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Abstract By investigating the bidisperse disks under isotropic compression, we show the importance of non-
affine deformation on the bulk properties of jammed disordered matter and how the mechanical properties
are affected by the variation of microscopic quantities with the excess volume density ΔρV and the friction
coefficient μ. In theory, we derive a simple formula for the pressure of disk packings which sets up a bridge
between the pressure and other statistical quantities like the contact number density and the average normal
force. This pressure formula is used to derive the reduced pressure P ∗ and the reduced bulk modulus K∗

for disk packings with linear interactions and under affine compression without new contacts. Combining
theoretical formulae with Discrete Element Method (DEM) simulations, we investigate the average contact
number Z(ΔρV , μ) and the average reduced overlap Ū(ΔρV , μ) and give the analysis on how P ∗ and K∗

are affected by the variation of Z and Ū . For frictionless disk packings, we find that the affine assumption
causes large deviation on Z and Ū relative to those of non-affine compression and therefore fails to predict
the quantitative results of K∗. For packings with a fixed μ, due to the non-affine deformation, Ū varies
approximately linear with the increasing ΔρV and Z increases sharply near the jamming point and then
approaches a saturation value. With a fixed ΔρV and the increasing μ, Ū changes by a small amount while
Z presents obvious decrease. The decrease of Z causes the decrease of the slope of function P ∗(ΔρV ) and
the value of K∗ at a fixed ΔρV .

1 Introduction

Materials, such as granular matter, foams, emulsions,
colloidal suspensions, can undergo jamming transition
from a liquidlike state to a jammed state which acts like
a solid and can withstand finite shear stresses before
yielding. The nature of jammed disordered states is
important to understand the behaviors of these mate-
rials [1]. Tremendous works have been performed on
the geometrical and mechanical aspects of jammed dis-
ordered athermal materials over the last decades [2–
4]. Probably the simplest model for the investigation
of jamming is the packing of frictionless soft spheres
that acts through purely repulsive contact forces. Such
a system presents a well-defined jamming point ϕC in
the limit of large size and its geometrical and mechan-
ical properties near the jamming point exhibit power
law as a function Δϕ = ϕ−ϕC where ϕC is the critical
volume fraction [5,6]. While progresses have been made
for packings of frictionless spheres in recent years [7–12],
many researches are extended to more complicated sys-
tems such as frictional [13,14],nonspherical [15,17] par-

a e-mail: xgzhang@gzu.edu.cn (corresponding author)
b e-mail: 49881341@qq.com

ticulate systems and systems with short-range attrac-
tion [16] .

A bulk property is an intensive property meaning
that it is a local physical property of a system that does
not depend on the amount of material in the system.
Bulk properties of static jammed matter, for example
the bulk modulus and shear modulus, are the key to
understand the mechanical and acoustic properties of
jammed matter and are often obtained by loading tests
such as the compression and shear test. Theoretically,
many bulk properties can be investigated by using effec-
tive medium theory(EMT) [18,19]. The EMT basically
assumes that macroscopic quantities can be obtained
by a simple coarse graining procedure over the indi-
vidual contacts and the displacement field of particles
is affine with the macroscopic deformation(the affine
assumption). In EMT, by using the postulate of affine
deformation, the relation between the deformation of
each contact and the macroscopic strain tensor could
be given theoretically. Therefore, the potential energy
density of a deformed jammed matter as a function of
the strain tensor can be given. Hence, we could derive
the stress tensor and the elastic moduli of this jammed
matter by inspection from the strain energy expansion.
For the jammed disordered systems in which repulsive
interactions are dominant, their microscopic structures
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are easily changed by weak loading. This can be seen
from a simple fact that the average contact number Z
increases dramatically with the increasing of the excess
volume fraction Δϕ when Δϕ → 0 [3,6,24]. There-
fore, the EMT may fail to predict the bulk properties
of jammed disordered matter due to the breakdown of
the affine assumption. A correct treatment for the pre-
diction of bulk properties should include the non-affine
deformation of particles [10,20–23]. However, even for
the simplest model which is mentioned above, there
is no simple theoretical way to estimate the motion
of spheres in disordered systems under the non-affine
deformation. The excess volume fraction Δϕ is often
selected as the control parameter for jammed pack-
ings under isotropic compression. Resort to numerical
simulations, the variation of many quantities such as
the average contact number, the pressure and the bulk
modulus with Δϕ have been investigated for systems
near the jamming point [3,9,10]. Nevertheless, it is still
not very clear on how the non-affine deformation and
friction affect the bulk properties of jammed packings.
To understand this, it is essential to deepen the inves-
tigation of the dependence of bulk properties on the
microscopic quantities of jammed packings such as the
average contact number and the average overlap.

In this work, we explore the bulk properties of
jammed athermal systems under isotropic compression.
For the simplicity, we perform theoretical analysis and
DEM simulations on the packings of bidisperse fric-
tionless and frictional soft disks with linear interac-
tions. This paper considers the relations between the
macroscopic mechanical quantities, such as the pressure
and the bulk modulus, and other statistical quantities
like the contact number density and the volume den-
sity. We derive these relations through microscopic and
statistical analysis and compare the theoretical results
with the DEM simulations. Similar to some of the pre-
vious studies [8,25],we perform our numerical simula-
tions over a wide range of volume density. Since the
force between each pair of disks is proportional to their
overlap, dimensionless quantities such as the reduced
average overlap and the reduced pressure are used to
describe the soft disks. Based on our DEM simulations,
we discuss the variation of the average contact number
and the reduced average overlap with the excess vol-
ume density and investigate how these functions are
affected by different type of compression (affine and
non-affine) and by different friction coefficients. Finally,
these numerical results and theoretical formulae are
combined to understand how the reduced pressure and
the reduced bulk modulus are affected by non-affine
compression and friction.

2 Numerical simulation and contact model

Our studies focus on the athermal systems of bidisperse
soft disks which are confined within a circular container.
Athermal systems have been extensively investigated by
using the Discrete Element Method [26]. In this paper,

we take DEM as our main numerical method and limit
our studies to the isotropic compression test on the
bidisperse soft disks. Our simulation protocols are elab-
orated as follows.

(1) Bidisperse disks with total number N are ran-
domly generated in a circular container with radius
R0. This system contains NB big disks with radius rB

and NS small disks with radius rS . Three dimension-
less quantities can be introduced to describe this sys-
tem: the size ratio λ = rB/rS , the percentage of big
disks kB = NB/N and the percentage of small disks
kS = NS/N . Evidently, kB + kS = 1. To avoid crystal-
lization and obtain amorphous packings, we set λ = 1.4
and kB = kS = 50% because the critical jammed state
of bidisperse disk packings with these parameter values
can be seen as the maximally random state [27]. The
initial configuration is at the unjammed loose state in
which all disks are randomly located in the circular con-
tainer without overlap and gravity, with low packing
density.

(2) Isotropic compression tests can be implemented
either by shrinking the container or inflating disks. In
this paper, we adopt the method of shrinking the con-
tainer. More specifically, the radius R of the container
is decreased in a step by step manner while keeping the
radii of all disks until R reaches an anticipated value
Re. Note that the spatial positions of all disks are fixed
while R is decreased at the beginning of each step and
the change amount of R for each step is very small.
After the radius of the container is changed for each
step, the container is fixed and a DEM dynamic process
with energy dissipation is applied on all disks. In other
words, the spatial positions of all disks will be contin-
ually renewed according to the dynamical equations of
the system until a static configuration in mechanical
equilibrium is obtained. Damping forces are involved in
the DEM dynamic process for dissipating the energy of
the system and the maximal unbalance force of the sys-
tem approaching to zero is the criterion for obtaining a
static configuration in mechanical equilibrium. In DEM
simulations, the normal and tangential overlap between
two discrete bodies, i.e. disk-disk or disk-container in
this paper, are used to model the deformations of the
two bodies in contact. We suppose that any two bod-
ies interact with purely repulsive forces which can be
written as functions of the amount of overlap. The rela-
tion between the contact force and the overlap is called
contact model and the linear contact model is used to
implement our DEM simulations. While the radius R is
decreased, the packing density of the system increases
and it undergoes a transition from an unjammed state
to a jammed state. In this process, static configura-
tions with different packing density of the system are
obtained for further analysis.

(3) In order to calculate the ensemble average, dif-
ferent initial configurations are generated and then
isotropically compressed to obtain static configurations
for further data analysis. We then change some param-
eters and carry out the above DEM simulation process
to investigate how the bulk properties of jammed pack-
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Table 1 Major parameters of DEM simulations

Parameter Value range

N 2 × 103 ∼ 5 × 103

kB 50%
λ 1.4
Kn/N · m−1 1 × 103 ∼ 1 × 106

Ks/N · m−1 0.5Kn

μ 0 ∼ 10

Fig. 1 The relative position and contact force between two
disks. {e1, e2} is the orthonormal basis of the Cartesian
coordinate. f ᾱα is the contact force of disk Gᾱ on disk Gα.
uαᾱ is the normal overlap between Gᾱ and Gα

ings vary with these parameters. The major parameters
of our DEM simulations are shown in Table 1.

To obtain macroscopic properties of a packing, it is
important to investigate the microscopic structure and
interactions between disks. Suppose that a static pack-
ing is obtained from the above DEM simulation and
Γ = {(xα, rα)|α = 1, 2, . . . , N} is used to describe the
configuration of this packing, where xα and rα are the
position vector and the radius of disk Gα. Let Zα be
the number of contacts of Gα and Gᾱ be the αth con-
tact neighbor, where ᾱ ∈ {

1, 2, . . . , Zα

}
. As shown in

Fig. 1, the position vector of disk Gᾱ relative to disk
Gα is xαᾱ = xᾱ−xα and the normal overlap between
Gᾱ and Gα is

uαᾱ = rα + rᾱ − xαᾱ (1)

where xαᾱ =
√
xαᾱ • xαᾱ is the distance between the

two disk centers. The position vector of the contact
point between Gα and Gᾱ is given by

xαᾱ
C = xα + (rα − uαᾱ

2
)nαᾱ (2)

where nαᾱ is the unitary normal vector from Gα to Gᾱ.
Next, we consider the interactions between disks.

In our DEM simulations, linear normal and tangential
contact forces with Coulomb slip condition are imple-
mented to all contacts between disks. To obtain steady-
state packings in DEM simulations, damping forces
should also be involved to dissipate the kinetic energy
of the system. When the configuration Γ is in mechan-
ical equilibrium, the contact force of Gᾱ on Gα can be

written as

f ᾱα = f ᾱα
n + f ᾱα

s (3)

where f ᾱα
n and f ᾱα

s are the normal force and friction
respectively. For the linear contact model, the normal
contact force satisfies f ᾱα

n = −Knuαᾱnαᾱ where Kn is
the normal stiffness at each contact. The shear contact
force f ᾱα

s occurs when the contact point of Gα and Gᾱ

and the relative shear motion are formed. We write f ᾱα
s

in a compact form as

f ᾱα
s = −min(Ksζ

αᾱ, μ|f ᾱα
n |)tαᾱ (4)

where Ks and μ are the shear stiffness and the fric-
tion coefficient at each contact respectively, ζαᾱ is the
total tangential displacement between Gα and Gᾱ, tαᾱ

is the unit tangential vector to the contact point. Note
that we also adopt the linear contact model for con-
tact forces between disks and the container. Through
the above DEM simulations, configurations in mechan-
ical equilibrium could be given for a disk packing under
isotropic compression. Using the DEM data of a static
configuration, macroscopic quantities, such as the pack-
ing density and the pressure, can be calculated.

3 Theoretical analysis

3.1 Volume density and contact number density

Considering a configuration of a particulate system in
mechanical equilibrium, two distinct concepts can be
defined for the description of the concentration of this
packing. Volume density ρV is defined as the total vol-
ume of all particles divided by the volume of the con-
tainer. Volume fraction ϕ is the total volume occupied
by all particles divided by the volume of the container.
In the definition of volume fraction, the total volume of
intersections between particles is canceled. Evidently,
ρV and ϕ have the same value when there is no defor-
mation or intersection between any two bodies. For the
bidisperse packing of disks , we have

ρV =
A

A∗ =
NBr2B + NSr2S

R2
(5)

where A is the total area of all disks and A∗ is the area
of the container, R is the radius of the container, and

ϕ = ρV − Aoverlap

A∗ (6)

where Aoverlap is the total area of the intersections
between disks. For a packing at jamming point, ρV C

and ϕC are used to indicate the critical volume density
and the critical volume fraction respectively. Evidently,
0 ≤ ρV < ∞, 0 ≤ ϕ ≤ 1 , ϕ ≤ ρV and ϕC = ρV C .
Note that ρV is more convenient than ϕ in most sit-
uations, since the value of ρV can be easily obtained
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in both numerical simulations and experiments and the
mathematical expressions are simpler for the relations
between ρV and other quantities such as the mass den-
sity and the bulk modulus of a packing. Therefore, we
select ρV as the control parameter in our DEM simula-
tions. The average contact number is defined as

Z =
1
N

N∑

α=1

Zα ≈ 2NC

N
(7)

where NC is the total number of contacts between disks.
Z is a simple but important statistical quantity for the
mechanical properties of a particulate system. Defining
Z is not a trivial problem since there may exist disks
which do not contact with other bodies. Such kinds of
disks are called rattlers and they do not contribute to
the mechanical stability of the system. Apparently, all
rattlers of the system are included in the formula (7)
but we could also calculate Z without counting rattlers
if necessary. Another important quantity is the density
of contact number and it represents the number of con-
tacts in unit volume of a particulate system. For the
case of the packing of disks, the contact number den-
sity is given by

ρNC =
NC

A∗ =
ZρV

2 〈AG〉 (8)

where 〈AG〉 =
A

N
is the average area of disks.

3.2 The definition of pressure and bulk modulus

Pressure is the most important physical quantity to
describe the stress state of a jammed packing under
isotropic compression. The pressure of a jammed pack-
ing can be calculated by two methods. Let ftot be the
total normal force of a packing on the boundary. For
two dimensional systems, pressure is the force applied
perpendicular to the boundary of an object per unit
length. Therefore, the pressure of a jammed packing on
the container is

Pa =
ftot

2πR
(9)

The second method is related to the calculation of the
stress tensor according to the contact forces between
disks. The average stress tensor of a packing is defined
as

T =
1

A∗

N∑

α=1

Zα∑

α=1

f ᾱα(xαα
C − xα) ≈ 1

A∗
∑

{αα}
f ᾱαxαα

(10)

Where
∑

{αα} is the sum over all contacts between disks
and ≈ arises from ignoring the contacts between disks

and the boundary. The pressure of a packing can be
calculated by

Pb =
∣
∣
∣
∣
1
2
tr(T)

∣
∣
∣
∣ (11)

Note that Pa and Pb are different in their formular form,
but it can be verified that Pa and Pb are statistically
equivalent. Therefore, the symbol P is used to indicate
Pa or Pb with ignoring the difference between them. It is
more convenient to derive the macroscopic constitutive
relation between the pressure and the deformation of
packings by using formula (11). Calculating the trace
of T in the formula (11) first and then considering the
formulae (1) and (8) , the pressure can be written as

P =
1

2A∗
∑

{αα}
fαᾱ

n xαᾱ

=
1
2
ρNC

⎡

⎣ 1
NC

∑

{αα}
fαᾱ

n (rα + rᾱ − uαᾱ)

⎤

⎦ (12)

where fαᾱ
n is the magnitude of normal force f ᾱα

n . A new
variable Dαᾱ = rα+rᾱ can be defined. For convenience,
we consider the normal force fn, the sum of radii of con-
tacting disks D and the overlap u as random variables.
It is easy to see

P =
1
2
ρNC 〈(D − u)fn〉 (13)

This formula gives the connection between the macro-
scopic quantity P and the statistical average of micro-
scopic quantities and it can be easily extended to the
case of three dimensional particulate packings. Since
the function fn of u is dependent on the contact model,
the variation of pressure P with the deformation of
packings will be affected by the contact model. Con-
sidering ρV A∗ = A and taking the derivative of it’s
both sides, we have

dA∗ =
−A∗dρV

ρV
(14)

Using this formula, the bulk modulus can be given by

K = −A∗ dP

dA∗ = ρV
dP

dρV
(15)

3.3 Linear contact model and affine deformation

For the simplicity of theoretical analysis, we adopt
the linear contact model to perform our DEM simu-
lations and therefore the normal force fn(u) = Knu.
For the linear contact model, it is convenient to define
three dimensionless quantities: the reduced pressure
P ∗ = P/Kn, the reduced overlap Uαᾱ = uαᾱ/Dαᾱ and
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the reduced bulk modulus K∗ = K/Kn. Using the for-
mulae (8) and (13), one finds

P ∗ =
1
4π

ZρV

〈
D2(U − U2)

〉

〈r2〉 (16)

For bidisperse packings, the probability distribution of
r is

pr(r) = kBδ(r − rB) + kSδ(r − rS) (17)

Since the initial configuration of disks is generated ran-
domly, we suppose that the joint probability distribu-
tion of the two radii r1 and r2 of contacting disks is

prr(r1, r2) = pr(r1)pr(r2) (18)

Another hypothesis is that D and U are independent
random variables and the probability distribution of D
is irrelevant with the volume density ρV . Let pR(D)
and pU (U ; ρV ) indicate the probability distribution of
D and U respectively. We have

pR(D) =
∫∫

δ(D − r1 − r2)prr(r1, r2)dr1dr2

= k2
Bδ(D − 2rB) + 2kBkSδ(D − rB − rS)

+k2
Sδ(D − 2rS) (19)

This formula can be verified by DEM simulations of
bidisperse disks within acceptable deviation between
theory and numerical results [27]. Therefore, we have

〈
D2

〉

〈r2〉 =
4λ2k2

B + 2(λ + 1)2kBkS + 4k2
S

λ2kB + kS
(20)

The independence of D and U causes
〈
D2(U − U2)

〉
=〈

D2
〉 〈

U − U2
〉
. We will verify this hypothesis by

numerical simulation results of bidisperse disks in the
next section of this paper. Based on the above results,
we have

P ∗ =
1
4π

〈
D2

〉

〈r2〉 ZρV

〈
U − U2

〉
(21)

We will see from the results of DEM simulations that〈
U2

〉 ≈ 〈U〉2 and 〈U〉 
 〈
U2

〉
over the wide range

of �ρV where �ρV = ρV − ρV C . To obtain P ∗ as
a function of ρV , the functions such as Z(ρV ) and
Ū(ρV ) =

∫
UpU (U ; ρV )dU should be given. However,

these are not trivial tasks from the theoretical aspect
even for packings of disks under isotropic compression.
In this paper, we use the DEM simulations to obtain
these functions. If P ∗(ρV ) is obtained, the reduced
bulk modulus can be calculated by using the formula

K∗ = ρV
dP ∗

dρV
.

In our DEM simulations, the isotropic compression
is implemented by changing the radius of the container

R in a step by step manner while keeping the posi-
tions and radii of all disks unchanged. For each step of
changing R , the renewed radius of the container is set
to λR where λ is called stretch ratio. This is followed
by a relaxation period to achieve a static configuration
in mechanical equilibrium. The stretch ratio λ can be
calculated by the volume density ρV and its increment
dρV . According to ρV = A/(πR2) , the stretch ratio is
derived as

λ =
√

1 − ρV

ρV + dρV
≈ 1 − dρV

2ρV
(22)

For disordered packings, the process of relaxation will
cause the non-affine deformation. To understand how
the bulk properties are affected by non-affine deforma-
tion, it is meaningful to compare the results of non-
affine compression with the one of affine compression.
Therefore, we consider a virtual process which is called
affine isotropic compression. An affine isotropic com-
pression on a configuration Γ is implemented by chang-
ing the radius of the container and the position vec-
tors of all disks according the linear transformation

TA =
(

λ 0
0 λ

)
while keeping the radii of all disks

unchanged. That is to say, if the center of the container
is the origin of coordinates, the position vector of the
center of each disk x is renewed to TAx = λx for each
step of the radius shrinking of the container to λR. Note
that there is no the process of relaxation following each
step of the shrinking of the configuration Γ. Let Γ(ρV C)
and ΓA(ρV ) be the configuration at jamming point
and the jammed state with volume density ρV respec-
tively. We consider a series of affine isotropic compres-
sion which change the packing of disks from Γ(ρV C) to
ΓA(ρV ). In EMT, by using the postulate of affine defor-
mation, it is possible to obtain the relation between
the deformation of each contact and the strain ten-
sor. Therefore, the potential energy density as a func-
tion of the strain tensor can be given. Furthermore, the
stress tensor and the elastic moduli could be obtained
by inspection from the strain energy expansion [18–20].
Here, to calculate the pressure and the bulk modulus of
packings under the affine isotropic compression, we use
a more direct method which is based on the reduced
pressure formula (21). Let ZA(ρV ) and ŪA(ρV ) be the
average contact number and the average reduced over-
lap of ΓA(ρV ) respectively. These two functions can be
easily obtained by the numerical simulations of affine
isotropic compression from Γ(ρV C) to ΓA(ρV ), but it is
difficult to derive ZA(ρV ) and ŪA(ρV ) using pure theo-
retical methods. However, if we consider an imaginary
affine compression in which the average contact num-
ber remain unchanged, i.e. ZA(ρV ) = ZA(ρV C) = ZC ,
the reduced pressure P ∗

AZ and the reduced bulk mod-
ulus K∗

AZ for this imaginary compression can be easily
derived. For convenience, we call such compression as
affine compression without new contacts in this paper.
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For each overlap, considering formula (1), we have

u + du = D − λx (23)

Substituting (22) into (23), one finds

du

D − u
=

dρV

2ρV
(24)

After integrating this formula on both sides, we have

u = D − (D − u0)
√

ρV 0

ρV
(25)

where u0 is the initial overlap and ρV 0 is the initial
volume density. Since Γ(ρV C) is the configuration at
jamming point and no new contacts are generated , we
have,

u = (1 −
√

ρV C

ρV
)D (26)

This result tells us that the average overlap of a packing
under the affine compression without new contacts can
be related to its volume density in a very simple way.
Using formula (21) and the above equation, the reduced
pressure is

P ∗
AZ =

1
4π

ZC

〈
D2

〉

〈r2〉
√

ρV C(
√

ρV − √
ρV C) (27)

and the reduced bulk modulus is

K∗
AZ =

1
8π

ZC

〈
D2

〉

〈r2〉
√

ρV CρV (28)

Note that new contacts could be generated even in the
situation of affine compression, especially in the disor-
dered packings. Therefore, these two formulae are ten-
able only for the disk packings under the affine compres-
sion without new contacts. The effects of the generat-
ing of new contacts on the bulk properties of soft disks
could be given by performing numerical simulations on
disk packings under affine deformation.

4 Results and discussion

4.1 Bulk properties of frictionless disks

Numerical simulations on packings of spheres are usu-
ally used to investigate the behaviors of jammed mat-
ter [2–4]. Many previous studies studied jammed solids
only around jamming transition density [3,6,14]. Some
of previous studies focused on a very wide range of
densities and given new insights into the properties of
jammed solids [8,25]. In this paper, we also perform

Fig. 2 Reduced pressure P ∗ and average reduced overlap
< U > vary with volume density ρV for the case of μ = 0
and μ = 10 . ρV C(μ) represents the critical point of jamming
transition and therefore is called critical volume density

numerical simulations over a wide range of volume den-
sity ρV . Note that the average contact number Z is kept
not exceeding 6 in our simulations. In this part, we focus
on the bulk properties of frictionless (i.e. μ = 0 ) bidis-
perse disks under isotropic compression, especially the
comparison between non-affine compression and affine
compression. The value range of major parameters are
indicated in Table 1. Note that all the results are irrele-
vant with the normal stiffness Kn and the total number
of disks is in the large N limit.

In Fig. 2, the reduced pressure P ∗ is calculated by
using the pressure formula Pa. The DEM results show
that the packings of disks undergo a jamming transition
with increasing volume density for both frictionless and
frictional systems. The critical volume density can be
obtained by inspection either from the curve of P ∗ or
the curve of < U > . Similar to the former researches
[3,14,24], the critical volume density ρV C(μ) decreases
with increasing frictional coefficient μ. ρV C(0) ≈ 0.831
is close to well-known values of random close packing
of disks and ρV C(10) ≈ 0.756 is close to values of ran-
dom loose packing. Evidently, it is better to select the
excess volume density ΔρV = ρV − ρV C ≥ 0 as the
control parameter in many discussions. If we consider
functions P ∗(ΔρV ) and Ū(ΔρV ) where Ū =< U > ,
one finds that Ū(ΔρV ) is an approximate linear func-
tion for both frictionless and frictional systems while
P ∗(ΔρV ) is nonlinear especially at the states near the
jamming point ρV C . The formula (21) was derived
based on the hypothesis of the independence between
the radii sum D and the reduced overlap U. To verify
the independence of D and U, the correlation coefficient

Cor(D,U) =
∑

{αα}(D
αα−<D>)(Uαα−<U>)√∑

{αα}(Dαα−<D>)2
√∑

{αα}(Uαα−<U>)2

is calculated by using the DEM data for each jammed
packing with different volume density. As shown in Fig.
3, Cor(D,U) is very close to zero with the whole vari-
ation range of ΔρV . This indicates that the hypothesis
of the independence of D and U is reasonable.

Using the formula (21), P ∗(ΔρV ) can be calculated
theoretically when Z(ΔρV ) , Ū(ΔρV ) and Ū2(ΔρV )
are obtained. It is not a simple task to derive these
three functions by pure theoretical analysis. However,
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Fig. 3 Correlation coefficient between the radii sum D and
the reduced overlap U varies with excess volume density
ΔρV for the case of μ = 0

Fig. 4 Average reduced overlap < U > varies with excess
volume density ΔρV for the case of μ = 0. The line of
black circle is obtained from DEM simulations of non-affine
compression. The line of blue star is obtained from numer-
ical simulations of affine compression. The blue dotted line
shows the theoretical function for affine compression with-
out new contacts. The black solid line is a fitting curve for
DEM data

these functions can be given by the data of numeri-
cal simulations. We see from the formula (21) that the
reduced average overlap < U > is a key parameter
for the mechanical response of packings under defor-
mation. In Fig. 4, we show the variation of < U >
with ΔρV for both the affine compression and the
non-affine compression for frictionless packings. The
DEM results of average reduced overlap can be fit-
ted very well by a linear function < U >= KUΔρV

where KU ≈ 0.345 . Using Eq. (26), we can derive
< U >= 1−(ρV /(ρV C +ΔρV ))1/2. This is the theoreti-
cal result for packings under affine compression starting
from the jamming point without generating new con-
tacts and it is plotted in Fig. 4. We also illustrate the
numerical result for affine compression with generat-
ing new contacts by data points which are called affine
compression in this figure. These results indicate that
a packing of frictionless disks will undergo a non-affine
deformation even in the case of isotropic compression.
The non-affine compression causes a lower response for

Fig. 5 Average contact number Z varies with excess vol-
ume density ΔρV for the case of μ = 0 . Z is counted with
ratters and ZC indicates the critical point of jamming tran-
sition. The line of black circle is obtained from DEM sim-
ulations of non-affine compression. The line of blue star is
obtained from numerical simulations of affine compression.
The black dashed line is a fitting curve for DEM data where
the fitting formula is the well-known square root relation for
Z varying with ΔρV near the jamming point [24]

< U > than the prediction of affine compression. This
result can be understood by applying an infinitesimal
affine compression on the packing first and then relax-
ing the disks to obtain the static state. The process
of relaxation incline to the local minimal energy state,
therefore a smaller value of < U > is obtained for the
non-affine compression.

The change of contact number in loading test is
also important to the bulk properties of jammed mat-
ter [3,22,28]. In many simulation works, the average
contact number is counted with removing all rattlers.
Here, we calculate the average contact number Z by
using the formula (7) in which rattlers are included,
because this definition is more convenient for relating
Z to other quantities. As shown in Fig. 5, the critical
value of average contact number for frictionless pack-
ings is ZC ≈ 3.79; Z increases sharply near the jamming
point with increasing ΔρV and then approaches a satu-
ration value ZS = 6. The function Z = ZC + ZC

√
ΔρV

is used to present the scaling law of frictionless spheres
near the jamming point [3,24]. We find that the DEM
data of Z(ΔρV ) can be fitted well by this function when
ΔρV < 0.26, however the difference between them is
apparent when ΔρV > 0.26. The numerical results of
affine compression starting from jamming point are also
illustrated in Fig. 5. Evidently, more contacts are gen-
erated for the non-affine compression than the affine
compression at the same value of excess volume den-
sity. DEM results shown in Fig. 6 tell us that < U2 >
can be replaced by < U >2 in formula (21) as a good
approximation.

Next, we investigate the reduced pressure P ∗(ΔρV )
and the reduced bulk modulus K∗(ΔρV ). Considering
the formula (21) and the numerical results in Figs. 4
and 6, P ∗(ΔρV ) can be written as

P ∗ ≈ 1
4π

〈
D2

〉

〈r2〉 KU (1 − KUΔρV )(ρV C + ΔρV )ZΔρV
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Fig. 6 Average of square reduced overlap < U2 > and
square of average reduced overlap < U >2 vary with excess
volume density ΔρV for the case of μ = 0

Fig. 7 Reduced pressure P ∗ varies with excess volume
density ΔρV for the case of μ = 0. The line of black circle is
obtained from DEM simulations of non-affine compression.
The line of red triangle is obtained from numerical simula-
tions of affine compression. The line of blue cross represents
the theoretical results combining with the DEM results of
< U > and Z. The black dashed line represents the theoret-
ical function for affine compression without new contacts

(29)

where

〈
D2

〉

〈r2〉 ≈ 3.95 is calculated by using the formula

(20) in which we set kB = kS = 0.5, λ = 1.4. In Fig.
7, the DEM simulation curve of P ∗ is calculated by
using the definition of Pa. In this figure, the numerical
results of Eq. (29) are calculated by substituting the
DEM data of Z in this equation. We know that Eq.
(29) is derived based on the definition of Pb. As shown
in Fig. 7, Eq. (29) gives precise prediction for the behav-
ior of P ∗(ΔρV ) and this can be seen as a proof that Pa

and Pb are statistically equivalent. In this figure, the
curve of Eq. (27) is the pressure for the affine compres-
sion without new contacts. Apparently, the difference
of the pressure curves between non-affine compression
and affine compression without new contacts is large
for large ΔρV . However, the difference of the pressure
curves between non-affine compression and affine com-
pression is very small for the whole range of ΔρV .

Fig. 8 Reduced bulk modulus K∗ varies with excess vol-
ume densityΔρV for the case of μ = 0. K∗

C indicates the
reduced bulk modulus at jamming point. The line of black
circle is obtained from DEM simulations of non-affine com-
pression. The line of red triangle is obtained from numeri-
cal simulations of affine compression. The line of blue cross
represents the theoretical results combining with the DEM
results of < U > and Z. The black dashed line represents
the theoretical function for affine compression without new
contacts

Considering the formula (28), the reduced bulk mod-
ulus can be calculated by

K∗ = (ρV C + ΔρV )
dP ∗

dΔρV
(30)

In Fig. 8, the DEM simulation curve of K∗ is calcu-
lated by obtaining P ∗(ΔρV ) through the definition of
Pa first and then computing the formula (30). It corre-
sponds to the non-affine compression. We find that the
reduced bulk modulus increases sharply starting from
a nonzero value K∗

C ≈ 0.3 with increasing ΔρV . The
curve obtaining from Eqs. (29) and (30) is quite close
to the DEM simulation curve of K∗. This indicates that
the formula (30) is suitable not only for the discus-
sion of pressure but also for the discussion of reduced
bulk modulus. Seeing the curve of Eq. (28), the range
of K∗ of affine compression without new contacts is
much smaller than the one of non-affine compression.
The main reason for this is that the generating of new
contacts is ignored and Z(ρV ) is set as a constant ZC .
Even when the generating of new contacts is considered,
the difference of K∗(ΔρV ) between non-affine compres-
sion and affine compression is apparent. Evidently, the
value of K∗ of non-affine is much smaller than the one of
affine compression for the case of ΔρV → 0. The main
reason is that the change rate of Ū(ΔρV ) of non-affine
compression is smaller than the one of affine compres-
sion when ΔρV → 0 (see Fig. 4).

4.2 Bulk properties of frictional disks

Static friction plays an important role in the struc-
tural and mechanical properties of particulate systems
[3,13,14,29]. To understand how the bulk properties of
amorphous packings are affected by static friction, we
also perform the DEM simulations on frictional pack-
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Fig. 9 Average reduced overlap < U > varies with excess
volume density ΔρV for different friction coefficients μ

Fig. 10 Average contact number Z varies with excess vol-
ume density ΔρV for different friction coefficients μ

ings of bidisperse disks under isotropic compression.
As shown in Fig. 2, the slope of the curve P ∗(ΔρV )
is changed by the variation of μ. To understand this
deeply, we show the DEM results of Ū(ΔρV ) and
Z(ΔρV ) with different values of μ in Figs. 9 and 10
respectively. Evidently, Ū(ΔρV , μ) changes by a very
small mount while Z(ΔρV , μ) presents obvious decrease
with the increasing μ at a fixed ΔρV . According to
Eq. (21), the decrease of Z(ΔρV , μ) will cause the
decrease of P ∗(ΔρV , μ) with a fixed ΔρV . As shown
in Fig. 11, this prediction agrees with the DEM results
of P ∗(ΔρV , μ).

Since Ū(ΔρV , 0) ≈ KUΔρV where KU ≈ 0.345, we
could takeŪ(ΔρV , μ) ≈ KUΔρV as a good approxima-
tion for all values of μ according to Fig. 9. Therefore, the
reduced pressure P ∗(ΔρV , μ) could be calculated theo-
retically by using Eq. (29) if ρV C(μ) and Z(ΔρV , μ) are
given. Figure 2 shows that ρV C(μ) decreases by a very
small mount with the increasing μ from 0 to 10. Hence,
we could take ρV C(μ) ≈ ρV C(0) = 0.831 in Eq. (29). As

mentioned previously,

〈
D2

〉

〈r2〉 ≈ 3.95 is the result of Eq.

(20) for the case of kB = kS = 0.5, λ = 1.4. Substitute
these values into Eq. (29), we have

P ∗(ΔρV , μ)
≈ 0.108(1−0.345ΔρV )(0.831+ΔρV )ΔρV Z(ΔρV , μ)

(31)

Fig. 11 Reduced pressure P ∗ varies with excess volume
density ΔρV for different friction coefficients μ

Fig. 12 Reduced bulk modulus K∗ varies with excess vol-
ume density ΔρV for different friction coefficients μ

where the value of Z(ΔρV , μ) could be given accord-
ing to the DEM results in Fig. 10. In Fig. 11, DEM
simulation results are compared with the theoretical
results obtaining from Eq. (31). This figure shows that
most of the simulation data are very close to the pre-
diction from Eq. (31) except for the data for large ΔρV

and large μ. The large deviation in the case of large
ΔρV and large μ may be caused by the assumption of
Ū(ΔρV , μ) ≈ KUΔρV . We could also see from Fig. 11
that the slope of P ∗(ΔρV ) decreases with the increas-
ing μ and this must cause the decrease of reduced bulk
modulus of soft disks. As shown in Fig. 12, K∗(ΔρV , μ)
does decrease with the increasing μ at a fixed ΔρV and
we could sum up the main reason as the decrease of
average contact number.

5 Conclusions

In this article, we combine the DEM simulations and
theoretical analysis to study the bulk properties of
soft disks under isotropic compression. In the part of
theoretical research, through microscopic and statisti-
cal analysis, we derive some relations between differ-
ent macroscopic quantities, such as Eqs. (13) and (15).
Then, these relations are used to investigate packings
with linear interactions and systems under affine com-
pression, and the theoretical formulae of reduced pres-
sure and reduced bulk modulus are derived for systems
under affine compression without new contacts. In the

123



140 Page 10 of 11 Eur. Phys. J. E (2021) 44 :140

part of numerical simulation, we perform the DEM sim-
ulations on disordered packings of frictionless and fric-
tional disks with linear interactions and then compare
the DEM results with the results of theoretical analysis.
We find several important results on how P ∗ and K∗ are
affected by the non-affine compression and the variation
of μ. (1) The behaviors of the average contact number
Z(ΔρV , μ) and the average reduced overlap Ū(ΔρV , μ)
are the key to understand the mechanical properties
of jammed matter. Affine deformation and non-affine
deformation cause different behaviors on Z(ΔρV ) and
Ū(ΔρV ) and therefore the effect of non-affine deforma-
tion should be taken into account to correctly derive the
behaviors of mechanical properties especially the one of
K∗(ΔρV ). (2) An interesting result is that Ū(ΔρV , μ)
varies approximately linear with ΔρV over a wide range
and it is hardly changed with the variation of μ. This
means that the non-affine deformation cause a simple
behavior for Ū(ΔρV , μ). However, the non-affine defor-
mation causes a complex behavior for Z(ΔρV , μ). The
variation of Z(ΔρV , μ) is the key to understand why
the slope of P ∗(ΔρV ) and the value of K∗(μ) decrease
with increasing μ. It should be noticed that we only con-
sider the linear contact model and the variation range
of ΔρV is huge in this paper. For an actual particulate
system, the linear contact force law is not likely tenable
over such huge deformation between two contacted par-
ticles. Despite all this, the microscopic contact force law
is only one of the factors that influence the behaviors
of mechanical properties of jammed matter. Therefore,
our research is still meaningful to clarify the behaviors
of jammed matter under isotropic compression.
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