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Abstract. Insights on the mechanical behavior in materials highly depend upon sufficiently characterizing
microstructure details at the relevant length scales. In this study, the side-branching dynamics of dendritic
structures formation in pure substances is studied upon the phase-field simulations of crystallization with
applied direct currents. The effect of heat diffusion (including thermoelectric effect and undercooling) on
the dendritic development is investigated, and the characteristics of the primary arms and side-branches
are identified by implementing the image recognition technique. Results indicate that increasing the latent
heat release would firstly enhance the side-branching and then cause the side-branches re-melting with
large heat extraction form the solid. The side-branching could be tailored by rationally controlling the
applied electric filed as well the heat treatment, which could be a potential way to improve the mechanical
properties in metallic materials via optimizing the microstructure.

1 Introduction

Dendrite structures, which are highly hierarchical
branched patterns with primary-, secondary- and higher-
order branches, are of immense practical importance in
determining the engineering properties of materials that
solidify dendritically [1–3]. Studying the dendritic growth
has also been of long-standing fundamental interest be-
cause of the ubiquity of branched structures exhibited by
diverse interfacial pattern formation systems, and discov-
ering how crystals grow, develop, and create such com-
plex patterns has been a challenge to researchers in crys-
talline materials for several centuries [4–10]. Considering
the crystallization from liquids should be mostly deter-
mined by the heat and solute diffusions at the interfaces,
the crystalline microstructure should be the result of the
morphological instability of the solid-liquid interface. It
has been well established that the phase stability dur-
ing crystallization in pure substances is mostly dependent
on the temperature gradient at the solid-liquid interface,
and the growth rate should be determined by the level of
the latent heat diffusing away from the solid-liquid inter-
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face [11]. The effect of the heat flux on the microstruc-
ture formation in crystalline materials has been well stud-
ied [12], which achieves clear relationships between mor-
phology of dendrites, solute diffusion and heat diffusion.
Most recently, applying the electric field during metallic
solidification became a promising way to control and mod-
ify the solidification process in order to optimize the mi-
crostructures [13–15]. Due to thermal phenomena which
includes Joule, Peltier and Thomson effects, etc., heat may
be emitted or absorbed during crystal solidification with
an electric current passing through the sample [16–19]. It
is has been proved that for different pure substances (Sn
and Bi), the dendritic morphology shows different side-
branching characteristics with applied electric field. The
reason for these structural differences is believed to be
correlated to the thermal effect induced by the electric
field, since the heat distributions near the interfaces would
be more complicated with the applied electric field [19].
Thus, it is of great importance to characterize the mi-
crostructure, especially the side-branching characteristics,
formed with applied electric field, in order to give insights
on the electromagnetic solidification process control. In
this study, the heat effect (including latent heat and ther-
moelectric effects) on the dendritic branching dynamics
during the rapid undercooled solidification with applied
current would be carried out by implementing the phase-
field simulation, and the characteristics of the solidifying
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dendritic structures would be statistically identified based
on the image recognition technique, which would give an
insight of the branching dynamics and pattern selection
mechanisms for crystallizing with the electric field.

2 Phase-field modeling and simulation

Based on the model for dendrite growth in pure substances
with applied direct current [19], the governing equation
for the phase-field variable φ(r, t) (in solid phase φ = 1,
in liquid phase φ = 0) is
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To involve the electric field into the solidification, the de-
scription of heat flux q and electric current density J is
modified as follows to incorporate the thermo-electric ef-
fects [11]: Fourier law: q = −κ∇T + STJ ; Ohm’s law:
J/σ = −∇ϕ + u×B −S∇T , where κ and σ are the heat
conductivity and electric conductivity, respectively. T is
the temperature. S is the absolute thermo-electric power.
J and ϕ are the electric current density and electric po-
tential, respectively. B is the magnetic field.

The electric potential ϕ is described by

∇ · (σ∇ϕ) = 0. (2)

Considering that a steady-state electric field is imposed in
specific direction for all simulations, the energy equation
for heat diffusion involving thermoelectric effects can be
written as

∂
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∂φ
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where ρ is the density, C is the heat capacity, κ is the heat
conductivity, J represents the current density, σ is the
electric conductivity, τ = T dS/dT is the Thomson coeffi-
cient, π is the Peltier coefficient which should be a contin-
uous function of the phase-field (π = [(1−φ)sL −φsS]TM;
sL and sS are Seebeck coefficients for the liquid and
solid phase, respectively, and TM is the melting temper-
ature), and K = ρCL/cpΔT is the dimensionless latent
heat, which is proportional to the latent heat (L) and
inversely proportional to the strength of the undercool-
ing (ΔT ). Terms on the right side of eq. (3) represent the
heat conduction, Joule heat, Thomson effect, Peltier effect
and latent heat (undercooling), respectively. Equations (1)
and (3) are solved via the finite difference method, and
zero-flux boundary conditions which are applied for both
phase-field variable and temperature field. A steady-state
electric field is imposed and not solved in this study, since
we only focus on the thermo effect induced by applied di-
rect current densities. Since the heat diffusion is highly
correlated to the current direction as well as the physical
property differences between the solid and liquid phase,

Fig. 1. Schematic diagram of image recognition process for
branches in dendrites. (a) feature recognition; (b) primary arm;
(c) secondary branches; (d) tertiary branches.

solidification of two different pure substances (Sn and Bi)
is simulated in this study, and parameter values for the
simulations can be found in ref. [20].

As shown in fig. 1, in order to precisely characterize
the microstructure formed under different conditions, the
image identification and data statistics are carried out for
all simulation results: 1) The primary branches of the den-
drite are identified through image corrosion and expansion
algorithm, and the area, length, width and tip curvature
of the primary dendrite arms are calculated; 2) the dif-
ference quotient diagrams of the primary branches and
whole dendrite are calculated, and the Hausdorff distances
between the residual dendrite and the primary branches
in the difference quotient diagram are calculated; 3) the
second-order branches are identified through the mini-
mum threshold segmentation, and the total area and num-
ber of the secondary-order branches as well as the Haus-
dorff distances between different second-order branches
are calculated; 4) the high-order branches are identified
by subtracting the second-order branches with the differ-
ence quotient diagram in the second step, and finally the
number and area of the third-order branches are calcu-
lated. With these extracted data from image processing,
the side-branching dynamics of the pure substances could
be analyzed and discussed.

3 Results and discussions

It has been discussed in ref. [19] that with induced cur-
rent during the solidification in pure Sn and Bi, the den-
drite formatting process would be changed in different pat-
terns with increasing current density (A/m2). As shown
in fig. 2, the morphology of the dendritic microstructure
achieved form the numerical simulations with different K
and J at the same time shows obvious different branching
characteristics, and the aim for this study is to under-
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Fig. 2. Dendrite morphology formed form the pure metal melt with applied current under different undercooling.

stand the morphology transition mechanisms induced by
the thermoelectric effects based on quantitatively speci-
fying the dendritic microstructure. It is established that
microstructure changes during crystallization are directly
attributable to the temperature gradient in the growing
direction. Thus, besides the Joule heat, Thomson heat and
Peltier heat induced from the applied current, the under-
cooling during the liquid-solid transition also plays a sig-
nificant role on the liquid-solid interface stability during
the crystallization, which should also be considered [9].

As shown in fig. 2, the morphology of the dendrite
also shows very different characteristics with increasing
K. Without applied DC, the morphologies for pure Bi and
pure Sn are almost the same under different undercooling
rate, thus in fig. 2, we only plot the dendrite morphol-
ogy for Bi without applied current. It can be easily seen
that applying current has obviously different effects on the
morphologies for Bi and Sn. With the current density in-
creasing, the Sn dendrite shows a strong side-branching
activity transition: the side-branches are firstly enhanced
with small J , then remelted with increasing J . For Bi,
with increasing current densities, no side-branches would
be developed, and the equiaxed grain changes to globular

shape firstly and then changes back to equiaxed crystal.
No side-branching activity is detected during solidification
of Bi equiaxed grains. With increasing K for the liquid-
solid phase transition, all the morphology formed during
the solidification changes dramatically. The shape of the
dendrite, including the primary arm, secondary and ter-
tiary branches all change in different modes, leading to
the obvious different characteristics of the microstructure.
It should be firstly noticed that without current, the den-
dritic microstructure changes from the quadrilateral shape
to the branching patterns as K increases, and the side-
branches are firstly enhanced and then compromised with
large K. With induced current, the dendrite morphology
changes in different patterns, which has been systemat-
ically discussed in ref. [19], and the side-branching also
changes in different way with increasing K.

In fig. 3, the solid rate (S0, which is defined as the solid
fraction of crystallization), the number of the secondary
dendritic arms (N2) and third dendritic arms (N3) are
stratified and plotted as a function of K for the different
conditions shown in fig. 2. With increasing K, the solid
rate decreases as the result of the decreased undercool-
ing with large K. Appling current has obviously differ-
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Fig. 3. Side-braches characteristics of the dendrites formed with applied current densities coupling with different K: (a) solid
rate of the simulation zone; (b) number of secondary branches; (c) number of tertiary branches.

ent influences on the dendrite morphologies for Bi and
Sn. With the current density increasing, the Sn dendrite
shows a strong side-branching activity transition, while
the equiaxed grain firstly changes to a globular shape
with small direct current (DC), then changes back to an
equiaxed shape. With small K, no side-branching activ-
ity is detected during solidification of Bi equiaxed grains,
and the growth rate of the equiaxed grains is also greatly
changed with different DC due to the large Joule heat
generated from large current densities.

Secondary and tertiary branches are important in-
sofar as they establish the length scales and patterns
of the grains, which are of immense practical impor-
tance in determining the engineering properties of ma-
terials that solidify dendritically [1]. Thus, applying DC
into crystallization might be an efficient way to ad-
just the dendritic morphology in pure substances. As
shown in fig. 3, the side-branches are formed with spe-
cific current density and undercooling, and the num-
bers of second and third dendritic arms as a function
of K are also plotted in fig. 3(b) and (c). Unlike the
solid rate which decreases with increasing K, the num-
bers of the side-branches show nonlinear changes with
increasing K, which would lead to a variety of mi-
crostructures with thermoelectric effects coupling with la-
tent heat release. These results correspond to temper-
ature distributions near the solid-liquid interface [19],

which might provide a direct way to adjust the crystalline
microstructure by controlling the temperature distribu-
tions.

Characterizing the primary dendrite arm in solidified
microstructures is an important step for developing the
relation between the processing and properties, since the
shape of the primary arms is the highly correlated to the
size of the grains form during solidifications [21]. As shown
in fig. 4, the shape characteristics of the primary arms
formed with different K during the solidification of pure
Bi and Sn with different current densities is statistically
identified. With increasing K, the length of the primary
arm decreases and the tip curvature increases, which in-
dicates the different forming speeds of the dendrite arm
with different temperature undercooling. The width of the
primary arms also decreases with large K, leading to the
needle-like dendrite structures as shown in fig. 2. The vol-
ume fraction of the primary dendrite arm in the whole
dendrite structure is also plotted in fig. 4(a), and large K
would restrain the secondary arm developing, which would
lead to the increasing fraction of the primary arm in the
whole dendrite. It is well established that the dendritic
microstructure could be greatly changed with different un-
dercooling, since the microstructure is mainly determined
by the crystallization rate as well as the atomic diffusion
rate, which would be highly influenced by the tempera-
ture.



Eur. Phys. J. E (2020) 43: 45 Page 5 of 6

Fig. 4. Characteristics of the primary dendrite arms: (a) volume fraction of the primary arms in the whole dendrite; (b) width
of the primary arm; (c) length of the primary arm; (d) tip curvature of the primary arm.

Fig. 5. Characteristics of the secondary dendrite arms: (a) volume of the secondary branches; (b) volume fraction of the
secondary branches in the whole dendrite; (c) average volume of the secondary branches; (d) secondary dendrite arm spacing.
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For solidifying with dendritic structures, the secondary
dendrite arm spacing (SDAS, λ2) is the most commonly
characterized feature, since the SDAS has been found
to be highly correlated to the strength and hardness of
the metallic materials, and decreasing the SDAS would
also reduce inter-dendritic shrinkage porosity, and influ-
ence electrical and thermal conductivity [22]. In fig. 5,
the shape and distribution characteristics of secondary
branches is plotted as a function of the K and current
densities. The volume of the secondary branches would
decrease with increasing K, since large heat extracting
from the primary growing would lead to heat concen-
trating between primary arms, leading to reduced tem-
perature undercooling which becomes the impaired effect
on side-branches development. It should be noticed that
for Bi with large current density (20A/m2), increasing
K would result in side-branches developing. It has been
proved that the SDAS is correlated to the crystalliza-
tion rate and temperature gradient, and applying electric
field would provide another way to control crystal struc-
ture.

4 Concluding remarks

It is of great importance to quantitatively determine the
processing on the microstructure in metallic materials,
which would give a better understanding of the mechanical
behavior and microstructure details at the relevant length
scales that contribute to this behavior. In this study, the
sufficient characterization of dendritic structures is con-
ducted upon the phase-field simulations on the dendritic
formation with applied electric field. The thermoelectric
effects as well as temperature undercooling on the den-
drite structures are analyzed by implementing the image
recognition technique. The shape characteristics as well
as the number of the primary-, secondary- and higher-
order branches are statistically analyzed for different pure
substances. Results indicate that the side-branching de-
velopment should be highly correlated to the temperature
distributions near the growing interfaces, and the side-
branching activities could be tailored by rationally con-
trolling the applied electric filed as well the heat treat-
ment, which could be a potential way to improve the me-
chanical properties in metallic materials.
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