delaunay edge connects two points belong to the
same particle. A detailed introduction to the algorithm
can be found in Schaller et al. [51].
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Fig. 7 Spatial distribution of void ratio: a oblate particles and b prolate particles

The volume of each particle is determined as the
cell volume to estimate the local void ratio. Figure 7
portrays the spatial distribution of the void ratio in
the (r − z) space. At position (r, z), the void ratio
refers to the circumferential average of particles located
inside a hollow cylindrical region, which is determined
by two coaxial cylindrical surfaces of radii, (r − δr/2)
and (r + δr/2), with the height in (z − δz/2, z + δz/2),
where δr and δz both equal 2 mm. The contour graph
is plotted by the position of particles and coloured by
the results of the void ratio. This study concerns the
domain as a cubic container, which may generate larger
Voronoi cells for particles at the edges of the sandpile.
In such a case, the graphs display a significantly higher
void ratio near the free surface for each sandpile. It
requires addressing the irregular boundary conditions
in future work. It has been that the formation process
induces a long runout distance of spherical particles.
Hence, under the same number of particles, the spheres
construct the sandpile with a higher radius distance and
lower height, resulting in a relatively loose packing than
the oblate and prolate particles. The results indicate
that particles in a specific range of aspect ratios gener-
ate a denser initial local geometry underneath the apex
of the sandpile. However, when the particle becomes
too flat or elongated, the void ratio increases inside the
sandpile, especially for the flat particles.

4.1.2 Coordination number

Coordination number (CN), referred to as the density
of contacts per particle within a granular assembly, is
a classic measure to characterize the packing struc-
ture. In analogy to the void ratio, Fig. 8 depicts the
spatial distribution of the coordination number. For
the point deposition method, particles are rolled down
from the apex to form the sandpile, generating the flow
behaviour of particles near the free surface and show-
ing the lowest coordination number. The graph shows
a remarkably lower coordination number for the spheri-
cal particles than the non-spherical particles. Baule and
Makse [52] proposed that the spherical packings can
lead to an increase in the coordination number from 4

to 6 between the random loose packing (RLP) and ran-
dom close packing (RCP). Figure 7 shows that the void
ratio is in the span of (0.6, 1.2) for the spheres; hence,
the solid fraction ranges from 0.45 to 0.625. According
to Makse et al. [53], the sandpile of spheres constructs
a lower solid fraction than the RLP. The results agree
with the work of Horabik et al. [54], implying that the
pile of spherical particles with a high value of sliding
friction is in a much looser state than the RLP and
obtains a lower coordination number than the limiting
value of 4. For different aspect ratios, we can observe
that the coordination number enhances under the apex
of the sandpile when the aspect ratio deviates from 1.0.

In the literature, various empirical formulations have
been developed relating the coordination number and
the void ratio. We can see that the coordination number
decreases with the increase in the void ratio for a cer-
tain sandpile. Deng et al. [55] pointed out that a smaller
CN does not necessarily mean higher porosity for ellip-
soidal particles, or vice versa. Our results display the
same behaviour. Compared with the other ellipsoids,
the too-flat or too-elongated particles induce a higher
coordination number with a higher void ratio.

4.1.3 Contact orientation

Different behaviour of void ratio and coordination num-
ber imply different arrangements of particles, which
would induce various characteristics of contact net-
works with different particle aspect ratios. We exam-
ine the behaviour of the contact network in terms of
contact vector, which refers to the vector from the con-
tact point to the particle centre for the non-spherical
particles. The orientation of contacts within an entire
assembly can be characterized by the angular distri-
bution (E(θ)), which refers to the number of contacts
falling within an angular interval Δθ [56]. In the three-
dimensional space, the density is expressed by the por-
tion of contacts per unit area on the unit sphere. Fig-
ure 9 portrays the 3D histogram of the contact orienta-
tion. Particles with an aspect ratio close to unity have
a marked performance for the vertical contacts. When
the aspect ratio deviates from 1.0, the initial structure
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Fig. 8 Spatial distribution of CN: a oblate particles and b prolate particles

Fig. 9 Frequency of the
contact orientation with
different aspect ratios: a
oblate particles and b
prolate particles

shows a higher frequency of interparticle interaction in
the horizontal plane and reduces the possibility of ver-
tical interactions. The tilted contacts of the ellipsoidal
particles would transfer the force to the outer edges of
the sandpile and reduce the normal pressure.

4.2 Impact of construction histories

The induced heterogeneous geometry occurs due to the
collapse of the initial granular structure subjected to
the loading of particles. This subsection aims to observe
the external loading of particles on the evolution of
the mechanical behaviour in the inner region, which
is defined in the cylindrical coordinate system by the
radial position of 20 mm and the repose angle of 33◦. In
the following data analysis, the initial stage is denoted
as the S1 stage. Two intermediate stages, the S2 stage
and S3 stage, are determined by the increased deposited
particles (ΔNp), where ΔNp is approximately 28,000.
The number of particles for the S2 stage and S3 stage
is approximately 45,000 and 73,000, respectively. The
S4 stage refers to the final state of the simulation.

4.2.1 Evolution of void ratio

Figure 10 portrays the temporal probability distribu-
tion of the void ratio. In the inner region, the spherical
particles produce a narrow distribution with a higher
probability that occurs in the span of (0.5, 0.8). When
particles become non-spherical, the local geometry has
a higher possibility of a larger void ratio. Due to a
smaller repose angle, the spherical particles would have
better particle flowability. In such a case, particles near
the spherical shape alter the void ratio significantly
during the subsequent loading process. Moreover, the
results indicate that the system is in a relatively stable
condition when particles become too flat or elongated.
The loading would only induce a slight change in the
initial granular texture with a similar probability dis-
tribution of the void ratio during construction.

4.2.2 Evolution of coordination number

Figure 11 depicts the average coordination number of
the inner region with different aspect ratios. At the
initial stage, according to Fig. 8, the spherical parti-
cles produce a significantly lower average coordina-

123



20 Page 10 of 17 Eur. Phys. J. E (2023) 46 :20

Fig. 10 Probability distribution of void ratio at: a S1 stage, b S2 stage, c S3 stage and d S4 stage

tion number, which enhances when the aspect ratio
deviates from 1.0. The construction process alters the
results of spherical particles significantly. Similar to the
behaviour of void ratio, the external loading subjected
to the deposition process causes tiny variations in the
average coordination number for the too-flat/elongated
particles. Compared with the elongated particles, the
flat particles produce a more similar coordination num-
ber during construction. The results indicate that the
too-flat particles contain a higher ability to maintain
the initial structure.

4.2.3 Evolution of contact orientation

We convert the contact vector in the Cartesian coor-
dinate system into the cylindrical coordinate system,
using Eq. 11, for examining the characteristics of con-
tact orientation (ϕ). Figure 12 illustrates the definition
of the orientation of a contact vector in the cylindrical
coordinate system. According to the graph, the angle of
90◦ refers to the z-axis. In the three-dimensional space,
the orientation angle should be in a span of (0 ∼ 360◦).
However, concerning the axis-symmetrical condition,
the spatial morphology of contact vectors with the angle
of (180 ∼ 360◦) should be the same as the results in the
angle of (0 ∼ 180◦). Hence, we are only concerned with
the results varying from 0◦ to 180◦ to simplify the anal-
ysis. Figure 13 portrays the orientation frequencies of
the contact vectors at temporal stages. The graph shows

Fig. 11 Behaviour of average coordination number at dif-
ferent stages

spherical particles induce the peak frequency of con-
tact orientation gradually rotated to the vertical inter-
actions during construction. However, with the devel-
opment of sandpiles, the ellipsoidal particles produce
a similar probability distribution of the contact orien-
tation, with the preference interactions tilted with the
z-axis. The flat particle has a higher frequency for the
contact orientation at approximately 45◦, which is at
135◦ for the elongated particles.
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Fig. 12 Definition of the
orientation of a contact
vector

Fig. 13 Probability distribution of contact orientation at: a S1 stage, b S2 stage, c S3 stage and d S4 stage

5 Contact force

The internal structure only provides partial informa-
tion about the interaction between the particles. The
pressure profile highly depends on the granular texture
and the force transmission. Hence, it requires consid-
ering the strength of the contacts to obtain a deeper
understanding of the sandpile system.

5.1 Initial state

In analogy to the contact orientation, Fig. 14 depicts
the 3D histogram of contact force at the initial state,
where each bar represents a normalized local average

normal contact force in that orientation. Strong con-
tact forces mainly form in the vertical direction due
to the deposition method, particularly for the spherical
particles. When the aspect ratio deviates from 1.0, the
strong contact force rotates away from the z-axis. Ellip-
soidal particles would thus transmit forces along the
tilted direction to reduce the normal pressure under-
neath the apex.

5.2 Impact of construction histories

In the deposition process, the external loading can
cause the creation, disruption and re-orientation of the
contact network. Kruyt [57] pointed out that sepa-
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Fig. 14 3D histogram of
contact force: a oblate
particles and b prolate
particles

Fig. 15 Particle aspect ratio on the frequency of main-
tained contacts

rately studying the three mechanisms can bring insight
into the structural changes to the contact network that
occur during deformation.

When comparing two adjacent states, the local geom-
etry of the current state can be expressed as the union of
the maintained contacts and gained contacts. Figure 15
portrays the percentage of the maintained contacts at
different temporal stages, which shows a significant loss
of the local geometry for the spherical particles, par-
ticularly in the S2 stage. The ellipsoidal particles can
enhance the interlocking effect and increase the pos-
sibility of maintaining the initial local geometry. The
soil skeleton is almost the same during construction for
the too-flat particles. As the number of particles grows,
the structure becomes more stable. The results indicate
that the ellipsoidal particles, particularly the too-flat
particles, maintain the initial contacts longer than the
spherical particles.

We examine the orientation of normal contact force
to give a quantitative investigation of the mechanical
roles of the contact subsets in force propagation. In
analogy to the orientation of the contact vector defined
in Fig. 12, the orientation of contact force is measured
with respect to the r-axis. Figure 16 depicts the tem-
poral behaviour of mean normal contact force at differ-
ent aspect ratios. In the graphs, the solid lines refer to
the results of the maintained contacts and the dashed
lines are the behaviour of the gained contacts, where
< fn > denotes the average normal contact force of
the system. Radjai et al. [58] proposed that the con-
tacts whose forces are larger than average forces are
the strong forces. We can see that the strong forces
are mainly supported by the maintained contacts when
the aspect ratio deviates from 1.0, particularly for the
too-flat particles. However, when the particles approach
the spherical shape, the strong forces are carried by
the maintained and gained interactions. The results
indicate that the orientation of strong forces correlates
to the particle shape, which produces a higher perfor-
mance of strong contacts in the vertical direction under
the subsequent loading of particles when the aspect
ratio approaches 1.0. While the strong forces concen-
trate on a wider range during the formation process for
the too-flat and too-elongated particles. Similar to the
characteristics of internal structure, the ellipsoids, par-
ticularly the oblate particles, display a good memory of
the behaviour of strong forces during construction.

The friction mobilization index (If ) is adopted to
examine the characteristics of tangential contact force
(ft), measured by If = |ft|/μfn at each contact. Due
to the condition of the Coulomb friction law, the max-
imum value of If is 1.0, which corresponds to fully
mobilized contacts. Figure 17 depicts the frequency of
If in log-linear scales for different aspect ratios. The
solid lines and dashed lines in the graphs also refer to
the maintained contacts and gained contacts, respec-
tively. The sandpile induces the primary peak proba-
bility at If = 1.0, while a secondary hump is observed
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Fig. 16 Orientation of normal contact force for the aspect ratio of: a α = 0.25, b α = 0.5, c α = 2/3, d α = 1.5, e α = 2
and f α = 3

at If ≈ 0.3 when the particles approach the spheri-
cal shape. The results suggest that the proportion of
weakly mobilized contacts decreases and the proportion
of highly mobilized contacts increases with the aspect
ratio deviating from 1.0. The graphs display a simi-
lar probability distribution of If at different temporal
stages for each aspect ratio. Moreover, the work of con-
tact subsets only produces an obvious contrast for the
too-flat particles.

6 Discussions

The temporal characteristics of internal structure and
contact force indicate the ellipsoidal particles can have
a better memory of the initial structure. The higher per-
formance on maintaining the initial tilted strong con-
tacts would transfer the stress to the outer edges to
form the pressure dip phenomenon. We further exam-
ine the impact of contact subsets on the evolution of the
stress state to elucidate the underlying mechanisms of
the counter-intuitive phenomenon. The microstructural
definition of the stress tensor is determined with the
help of the individual contact forces inside the assembly
of grains, which could be expressed in terms of discrete
micro variables as,

σij =
1
V

∑
filj (12)

where σij is the average stress tensor, V is the volume
of Voronoi cells, fi is the component of the contact force
in the ith direction, and lj is the contact vector.

According to the definition of the stress tensor, the
stress state can be subdivided into two parts concerning
the maintained and gained contacts, expressed as,

σij = σM
ij + σG

ij =
1
V

∑
fil

M
j +

1
V

∑
fil

G
j (13)

where σM
ij and σG

ij are the stress tensor of the main-
tained contacts and gained contacts, respectively. lMj
and lGj denote the contact vector of maintained con-
tacts and gained contacts, respectively.

The stress state is also analysed in the cylindri-
cal coordinate system concerning the axis-symmetrical
conical sandpile. Adopting Eq. 13, we first estimate the
stress tensor (σij) of each particle in the Cartesian coor-
dinate system and then transfer the results to the cylin-
drical coordinate system using the following equation,

[
σr

ij

]
=

[
QT

]
[σij ] [Q] (14)

in which Q is the transformation matrix and equals to[ cos θ − sin θ 0
sin θ cos θ 0

0 0 1

]
. θ is the location of particle in

the cylindrical coordinate system and σr
ij is the stress

tensor in the cylindrical coordinate system.
Figure 18 gives the evolution of stress components

for σM
ij and σG

ij with different aspect ratios. Depending
on the conical shape, the stress tensor should be axis-
symmetrical along the θ plane in the cylindrical coor-
dinate system, which implies the stress tensor σrθ and
σθz are around zero and thus do not display. σrr pro-
duces a similar behaviour as σθθ. Due to the self-gravity
impact, the sandpiles produce major stress in the ver-
tical direction and enhance with the development of
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Fig. 17 Orientation of If for the aspect ratio of: a α = 0.25, b α = 0.5, c α = 2/3, d α=1.5, e α=2 and f α=3

Fig. 18 Evolution of the stress components with different aspect ratios: a σrr, b σθθ, c σzz and d σrz
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sandpiles. Compared with the stress components in the
diagonal direction, σrz is significantly lower and close to
zero. According to Fig. 9, the initial tilted contact vec-
tors of the too-flat and too-elongated particles produce
a higher stress field in the (r, θ) space, which propagates
the stress in a diffusive condition.

At each temporal stage, when the aspect ratio devi-
ates from 1.0, the maintained contacts display an
increase in σM

rr , σM
θθ and σM

zz , while the gained con-
tacts have the reverse effect. We can see that the
deposited spherical particles induce zero horizontal
stress at the initial stage, while the newly created inter-
actions enhance the fraction of horizontal stress during
construction. For particles with α = 2, it is interesting
to observe that the newly generated interactions induce
a major stress in the horizontal plane, which thus pro-
duces a remarked pressure dip phenomenon than the
other ellipsoids. The results indicate that the gained
contacts of prolate particles play a more vital role in
stress propagation than the oblate particles. Similar
to the behaviour of contact force, the stress state of
the too-flat particles is primarily contributed by σM

ij ,
which agrees with the assumption proposed by Wittmer
et al. [47]. However, when the aspect ratio approaches
1.0, the stress state behaves as a joint result of main-
tained and gained contacts. Hence, additional and com-
plex models have to be formulated concerning contact
creation to capture the pressure profile when contacts
are not fairly permanent.

7 Conclusions

In this paper, we consider three-dimensional simula-
tions of sandpile systems built from different shapes of
ellipsoids and study the structural properties and con-
tact force on the characteristics of stress propagations.
The ellipsoidal particles can produce a denser sand-
pile and significant pressure dip phenomenon within a
specific range of aspect ratios. However, the too-flat
or elongated particles would enhance the void ratio
inside the sandpile. We examined the impact of parti-
cle shape on the memory of the initial structure via the
underlying mechanisms of initial granular structure and
induced heterogeneous geometry. For the initial stage,
particles with different aspect ratios induce different
local internal structures and contact forces. The contact
vector and strong contact force rotate away from the z-
axis when the aspect ratio deviates from 1.0. Concern-
ing the construction process, the ellipsoidal particles
enhanced the interlocking effect. In the inner region,
the too-flat particles have a better memory of the ini-
tial structure, with the strong contact force carried by
the maintained contacts. However, when the particle is
close to a spherical shape, the stress state behaves as
a joint result of maintained and gained contacts. For
a specific range of aspect ratios, the newly generated
interactions of elongated particles induced the major
principal stress in the horizontal plane, which thus pro-
duces a significant pressure dip phenomenon. Our study
sheds some insight into the underlying mechanisms of

granular packings. However, we only examine the mono-
sized non-spherical particles. Studying the polydisper-
sity of the non-spherical particles can further under-
stand the memory of initial structure on the behaviour
of granular materials and advance the understanding
in process engineering like additive manufacturing and
biomass combustion.
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