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Abstract. In this paper, laminar convective heat transfer of water-alumina nanofluid in a circular tube with
uniform heat flux at the tube wall is investigated. The investigation is performed numerically on the basis
of two-component model, which takes into account nanoparticle transport by diffusion and thermophoresis.
Two thermal regimes at the tube wall, heating and cooling, are considered and the influence of nanoparticle
migration on the heat transfer is analyzed comparatively. The intensity of thermophoresis is characterized
by a new empirical model for thermophoretic mobility. It is shown that the nanoparticle volume fraction
decreases (increases) in the boundary layer near the wall under heating (cooling) due to thermophoresis.
The corresponding variations of nanofluid properties and flow characteristics are presented and discussed.
The intensity of heat transfer for the model with thermophoresis in comparison to the model without
thermophoresis is studied by plotting the dependence of the heat transfer coefficient on the Peclet number.
The effectiveness of water-alumina nanofluid is analyzed by plotting the average heat transfer coefficient
against the required pumping power. The analysis of the results reveals that the water-alumina nanofluid
shows better performance in the heating regime than in the cooling regime due to thermophoretic effect.

1 Introduction

Nanofluids are colloidal suspensions consisting of base
fluid and nano-sized particles. The particles are typically
made of oxides, metals, and carbon nanotubes. Liquids
used as base fluids are commonly water, ethylene glycol,
and oil. The presence of a small amount of nanoparti-
cles in the base fluid enhances its thermal conductivity. In
this way, nanofluids can potentially be used as heat trans-
fer fluids for cooling electronic devices, vehicle engines,
nuclear reactors, laser diodes, etc. [1]. But the addition of
nanoparticles leads to a viscosity increase of the base fluid.
The effectiveness of nanofluids in forced convective heat
transfer depends on whether the thermal conductivity en-
hancement can override the penalty in pumping power as-
sociated with the viscosity increase [2]. The production of
stable nanofluids with prescribed physical properties for
commercial use still remains a challenging problem [3].

The use of nanofluids requires a clear understand-
ing of heat transfer mechanisms, which contribute to
their enhanced thermal properties. Contradictions be-
tween results measured by different authors (see re-
view [4]) promoted the development of theoretical con-
cepts for heat transfer in nanofluids. Several potential
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mechanisms were suggested: Brownian motion of nanopar-
ticles, formation of highly conductive liquid nanolayer at
the liquid-particle interface, nanoparticle clustering, bal-
listic transfer of heat energy inside a separate nanopar-
ticle and between nanoparticles upon contact, dispersion
of nanoparticles, and thermophoresis (nanoparticle trans-
port driven by temperature gradient) [5–7]. However, the
contribution of these mechanisms to the effective thermal
conductivity of nanofluids is not fully understood.

There exist different approaches to describe the flow
and heat transfer in nanofluids. One of them is the homo-
geneous one-component model, based on the momentum
and heat transfer equations with physical properties cor-
responding to nanofluids. It implies that the traditional
heat transfer correlations must be valid for nanofluids [3].
The second approach is suggested by Buongiorno [8].
It is known as non-homogeneous two-component model
which treats nanofluid as a mixture of the base fluid and
nanoparticles. The system is described by the equations
of momentum, heat and nanoparticle transfer. According
to [8], Brownian diffusion and thermophoresis are the main
mechanisms that induce variations of nanoparticle concen-
tration. In general, further studies are needed to verify the
existing models of nanofluids.

A large amount of experimental data on convective
heat transfer in nanofluids can be found in the literature.
In most studies, nanofluids are pumped through a circu-
lar tube with uniform heat flux at the wall. The exten-
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sive reviews are presented in papers by Yu et al. [9] and
Terekhov et al. [10]. The enhancement of heat transfer co-
efficient with respect to base fluids is reported to be from
a few percents for oxide nanoparticles up to 350% for car-
bon nanotubes [11]. In some studies, the measured Nus-
selt numbers followed classical heat transfer correlations
such as Shah correlation for laminar flows and Dittus-
Boelter correlation for turbulent flows as well as their
modifications for temperature-dependent physical proper-
ties [12–15]. Experimental measurement of heat transfer
coefficient for water-copper oxide nanofluid in a cylindri-
cal channel was presented by Guzei et al. in [16]. The
nanofluid appeared to be non-Newtonian when particle
concentration exceeded 0.25%. Some experimental results
for water-alumina nanofluid showed anomalous heat trans-
fer enhancement in laminar regime [17,18]. The conjec-
tured reasons of this enhancement were particle migration
due to non-uniform shear rate, viscosity gradient, or ther-
mophoretic migration of nanoparticles. Measurements of
the Nusselt number for water-Cu nanofluid in turbulent
regime [19] provided a 30% increase in comparison with
the Dittus-Boelter correlation for 2% volume fraction of
nanoparticles. These results cannot be explained on the
basis of a homogeneous flow model. Numerical simula-
tion of turbulent convection in water-alumina nanofluid
in a cylindrical tube with constant wall temperature was
presented in [20]. It was found that heat transfer was en-
hanced with increasing nanoparticle volume fraction. The
latter was accompanied by the increase of wall shear stress.
In most studies, comparison between heat transfer coeffi-
cients of the base fluids and nanofluids was made at the
same Reynolds number. Yu et al. [2] and Utomo et al. [14]
showed that this method distorts the physical situation
since nanofluids require a higher average velocity than
the base fluids to achieve the same Reynolds number due
to viscosity increase. From an engineering point of view,
the comparison must be performed at the same pump-
ing power, which determines the cost of transferring the
heat.

The effect of particle migration on convective heat
transfer of nanofluids in a laminar regime has been stud-
ied in a number of works. Wen and Ding [21] consid-
ered three mechanisms leading to non-uniform concen-
tration of particles in the radial direction: non-uniform
shear rate, viscosity gradient, and Brownian diffusion.
This study was continued in [22], where a numerical sim-
ulation on the basis of a combined Euler and Lagrange
approach was performed. Using the order-of-magnitude
analysis, Sohn and Kihm [23] showed that thermophoresis
and Brownian diffusion are the most important mecha-
nisms of particle migration, while the effects of viscosity
gradient and non-uniform shear rate can be neglected. Nu-
merical simulations on the basis of a homogeneous model
showed that the Nusselt number for laminar flow is in-
dependent of nanoparticle concentration. When the non-
homogeneous model is used, the Nusselt number increases
(decreases) with increasing nanoparticle concentration
when the tube wall is heated (cooled). Na et al. [24,25]
investigated laminar convective heat transfer in water-
alumina nanofluid. They found that the dynamic thermal

conductivity of nanofluid increases (decreases) with in-
creasing the Reynolds number in the wall heating (cooling)
regime. It was attributed to the thermophoretic migration
of nanoparticles. However, the dynamic thermal conduc-
tivity was calculated either from both experimental and
numerical data [24] or under the assumption of fully devel-
oped temperature profile [25]. Thus, the entrance region
that can be rather large for high Reynolds numbers was
neglected. Numerical and experimental study of convec-
tive heat transfer in water-TiO2 nanofluid was performed
in [26]. It was argued that taking particle migration into
account provides better agreement between experimental
and numerical values of heat transfer coefficient.

The theoretical models considered in [21,23–26] do not
take convective transport of nanoparticles into account. It
leads to essentially non-uniform concentration profile in
the tube cross-section, which is not differentiable near the
centerline. Heyhat and Kowsary [27] performed numerical
simulation of convective heat transfer in water-alumina
nanofluid on the basis of a non-homogeneous model taking
into account convective transport of nanoparticles. Con-
stant temperature was maintained on the tube wall. They
showed that thermophoresis reduces nanoparticle concen-
tration only in the wall boundary layer. The corresponding
viscosity reduction leads to the increase of velocity near
the wall. At the tube center, the velocity profile is flat-
tened in order to keep the mass flow rate constant. The
heat transfer coefficient was shown to increase in com-
parison with homogeneous model prediction. In particu-
lar, the increase was around 8% for 5% volume fraction of
nanoparticles. The analytical solution for temperature and
nanoparticle volume fraction in the tube with Poiseuille
flow and constant wall heat flux was recently obtained by
Ryzhkov [28]. It confirmed that thermophoretic separation
is limited to the wall boundary layer.

To describe thermophoresis in nanofluids, Buon-
giorno [8] suggested to use the formula for thermophoretic
velocity that was originally derived for rigid particles in
gases [29] and later corrected for liquids on the basis of ex-
perimental data [30]. According to this formula, the ther-
mophoretic velocity is proportional to the fluid viscosity.
However, a vast majority of theoretical and experimen-
tal results [31,32] as well as molecular dynamics simula-
tions [33] suggest that thermophoretic velocity in colloidal
suspensions is inversely proportional to the fluid viscosity.
A consistent empirical model for thermophoretic mobility
was suggested on the basis of experimental data and the-
orerical concepts by Ryzhkov and Minakov in [34]. It was
stated that the thermophoretic mobility is proportional
to the thermal expansion coefficient of the solvent and in-
versely proportional to its viscosity. The investigation of
heat and nanoparticle transfer in a circular tube heated
with a constant heat flux was performed.

The presented literature review shows that further
studies are needed to understand the effect of ther-
mophoresis on heat transfer in nanofluids. In this pa-
per, we perform a numerical study of laminar convective
heat transfer of water-alumina nanofluid in a circular tube
with uniform heat flux at the tube wall. Two thermal
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regimes are considered, heating and cooling. The phys-
ical properties of nanofluid are taken from experimental
measurements. A generalization of non-homogeneous two-
component model to the case of compressible flow is used
for calculations. The effects of Brownian diffusion, ther-
mophoresis, and variable physical properties on the veloc-
ity, temperature, and nanoparticle volume fraction fields
are investigated. The comparative analysis of heat trans-
fer in each thermal regime is accomplished by several heat
transfer characteristics.

The paper is organized as follows. In sect. 2, the physi-
cal properties of water-alumina nanofluid are described. In
sect. 3, the flow geometry, governing equations, physical
parameters, and solution methods are provided. The re-
sults of calculations are presented and discussed in sect. 4.

2 Thermophysical properties of
water-alumina nanofluid

The physical properties of water-alumina nanofluid de-
pend on the properties of water and alumina nanoparticles
as well as nanoparticle volume fraction. The dependencies
of density ρw, dynamic viscosity μw, thermal conductiv-
ity κw, and specific heat capacity cp,w of water on tem-
perature in the range 0–100 ◦C can be described by the
polynomial interpolation of the experimental data [35]:

ρw = 999.86 + 6.1238 · 10−2 T − 8.3131 · 10−3 T 2

+ 6.4236 · 10−5 T 3 − 3.9530 · 10−7 T 4

+ 1.0808 · 10−9 T 5,

μw = 1.7825 · 10−3 − 5.8439 · 10−5 T + 1.2592 · 10−6 T 2

− 1.6986 · 10−8 T 3 + 1.2480 · 10−10 T 4

− 3.7458 · 10−13 T 5,

κw = 0.5609 + 1.9488 · 10−3 T − 1.0133 · 10−6 T 2

− 1.2840 · 10−7 T 3 + 6.2118 · 10−10 T 4,

cp,w = 4218.79 − 3.1667T + 9.5040 · 10−2 T 2

− 1.3890 · 10−3 T 3 + 1.0722 · 10−5 T 4

− 3.2042 · 10−8 T 5,

where T is the temperature in Celsius degrees. In what
follows, we will also need the thermal expansion coefficient
of water, which is defined by

βT = − 1
ρw

∂ρw

∂T

and can be described by the polynomial

βT = −6.3516 · 10−5 + 1.6839 · 10−5 T − 1.9824 · 10−7 T 2

+ 1.6867 · 10−9 T 3 − 5.7744 · 10−12 T 4.

The dependencies of density ρa, thermal conductivity
κa, and specific heat capacity cp,a of alumina nanoparticles

on temperature are given by [36]

ρa = 3921.71 − 8.5625 · 10−2 T, 0 ≤ T ≤ 100 ◦C,

κa = 5.5 + 34.5 exp(−0.0033T ), 0 ≤ T ≤ 1300 ◦C,

cp,a = 1044.60 + 0.1742(273.15 + T ) − 2.796 · 107

(273.15 + T )2
,

T ≤ 1500 ◦C.

Here the expression for density is based on the linear
model

ρ = ρ0(1 − βT (T − T0)),

with the thermal expansion coefficient βT = 2.1843 ·
10−5 1/K [37], T0 = 20 ◦C, ρ0 = 3920 kg/m3.

The density and specific heat capacity of nanofluid are
determined according to

ρ = Cvρa + (1 − Cv)ρw,

cp =
Cvρacp,a + (1 − Cv)ρwcp,w

ρ
, (1)

where Cv is the volume fraction of nanoparticles. The
viscosity and thermal conductivity of water-alumina
nanofluid are given by the following correlations:

μ = μw exp
(

4.91Cv

0.2092 − Cv

)
,

κ = κw(1 + 4.5503Cv).

These correlations are valid in the range 20 ≤ T ≤ 80 ◦C,
0 ≤ Cv ≤ 0.06 and based on the experimental data for
alumina nanoparticles with the diameter of da = 46nm in
water [13].

The diffusion coefficient is determined by the Einstein-
Stokes formula [38]

D =
kBT

3πμwda
,

where da is the nanoparticle diameter and kB = 1.3807×
10−23 J/K is the Boltzmann constant.

The dependence of nanofluid physical properties on
temperature is shown in fig. 1 for different volume frac-
tions of nanoparticles. When the volume fraction is in-
creased, the density, viscosity, and thermal conductivity
of nanofluid increase, while the specific heat capacity de-
creases. The diffusion coefficient does not depend on the
nanoparticle volume fraction.

The thermophoretic velocity of nanoparticles is given
by

vT = −DT∇T, (2)

where DT is the thermophoretic mobility [31]. Then
the nanoparticle flux (in kg/m2s) can be written as

J = −ρ(D∇Cm + DT Cm∇T ), (3)

where Cm is the mass fraction of nanoparticles, which
is related to the volume fraction Cv by the formula
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Fig. 1. Dependence of water-alumina nanofluid physical properties on temperature for different volume fractions of nanoparticles
Cv: (a) density ρ; (b) dynamic viscosity μ; (c) thermal conductivity κ; (d) specific heat capacity cp; (e) diffusion coefficient D.

ρCm = ρaCv. Here ρ is the nanofluid density (see eq. (1))
and ρa is the nanoparticle density. From the latter rela-
tion, one can obtain

Cm =
ρaCv

Cvρa + (1 − Cv)ρw
,

Cv =
ρwCm

Cmρw + (1 − Cm)ρa
. (4)

The Soret coefficient of nanofluid is defined by

ST = DT /D. (5)

For suspension of solid particles in liquid, the following
formula for thermophoretic mobility was suggested in [30]:

DT = 0.26
κf

2κf + κp

μf

ρfT
, (6)
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Fig. 2. The dependence of thermophoretic mobility DT (a) and Soret coefficient ST (b) on temperature for different values of
parameter α. Solid lines correspond to formula (7), while the dashed line corresponds to formula (6) for DT . Experimental data:• Fe2O3 (dp = 9.6 nm) in cyclohexane [42], � Fe3O4 (dp = 10nm) in water [43], � polystyrene (dp = 106 nm) in water [40].

where the subscripts f and p correspond to fluid and par-
ticle, respectively. The above formula was obtained by
matching the experimental data for micro-sized particles
in water and n-hexane with theoretical expression derived
for solid particles in gas [29], where the coefficient 3/4
was replaced by 0.26. The latter expression was in turn
obtained by solving the problem of creeping flow past a
solid sphere in a medium with a given temperature gra-
dient. The conditions of impermeability as well as conti-
nuity of temperature and heat flux were imposed on the
sphere surface. It was assumed that the tangential velocity
component was proportional to the temperature gradient
(“thermal creep” velocity condition).

Formula (6) was used for modelling thermophoresis in
nanofluids in many works [1,8,23–27]. According to this
expression, the thermophoretic mobility is proportional
to the viscosity of the base fluid. Then the Soret coef-
ficient (5) is proportional to the square of viscosity and
quickly decreases with increasing temperature (the vis-
cosity of liquids is typically a decreasing function of tem-
perature), see fig. 2(b). However, this result contradicts
numerous experimental data for colloidal suspensions [31,
32,39,40], where a significant increase of the Soret coef-
ficient with temperature was observed. Theoretical stud-
ies [32] as well as molecular dynamics simulations [33] sug-
gest that the thermophoretic mobility in colloidal suspen-
sions is inversely proportional to the base fluid viscosity.
In this case, the Soret coefficient does not depend on the
viscosity. Note that this coefficient is the proportionality
factor between temperature and concentration gradients
in the stationary state and in the absence of convection
(in this case, nanoparticle flux (3) vanishes, which leads
to ∇Cm = −ST Cm∇T ). Thus, the independence of Soret
coefficient from the hydrodynamic quantities (viscosity)
seems to be quite reasonable [39].

The mechanisms, which induce nanoparticle drift in
colloidal suspensions under the action of temperature gra-
dient, are rather complicated and depend on the proper-
ties of solvent, nanoparticles, and additives, which pre-
vent particle agglomeration and ensure the stability of col-

loid. According to [32], the main mechanisms are thermo-
osmosis in the electric double layer, thermoelectric effect,
dispersion forces, thermal diffusion. In real nanofluids, the
thermophoretic motion results from the net action of all
these mechanisms. Thus, it is not possible to provide a
general formula for DT , which can be applicable to all
nanofluids. For concrete systems, this coefficient can be
determined experimentally. At the same time, a through
analysis of the available experimental data and theoretical
concepts for a wide range of colloidal systems allows one to
ascertain some general properties of DT . This coefficient

1) Does not depend on the particle size [40].

2) Is inversely proportional to the solvent viscosity μf [32,
33].

3) Is directly proportional to the thermal expansion co-
efficient of the solvent βT [39].

4) Is directly proportional to the expression 3κf (2κf +
κp)−1 [32,41].

The latter expression is related to the change of tem-
perature gradient near the particle surface due to the
difference between thermal conductivities of the particle
κp and the solvent κf .

On the basis of these results, we suggest the following
expression for thermophoretic mobility:

DT = α
βT

μf

κf

2κf + κp
, (7)

where α is the proportionality coefficient, which is chosen
in such a way that the order of DT must correspond to
the experimental data. Formula (7) should be viewed as
an empirical model, which predicts the behaviour of DT in
accordance with the existing experimental data and theo-
retical concepts.

The dependence of thermophoretic mobility and the
Soret coefficient on temperature is shown in fig. 2. These
coefficients were determined on the basis of formula (7)
as well as formula (6). The curves, which correspond to
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formula (7), correctly predict the increase of Soret coeffi-
cient with temperature. The order of ST is in agreement
with the experimental data for water-based colloids [39,
40] as well as organic and aqueous solutions of iron oxide
nanoparticles [42,43]. At the same time, the Soret coef-
ficient ST determined on the basis of formula (6) for DT

decreases with temperature. It contradicts the experimen-
tal data.

Unfortunately, there is no experimental data for ther-
mophoretic mobility of water-alumina nanofluid in the lit-
erature. In the calculations below, we use formula (7) with
α = 10−9, μf = μw, κf = κw, κp = κa. To understand
how the intensity of thermophoresis affects heat and mass
transfer, calculations are also performed for α = 0.5 ·10−9

and α = 0.75 · 10−9.

3 Forced convection in a circular tube:
problem statement

Let us consider forced convection of water-alumina
nanofluid in a circular tube of radius R (fig. 3). The flow
is assumed to be laminar and axisymmetric. Nanofluid en-
ters the tube at z = 0 with temperature T0 and volume
fraction of nanoparticles Cv0. The velocity profile at the
entrance is parabolic

v(r) = 2v0

(
1 −

( r

R

)2
)

, (8)

where v0 is the average velocity. A constant heat flux q
is imposed on the wall 0 ≤ z ≤ L. The following values
of parameters are used in the calculations: R = 0.001m,
L = 1m.

The nanofluid is described by a generalization of a
two-component model suggested in [8] to compressible
flows with variable physical properties. The compressibil-
ity effect is associated with the dependence of density on
temperature and nanoparticle volume fraction according
to (1). For computations, it is convenient to use mass frac-
tion Cm, which is related to the volume fraction Cv by the
first formula in (4). The equations of momentum, conti-
nuity, energy, and nanoparticle transfer are written as

∂t(ρu) + ∇ · (ρuu) = −∇p + ∇ · Π, (9)

∂tρ + ∇ · (ρu) = 0, (10)

∂t(ρH) + ∇ · (ρuH) = ∇ · (κ∇T ), (11)

∂t(ρCm) + ∇ · (ρuCm) = ∇ · (ρD∇Cm + ρDT Cm∇T ),
(12)

Π = μ

(
∇u + ∇uT − 2

3
∇ · uE

)
, H =

∫ T

T0

cpdT.

Here Π is the viscous stress tensor, E is the unit tensor,
uu, ∇u are the dyadic products, and H is the specific
enthalpy. Since the dependence of specific heat capacity
on temperature is very weak (see fig. 1(d)), we assume

Fig. 3. Geometry of the tube and computational grid (R =
0.001 m, L = 1 m). The arrows show the directions of clus-
tering. The number above the arrow (or on the right) is the
number of cells, while the number below the arrow (or on the
left) is the ratio of neighboring cell sizes.

that cp corresponds to the inlet temperature T0. In this
case, the enthalpy is determined by the formula

H = cp(T0, Cv)(T − T0). (13)

In what follows, we consider the stationary equations (9)–
(12) in cylindrical coordinates (r, z) taking into account
the axial symmetry. The velocity vector has the form
u = (u, v), where u is the radial velocity and v is the
axial velocity. The governing equations are rewritten in
cylindrical coordinates.

The boundary conditions have the form

r = 0 :
∂u

∂r
=

∂v

∂r
=

∂T

∂r
=

∂Cm

∂r
= 0, (14)

r = R : u = v = 0, κ
∂T

∂r
= q, 0 ≤ z ≤ L,

D∂Cm

∂r
+ DT Cm

∂T

∂r
= 0, (15)

z = 0 : u = 0, v = v(r), T = T0,

Cm = Cm0, (16)

z = L :
∂u

∂z
=

∂v

∂z
=

∂T

∂z
=

∂Cm

∂z
= 0. (17)

The velocity profile v(r) is given by (8). The value of mass
fraction Cm0 at the inlet is determined from a given vol-
ume fraction Cv0 with the help of the first formula in (4).
Conditions (14) impose the axial symmetry of the prob-
lem, while conditions (17) correspond to a fully developed
flow at the outlet.

In addition to the two-component model of nanofluid
with thermophoresis, the one-component model will be
also used for calculations. In the latter model, the physical
properties of nanofluid correspond to the constant volume
fraction of nanoparticles at the inlet, while the nanoparti-
cle transfer equation (12) and the corresponding boundary
conditions are omitted. The comparison between the two
models will be performed in sect. 4.

The governing equations are solved numerically with
the help of ANSYS Fluent 14.5. The characteristics of
computational grid are shown in fig. 3. The clustering in
the direction of tube wall r = R is introduced in order
to correctly resolve the thermal and concentration bound-
ary layers. The grid also has clustering in the directions
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of inlet z = 0 and outlet z = L. The choice of grid pa-
rameters was made by comparing the numerical solution
with the analytical one [28] for the case of constant phys-
ical properties (see below). The problem is solved itera-
tively by the SIMPLEC algorithm (Semi-Implicit Method
for Pressure-Linked Equations – Consistent). The second-
order approximation is used. The variable physical prop-
erties and aspect ratio of the tube (L/R = 1000) resulted
in a large number of iterations required to achieve conver-
gence (around 6000).

The transport of heat in the tube is characterized by
the heat transfer coefficient, which is defined by

h =
q

T (R, z) − Tb(z)
, (18)

where q is the wall heat flux, T (R, z) is the wall tempera-
ture, and Tb(z) is the bulk temperature in the tube. The
average heat transfer coefficient is calculated by averaging
h over the heated section of the tube

h =
1

2πRL

∫ L

0

∫ 2π

0

hRdϕdz.

The bulk temperature Tb(z) can be determined from
the bulk specific enthalpy Hb

Hb =

∫ 2π

0

∫ R

0
Hρvrdrdϕ∫ 2π

0

∫ R

0
ρvrdrdϕ

,

Hb = cp(T0, Cvb)(Tb − T0), (19)

where H is given by (13), and Cvb is the bulk concentration
defined as

Cvb =

∫ 2π

0

∫ R

0
Cvvrdrdϕ∫ 2π

0

∫ R

0
vrdrdϕ

.

The bulk temperature can be estimated by a simple
formula, which is valid for the case of constant physical
properties [44]

Tb(z) = T0 +
2q

Rv0ρcp
z, (20)

where the density ρ and specific heat capacity cp corre-
spond to the inlet temperature.

The main dimensionless parameters, which character-
ize the similarity of hydrodynamic, thermal, and diffusion
regimes in the tube, are the Reynolds number, thermal
Peclet number, and solutal Peclet number, respectively:

Re =
ρv02R

μ
, Pe =

ρcpv02R

κ
, Pec =

v02R

D .

The dimensionless parameters that characterize heat
transport in the tube are the local and average Nusselt
numbers:

Nu =
h2R

κ
,

Nu =
1

2πRL

∫ L

0

∫ 2π

0

NuRdϕdz. (21)

Table 1. The list of calculated cases for the heating regime
(q = 10000W/m2). The values of v0 (m/s), Re and Pe corre-
spond to the tube inlet.

Cv0 = 0 Cv0 = 0.01 Cv0 = 0.03

Pe Re v0 Re v0 Re v0

1000 78 0.1437

1250 179 0.0896 151 0.0939 98 0.0821

1500 215 0.1075 181 0.1127 118 0.1027

1750 250 0.1254 211 0.1315 137 0.1438

2000 286 0.1434 241 0.1503 157 0.1643

2500 358 0.1792 302 0.1879 196 0.2054

3000 429 0.2150 362 0.2254 235 0.2464

4000 572 0.2867 482 0.3006 313 0.3286

5000 715 0.3584 603 0.3757 392 0.4107

6000 858 0.4301 724 0.4509 470 0.4929

7000 1001 0.5018 844 0.5260 549 0.5750

8000 1144 0.5734 965 0.6012 627 0.6572

9000 1287 0.6451 1086 0.6763 705 0.7393

Table 2. The list of calculated cases for the cooling regime
(q = −10000 W/m2). The values of v0 (m/s), Re and Pe cor-
respond to the tube inlet.

Cv0 = 0 Cv0 = 0.01 Cv0 = 0.03

Pe Re v0 Re v0 Re v0

800 198 0.0751

1000 451 0.0822 381 0.0860 247 0.0938

1250 564 0.1027 476 0.1076 309 0.1173

1500 677 0.1233 571 0.1291 371 0.1407

1750 790 0.1438 666 0.1506 432 0.1642

2000 903 0.1643 761 0.1721 494 0.1876

2500 1128 0.2054 951 0.2151 618 0.2346

3000 1354 0.2465 1142 0.2581 741 0.2815

4000 1805 0.3287 1522 0.3442 988 0.3753

5000 2256 0.4109 1903 0.4302 1236 0.4691

6000 2283 0.5163 1483 0.5629

7000 1730 0.6567

8000 1977 0.7506

9000 2224 0.8444

In this paper, we investigate the flow and heat transfer
of a nanofluid in a tube under heating and cooling condi-
tions. The lists of calculated cases are presented in tables 1
and 2. The values of Peclet and Reynolds numbers as well
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Fig. 4. Temperature field in the sections of constant axial coordinate for Pe = 2500, Cv0 = 0.03: (a) heating regime, (b) cooling
regime.

Fig. 5. Nanoparticle volume fraction in the sections of constant axial coordinate for Pe = 2500, Cv0 = 0.03: (a) heating regime,
(b) cooling regime.

as inlet velocity are given for different nanoparticle vol-
ume fractions. The thermal conditions are as follows. The
inlet temperature and the heat flux are T0 = 20 ◦C and
q = 10000W/m2 for the heating regime, while T0 = 80 ◦C
and q = −10000W/m2 for the cooling regime. The heat
transfer performance can be characterized by the depen-
dencies of heat transfer coefficient and Nusselt number on
the thermal Peclet number for different volume fractions
of nanoparticles. The Peclet number is proportional to
the average inlet velocity v0. Note that this velocity can-
not be too small since in this case the outlet temperature
may exceed the boiling temperature of nanofluid under
heating or descend below the freezing point under cooling
(in case of water, these temperatures are 100 ◦C and 0 ◦C,
respectively, at normal pressure). At the same time, this
velocity cannot be too large since laminar axisymmetric
flow is replaced by the turbulent flow at Re ≈ 2300.

One can also take into account that the dependence of
physical properties on temperature leads to a significant
change of the Reynolds and Peclet numbers along the tube
at the same average inlet velocity v0. In particular, the de-
crease of viscosity with temperature (see fig. 1(b)) results

in the downstream increase of the Reynolds number when
the tube is heated with a constant heat flux. In what fol-
lows, we assume the values of Re and Pe correspond to
the temperature and nanoparticle volume fraction at the
inlet. From the presented considerations it is clear that
the laminar flow of nanofluid in the tube can be realized
in some range of Peclet (Reynolds) numbers.

4 Results and discussion

In this paper, we analyze the numerical results on the ba-
sis of full non-linear model (9)-(17). Along with the results
for two-component model also the comparative results for
one-component model are presented. Let us first investi-
gate the flow and heat transfer of a nanofluid in a tube
when C0v = 0.03 and Pe = 2500.

Temperature profiles in the cross-sections of the tube,
which correspond to constant values of axial coordinate,
are shown in fig. 4. Temperature is gradually rising along
the tube in the heating regime and is falling in the cool-
ing regime. The temperature gradients in the heated sec-
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Fig. 6. Viscosity in the sections of constant axial coordinate for Pe = 2500, Cv0 = 0.03. Results for one-component (dashed
curves) and two-component (solid curves) models: (a) heating regime, (b) cooling regime.

Fig. 7. Thermal conductivity in the sections of constant axial coordinate for Pe = 2500, Cv0 = 0.03. Results for one-component
(dashed curves) and two-component (solid curves) models: (a) heating regime, (b) cooling regime.

Fig. 8. Velocity profiles in the sections of constant axial coordinate for Pe = 2500, Cv0 = 0.03. Results for one-component
(dashed curves) and two-component (solid curves) models: (a) heating regime, (b) cooling regime.
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Fig. 9. Local heat transfer coefficient for Pe = 2500. Results for one-component (dashed curves) and two-component (solid
curves) models: (a) heating regime, (b) cooling regime.

Fig. 10. Average heat transfer coefficient. Results for one-component (dashed curves) and two-component (solid curves) models:
(a) heating regime, (b) cooling regime.

tion induce nanoparticle volume fraction gradients due to
thermophoresis, see fig. 5. Nanoparticles are driven in the
direction of lower temperature, i.e. from the wall to the
center of the tube under heating and from the center of
the tube to the wall under cooling. Note that the varia-
tion of nanoparticle concentration under cooling is greater
than that under heating. It happens because the increase
of concentration itself intensifies thermophoresis, which,
in its turn, causes further separation of nanofluid, see (3).

When the Peclet number is large, noticeable varia-
tions of nanoparticle volume fraction occur only in a
thin boundary layer near the tube wall. The largest ther-
mophoretic separation is achieved at the end of the heated
section near the tube wall, where nanoparticle volume
fraction decreases by 33% under heating and increases by
more than twice under cooling with respect to the inlet
value Cv0 = 0.03. Note that the condition of zero axial
derivative of Cm (see (17)) does not affect the nanoparti-
cle volume fraction profile inside the tube due to strong
convective flow in the axial direction.

The variations of nanoparticle volume fraction in the
radial direction result in the variations of viscosity and

thermal conductivity (figs. 6 and 7). One can see the de-
crease of viscosity and thermal conductivity near the tube
wall under heating and the increase of these properties
under cooling.

The nanoparticle migration caused by the temperature
gradient is not taken into account in the one-component
model. It explains the difference in numerical results be-
tween the two models. The velocity profile in the model
with thermophoresis is modified slightly stronger than
that in the model without thermophoresis (fig. 8), where
only the temperature dependence of the physical proper-
ties is considered. The viscosity reduction (growth) in the
two-component model leads to the increase (decrease) of
velocity near the wall under heating (cooling). At the tube
center, the velocity profile, conversely, is flattened (elon-
gated) in order to keep the mass flow rate constant.

To show the influence of thermophoretic effect on heat
transfer, the local heat transfer coefficient h was calculated
from (18). The corresponding curves are shown in fig. 9 for
different Cv0 at the inlet. As one can see, after a significant
drop at the entrance region, a gradual increase of the local
heat transfer coefficient is observed under heating and a
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Fig. 11. Relative average heat transfer coefficient for Cv0 = 0.03, α = 0.5 · 10−9, α = 0.75 · 10−9, α = 1 · 10−9: (a) heating
regime, (b) cooling regime.

Fig. 12. Local Nusselt number for Pe = 2500. Results for one-component (dashed curves) and two-component (solid curves)
models: (a) heating regime, (b) cooling regime.

slight decrease further downstream under cooling. The in-
crease of nanoparticle volume fraction leads to the increase
of h in both thermal regimes. The calculations on the basis
of the two-component model provide larger values of h in
comparison with the one-component model in the heat-
ing regime, see fig. 9(a), but under cooling the effect is
opposite and stronger, see fig. 9(b). The differences of h
between two thermal regimes and between two models can
be explained by the velocity increase (decrease) near the
wall due to viscosity reduction (growth) in the boundary
layer. The latter tendency is caused by thermophoresis.

The dependence of the average heat transfer coeffi-
cient h on Pe for different Cv0 at the inlet is presented
in fig. 10. The dots correspond to the cases listed in ta-
bles 1 and 2. The coefficient h increases with Cv0 and Pe,
and the curves have different forms for different thermal
regimes. The values of h corresponding to the one- and
two-component models deviate for higher values of Cv0.
It is worth noting that in the cooling regime the deviation
is greater than that under heating, wherein this effect is
noticeable only at low Pe and high Cv0. Actually, the co-
efficient h reflects the same tendencies as h. Thus, as it

was observed for h under heating, the coefficient h for
the model with thermophoresis is higher compared to the
model without thermophoresis, and for low Pe the differ-
ence is about 1% for Cv0 = 0.03. When cooling, the devi-
ation between values of h for two models is the opposite
and hardly exceeds 4% for high Cv0.

The influence of thermophoretic intensity on heat
transfer is shown by fig. 11. This figure presents the ra-
tio of average heat transfer coefficients in the two- (hT )
and one-component (h) models depending on Pe for dif-
ferent values of the coefficient α, which characterizes the
intensity of thermophoresis (see (7)). As one can see, the
intensification of thermophoresis enlarges the difference
between hT and h for both thermal regimes. Furthermore,
the ratios hT /h > 1 (fig. 11(a)) and hT /h < 1 (fig. 11(b))
convince us that the increase and decrease of heat transfer
coefficient due to thermophoretic effect under heating and
cooling, respectively, reflect the corresponding rise and re-
duction of heat transfer intensity along the tube.

The local Nusselt number is shown in fig. 12 for Pe =
2500. It was calculated according to (21), where the ther-
mal conductivity was determined at the bulk temperature
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Fig. 13. Average Nusselt number for Cv0 = 0.03, α = 0.5 · 10−9, α = 0.75 · 10−9, α = 1 · 10−9: (a) heating regime, (b) cooling
regime.

Fig. 14. Pressure drop on the basis of two-component model: (a) heating regime, (b) cooling regime.

Tb(z). The calculations for the two-component model also
predict the increase of Nu with increasing Cv0 under heat-
ing. The Nusselt number characterizes the relative impor-
tance of convective and conductive heat transfer. When
cooling, the reduction of Nu can be observed in fig. 12(b).
It means the weakening of heat transfer by convection with
the raise of Cv0 due to thermophoresis. When heating, ac-
cording to fig. 12(a), the heat transfer is, conversely, more
intensive. It happens because convection along the tube
in the wall region is more significant.

The dependence of the average Nusselt number on
the thermal Peclet number calculated for Cv0 = 0.03 at
different values of α is presented in fig. 13. When heat-
ing (cooling), Nu is lower (higher) for the one-component
model than for the two-component model in the whole
range of Pe and its values rise (fall) with the growth of α.
All these tendencies confirm the fact that thermophoresis
slightly enhances heat transfer along the tube in the heat-
ing regime and affects conversely in the cooling regime.

The dependence of pressure drop in the heated section
on the thermal Peclet number is shown in fig. 14. The cal-
culations are based on the two-component model. The in-
crease of nanoparticle volume fraction results in the signif-

icant rise of the required pressure drop at fixed Pe in both
thermal regimes, and these tendencies in both cases are
similar. Ratios of pressure drops calculated on the basis
of two- (ΔPT ) and one-component (ΔP ) models are pre-
sented in fig. 15 for Cv0 = 0.03. There depicted variations
of pressure drop with the increase of α. The results show
opposite tendencies for heating and cooling. Noting that
the ratio ΔPT /ΔP < 1 under heating (ΔPT /ΔP > 1
under cooling), we can say that the intensification of ther-
mophoresis slightly reduces (raises) ΔPT relatively to ΔP
under heating (cooling). It happens due to viscosity de-
crease (increase) caused by reduction (growth) of nanopar-
ticle volume fraction near the wall depending on the ther-
mal regimes. The reduction (rise) of pressure drop depend-
ing on α for heating (cooling) is up to 2.5–4% (6–13%) for
low Pe. With the growth of Pe, the curves approach unity
more closely.

The dependence of wall shear stress

τw = μ
∂v

∂r

∣∣∣∣
r=R

on the dimensionless axial coordinate z/R is presented in
fig. 16. The wall shear stress decreases (increases) along
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Fig. 15. Relative pressure drop for Cv0 = 0.03, α = 0.5 · 10−9, α = 0.75 · 10−9, α = 1 · 10−9: (a) heating regime, (b) cooling
regime.

Fig. 16. Wall shear stress for Pe = 2500. Results for one-component (dashed curves) and two-component (solid curves) models:
(a) heating regime, (b) cooling regime.

the channel under heating (cooling) due to the tempera-
ture dependence of viscosity. In the heating regime, τw is
always lower for the model with thermophoresis than for
the model without thermophoresis. When cooling, the de-
viations of τw for the two models are opposite and greater.
It can be explained by variations of Cv0 and, consequently,
viscosity μ near the wall due to thermophoretic effect. As
nanoparticle concentration increases near the wall more
significantly under cooling than it decreases under heat-
ing, so does μ. We also note that the growth of Cv0 leads
to the additional increase of the wall shear stress in both
thermal regimes.

The illustration of effectiveness of water-alumina
nanofluid with different nanoparticle volume fractions in
comparison with the base fluid is presented in fig. 17.
The average heat transfer coefficient is plotted against the
pumping power in the heated section, which is calculated
according to Wp = ΔPQ, where Q = v0πR2 is the vol-
ume flow rate. The increase of h with the growth of Wp

takes place in both thermal regimes. Thus, as one can see

in fig. 17, the growth of alumina nanoparticles concentra-
tion can improve the effectiveness of heat transfer in the
whole range of pumping power calculated in this work.
When heating, the improvement of heat transfer at low
Wp is quite noticeable. At Cv0 = 0.3 the average heat
transfer coefficient is up to 12% higher compared to the
base fluid. At high Wp the improvement of h is about
6.5%. In the cooling regime the enhancement of h with
increasing Cv0 hardly attains 3.5% even for low Wp. The
difference in improvements of h with the growth of Cv0

between two regimes can be explained by the pressure
drop variations (see fig. 15) due to thermophoresis. At
any fixed Wp the pressure drop rises with the growth of
Cv0 because of viscosity increase. However, thermophore-
sis decreases (increases) the pressure drop in the heat-
ing (cooling) regime. It means that, to keep the pump-
ing power constant, v0 must be raised (reduced). Thus,
the increase of v0 under heating noticeably enhances h
with the growth of Cv0, but the correspondent decrease
of v0 under cooling makes h rise much less. Figure 17
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Fig. 17. The dependence of average heat transfer coefficient on pumping power at Pe = 2500. Results for one-component
(dashed curves) and two-component (solid curves) models: (a) heating regime, (b) cooling regime.

shows that when heating (cooling), the curves of h for
the two-component model are higher (lower) than for the
one-component model, because in the latter case varia-
tions of the pressure drop due to thermophoresis are not
taken into account.

Let us finally compare the effectiveness of water–
alumina nanofluid applied to cooling and heating regimes.
The analysis of the average heat transfer coefficient de-
pending on pumping power shows the specific performance
of considered nanofluid in each thermal regime. How-
ever, h calculated on the basis of two-component model is
higher (lower) versus that for the one-component model
under heating (cooling) for all Pe. The difference grows
with increasing Cv0. Thus, we can say that thermophoretic
effect near the tube wall slightly raises the effectiveness
of heat transfer downstream under heating and slightly
reduces it under cooling. Besides, the reduction is a lit-
tle greater than the rise. We may finally conclude that
the water-alumina nanofluid is less effective in the cool-
ing regime in comparison to the heating regime due to
thermophoretic effect.

5 Conclusion

In this paper, we have investigated the laminar convec-
tive heat transfer of water–alumina nanofluid in a circular
tube with uniform heat flux. The investigation was per-
formed for the heating and cooling regimes allowing for
variable physical properties of nanofluid and a compara-
tive analysis was made. The physical properties of the base
fluid and the nanofluid are taken from experimental mea-
surements. The nanofluid is described by a generalization
of non-homogeneous two-component model to the case
of compressible flow when the density depends on tem-
perature and nanoparticle volume fraction. This model
takes into account nanoparticle transport by convection,
Brownian diffusion, and thermophoresis. The intensity
of thermophoresis is characterized by the new empiri-

cal model for thermophoretic mobility. Homogeneous one-
component model is also used in this study. It has been
found that thermophoresis leads to a significant reduction
(growth) of nanoparticle volume fraction in a thin bound-
ary layer near the wall in the heating (cooling) regime.
As a consequence, the decrease (increase) of viscosity and
thermal conductivity in the wall region is observed. The
viscosity reduction (growth) leads to the increase (de-
crease) of velocity near the wall under heating (cooling),
while near the tube axis the velocity profile is flattened
(elongated) in order to keep the mass flow rate constant.
Thermophoretic migration of nanoparticles causes the re-
duction of wall shear stress, and, correspondingly, the re-
quired pressure drop in the heated section under heating
and the increase of these properties under cooling.

The calculations on the basis of the two-component
model provide higher (lower) values of the local and
average heat transfer coefficients in comparison with
the one-component model under heating (cooling). The
results for the two-component model predict the increase
of Nusselt number with increasing nanoparticle volume
fraction and the intensity of thermophoresis in the
heating regime and the corresponding decrease of Nusselt
number in the cooling regime.

The effectiveness of water-alumina nanofluid in com-
parison with the base fluid is studied by plotting the av-
erage heat transfer coefficient against the required pump-
ing power. The nanofluid provides higher values of heat
transfer coefficients than the base fluid in the considered
range of pumping power with the increase of nanoparti-
cle volume fraction. At the same time, the increase up to
1% and the decrease up to 4% of the heat transfer coef-
ficient depending on Pe due to thermophoretic effect for
the heating and cooling regimes, respectively, reveal that
the water-alumina nanofluid is less effective under cooling
than under heating. The present study shows that the in-
fluence of thermophoresis on heat transfer in the tube is
rather weak since nanoparticle concentration varies only
in the thin boundary layer near the tube wall.
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Nomenclature

r radial coordinate (m)
z axial coordinate (m)
R tube radius (m)
L heated section length (m)
u radial velocity (m/s)
v axial velocity (m/s)
v0 average axial velocity (m/s)
vT thermophoretic velocity (m/s)
T temperature (K)
T0 inlet temperature (K)
H specific enthalpy (J/kg)
Cm mass fraction of nanoparticles
Cv volume fraction of nanoparticles
Cm0 inlet mass fraction of nanoparticles
Cv0 inlet volume fraction of nanoparticles
J nanoparticle flux (kg/m2s)
q heat flux (W/mK)
ρ density (kg/m3)
ρ0 reference density (kg/m3)
βT thermal expansion coefficient (K−1)
μ dynamic viscosity (Pa s)
κ thermal conductivity (W/mK)
cp specific heat capacity (J/kg K)
χ thermal diffusivity (m2/s)
D diffusion coefficient (m2/s)
DT thermophoretic mobility (m2/sK)
ST Soret coefficient (K−1)
α proportionality coefficient (kg m/s2)
τw wall shear stress (Pa)
h heat transfer coefficient (W/m2 K)
h average heat transfer coefficient (W/m2 K)
Wp pumping power (W)
Q volume flow rate (m3/s)
kB Boltzmann’s constant (J/K)
da nanoparticle diameter (m)
Π viscous stress tensor (Pa)
E unit tensor
ξ dimensionless axial coordinate
Re Reynolds number
Pe thermal Peclet number
Pec solutal Peclet number
Nu Nusselt number
Nu average Nusselt number

Superscripts
T transpose

Subscripts

b bulk

w water

a alumnia nanoparticles

f fluid

p particle
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