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Abstract. Ionization of a helium atom by electron impact in the presence of laser radiation is studied
theoretically. The kinematic regime of high impact energy and large momentum transfer is considered.
The S-matrix of the process is treated within the first Born and binary-encounter approximations. Triple
differential cross sections are calculated for the cases when the residual He+ ion is left both in the ground
(n = 1) and in the first excited (n = 2) states in the presence of a laser field with frequency ω = 1.55 eV
and intensity I = 5 × 1011 W/cm2. The laser-assisted cross sections corresponding to n = 2 are found to
be more sensitive to the electron-electron correlations in helium than the field-free ones.

1 Introduction

The (e, 2e) method at high impact energy and large
momentum transfer, also known as electron momentum
spectroscopy (EMS), is a powerful tool for exploring the
electron momentum distribution in atoms, molecules, clus-
ters, and solids (see Refs. [1–3] and references therein).
The key feature of EMS is the kinematics of quasielastic
knockout of the target electron by a fast incoming elec-
tron. This is realized under high-energy Bethe ridge con-
ditions, when the energy and momentum transferred to
the target are absorbed by the ejected electron. Describing
the fast incoming and outgoing electrons by plane waves
and involving the first Born approximation, one finds the
fully differential cross section (FDCS) to be proportional
to the momentum density of the ionized electron orbital
|ψ(q)|2 (the Kohn-Sham orbital [2]), with −q being equal
to the recoil-ion momentum. The shape of the FDCS as
a function of kinematical variables depends strongly only
on q and for this reason it is usually called the momentum
profile [2].

The advance in laser technologies stimulates laser
applications in various fields of atomic physics [4]. In
particular, Höhr et al. [5,6] recently carried out the first
kinematically complete (e, 2e) measurements on helium in
the presence of laser radiation. Theoretical investigations
of laser-assisted atomic ionization by electron impact be-
gan in the 1980s. A number of results concerning the de-
pendence of the cross sections on laser-field parameters,
such as polarization, frequency and intensity, have been
obtained (see Refs. [7,8] for a review and also more recent
articles [9–15]). Most of these works were focused on copla-
nar asymmetric kinematics involving small momentum
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transfer, whereas the theoretical studies for the case of the
EMS kinematics have appeared only very recently [16–18].
At the present stage, an apparatus for (e, 2e) EMS has
been developed which, in combination with a sufficiently
high intensity laser, lends an opportunity for conducting
laser-assisted EMS measurements [19].

The first theoretical analysis of the laser-assisted EMS
method [16] was carried out for the case of atomic hy-
drogen, which is a benchmark system for EMS. How-
ever, from the viewpoint of experimental realization, a he-
lium atomic target is more convenient and “easy-to-use”.
Field-free EMS experiments on helium [20–22] show that
momentum profiles are practically insensitive to the em-
ployed model of the target wave function if the residual
He+ ion remains in the ground state after the collision.
In contrast, ionization-excitation processes, that is, those
where the He+ ion is left in an excited state, appear to be
very sensitive to the electron-electron correlation in the
He wave function. In this connection, it is interesting to
examine whether or not such sensitivity remains in the
presence of the laser field as well. Laser-assisted (e, 2e)
processes of helium were treated theoretically in earlier
studies [6,9,14,23,24]. In those works however, no atten-
tion was paid to the role of the He wave function, and the
ionization-excitation processes were not discussed. There-
fore, in the present work, we study theoretically the laser-
assisted EMS of helium, mainly focusing on ionization-
excitation processes (clearly, such processes are absent in
the hydrogen case discussed in Ref. [16]).

The paper is organized as follows. Section 2 delivers
a theoretical framework for the laser-assisted EMS of he-
lium. In Section 3, numerical results for laser-assisted mo-
mentum profiles of helium are presented and discussed.
The conclusions are drawn in Section 4.
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2 Theory

We consider the case of a linearly polarized laser wave
with frequency ω and a wave vector k (k = ω/c). A typical
situation is when the laser wavelength λ = 2π/k is much
greater than the spatial extent both of the target and of
the region where the electron-electron collision takes place.
This validates the use of the dipole approximation for the
electric component and vector potential of the laser field,
respectively,

F (t) = F 0 cosωt, A(t) = − c

ω
F 0 sinωt.

In order to discard possible photoionization effects, the
electric-field amplitude F0 and the field frequency ω are
supposed to be small on the atomic scale, so that the
Keldysh parameter [25] is γ � 1. In what follows, the in-
cident, scattered and ejected electron energies and mo-
menta are specified by respectively (E0,p0), (Es,ps) and
(Ee,pe).

Using the first Born and binary-encounter approxima-
tions, the S-matrix for the laser-assisted EMS process is
evaluated as [16]

S = −i
∞∫

−∞
dt〈χps

(t)χpe
(t)ψf (t) |vee|χp0(t)ψi(t)〉, (1)

where χp stands for the incoming and outgoing electron
states, ψi(f) is the laser-dressed initial atomic (final ionic)
state, and vee is the Coulomb potential between the col-
liding electrons. The validity of expression (1) is restricted
to the kinematical regime of high impact energy and
large momentum transfer. In addition, the value of the
momentum

q = ps + pe − p0

is supposed to be much smaller than p0, ps, and pe and
to lie in the range of momentum values typical for atomic
electrons.

Clearly, the S-matrix is gauge-invariant. However, this
property can be violated if one uses approximate treat-
ments, for example, such as time-dependent perturbation
theory, when accounting for the laser-field effect on elec-
tron states. In what follows, we employ the length (or
electric-field) gauge, which gives more accurate perturba-
tion results for laser-modified target states than the ve-
locity (or Coulomb) gauge (see Refs. [18,26]).

The incoming and outgoing electron states are de-
scribed in terms of Volkov functions [27], which are solu-
tions to the Schrödinger equation for the electron motion
in a plane electromagnetic wave. In the length gauge, the
Volkov solution reads [28]

χp(r, t)=exp
{
i
[
p·r−αp cosωt−Et−ζ(t)+1

c
A(t)·r

]}
, (2)

where

E =
p2

2
, αp =

p · F 0

ω2
, ζ(t) =

1
2c2

∫ t

−∞
A2(t′)dt′.

If one neglects the laser-field effects on the incoming and
outgoing electrons, then the Volkov solution (2) reduces
to a usual plane wave,

χp(r, t) = exp[i(p · r − Et)]. (3)

In references [17,18], the plane-wave and Volkov-function
treatments were compared and the latter was shown to be
necessary to obtain accurate results for the laser-assisted
momentum profiles.

The laser-field influence on the ground states of the
He atom and He+ ion is accounted for within first-order
perturbation theory. The corresponding expressions are

ψi(r1, r2, t) = e−iEHet

[
1 − F 0 · (r1 + r2)

ωcl
cosωt

]

× Φi(r1, r2), (4)

ψf (r, t) = e−iE1st

(
1 − F 0 · r

ωcl
cosωt

)
ϕ1s(r), (5)

where Φi and ϕ1s are the unperturbed ground-state wave
functions of the He atom and He+ ion, respectively,
ωcl ∼ |EHe(1s)| is a closure parameter (see, for instance,
Refs. [29,30]). A laser-dressed n = 2 state of the He+ ion
is constructed from the unperturbed n = 2 states:

|ψf (t)〉 =
∑
l=0,1

l∑
m=−l

alm(t)e−iEn=2t|2lm〉. (6)

Using the ansatz (6) for the solution of the time-dependent
Schrödinger equation, we obtain

ψ2s(r, t) = e−iEn=2t

[
cos

(
3F0

Zω
sinωt

)
ϕ2s(r)

−i sin
(

3F0

Zω
sinωt

)
ϕ2p0(r)

]
, (7)

ψ2p0(r, t) = e−iEn=2t

[
cos

(
3F0

Zω
sinωt

)
ϕ2p0(r)

−i sin
(

3F0

Zω
sinωt

)
ϕ2s(r)

]
, (8)

ψ2p±1(r, t) = e−iEn=2tϕ2p±1(r). (9)

If the parameter F0/ω is small, these equations correspond
to first-order perturbation theory.

It can be shown that the FDCS has the form of a sum
over processes with different numbers of emitted (N > 0)
or absorbed (N < 0) photons [16]:

dσ

dEsdEedΩsdΩe
=

∞∑
N=−∞

d3σN

× δ(Es + Ee + Ef − E0 − EHe + Up +Nω), (10)

where Ef is the unperturbed final-state ionic energy and
Up = F 2

0 /4ω
2 is a ponderomotive potential. TheN -photon

triple differential cross section (TDCS) is given by

d3σN =
pspe

4π3p0

(
dσ

dΩ

)
ee

|FN (q)|2 , (11)

where (dσ/dΩ)ee is the half-off-shell Mott-scattering cross
section that takes account of exchange between the collid-
ing electrons, and

FN (q) =
ω

2π

π/ω∫

−π/ω

dt ei(EHe−Ef− q2
2 −Up−Nω)t

× 〈χq(t)ψf (t)|ψi(t)〉 (12)

is the laser-assisted momentum profile.
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3 Results and discussion

Below, we present and analyze the results of numeri-
cal calculations of the momentum profiles for the laser-
assisted (e, 2e) processes of helium in symmetric non-
coplanar EMS kinematics (see, for instance, Refs. [21,22]).
In this kinematics, the scattered and ejected electron an-
gles with respect to the incident electron direction are
θs = θe = 45◦, and the scattered and ejected electron ener-
gies are Es = Ee = E. The TDCS is studied as a function
of q which is varied by scanning the out-of-plane azimuthal
angle of the ejected electron φe. We consider such a value
of the incident electron energy, namely E0 = 6 keV − EHe

(EHe = −2.90356 a.u.), and such a range of q values that
in the absence of the laser field the effects of distortion of
the plane waves and the second Born effects are expected
to be subsidiary (see Ref. [22] for detail). The following
two orientations of the laser electric field are inspected:
F0 is parallel to p0 (LP‖ geometry) and F0 is perpen-
dicular both to p0 and to ps (LP⊥ geometry). Bearing
in mind possible experimental realization [19], the laser
frequency and intensity are set to be ω = 1.55 eV and
I = 5 × 1011 W/cm2, respectively.

Four different models for the He wave function Φi

were employed in the present calculations. These are
the Roothaan-Hartree-Fock (RHF) function of Clementi
and Roetti [31], one of the Silverman-Platas-Matsen
(SPM) functions [32], the function of Bonham and Kohl
(BK) [33], and a configuration-interaction (CI) function
of Mitroy et al. [34]. The RHF function has the form

ΦRHF(r1, r2) = ϕ(r1)ϕ(r2),

ϕ(r) =
5∑

j=1

ajϕ1s(r, Z=γj)=
5∑

j=1

aj

(
γ3

j

π

)1/2

e−γjr.

(13)

It is uncorrelated, giving a total energy of −2.86168 a.u. In
contrast, the SPM function takes into account both radial
and angular correlations between electrons in helium. It
is given by:

ΦSPM (r1, r2) =
1

(1 + λ2)1/2

×
{
N1s[ϕ1s(r1, a)ϕ1s(r2, b) + ϕ1s(r1, b)ϕ1s(r2, a)]

+
λ√
3

1∑
m=−1

ϕ2pm(r1, g)ϕ∗
2pm

(r2, g)

}
. (14)

The corresponding total energy is EHe = −2.89523 a.u.
The BK function is also correlated, having the form

ΦBK(r1, r2) = N
[
φ(a, b)(1 +Ar12e

−λr12)

+φ(c, d)(B + Ce−μr12) +Dφ(e, f)
]
,

φ(a, b) = e−ar1−br2 + e−ar2−br1 . (15)

Fig. 1. Field-free and N = 0 laser-assisted TDCS, when the
He+ ion is left in the n = 1 state.

It gives a total energy of −2.90349 a.u. Finally, the CI
wave function is constructed as follows:

ΦCI(r1, r2) =
5∑

n=1

n−1∑
l=0

NnlPnl(r1)Pnl(r2)

×
l∑

m=−l

Y ∗
lm(r̂1)Ylm(r̂2), (16)

where Pnl(r) is the radial part of the natural orbital [35].
The total energy yielded by the CI function is EHe =
−2.90315 a.u.

First we consider ionization of helium when the resid-
ual He+ ion is left in the laser-dressed n = 1 state. Figure 1

http://www.epj.org
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Fig. 2. The N = ±1 laser-assisted momentum profiles corresponding to the (e, 2e) transition to the n = 1 state of He+.

Fig. 3. The same as in Figure 2, but for the N = ±2 case.

shows how the field-free TDCS corresponding to the (e, 2e)
transition to the ground state of He+ is modified by the
presence of the laser field when the total number of pho-
tons exchanged between the colliding system and the field
is N = 0. Typically, the field-free results using different
models of the He ground state are close to each other (see
also Ref. [21]). In particular, the accurate correlated func-
tions, BK and CI, yield practically identical momentum

profiles. The same picture is observed in the case of the
laser-assisted momentum profiles presented in Figure 1.
The laser-field effect is small in the LP‖ geometry, and it
is more or less appreciable in the LP⊥ geometry at large
q values, where the laser-assisted momentum profiles no-
tably diminish in magnitude relative to the field-free case.

Figures 2 and 3 show numerical results for, respec-
tively N = ±1 and N = ±2 laser-assisted TDCS when

http://www.epj.org
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n = 1. They are much smaller in magnitude, particularly
in the LP‖ geometry, than the N = 0 ones. This is ex-
plained by the low intensity of the laser field – the proba-
bility of multiphoton processes rapidly decreases when the
number of involved photons increases. It can be seen that
in the LP⊥ geometry the results using different helium
functions are even closer to each other than those in Fig-
ure 1. These results also exhibit a qualitatively different q
dependence to those in the LP‖ geometry, which behave
similarly to the momentum profiles in Figure 1. Finally,
similar to Figure 1, the BK and CI results are practically
indistinguishable.

Let us turn to the case of ionization-excitation. The
corresponding field-free and N = 0 laser-assisted momen-
tum profiles are shown in Figure 4. As anticipated (see,
for instance, Ref. [21]), the field-free momentum profile us-
ing the uncorrelated RHF function strongly differs, both
in shape and in magnitude, from those using the corre-
lated functions (SPM, BK and CI). The laser field has no
appreciable effect, except in the LP⊥ geometry at large
q values, where the momentum profiles are notably sup-
pressed when compared to the field-free results. And the
same as in Figures 1–3, the results using the BK and CI
functions are practically identical.

The N = ±1 and N = ±2 laser-assisted momentum
profiles corresponding to the (e, 2e) transition to the n = 2
state of He+ are shown in Figures 5 and 6, respectively.
Similar to the n = 1 case, their values are strongly sup-
pressed, particularly in the LP‖ geometry, relative to the
field-free andN = 0 results. Also similar to the n = 1 case,
they exhibit the same q dependence as the field-free and
N = 0 results if the LP‖ geometry is realized, but behave
in a qualitatively different manner in the LP⊥ geometry,
where they have zeros instead of maxima at small q. The
most important finding is that the BK and CI results are
not indistinguishable anymore, at least in the LP‖ geom-
etry. In particular, in this geometry when N = −2, the
laser-assisted momentum profile using the CI function ap-
pears to be about twice larger in magnitude than that
using the BK function.

4 Summary and conclusions

We carried out a theoretical analysis of electron-impact
ionization-excitation of He in the EMS kinematics and in
the presence of a linearly-polarized laser field, focusing on
sensitivity of the laser-assisted momentum profiles to the
model of the atomic ground state. For this purpose, we
performed numerical calculations for (e, 2e) transitions to
the n = 1 and n = 2 states of He+ assisted by N -photon
processes using different trial wave functions of He. In the
case of the laser-field parameters that can be realized in
the upcoming measurements [19], we found that the laser-
assisted momentum profiles are weakly sensitive to the
model of the He ground state when the He+ ion remains in
the n = 1 state. In contrast, when the He+ ion is left in the
n = 2 state, the results strongly depend on the employed
He wave function. Moreover, while the field-free momen-
tum profiles for n = 2 using accurate correlated functions

Fig. 4. The same as in Figure 1, but when the He+ ion is left
in the n = 2 state.

are practically identical, the corresponding results in the
presence of laser radiation become clearly distinguishable
in the LP‖ geometry when N 	= 0.

The results of the present work show that the laser-
assisted EMS method has a rich potential not only for
exploring laser effects on electron momentum distribu-
tions in various targets but also for studying electron-
electron correlations in many-electron atoms. While the
low-frequency and low-intensity laser field only slightly
influences the atomic bound states, its effect on the
fast incoming and outgoing electrons can not be dis-
carded [17,18]. The plane waves are modified by the laser
field into the Volkov functions, and thus one obtains a

http://www.epj.org
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Fig. 5. The same as in Figure 2, but for n = 2.

Fig. 6. The same as in Figure 3, but for n = 2.

http://www.epj.org
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new tool for investigating the Kohn-Sham atomic or-
bital [2], which is complementary to the usual, field-free
EMS method that measures the momentum density of this
orbital.

We are grateful to S.I. Vinitsky and O. Chuluunbaatar for
useful discussions. This work was supported by the Russian
Foundation for Basic Research (Grant No. 14-01-00420-a).

References

1. V.G. Neudatchin, Yu.V. Popov, Yu.F. Smirnov, Phys. Usp.
42, 1017 (1999)

2. E. Weigold, I.E. McCarthy, Electron Momentum
Spectroscopy (Kluwer Academic/Plenum Publishers,
New York, 1999)

3. M. Takahashi, Bull. Chem. Soc. Jpn 82, 751 (2009)
4. C.J. Joachain, N.J. Kylstra, R.M. Potvliege, Atoms

in Intense Laser Fields (Cambridge University Press,
Cambridge, 2011)
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