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Abstract. The origin of nonclassicality in quantum mechanics (QM) has been investigated recently by a
number of authors with a view to identifying axioms that would single out quantum mechanics as a special
theory within a broader framework such as convex operational theories. In these studies, the axioms tend
to be logically unconnected in the sense that no specific ordering of the axioms is implied. Here, we identify
a hierarchy of five nonclassical features that separate QM from a classical theory. By hierarchy is meant
an axiomatic scheme where the succeeding axioms can be regarded as superstructure built on top of the
structure provided by the preceding axioms. In a sense, the latter are necessary, but not sufficient, for
the succeeding axioms. In our scheme, the axioms briefly are: (Q1) incompatibility and uncertainty; (Q2)
contextuality; (Q3) entanglement; (Q4) nonlocality and (Q5) indistinguishability of identical particles.
Such a hierarchy isn’t obvious when viewed from within the quantum mechanical framework, but, from
the perspective of generalized probability theories (GPTs), relevant toy GPTs are introduced at each layer

when useful to illustrate the action of the nonclassical features associated with the particular layer.

1 Introduction

What exactly makes quantum mechanics (QM) nonclassi-
cal? This question has been answered in different ways in
quantum optics, in quantum information and in the foun-
dations of QM [1]. For example, in quantum optics, a state
is considered to be nonclassical if its Glauber-Sudarshan
P function [2] cannot be described as classical probabil-
ity distribution function [3], i.e., it takes negative values.
Other quasi-probability distributions that are used simi-
larly to characterize nonclassical properties of light include
the Wigner distribution W (x, p) and the Husimi @ distri-
bution [4].

With the advent of quantum information theory, the
study of nature of quantum correlations and of the ques-
tion of what makes quantum mechanics (QM) special
within a larger class of operational probability theories
has been investigated recently by various authors. In
quantum information theory, we associate nonclassical-
ity with bi-partite or multi-partite quantum correlations
that correspond to mnonlocality [5], entanglement [6,7],
the weaker condition of non-vanishing discord [8] and
Einstein-Podolsky-Rosen steering.
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Quantum correlations are nonclassical when nonlocal,
in that they can violate Bell-type inequalities [9,10] that
classical correlations cannot. However, the converse is not
true as there exists nonclassical states which are local. In
what follows, this point will be illustrated through a pro-
posed hierarchical structure of the axioms of QM. Corre-
lation inequalities for temporal situation can be proposed
based on the assumption of realism and non-invasiveness
[11].

The assumptions behind the derivation of a Bell-type
inequality are localism and realism. A classical theory is
necessarily local and realist. Consequently, a violation of
Bell’s inequality essentially implies non-classicality. Like-
wise, as a classical theory is necessarily non-contextual
and realist, a violation of a contextuality inequality would
also imply non-classicality, but as before the converse is
not true.

In the context of multi-partite systems, the relation
between local properties and its non-local nature has
been extensively studied by various authors [12-19]. In
the inverse direction, bounds on nonlocality in nonsignal-
ing theories have been derived by assumptions about
monopartite system properties like uncertainty [20] and
incompatibility [21]. In reference [16], it’s shown that any
theory which cannot be ascribed a simplex state space
structure, with pure states being one-shot distinguishable,
has a no-cloning theorem. Monopartite nonclassical sys-
tems has been considered in the ontological framework by
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Spekkens in reference [22,23]. An argument for the classi-
cality for discrete physical theories satisfying an informa-
tion theoretic axiom is presented in reference [24].

In this work, we identify five basic elements that sepa-
rate QM from classical physics: (Q1) incompatibility and
uncertainty; (Q2) contextuality; (Q3) quantum entangle-
ment; (Q4) nonlocality; (Q5) indistinguishability of iden-
tical particle. A toy theory is associated with each axioms,
and we list the relevant information theoretical tasks that
can be achievable in those theories.

In the foundations of quantum mechanics, one often stud-
ies nonclassical features in the framework of generalized
probability theories (GPTs) [12,25-27], with the aim to
identify the minimal set of axioms to guarantee the nonclas-
sical properties in QM. In this approach, QM, classical the-
ory and a set of other nonclassical probabilistic theories can
be considered as special cases in a framework of GPTs.

It may be noted that, in this context, by QM is
meant the operational formulation of QM in terms of
measurements, probabilities and correlations as would
be observed in a laboratory experiment, and states are
considered to be the lists of probabilities of outcomes,
with state spaces being the convex set of such opera-
tional states. This formulation avoids terminology such as
Hilbert spaces or phase that can’t be directly observed.
Note that, mathematically, quantum mechanics can be
viewed as a non-classical probability calculus based on a
non-classical propositional logic, such that quantum states
are measures on a suitably defined non-Boolean (non-
distributive), orthocomplemented lattice.

Other approaches to reconstruct quantum mechanics
include identifying the set of quantum correlations [28]
and characterizing QM in terms of information theo-
retic axioms [29]. For a review and analysis of various
approaches of such reconstructions, see Grinbaum [30].
All these efforts represent valid ways to understand the
mathematical structure of quantum mechanics, and are
mutually insightful.

Yet, none of these axiomatizations of quantum mechan-
ics is hierarchical. That is, in them the axioms appear with
no logical connection to each other. In the hierarchical
scheme that we propose, in contrast, the preceding axioms
are necessary to provide the structure required for the later
axioms, but are not sufficient to imply the later axioms,
these being logically independent. Thus, our hierarchical
approach allows us, informally speaking, to visualize Nature
as starting with a simple theory, and then by stepwise addi-
tion of more axioms, creating the more complex theory that
is QM. This physically inspired visualization is not possible
in the non-hierarchical schemes of axiomatization. In that
sense, our approach provides a complementary approach to
understand the structure of QM.

One usually associates nonclassicality of QM with fea-
tures like fundamental randomness [31], Heisenberg uncer-
tainty, monogamy of nonlocal correlations [32], privacy of
nonlocal correlations [33], and the impossibility of per-
fect cloning [34,35]. However, to the best of our knowl-
edge, till now no hierarchical understanding of quantum
nonclassicality is known, such that certain features are
understood to be built on top of the others. This is of course
because within QM, the features are mathematically inter-
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dependent, with no obvious ordering discernible. Here, we
address this issue, by presenting a hierarchy of quantum fea-
tures, that are inspired by GPT considerations.

There are certain details to which we will return else-
where: underlying the hierarchy is the assumption of
linearity, which is not specific to quantum mechanics,
and exists already in classical mechanics; the hierarchi-
cal transition from (Q2) to (Q3) assumed a tensor prod-
uct structure between the state space, which itself is not
a nonclassical feature; (Q3) to (Q4) must include classi-
cal notions of entanglement and quantum steering. Let
us clarify that our aim here is not to provide a complete
axiomatic structure, rather what we offer here is a hierar-
chically axiomatic structure inspired by quantum informa-
tion theory. The idea of the hierarchy is that later axioms
sit on top of the structure provided by the earlier axioms.
Such an arrangement is apparently not possible, working
within the framework of standard QM. Hence we do it via
the framework of GPTs.

The rest of the paper is organized as follows. In Section 3,
we discuss the axiom (Q1), its relevance in quantum cryp-
tography and show that it’s possible to design a scheme
of quantum key distribution in a local toy theory that
allows (Q1), but does not allow other axioms. Similarly, in
Section 4-7, we elucidate the axioms (Q2)—(Q5), and the toy
theories valid in each layer. Quantum infromation process-
ing tasks that can be performed in a layer is also discussed.
Finally, the paper is concluded in Section 8.

2 Framework

In any laboratory experiment the basic elements are
the preparation of physical system, its manipulation and
finally measuring the system. A GPT can be viewed as a
framework in which operationally available data, namely
experimental observations based on state preparations,
manipulations and measurements, form the basis of the
theory. Thus, concepts such as “phase” or “Hilbert space”,
which are not directly observable, are avoided in prefer-
ence to observed experimental probabilities. Mathemati-
cally, a physical system is represented by its state space
Q, which is a convex set of allowed states w. A pure state
w represents an operationally equivalent class of prepara-
tions. Any measurement X; can be represented as the set
of effects (yes/no measurements) e; : e(w;) — {0,1}, such
that ) . e; = u, where v is the “unit effect” defined by
u(w) = 1 for all allowed states w. Here, e(w) represents
the probability that the “yes” event corresponding to the
effect e happens under the measurement, when the system
is in the state w. A physical theory is characterized by a
probability rule that determines the outcome statistics of
any measurement on any state.

3 Incompatibility and uncertainty

Single systems constitute the simplest system to study
nonclassicality. Multipartite structure can be built upon
it by assuming further assumptions related to the
compositional structure. For single systems, two fun-
damental facets of nonclassicality are uncertainty and
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measurement incompatibility. The former postulates the
existence of observables whose values cannot be jointly
specified to arbitrary accuracy. The latter postulates the
existence of observables whose values cannot be jointly
measured in the GPT. Complementarity refers to the
smallest value of mixing or “unsharpness” for which two
observables will be compatible, in the sense that they can
be obtained as marginals of a master observable [36].

For projective measurements in QM, the incompatibil-
ity of two observables coincides with non-commutativity
and uncertainty. In an arbitrary GPT, incompatible
observables may lack uncertainty, an example being gen-
eralized bit (gbit) or generalized dit (gdit) theory [37]. In
this work, we observe that it’s convenient to treat both
uncertainty and incompatibility as existing on the same,
basic level of nonclassicality, which we have designated
Q1. In this connection, we note that both uncertainty
and incompatibility have been separately implicated in
bounding nonlocality in a GPT, in references [20] and [21],
respectively.

No-cloning, superposition, indistinguishability, mea-
surement disturbance, uncertainty in measurement out-
comes, randomness associated with the measurement, etc.
are other important nonclassical features associated with
single systems, besides incompatibility. In reference [37],
the present authors have showed that all these proper-
ties are interrelated and associated with the non-simplicial
structure of the state space. Thus, in our hierarchical
axiomatics, incompatibility of the observables forms the
lowest layer.

Let X; and X5 be two observables with n outcomes.
The observables X; and Xs are jointly measurable or
both the observables are compatible if there exists a joint
observable X5 such that the statistics of both the observ-
ables X; and X, can be obtained by marginalizing Xio
t Mx, (m1|w) = >, Mx,, (21, 22|w) and Mx, (v2|w) =
Y e, Mxp, (1, T2|w), Vw € .

The cryptographic power of incompatibility, without
any other nonclassical feature being assumed, can be illus-
trated via the BB84-like key distribution protocol, which
we call “local key distribution” (LKD).

LKD works as follows. Alice and Bob each have two
copies of the key to a strongbox. Alice opens the box and
leaves a random bit k € {0,1} for Bob to read, and then
locks the box. Bob comes along later, open the box with
his key, and receives his message.

In the real world, a classical implementation of LKD
is not unconditionally secure, since classical laws do not
preclude that an eavesdropper can break open the box,
read the secret bit x and then rebuild the box, without
Alice and Bob knowing about it.

Consider the two-input-two-output operational theory
7T, with two dichotomic measurements X and Z. The pure
states of the theory 7', which forms the state space X, are:

U =(1,0]4,3)
¢y =(0,1]3,3)
v =(3,511,0)
¢y =(3,310,1), (1)
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where 1 = (P(0|X), P(1]1X) | P(0|X), P(1]X)) represents
the state with 0 < P(m|M) < 1,>"  P(m|M) = 1, and
P(m|M) is the probability of getting outcome m upon
measuring M.

The nonsimpliciality condition corresponds to the oper-
ational indistinguishability of two mixtures which are pre-
pared differently from pure states. For example,

1 1 11 11
308+ =50+ = (5.3155) @

Thus, an equal weight convex combination of pure states
Py and vy and of pure states ¥, and v, are indistin-
guishable. A theory 7 whose state space manifests such
non-simpliciality is nonclassical.

Now consider the following protocol implemented in the
nonclassical but noncontextual theory given by (1). It is
the LKD version of the Bennett-Brassard 1984 (BB84)
quantum key distribution (QKD) protocol [38]; and we
may refer to it as BB84 LKD [39]

1. Alice randomly prepares n particles in one of the four
states [¢/%), [¢%) given by (1) by measuring X or Z on
each particle. She transmits them to Bob.

2. Bob measures the particles randomly in the basis X
or Z. He notes the outcomes 7.

3. On the key string so extracted, Alice and Bob publicly
discuss to retain only those outcomes where their bases
agree; this forms their raw key string;

4. They agree on certain coordinates and announce the
outcomes on those coordinates. If too many of them
are mismatched, they deem the protocol round secure
and abort the round.

5. Else Alice and Bob proceed to classically extract a
secure, smaller key from the remaining bits.

Security of the above protocol originates from the
fact that although Eve can deterministically extract the
encoded bit by measurement if she measures in the right
basis, she will produce measurement disturbance if she
gets the basis wrong, which can be detected in Step (3).

Suppose Eve implements such an intercept-resend
attack, by measuring X or Z on m gbits from a
total of m particles transmitted. She will be able to
extract I(A:E) =" bits of information on average, where
I(A:E)=H(A)— H(A|E) is the mutual information, with

H(A) being the entropy and H(A|E) the conditional
entropy. Let f = ™. On average, Alice and Bob will check
the basis not used by Eve half the times, and half of these
times, they would obtain the answer not encoded by Alice.
On the remaining fraction, their measured outcome will
be consistent with Alice’s encoded value. Thus, the error

observed by Alice and Bob is e = {, so that on average

Bob receives I(A : B) = (1 —h [ﬂ) bits of information

per transmitted gbit.
The protocol can be shown to be secure if I(A : B) >
I(A: E) [40], which in this case becomes

o)t

or f~0.68, so that the tolerable error rate epa, =0.48/4
=17%. The probability that Eve is not detected on an
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attacked particle is %. Therefore the probability that
she escapes detection on all the m bits she attacks is
(3/4)™, which falls exponentially with security parame-
ter m. This exponential drop characterizes unconditional
security.

However, the security described above is not device
independent (cf. [41], and references therein). Alice and
Bob implicitly assume in the BB84 LKD protocol that
the preparation and measurement devices are trustwor-
thy. Now suppose that the device has been manufac-
tured by Eve such that each actual particle is replaced
by a clandestine random 2-bit preparation, such that
when Alice measures X, the pre-existing bit is presented,
and similarly for if she measures Z. If (subsequently)
Bob measures the same observable, he would obtain the
same bit as obtained by Alice, else an uncorrelated bit.
This reproduces the BB84 statistics. It is entirely inse-
cure once Eve learns about their respective bases during
their public discussion. This is just the higher-dimension
attack [42] adapted from BB84 to the present protocol.
Thus, BB84 LKD is not secure in the device independent
scenario.

4 Contextuality

A GPT having the property of incompatibility of observ-
ables, even though it possesses many nonclassical proper-
ties, in some sense, lacks the full essence of nonclassicality
because of the possibility of the existence of a determinis-
tic hidden variable model for such theories. For single sys-
tems, the stronger form of nonclassicality emerges through
the impossibility of providing a non-contextual determin-
istic hidden variable model [43]. A theory which possesses
the contextuality feature is referred to as a contextual
theory.

Consider a theory with three observables A, B and C.
If all of them are compatible, then clearly there exists a
joint probability distribution for them, obtained by mea-
suring the observables simultaneously. Thus, contextuality
requires that there should be incompatibility among the
observables, meaning that incompatibility is a necessary
condition for contextuality. On the other hand, it is not
sufficient. Consider a case where observables A and B are
pairwise compatible, as well as B and C are pairwise com-
patible, but A and C are incompatible. In this case, one
can always write a joint distribution given by

P(A,B,C) = W, (4)

which would be sufficient to reproduce the experimen-
tally observed probabilities. This shows that incompati-
bility is not sufficient to produce contextuality. Thus, in
the axiomatic hierarchy, contextuality can be considered
as a natural superstructure to include in theories with
incompatibility, and naturally forms the next layer of non-
classicality.

Let P(m|w, M) represent the outcome statistics from
the state w and the measurement M with outcome labelled
as m. Suppose, A is denoted as an underlying state in an
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ontological model that reproduces the given GPT, then
Plmko. M) = [ (V)€ M)A

where 0 < p,(X\) < 1 is the probability density over an
ontic variable A, £(m|A, M) is an indicator function which
represents the probability of getting an outcome m upon
measuring M on the ontic state .

An ontological model is said to be preparation noncon-
textual if for any set of equivalent preparations i.,e given
P(mlw, M) = P(m|w',M),YM, it holds true that this
equivalence holds in the ontological model, i.e, u,(\) =
fe (A). Similarly, an ontological model is said to be mea-
surement noncontextual if for any equivalent set of mea-
surements, i.e., given P(m|lw, M) = P(m|w, M'),Vw, it
holds true that £(m|X, M) = &(m|\, M").

Outcome determinism is the assumption that the indi-
cator function outputs deterministically, i.e., £(m|\, M) €
{0, 1}. Measurement noncontextuality along with outcome
determinism is the assumption to derive noncontextual-
ity inequality, violation of which determines the theory as
contextual.

An example of such a contextual inequality

(VW) + (WX) + (XY) + (YZ) + (ZV) > —3, (5)

where V,W,X,Y,Z = 41 [44]. One may check by direct
substitution that no deterministic, non-contextual value
assignments to these five observables can violate the
inequality.

Now, we consider a nonclassical theory with nontriv-
ial congruence structure, characterized by five observables
V,W,X,Y,Z and the cyclic Rp-chain: Ro(V,W), Ra(W,X),
Ry (X,Y), R2(Y,Z), Ra(Z,V), and every other pair being
incongruent. By the assumption of tomographic separabil-
ity, an arbitrary state is assumed to be completely spec-
ified by the five fiducial probabilities Py, Py, Px, Py and
P;, which in turn determine Py, Pyx, Pxy, Pyz and Py,
assumed to be consistent with contextual no-signaling. We
shall refer to this theory (fragment) as Txcps, in view of
the work where the contextuality of such correlations was
studied [44].

Consider a state p in this contextual theory, where all
the above pairs produce perfectly random but anticorre-
lated outcomes, i.e., 01 or 10. We can check directly that
there is no way to assign values 0 and 1 to these five
observables (indeed, any odd number of observables) in
such a way as to satisfy this requirement, because there
would be a clash of values on at least one observable. That
is, if A has value a, then B has @, C has a, D has @ so that
E has a requiring A to have @, contrary to assumption.
Thus, p does not correspond to a state that has a JD over
the five variables, where they take definite values. This is
witnessed by the violation of the KCBS inequality, equa-
tion (5).

Now consider the following protocol implemented in
TKCBS5 KCBS LKD.

1. Alice prepares n particles in state p, which she leaves
at a pre-agreed location, after measuring each using
one of the five observables V,W,X,Y, Z.
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2. Later Bob arrives at the location and measures the
particles randomly in any one of these five bases.

3. Alice and Bob announce their measurement bases and
throw away the (approximately 40%) data correspond-
ing to instances where their bases aren’t either identi-
cal or juxtaposed.

4. They publicly agree on certain coordinates of particles,
and disclose their measurement outcomes for these. If
their selected bases are identical (resp., juxtaposed),
they verify that the outcomes are random and identical
(resp., anti-correlated). If too many of them fail this
criterion, then they abort the protocol.

5. Else Alice and Bob proceed to classically distil a
secure, smaller key from the remaining bits.

In this case note that no pre-existing record can repro-
duce the KCBS perfect correlations. Thus, any passive
cheat device of the type mentioned above will fail to pass
the KCBS test, giving rise to a kind of device indepen-
dence. Note that an active cheat device, meaning one that
allows memory to be carried forward in time (which is a
kind of local signaling), can defeat the protocol. For exam-
ple, the device produces an arbitrary output when Alice
measures. Her basis and outcome information are retained
in the system’s memory, so that if Bob measures in the
basis as she did, then the device produces the identical
(resp., anticorrelated) outcome if his basis matches (resp.,
is juxtaposed to) hers, and a random outcome otherwise.
Note that the memory corresponds to a kind of signal for-
mally, but which is not prohibited by special relativity,
since the correlation is local. We shall refer to this sce-
nario where Eve that is restricted from memory attacks
in a local protocol, as bounded device independence.

Thus, contextuality can provide security to LKD in the
restricted device-independent scenario where memoryless-
ness (with regard to Alice’s input) is assumed, but a non-
classical theory without contextuality lacks security even
in this memoryless device-independent scenario. Note that
in the case where device independence is based on non-
locality, the memory of Alice’s actions (and outcomes)
cannot be transmitted in light-travel time to Bob’s space-
like separated measurement event, thereby preventing Eve
from launching the above kind of attack. In fact, without
assumptions about device trustworthiness, that would be
the only way to prevent Eve’s device attack. Thus, full
device independence requires nonlocality, and contextual-
ity will be insufficient.

5 Entanglement

All axioms covered so only concern single system nonclas-
sicalities. To move beyond single systems to multipartite
systems, the most basic issue concerns how two or more
systems can be combined. The natural question that arises
here is: does the theory only allow the trivial combination
of states of different systems by forming a direct product,
or does the theory allow more generality, i.e., the nonclas-
sical feature is the non-seperability or entanglement in the
state space §2 of the multipartite system?

In the GPT framework, considering two systems, the
state space (2 of a composite system must lie between two
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extremes: the mazimal tensor product of state spaces of
its constituents, €1 and s, represented as 27 Rmax 22
and the minimal tensor product €1 ®uin 2. The latter is
the convex hull of set of product states, whilst the former
is the set of composite states that yield a valid probability
distribution corresponding to product effects. The state
of a composite system lying outside the minimal tensor
product is called entangled.

Quantum entanglement, an important element which
deviates our classical world view, acts as a resource for
many information theoretic as well as many computa-
tional advantages, providing a dominent non-classical fea-
ture [6]. Even though, as few results claim, the existence of
entanglement in classical optics, it lacks any information
theoretic advantages. An important task which reveals
entanglement and also of necessary is teleportation. It is
been proved that entanglement is sufficient for telepor-
tation in any GPTs. The important relation revealed by
Spekkens toy model [23] as well as the toy model proposed
by Hardy shows the difference between entanglement and
non-locality [45]. They show that both entanglement and
teleportation is possible in local theory, thus seperating
nonlocality from entanglement.

6 Nonlocality

In a scheme for QKD, suppose at the end of the quan-
tum part, Alice’s and Bob’s joint probability P(ab|zy) is
described by:

P(ablzy) = p(p), Palz, n) P(bly, n), (6)

with p(u) being a probability distribution over parameter
1. Since this is potentially preparation information with
Eve, the condition of security in the device-independent
sense is that P(ab|ry) shouldn’t have the above form,
i.e., should be a nonlocal correlation [10]. Thus, includ-
ing the axiom of nonlocal correlations being allowed in
the theory enables DI security in the usual paradigm of
cryptography.

The most general state that lies within the minimal ten-
sor product ), . of two systems is given by

p=> sy’ @, (7)
3ok

where the superscripts indicate the system. Suppose
any product measurement is applied to the state in
equation (7). In this case, the single system outcome
probabilities are defined by local measurement, and it
immediately follows that the resulting joint probability
distribution will have the local form equation (6). It fol-
lows that entanglement is necessary for nonlocality. On the
other hand, Werner states [46] provide simple example to
show that entanglement is not sufficient for the generated
correlations to be nonlocal, i.e. that the correlations lack
a local hidden variable description.

Thus, nonlocality is a stronger nonclassical feature than
entanglement, and forms a natural higher stage in our
hierarchy.
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This particular step in our hierarchy is of course well
recognized from various considerations: for example, [47]
notes how maximally and non-maximally entangled states
place different requirements on a “nonlocal machine”. In
[48], an instance of states that are genuinely tripartite and
yet local is pointed out. That a logarithmical higher degree
of depolarizing noise is required to make two entangled
qudits separable than to make them local, is shown in
reference [49]. This inequivalence between nonlocality and
entanglement is known to hold in going beyond bipartite
correlations to an arbitrary number of parties [50], and
also in going beyond projective measurements to positive
operator valued measures [51].

Moreover, in reference [51] steering is shown to be
inequivalent to entanglement and Bell nonlocal with
respect to such general measurements, and to be inter-
mediate between these two. In this light, one may place
steering hierarchically between entanglement (axiom Q3)
and nonlocality (axiom Q4). Such a placement is indeed
supported by GPT considerations (see e.g., [52]), but for
simplicity, we have not considered it in the present version
of our scheme.

Indeed, in any non-signaling theory, nonlocality can be
the basis for distilling shared secret randomness [53].

7 Indistinguishability of identical particles

Our final axiom is indistinguishability, relatively less stud-
ied aspect of quantum nonclassicality both in quantum
information processing and the GPT framework. A task
that separates quantum mechanics from classical mechan-
ics, that wouldn’t be possible even with our above axioms
(i.e., quantum mechanics based purely on distinguishable
particles), is boson sampling, a task that becomes easy
when quantum indistinguishability is included.

Boson sampling, introduced in reference [54] and
experimentally realized in references [55,56] and refer-
ences therein, is the task of exactly or approximately
sampling from the probability distribution of identical
bosons scattered by a linear interferometer. It’s widely
believed that this task is intractable in the classical world
(i.e, intractable for classical computers), but can be solved
efficiently in the quantum world. In other words, inclu-
sion of (QQ6) in a nonclassical theory provides us the
ability of solving boson sampling problem. The appear-
ance of the permanent in the outcome statistics of single-
photon measurements makes the task computationally
hard, whereas the corresponding linear optics uses only
polynomial resources to implement it practically. Here, we
note that the permanent of a square matrix in linear alge-
bra is a determinant-like function of the matrix, and a
special case of immanant, a more general matrix function.

The reason this is interesting from a computational per-
spective is that the probability distribution that boson
sampling device is required to sample from, which as
noted above is connected to the permanent of a complex
matrix. Computing the permanent, as well as approxi-
mating it within multiplicative error, are known in the
general case to be in the #P-hard computational com-
plexity class. Therefore, just as quantum nonlocality
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suggests a “behind-the-scenes” super-classical commu-
nication, so does bosonic sampling suggest a “behind-
the-scenes” super-classical computing, that in some ways
is more spectacular than the quantum speedup witnessed
in Shor’s prime factorization algorithm.

8 Conclusion

We have proposed a hierarchy of axioms for quantum
mechanics, meant to bring out the increasing structure in
the theory as a departure from classical mechanics, rather
than to derive quantum mechanics per se.

These axioms, inspired by considerations from GPTs
or convex operational theories, are in their proper order
given by: (Q1) incompatibility and uncertainty ; (Q2) con-
textuality; (Q3) entanglement; (Q4) nonlocality and (Q5)
indistinguishability of identical particles.

The hierarchy is ordered in such a way that the pre-
ceeding axioms are necessary for the succeeding axioms,
but are not sufficient to imply them. Exceptions here are
the step from contextuality (Q2) to entanglement (Q3),
which is simply a movement from a nonclassical theory
of single systems to that of composite systems; and, sim-
ilarly from nonlocality (Q4) to indistinguishability (Q5).
Where possible, we have employed the security of a quan-
tum information processing task or of a GPT task as a
manifestation that exemplifies the hierarchy, such that the
security could not be guaranteed without the given level
of nonclassicality in the hierarchy.

We hope that this work would shed light on the question
of what makes quantum mechanics special to be singled
out by Nature.
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