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Abstract. We consider the problem of entanglement criteria in non-Gaussian systems, providing a necessary
and sufficient condition of separability of non-Gaussian states based on strong positive partial transpose
(SPPT) of the corresponding density matrices. The separability conditions of states generated by photon
subtraction from vacuum squeezed states are given.

Introduction

Quantum entanglement is considered as a key resource for
many quantum technologies including quantum comput-
ing, quantum communications and quantum cryptography
[1,2]. On the other hand, Quantum systems described by
Gaussian states play a crucial role in Quantum informa-
tion theory [3,4] and have attracted a lot of attention.
Further, the non-Gaussian states have also attracted a lot
of attention due to their applicabilities in quantum tele-
portation and quantum information tasks [5–7]. In addi-
tion, the non-Gaussian states are necessary for quantum
computing with continuous variable systems [8].

Theoretically, in continuous variable systems, the most
studies of entanglement and separability have been
restricted to Gaussian systems [9–12], where the separabil-
ity problem reduces to the study of their covariance matri-
ces. For general non-Gaussian states, the separability is
extremely complicated and there are almost non-rigorous
results allowing us to quantify their entanglement.

In general, a state ρ̂ is separable if and only if it can
be written as a classical mixture of tensor product of two
modes, i.e., ρ̂ =

∑
i piρ̂

A
i ⊗ ρ̂Bi . The practical criterion

which allows us to detect the separability in discrete sys-
tems is the positivity of partial transpose (PPT) [13]. The
PPT criteria is a necessary and sufficient condition of sep-
arability of 2⊗2 and 2⊗3 systems [2]. For N⊗M systems,
Chruscinsk et al. [14] constructed a subclass of PPT states
namely strong PPT states (SPPT), and it was conjectured
that SPPT states are separable when NM < 9. Recently,
it has been shown that a pure state is separable if and
only if it is SPPT [15]. In this work, we consider that
non-Gaussian states can be written as a decomposition
of N bi-mode Fock states (N is very large). We give the
condition under which these states are SPPT.
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The paper is organized as follows. In the next section,
we give a short description of the generation protocol of
non-Gaussian state in question. In Section 2 we provide
the necessary and sufficient condition under which these
classes of non-Gaussian states are separable. Finally, our
conclusions are given in Section 3.

1 Measurement-induced non-Gaussian
operation

In this section, we briefly recall the statement on the
measurement-induced non-Gaussian operation on the
two-mode squeezed vacuum state and its mathematical
framework. In Figure 1 we describe schematically a basic
protocol of the generation of non-Gaussian states with
vacuum squeezed state, where the two primary sources
are identical. The vacuum state after going through
any squeezing operation at path i characterized by the
squeezing operator Ŝi(r) becomes a single-mode vacuum
squeezed state, which can be mathematically represented
by

|φr〉i = Ŝi(r)|0〉i, (1)

where Ŝi(r) = exp
[
−r

2

(
(a†i )

2 − a2
i

)]
and r is the sque-

ezing parameter. To generate the two mode squeezed
vacuum state, we combined state 1 via a balanced beam
splitter (θ =

π

4
) as appears in Figure 1. Thus, we have

|ψr〉12 = Θ̂12

(π
4

)
|φr〉1|φ−r〉2

= Ŝ12 (−r) |0〉12

=
∞∑
n=0

αn|n〉1|n〉2 (2)

https://epjd.epj.org
https://doi.org/10.1140/epjd/e2019-100368-6
mailto:abdobelfakir01@gmail.com


Page 2 of 4 Eur. Phys. J. D (2019) 73: 216

Fig. 1. Measurement-induced non-Gaussian operation on the
two-mode squeezed vacuum state. BS, PD are beam splitter,
photon detector, respectively.

where Θ̂ij (θ) = exp
[
θ
(
a†iaj − aia

†
j

)]
is the beam splitter

operator, Ŝij (r) = exp
[
−r
(
a†ia
†
j − aiaj

)]
and parameter

θ is related to transmittance T by

tanh (θ) =

√
1− T
T

(3)

and the Schmidt coefficients αn are given by

αn = tanhn (r)
√

1− tanh2 (r). (4)

By a beam splitter of transmittance T , the beam at path
3 (4) is then tapped off from path 1 (2), respectively. The
resulting state after the second beam splitter is a state of
four modes:

|ψ〉1234 = Θ̂24 (θ) Θ̂13 (θ) |φr〉12|0〉34

=
∞∑
n=0

αn

n∑
i,j=0

γn,iγn,j |n− i〉1|n− j〉2|i〉3|j〉4 (5)

where γn,µ = (−1)µ
√(

n
µ

) (√
T
)n−µ (√

1− T
)µ

. In the
next step, when i photons are detected at path 3 and j
photons are detected at path 4, the conditional state is
given by∣∣∣ψijNG〉

12
= 4〈j|3〈i|ψ〉1234

=
∞∑

n=max{i,j}

αnγn,iγn,j |n− i〉1|n− j〉2. (6)

In the following, we will consider that ψijNG can be written
as the finite sum∣∣∣ψijNG〉

12
=

N∑
n=max{i,j}

ci,j |n− i〉|n− j〉 (7)

where ci,j = αnγn,iγn,j and N is a large positive integer.

In fact, (7) is just an approximation and state
∣∣∣ψijNG〉

12
may be considered as it belongs to an N ×N -dimensional
Hilbert space. We adopt this approximation to apply the
separability criteria on

∣∣∣ψijNG〉
12

and provide the condi-
tions under which it is separable.

2 Separability of N + N dimensional systems

In this section, we provide the condition of separability of
state (7) using SPPT criteria. First, we expand state (7)
in its form of density matrix

ρ̂NG =
∑
i,j,k,l

ρijkl|n− i, n− j〉〈m− k,m− l|, (8)

where

ρi,j,k,l = 2〈n− j|1〈n− i|ρ̂NG|m− k〉1|m− l〉2. (9)

From (7), elements ρi,j,k,l can be written as ρi,j,k,l =
c∗i,jck,l. In the following, we consider the state ρ̂NG as
an NN × NN matrix where N is a large enough num-
ber. Positivity of ρ̂NG implies that it can be written as
ρ̂NG = X†X, where X is some NN ×NN matrix. Again,
this matrix may be considered as a block N × N matrix
with N ×N blocks

X =


S11X1 S12X1 . . . S1NX1

S21X2 S22X2 . . . S2NX2

...
...

. . .
...

SN1XN SN2XN . . . SNNXN

 , (10)

where Xi and Sij are both N ×N matrices with

Sij =
{
1N , if i = j,
0, if i > j,

(11)

where 1N denotes the identity operator acting on space
CN . Therefore, X is an upper triangular matrix

X =


X1 S12X1 S13X1 . . . S1NX1

0 X2 S23X1 . . . S2NX2

0 0 X3 . . . S2NX2

...
...

. . .
...

...
0 0 0 . . . XN

 . (12)

State ρ̂NG has SPPT if and only if there exists an upper
triangular matrix Y such that ρ̂TA

NG = Y †Y , where Y is
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expressed in terms of different Sij and Xi as

Y =


X1 S

†
12X1 S

†
13X1 . . . S

†
1NX1

0 X2 S†23X1 . . . S
†
2NX2

0 0 X3 . . . S†2NX2

...
...

. . .
...

...
0 0 0 . . . XN

 . (13)

Then, state ρ̂NG is SPPT if and only if [14,15]

N∑
k=1

X†k[S†kj , Ski]Xk = 0, (14)

for 1 ≤ i ≤ j ≤ N . From equations (8) and (12), it is easy
to see that X has the following form

X =


c∗11 c

∗
12 . . . c

∗
1N c∗21 c

∗
22 . . . c

∗
2N . . . . . . c

∗
NN

0 0 . . . 0 0 0 . . . 0 . . . . . . 0
...

...
. . .

...
...

...
. . .

0 0 . . . 0 0 0 . . . 0 . . . . . . 0

 , (15)

and by using (12) and (15), one can conclude that




c∗i1 c∗i2 . . . c∗iN
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0




=





si
11 si

12 . . . si
1N

si
21 si

22 . . . si
2N

...
...
. . .

...
si

N1 si
N2 . . . si

NN









c∗11 c∗12 . . . c∗1N

0 0 . . . 0
...

...
. . .

...
0 0 . . . 0




,

(16)

where S1i =


si11 si12 . . . s

i
1N

si21 si22 . . . s
i
2N

...
...
. . .

...
siN1 s

i
N1 . . . s

i
NN

 and sijk = 0 for {i, k, j 6=

1} = {1, 2, . . . , N}, consequently,{
sij1 = 0 for {i, j 6= 1} = {1, 2, . . . , N}
c∗ij

c∗1j
= si11 for {i, j} = {1, 2, . . . , N}. (17)

From (14), state ρ̂NG is SPPT if and only if

sj∗1ns
i
11 −

N∑
k=1

sinks
j∗
1k = 0, (18)

for {i, j, n} = {1, 2, . . . , N} and 1 ≤ i ≤ j ≤ N . Since,
ρ̂NG is a pure state, it is separable if and only if condition
(18) is satisfied.

Example 1. Let ρ̂1
NG be a particular “non-Gaussian state”

of form (8), with i = k = 1, state ρ̂1
NG can be expressed

as
ρ̂1
NG =

∑
j,l

c∗1jc1l|1j〉〈1l|. (19)

Matrices Sij and in Xi recalled in (10)–(11) have, in this
case, the following form

Sij =
{
1N , if i = j = 1,
0, if not , (20)

and Xi = 0 for i 6= 1. Since sink = 0 for {n, k} =
{1, 2, . . . , N} and i = 2, . . . , N , it is easy to see that (18)
is verified, then state ρ̂1

NG is an SPPT state, then it is
separable.

Example 2. Let us consider a particular “non-Gaussian”
state with cij

ci1
∈ R for i, j = {1, 2, . . . , N}, it follows

then from (17) that for any i = {1, 2, . . . , N}, s1i ∈ R and
from (18) that the condition of separability can now be
written as

sj∗1ns
i
11 − si11s

j∗
11 =

N∑
k=2

sinks
j∗
1k, (21)

for 1 ≤ i ≤ j ≤ N . Let these coefficients satisfy

sj∗nk = sjkn, ∀ {n, k, j} = {1, 2, . . . , N}, (22)

which means that Sij are Hermitian. Then, by using (17)
condition (21) is reduced to

sj∗11s
i
11 − si∗11s

j
11 = 0, ∀ i ≤ j ≤ N. (23)

Consequently, condition (18) is satisfied, then the state is
separable. Finally, we can conclude that if matrices Sij are
Hermitian and cij

ci1
∈ R, ∀ {i, j} = {1, 2, . . . , N}, state

(7) is separable.

Example 3. If we take i = k and j = l in (8), state ρ̂NG
becomes a diagonal matrix, we note it ρ̂2

NG and it can be
written as

ρ̂2
NG =

N∑
i,j=1

c∗ijcij |ij〉〈ij|, (24)

in this case

Sij =
{
1N , if i = j,
0, if not. (25)

Thus, by using (14), the state has SPPT, then it is sepa-
rable. The separability of ρ̂2

NG is trivial as it is a diagonal
matrix.

Example 4. Using (14) it is easy to check that if the par-
ticular state having the form

ρ̂3
NG =

∑
i,i

c∗iicjj |ii〉〈jj|, (26)

does not have SPPT, then it is entangled.

3 Conclusion

We have introduced a technique to investigate the
separability of non-Gaussian states. We have given a
necessary and sufficient condition of separability of non-
Gaussian states generated by photon-subtracted from
squeezed state based on SPPT criteria. This work comes
up with many interesting perspectives, the interesting one
concerns to find a new construction of the negativity of
partial transpose systems.

This work is partially supported by the ICTP through AF-13.
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