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Abstract. This study is devoted to the construction of the universal ion–crystal interaction potential in
proton transmission through very thin crystals. We show how to obtain the interaction potential by using
the crystal rainbow theory and rainbows’ morphological analysis in the proton transmission angular plane.
By adjusting the shapes of rainbow lines, we modified the Molière’s interaction potential to make it accurate
in all regions of the crystal channels. This procedure was based on our previous experimental and theoretical
works. As a result, the two axial channeling directions can be treated in the same way leading to more
consistent values of the fitting parameters in the ion–atom interaction potential. We obtained the universal
rainbow ion–crystal interaction potential for very thin cubic crystals in the (001) and (111) orientations in
the case of transmission channeling of 2 MeV proton beam.

1 Introduction

Determination of a precise impact parameter-
dependent interaction potential in the description
of ion beam interaction processes in a crystal is
important both scientifically and technologically [1,
2]. Axial ion–crystal channeling is a phenomenon that
occurs when an ion impinges on a single crystal in
a direction close to a major crystallographic axis. A
theoretical explanation of channeling was given by
Lindhard [3]. This process is explained as a result of
the series of correlated small-angle collisions of an ion
and atoms of the strings defining the crystal channel
[4]. In this transmission, an oscillatory ion motion
in space between atomic strings defining the channel
is established, i.e., the ion is guided through crystal
channels.

The equation of an ion motion through a crystal
channel is determined by the interaction potential,
which is described by Newton’s equations of motion
d−→p /dt = −∇Uch(−→ρ ), where t is time, −→p is the ion
momentum, Uch is the ion–crystal interaction poten-
tial, and −→ρ is the transverse vector of ion position rel-
ative to the atomic strings defining the crystal channel.
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Thus, ion channeling can be determined using a pre-
cise interaction potential. Frequently used interaction
potentials are based on the Thomas–Fermi statistical
model of the atom. A good analytical approximation
is given by Molière [5]. Another commonly used inter-
action potential is the Ziegler–Biersack–Littmark (fur-
ther in text ZBL) one [6]. Original Molière’s interaction
potential can be applied to the ion–atom scattering pro-
cess if the influence of the ion on the screening function
can be neglected. However, Molière’s approximation of
the Thomas–Fermi model of an atom can be applied
to the ion–atom scattering problem with the use of the
screening function proposed by Firsov, which includes
the effect of both the ion and the atom [7].

The dominant process that appears in channeling is
the crystal rainbow effect, whose theory was formu-
lated by Petrović et al. [8]. This theory accurately pre-
dicts the spatial and angular distributions of ions chan-
neled through crystals. The crystal rainbow effect was
experimentally confirmed in a series of high-resolution
ion transmission channeling experiments through ultra-
thin silicon membranes [9]. After that, it was shown
that this experimental results and crystal rainbow the-
ory could be used for the determination of a precise
rainbow ion–crystal interaction potential [10]. This the-
ory was also used for the explanation of the so-called
doughnut effect, which occurs when the ion beam is
tilted away from a major crystallographic direction [11].
Recently, it has been shown that the crystal rainbow
effect could be used to determine the thermal vibrations
and defects of graphene sheets [12, 13]. In this article,
we used the crystal rainbow effect to study the channel-
ing of protons through 28 cubic crystals oriented along
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Fig. 1 Scheme of the ion channeling process through square
crystal channel

principal crystallographic axes relative to the proton
beam.

2 Theory

The scheme of ion channeling through the square chan-
nels of cubic crystals is shown in Fig. 1. The z-axis of
the reference system is longitudinal and coincides with
the axis of the crystal channel, while x and y are ver-
tical and horizontal axes, respectively. In this case, the
ion initial impact parameter is given by b = b(x0, y0).

The ion–crystal interaction assumes the continuum
approximation and the ion–atom binary collision model
[4]. In this case interaction potential between the chan-
neled ion and an atomic string defining crystal channel
is given as:

Ui(x, y) =
1
d

+∞∫

−∞
V

[(
ρ2i + z2

)]1/2
dz, (1)

where Ui is the continuum interaction potential
of ion and ith atomic string, d is the distance
between neighboring atoms of atomic string, ρi =[
(x − xi)

2+(y − yi)
2
]1/2

is the distance between ion
and ith atomic string, xi and yi are coordinates of ith
atomic string, and V is ion–atom interaction potential.
Using above-defined ion-string continuum interaction
potential we defined ion–crystal continuum interaction
potential Uch as the sum of the continuum potentials
of all atomic strings forming the channel. The thermal
vibrations of crystal atoms were taken into account [8].

The crystal rainbow effect is a consequence of the
scattering of ions with differential impact parameters
into the same scattering angle. The theory of the
crystal rainbows is based on the analysis of mapping
of the impact parameter (IP) plane to the transmis-
sion angle (TA) plane, determined by the ion scatter-
ing/channeling process [8]. As a result of the approxi-
mation of the continuum string model, only motion in

the transversal plane is taken into account:

θx = θx(x0, y0) and θy = θy(x0, y0), (2)

where θx and θy are components of the final ion chan-
neling angle, i.e., components of its transmission angle.
This mapping also depends on the ion energy, crys-
tal channel, and thickness, which are all treated as
fixed parameters. In order to obtain mapping defined
by functions (2), one has to solve ion equations of
motion and determine the ion final/exit angle. Initial
components of ion positions are selected uniformly in
the entrance plane of the crystal, while the initial ion
velocity vector v is parallel to the z-axis. The channeled
ion scattering angle is smaller than the critical angle for
channeling [3, 4], so the components θx and θy of scat-
tering angles are θx = vx/v and θy = vy/v, respectively,
where vx and vy are transverse components of the final
ion velocity.

Since the components of the ion channeling angle
remain small during the whole transmission process,
the ion differential transmission cross section reads [8]:

σ(x0, y0) =
1

|Jθ(x0, y0)| , (3)

where Jθ(x0, y0) = ∂x0θx∂y0θy −∂y0θx∂x0θy is Jacobian
of the mapping (3). Therefore, the equation:

Jθ(x0, y0) = 0 (4)

defines the rainbow lines in the impact parameter plane,
i.e., the lines in this plane along which σ(x0, y0) is infi-
nite. The images of the mapping of these lines deter-
mined by function (4) are the rainbow lines in the TA
plane. Rainbow lines in TA plane separate bright and
dark regions. Generally speaking, the rainbow effect
represents singularities of the corresponding mappings
from the IP plane to the SA plane, meaning that the
differential cross section is singular along the rainbow
lines. Therefore, the rainbow effect is an example of a
singularity effect. We apply the effect of the crystal rain-
bow in order to construct an accurate rainbow interac-
tion potential via the morphological method comparing
the rainbow lines in the TA plane corresponding to the
rainbow interaction potential with the rainbow lines in
TA plane corresponding to Molière and ZBL interaction
potentials.

3 Results

We have analyzed the channeling of 2 MeV protons
through 28 crystals with a cubic crystallographic struc-
ture in (001) and (111) orientations, i.e., ion channeling
through square and triangle crystal channels, respec-
tively. Crystals with the FCC crystallographic structure
are: aluminum (Al13), calcium (Ca20), nickel (Ni28),
copper (Cu29), strontium (Sr38), rhodium (Rh45), pal-
ladium (Pd46), silver (Ag47), cerium (Ce58), ytterbium
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(Yb70), iridium (Ir77), platinum (Pt78), gold (Au79),
lead (Pb82) and thorium (Th90); with BCC crystallo-
graphic structure: vanadium (V23), chromium (Cr24),
iron (Fe26), niobium (Nb41), molybdenum (Mo42), bar-
ium (Ba56), europium (Eu63), tantalum (Ta73) and
tungsten (W74); and crystals with diamond-type crys-
tallographic structure are: carbon (C6), silicon (Si14),
germanium (Ge32) and tin (Sn50). Our goal was to
construct a universal rainbow channeling interaction
potential for all these crystals using the crystal rainbow
morphological method [10]. The rainbow lines gener-
ated with the rainbow interaction potential were com-
pared with the rainbow lines obtained with Molière and
ZBL interaction potentials.

The most frequently used interaction potential for
ion–atom scattering is ZBL [6]:

VZBL =
Z1Z2e

2

R

4∑
i=1

αiexp

(
− βiR

aZBL

)
, (5)

where Z1 is the atomic number of channeled
ion, Z2 is the atomic number of crystal atom,
e is the elementary charge, R is the ion–atom
distance (the potential is rotationally sym-
metric), aZBL =

(
9π2/128

)1/3(Zp
1 + Zp

2 )−1
a0

is the ZBL screening radius, a0 is the Bohr
radius,αi = (0.1818, 0.5099, 0.2802, 0.2817),
βi = (3.2, 0.9423, 0.4028, 0.2016) and p = 0.23 are
the fitting parameters. This potential was obtained
by performing an averaging fit of the results of
Thomas–Fermi quantum mechanical potential calcu-
lated by a Hartree–Fock method. The VZBL potential
was dominantly applied in the scattering process
for small ion–atom impact parameters. Even though
it was proven accurate for many ion–atom pairs,
this interaction potential could not reproduce well
high-resolution proton-silicon transmission channeling
experiments [10].

On the other hand, in the analysis of their ion
channeling experiments through thin Si14 crystals,
Kraus et al. [14] noticed that angular distributions
of channeled ions were better reproduced by using
the Molière’s approximation of the Thomas–Fermi
ion–atom interaction potential, with the Thomas–Fermi
atomic screening length. This result was not surpris-
ing since the obtained angular distribution of channeled
ions was generated by ions that were channeled near the
channel axis, i.e., far from the atomic arrays that define
the crystal channel.

Molière’s ion–atom interaction potential [5] is given
by:

VM =
Z1Z2e

2

R

3∑
i=1

γiexp

(
− δiR

aTF

)
, (6)

where γi = (0.1, 0.55, 0.35), and δi = (6, 1.2, 0.3) are
the fitting parameters, aTF =

(
9π2/128

)1/3
Z

−1/3
2 a0 is

the atomic Thomas–Fermi screening radius. Molière’s

interaction potential is justified if the influence of an ion
on the screening function can be neglected. However,
Molière’s interaction potential with Firsov screening

radius aF =
(
9π2/128

)1/3
(
Z

1/2
1 + Z

1/2
2

)−2/3

a0

instead of aTF can be used, considering ion
influence on the screening function [7]. If
this is the case, Molière’s interaction poten-

tial reads, VM = Z1Z2e2

R

∑3
i=1 γiexp

(
− δ

′
iR
aF

)
=

Z1Z2e2

R

∑3
i=1 γiexp

(
− δiR

aTF

)
, where one has to change

fitting parameters δi to δ′
i = (aF /atf )δi, where

(aF /aTF) =
(
Z

1/2
1 + Z

1/2
2

)−2/3

/Z
−1/3
2 depends on the

atomic numbers of both the ion and the crystal Z1 and
Z2, respectively.

Petrovic et al. [10] successfully described the high-
resolution experimental angular distribution of chan-
neled protons with energies of 0.7 to 2 MeV through
thin silicon membranes with a thickness of 55 nm,
in the (001) orientation, by using the crystal rain-
bow theory. Modification of the Molière’s interaction
potential, including the Firsov screening radius, i.e.,
by changing only the fitting parameter δ′

2 = 1.025 to
δ′r
2 = 1.828, the authors achieved an excellent agree-

ment between the high-resolution experimental angular
distributions and the calculated angular distributions,
thereby, constructing a rainbow interaction potential
that excellently reproduces the experimental angular
distribution in the entire channel area. We used the
same methodology to construct the universal rainbow
interaction potential for different proton-crystal pairs
in (001) orientation [15]. Our goal is to, by changing
only the fitting parameter δ′

2, construct the universal
rainbow interaction potential. This universal rainbow
interaction potential shall generate an outer rainbow
line which very well approximates the outer rainbow
line generated with VZBL and simultaneously will gen-
erate an inner rainbow line which also very well approx-
imates the inner rainbow line generated with VM . It
is important to emphasize that the outer rainbow line
corresponds to small impact parameters and the inner
rainbow line corresponds to large impact parameters.

According to the results presented in Ref. [10] and
[16], the fitting parameters δ′r

1 and δ′r
3 are equal to

δ′r
i =

[(
Z1 + Z

1/2
2

)
/Z

1/2
2

]2/3

δ′
i (i = 1, 3), while param-

eter δ′r
2 was adjusted for each crystal. The method for

adjusting the parameter δ′r
2 consists of the minimization

of the expressions R100 for the (001) orientation, and
R111 for the (111) orientation, which are both equal to
(1/2)

(√
((θxr1 − θxZBL1)/θxr1)

2 + ((θxr2 − θxM2)/θxr2)
2
)
100%.

Values of R100 and R111 are the relative distances
between the corresponding rainbow lines. By intro-
ducing these relative distances, we treated both inner
and outer rainbow lines in the same (relative) way.
In the (001) orientation, θxr1 and θxr2 are the char-
acteristic rainbow points for large and small angles
in TA plane, respectively, that are compared to the
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Fig. 2 Calculated values of the relative distances between
the rainbow lines for the cubic crystals in the (001) orienta-
tion, with distinctively higher values for carbon

corresponding characteristic points θxZBL1 and θxM2

to the points mentioned above lying on the θx = 0 axe.
Similarly, in the (111) orientation, θxr1 and θxr2 are
the characteristic rainbow points for large and small
angles in TA plane that are compared to corresponding
characteristic points θxZBL1 and θxM2 to the points
mentioned above lying on the θy = 0 and θx = 0 axes,
respectively. In the case of 2 MeV protons and the
(001) 55 nm thick Si14 crystal, this assumption has
been experimentally proven [10], and the calculated δ′r

2
value for proton-silicon channeling was 1.828, which is
very close to the obtained value of δ′r

2 = 1.85 for the
universal potential (see text below).

Our goal is to obtain a sufficiently separated outer
from the inner rainbow lines and to make the outer rain-
bow line close to the atomic array and the inner rainbow
line close to the crystal channel axis. So that the outer
rainbow line corresponds to small impact parameters
and that, at the same time, the inner rainbow line cor-
responds to large impact parameters, we adjusted the
thickness of all the considered crystals in both orien-
tations. Due to the different channel geometry between
these two orientations and the different sizes of channels
and atomic crystal numbers, we fixed inner and outer
rainbow lines and expressed their positions in the units
of the screening radius (SRU).

For all crystals, the calculated parameters R100 and
R111 are small and are presented in Figs. 2 and 3,
respectively. The only exception is carbon, for which
Coulomb-like ion–atom interaction potential with a
screening function cannot be well established because
of the small numbers of its electrons. Also, bonds
between carbon atoms are strong, resulting in a very
small channel, which resulted in the poor separation
of inner and outer rainbow lines compared to chan-
nel dimensions. Consequently, interaction potentials
obtained with another approach, like Doyle-Turner’s,

Fig. 3 Calculated values of the relative distances between
the rainbow lines for the cubic crystals in the (111) orienta-
tion, with distinctively higher values for carbon

would be more appropriate [17]. Also, the R111 value
for Al13 is larger than for other elements but much
smaller than for C6 and remains within the boundaries
of acceptable values. Analysis shows that the parame-
ter R100 can be set to be less than 3% for the (001)
orientation, and the parameter R111 can be set to be
less than 5% for the (111) orientation. The calculated
fitting parameter δ′r

2 has the same value for all crystals
in the (001) orientation, δ′r

2 = 1.828, while this value
for the (111) orientation is also the same for all crystals,
δ′r
2 = 1.475!
Using this morphological methodology, for both crys-

tal orientations, we managed to construct the univer-
sal rainbow interaction potential (except for the case
of carbon crystals in both crystal orientations). For
the (001) orientation constructed the rainbow inter-
action potential is: V001 = Z1Z2e2

R

∑3
i=1 γiexp

(
δ′r
i R
aF

)
,

where γi = (0.10, 0.55, 0.35) and δ′r
i =

(
Z

1/3
2

(
Z

1/2
1 +

Z
1/2
2

)−2/3

6.0, 1.828, Z
1/3
2

(
Z

1/2
1 + Z

1/2
2

)−2/3

0.3
)

are
the fitting parameters; and for the (111) orien-
tation: V111 = Z1Z2e2

R

∑3
i=1 γiexp

(
δ′r
i R
aF

)
, where

δ′r
i =

(
Z

1/3
2

(
Z

1/2
1 + Z

1/2
2

)−2/3

6.0, 1.475, Z
1/3
2

(
Z

1/2
1 +

Z
1/2
2

)−2/3

0.3
)

is the fitting parameter and aF =(
9π2

128

)1/3(
Z

1/2
1 + Z

1/2
2

)−2/3

is the Firsov’s screening
radius.

Figure 4 shows the rainbow lines in the TA plane for
ZBL interaction potential, Molière’s potential, and the
rainbow interaction potentials for the Au79 crystal in
the (001) orientation. The thickness of the Au79 crystal
was 27 nm, giving for the 2 MeV protons, well-separated
inner and outer rainbow lines close to the channel axis

123



Eur. Phys. J. D (2023) 77 :61 Page 5 of 8 61

Fig. 4 Rainbow lines in scattering angle plane for 2 MeV
protons channeled through 27 nm thin Au79 crystal in the
(001) orientation; red line—the rainbow interaction poten-
tial, blue line—Molière’s interaction potential, and black
line—ZBL interaction potential

Fig. 5 Larger view of the inner part of the rainbow pattern
presented in Fig. 4

and atomic string, respectively. Figure 5 shows a larger
view of the inner part of the rainbow pattern presented
in Fig. 4.

Figure 6 shows images of rainbow lines in the IP
plane. It is clear that the matching between the outer
rainbow lines for ZBL, the inner rainbow lines for
Molière’s potential, and the corresponding rainbow

Fig. 6 Rainbow lines in the impact parameter plane for
2 MeV protons channeled through 27 nm thin Au79 crys-
tal in the (001) orientation; red line—the rainbow inter-
action potential, blue line—Molière’s interaction potential,
and black line—ZBL interaction potential

Fig. 7 Dependence of interaction potential on impact
parameter for (001) Au79 crystal and 2 MeV protons;
ZBL interaction potential—black line, Molière’s interaction
potential—blue line, and the rainbow interaction poten-
tials—red line

lines generated with the rainbow interaction poten-
tial is very well. The choice to present gold crystal
was to point out the universality of our morphological
approach being accurate for a large atomic number.

Figure 7 shows the dependence of interaction poten-
tial on the ion–atom impact parameter for ZBL inter-
action potential, Molière’s potential, and the rainbow
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Fig. 8 Rainbow lines in the scattering angle plane for
2 MeV protons channeled through 43 nm thin Si14 crystal in
(111) orientation; red line—the rainbow interaction poten-
tial, blue line—Molière’s interaction potential, and black
line—ZBL interaction potential

interaction potentials for Au79 crystal in the (001) ori-
entation. The constructed rainbow interaction poten-
tial is an excellent approximation of Molière’s interac-
tion potential for large impact parameters and, at the
same time, an excellent approximation of ZBL interac-
tion potential for small impact parameters. Therefore
the rainbow potential “glues” both potentials!

Figure 8 shows the same rainbow lines as Fig. 4 but
in the case of 43 nm thin (111) Si14 crystal. Figure 9
shows a larger view of the inner part of the rainbow
pattern presented in Fig. 8. We chose to present the
silicon case as an example of the (111) orientation since
it has already been experimentally and theoretically
proven that our morphological method was the correct
one for 55 nm thin (001) Si14 crystal [10]. From Fig. 8,
the matching of the outer rainbow line generated with
the ZBL interaction potential with the outer rainbow
line generated with the rainbow interaction potential
is very well. At the same time, the matching of the
inner rainbow line generated with the Moliere’s inter-
action potential with the inner rainbow line generated
with the rainbow interaction potential is also very well.
Generally speaking, it should be noted here that the
matching of the corresponding rainbow lines could be
improved by choosing some other characteristic point
on the rainbow lines or trying to globally match the
corresponding rainbow lines.

Figure 10 shows images of rainbow lines in the IP
plane in the case of 43 nm thin (111) Si14 crystal.
As well as in the case of above presented 27 nm thin
(001) Au79 crystal, matching between the correspond-
ing inner and outer rainbow lines is very well.

Fig. 9 Larger view of the inner part of the rainbow pattern
presented in Fig. 8

Fig. 10 Rainbow lines in the impact parameter plane for
2 MeV protons channeled through 43 nm thin Si14 crystal in
the (111) orientation; red line—rainbow interaction poten-
tial, blue line—Molière’s interaction potential, and black
line—ZBL interaction potential

The rainbow, Molière’s, and ZBL interaction poten-
tials dependence on the impact parameter for the (111)
silicon crystal case is shown in Fig. 11. It clearly
shows and justifies our approach based on the rain-
bow morphological method for obtaining an accurate
rainbow potential. The rainbow potential matches the
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Fig. 11 Dependence of interaction potential on the impact
parameter for (111) Si14 crystal and 2 MeV protons;
ZBL interaction potential—black line, Molière’s interaction
potential—blue line, and the rainbow interaction poten-
tials—red line

ZBL potential for the small impact parameters and the
Molière’s potential for the large ones.

As has already been mentioned, carbon crystal is an
exception. For the (001) orientation parameter R001 has
a much bigger value than all other considered crystals,
R001 ≈ 9%. Also, for the (111) orientation value of the
parameter is R111 ≈ 11%. Further, for carbon crystal in
both orientations, by changing only the parameter δ′

2,
it is not possible to make the inner rainbow line gener-
ated by the rainbow potential to be close to the inner
rainbow line generated by Molière’s potential, which is
why our morphological method is not suitable for car-
bon case.

4 Conclusion

In this article, the morphological method for compar-
ing the angular distribution of channeled ions through
square and triangle channels of cubic crystals in (001)
and (111) orientations, respectively, was employed. It
has been shown that the crystal rainbow effect occurs in
the angular distributions of channeled ions [8]. We have
utilized this effect to construct the universal rainbow
ion–atom interaction potential. For both crystal orien-
tations, we managed to construct the universal rainbow
interaction potential (except for the carbon case in both
orientations).

The obtained fitting parameter δ′r
2 for both orienta-

tions has different values, namely 1.828 for the (001)
orientation and 1.475 for the (111) orientation. We jus-
tified this result with the fact that the shape of the
channel in these two orientations is different, which is
why it is impossible to set identical criteria for small
and large impact parameters. Also, we would like to
emphasize the lack of angular experimental channeling

results for different ion-very thin crystal pairs in trans-
mission mode [10].
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