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Abstract We present for the first time a Friedmann-like
construction in the framework of an osculating Finsler—
Randers—Sasaki (F-R-S) geometry. In particular, we consider
a vector field in the metric on a Lorentz tangent bundle, and
thus the curvatures of horizontal and vertical spaces, as well
as the extra contributions of torsion and non-linear connec-
tion, provide an intrinsic richer geometrical structure, with
additional degrees of freedom, that lead to extra terms in
the field equations. Applying these modified field equations
at a cosmological setup we extract the generalized Fried-
mann equations for the horizontal and vertical space, show-
ing that we obtain an effective dark energy sector arising
from the richer underlying structure of the tangent bundle.
Additionally, as it is common in Finsler-like constructions,
we obtain an effective interaction between matter and geom-
etry. Finally, we consider a specific model and we show
that it can describe the sequence of matter and dark-energy
epochs, and that the dark-energy equation of state can lie in
the quintessence or phantom regimes, or cross the phantom
divide.

1 Introduction

General Relativity (GR) has been proved a successful the-
ory of gravity, tested with high precision at Earth-based and
Solar System experiments (perihelion precession of Mercury,
gravitational redshift, Shapiro time-delay effect, etc) [1].
Nevertheless, at the theoretical level one faces the problem of
non-renormalizability [2], since GR cannot be incorporated
in a quantum description [3]. Additionally, at the cosmologi-
cal level we still have the open issues of dark matter and dark
energy [4,5], as well as possible tensions between predictions
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and observations, such as the Hy [6] and og tensions [7] (for
a review see [8]). Hence, a large amount of research was
devoted in the construction of various gravitational modifi-
cations, namely theories that possess general relativity at as a
particular limit, but which in general exhibit richer behavior,
theoretically and cosmologically improved [9-12].

The basic procedures towards modified gravity construc-
tions is to start from the Einstein-Hilbert Lagrangian and add
extra terms, resulting to f(R) gravity [13,14], f(G) gravity
[15], Weyl gravity [16], Lovelock gravity [17], etc. Further-
more, one can consider alternative geometries, beyond the
Riemannian one, such is the torsional formulation of gravity,
and construct extensions such as f(7') gravity [11], f(T, Tg)
gravity [18], f(T, B) gravity, etc. In similar lines, one can
use non-metricity, resulting to symmetric teleparallel gravity
[19,20], f(Q) gravity [21], etc.

However, one can proceed to more radical geomet-
rical modifications, namely use Finsler and Finsler-like
geometries, which have richer structure than Riemannian
framework, and use them in order to construct gravitational
theories [22-53]. These modified theories of gravity use gen-
eralized metric structures, where a vector field is incorporated
in the geometrical construction, and have contributed with
different directions in the development of locally anisotropic
models for the gravitational field theory and cosmology.

In Finsler and Finsler-like geometries more than one con-
nection and curvature appear, which depend on the position
and velocity, in contrast to GR in which there is only the
Levi-Civita connection and the curvature of the Riemannian
space. Therefore, gravity can be studied in a different way
in the framework of an 8-dimensional Lorentz tangent bun-
dle or a vector bundle which includes the observer (veloc-
ity/tangent vector) with extra internal/dynamical degrees of
freedom [25-30,54], as well as in an osculating Riemannian
and Barthel framework [55-57].
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Concerning this approach, all kinds of generalized met-
ric theories belong to the larger class of the so called
“anisotropic field theories”, since Lorentz violations, veloc-
ity fields and torsions produce anisotropies in the space
and the matter sector [40,42,58,59]. Hence, these inter-
nal geometrical anisotropies, which should not be confused
with spacetime anisotropies that may appear in Riemannian
geometry too (e.g. in Bianchi cases) are induced by internal
direction/velocity y-variables in addition to the position x-
variables in the structure of the base manifold. In these lines,
geometrical anisotropies can be considered as a “potential”
or a tidal field in the matter sector [60]. In cases where an
anisotropy is included in the metric structure of spacetime,
as it appears in Finsler and Finsler-like cosmologies, it is
incorporated in the effective energy—momentum tensor of the
anisotropic structure, which could potentially lead to energy
exchange between geometry and matter [61]. Finally, simi-
larly to general relativity, geometrical effects are produced
not only by the distribution of mass-energy but also by its
motion [62].

In this work we propose a novel geometrical struc-
ture, namely that of Finsler—Randers—Sasaki type, in order
to extract generalized gravitational field equations. Then,
applying them in a cosmological framework we construct
Finsler—Randers—Sasaki cosmology, which is characterized
by modified Friedmann equations with new terms that depend
on the underlying geometry and the tangent bundle features.
As we will show, these terms can lead to interesting cos-
mological implications, and describe the thermal history of
the Universe, as well as the effective dark energy sector.
The plan of the work is the following: In Sect.2 we provide
the basic concepts of Finsler—Randers—Sasaki geometry, and
we extract the general gravitational field equations. Then,
in Sect.3 we proceed to the application at a cosmological
framework, and we extract the modified Friedmann equa-
tions for the horizontal and vertical subspaces, investigating
also specific examples. Finally, in Sect. 4 we discuss our main
results.

2 Finsler-Randers—Sasaki geometry and gravity

In this section we present the basics of Finsler—Randers—
Sasaki geometry and gravity. We will start by introducing
some geometrical aspects from Finsler geometry and the
oscullating Riemannian metric, and then we will use it to
construct a gravitational theory.

2.1 Finsler—-Randers—Sasaki geometry with oscullating
Riemannian metric

We consider an n-dimensional bundle M, as well as its tan-

gent bundle 7 M, with a fibered and differentiable (smooth)
metric function F (x, y) with the following properties:

@ Springer

1. F is continuous on 7 M and smooth on T M = T M\{0},
namely the tangent bundle minus the null set {(x, y) €
TM|F(x,y) =0}.

2. F is positively homogeneous of first degree on its second
argument:

F(xM, ky®) = kF(x", y9), k> 0. e))

3. For each x € M the fundamental metric tensor:

oy =22 EF @)
81 Y = ayiayd
is non-singular, with i, j =0, 1,...,n — 1.

A Lorentz tangent bundle 7 M over a spacetime 4-dimensional
manifold M is a fibered 8-dimensional manifold with local

coordinates {x", y*}, where the Greek indices of the space-

time variables x are k, A, i, v, ... =0, ..., 3 and the Latin

indices of the fiber variables y are a, b, ..., f =0,...,3.

An extended Lorentzian structure on 7 M can be provided if
the background manifold is equipped with a Lorentz metric

tensor of signature (—1, ..., 1). As it is known, a metric fol-

lowing the above three properties is called a Finsler metric

[22,23].

Additionally, one can introduce the oscullating Rieman-
nian metric on a differentiable manifold [63]. In particular,
this can be defined by a tangent vector field Y : U — TU,
where U C M is an open neighborhood on M with the prop-
erty Y(x) # 0 Vx € U. In such a case the metric can be
defined by the relation:

8ij(x) = &ij(x, Mly=y),x € U. 3)

In the following we will consider that all non-vanishing
global vector fields, defined on the spacetime manifold, sat-
isfy M y(x) = Y (x) [64]. The pair (U, g;;(x, y(x)) is called
Y-oscullating Riemannian metric associated to (M, F') man-
ifold.

As it is known, the length of a curve ¢ in a Finsler space
is given by the integral

b
l(C)=/ F(x, y)dr, “

with y = Z—f and 7 an affine parameter along the curve. In a
Finsler—Randers (FR) spacetime [65] the metric is given by
the relation [66,67]:

1/2

F(x,dx) = (—alw(x)dx“dx”) + fodx®, 5)

where a,,, (x) is a Riemannian pseudo-metric and f, a cov-
ector with || fy|| <« 1. Note that the 1-form f,dx* can be
interpreted as the “energy” produced by the anisotropic force
field f,, and hence due to (4) and (5) the integral f: F(x,dx)
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represents the “total work™ that a particle requires in order to
move along a path with proper time 7.

We proceed by writing the corresponding Lagrangian
function of an FR space with an oscullating Riemannian met-
ric, which is

F(x, y(x) = [~gun(x, y))y*(0)y" (0]
F £ ()% (x), 6)

with || fo|| < 1. We mention here that in the above expres-
sion the second term fy(x)y*(x) can be interpreted as the
“power” that is produced due to propagation of particles
through the force-field f,(x). Now, from (2), (3) and (6)
we can extract the metric tensor vgg(x, y(x)) as

Vap (X, y(X)) = gap(x) + hop(x, y(x)), (N

where

1
hotﬂ(xa y(x)) = Z(A,Bgozy + Aygaﬁ + Aozgﬂy)yy(x)

1 1% 8 €
Ay gacgpsy” (X)y° (x)y(x), (8)

T

with L = ./ —gapy®(x)yP(x) and ||A, || << 1.Due to rela-

tion (8), the metric (7) can be called “weak Finslerian metric”
[67]. Hence, as we can see from (7), the term h45 (x, y) canbe
considered as a perturbation. For convenience, and in order
to make notation lighter, in the following we will write y
instead of y(x).

Let us now introduce the Sasaki-type metric on 7 M [68].
Such a metric has the form:

G = guv(x, y) dx" ® dx” + vgp(x, ) 8y* ® 8yP. )

In our approach we consider that the Finslerian metric
vgg(x, y) is given by (7), and the unified adapted frame is
defined in the form E4 = {§,, d,} with

5u=i=i—N“(x y)i (10)
Sxt  Qxk B9y

and

o = ——, (1)
ay*

and where E 4 is the adapted basis of the tangent space T, M.
Furthermore, we define the dual basis E4 = (dx*, §y%) with

8y* = dy® + Ndx™, (12)

where E4 is the adapted basis of the cotangent bundle 7* M
and N{* are the components of the nonlinear connection with
o, r = (0, 1,2, 3). The nonzero coefficients of a canonical
and distinguished d-connection D on T M read as [22]:

1
Ly, = Egﬂp (8c8pv +8v8pk — 8p8uc) (13)

. 1 . .
L = 9N + S0 (8cvpy — vsy OpNJ — vps 9, N,)

(14)
1 R
Cly = 58" 0y 8pv (15)
o 1 ad (A A A
C,By = EU (ayvgﬁ + 8/3U3y - 35v/3y) . (16)

Finally, concerning the non-linear connection, we choose a
Cartan-type of the form:

1
Nyt = 53" 8" dugpy, (17)

which is known to have interesting applications [69].

We now have all the geometrical quantities in order to
calculate the curvature tensors. In particular, in such a frame-
work the Riemann and Ricci curvature tensors of the hori-
zontal space are defined as [22,23]:

R}, =8 Lh — 8Ly, + LO LY, — LY, Lh + Cl, Q)

VKA T VK= pA
(18)
Ry = wa,( = (SKL’;“) — (SVLZK + LﬁVLZK — LﬁKL’:w
+CrQn (19)

where Q¢ represents the curvature of the nonlinear connec-
tion and is defined as

SNy SN¢
ox’ sxv
Moreover, the curvature tensors of the vertical space are given
by:

o
QVK_

(20)

Shys = 9sCy, — 9, Clis + Cpp, Cds — CsCE, 1)
Sap = Sgﬂy = 3yC§ﬂ - 8ﬂC2;V + C;/SC;/}/ - Cg},CZﬂ.
(22)

Thus, the generalized Ricci scalar curvature in the adapted
basis is:

R=g" Ry +v*PSes = R+ S, (23)
where
R =g""R,, S = v Syp. (24)

In the same lines, one can define the torsion tensor as
v% =3'3N3[— %v’ (25)

where L%V is given in (14).
2.2 Finsler-Randers—Sasaki gravity

Having presented the Finsler—Randers—Sasaki geometrical
framework, we can use it in order to construct a gravitational

@ Springer
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theory. An Einstein-Hilbert-like action on 7 M can be defined
as

K = /N d* UG R + 2« /N U161 Ly, (26)

for some closed subspace N C T M, where Ly is the stan-
dard matter Lagrangian and « is the gravitational constant.
Note that

BU=dx" A AdP Ady* A Ady, (27)

while the absolute value of the metric determinant |G| is
V1G] = /—g+/—v, with g, v the determinants of the metrics
8uv, Vap respectively, as it follows from the form of (9).

Performing variation of the above action in terms of g,
Ve and N we extract the field equations as (the details are
presented in Appendix A):

— 1
Riv = 3R+ ) g + (8785 — ¢

x (DTl = 1,7 = T (28)
Sup — %(R + ) v + (vV‘Svaﬂ - aysl‘?)

x (D, Cliy = €1, Clly) =k Vup (29)
g B Ly, + 2T g Cl) = ke 25, (30)

where we have defined the “energy—momentum tensors”

2 A(VIGILy)

Tuv = _\/@ Aghv
_ 2 A(/=gLwm) 31)
V=g Ag
Vup = — 2 A(VIGI L)
* V1G] Avep
2 A (\/—_UL:M)
== (32)
b2 A(/BILw)
“ Vgl ANg
=2 AEM, (33)
AN®

where 8 and (Sg are the Kronecker symbols.
Note that the second field equation (29) is simplified to:

1
— ERUO"S = kY, (34)

where in our case Sy and S are zero and the mixed Car-
tan symbols C,’fy are also zero as we can see from (15).
Additionally, we mention that the third field equation (30)
is identically zero since the coefficients wa are identical to
the classical to Christoffel coefficients of the FRW model,

@ Springer

thus they do not depend on the vertical coordinates y*. The
mixed Cartan coefficients CCL,, are zero as we mentioned and
the mixed energy—momentum tensor Z¥ is also zero from
relation (33) since we do not consider the matter field to
depend on the non-linear connection NJ.

Let us make some remarks in order to give a physical
interpretation of Eqs. (28), (29) and (30). As one can see,
they may contain a source of local-matter creation and con-
tribute to the anisotropic energy—momentum tensors 7,
and Y,g of the horizontal and vertical spaces. Hence, the
energy—momentum tensor 7}, includes additional informa-
tion of the action of the local anisotropy of matter fields.
Yy, on the other hand, is an object with no equivalent in
Riemannian gravity, and it incorporates more information of
intrinsic anisotropy, which is produced from the vertical met-
ric structure vyg, and it includes additional gravitational field
in the framework of the osculating tangent bundle. Finally,
the energy-momentum tensor Z reflects the dependence
of matter fields on the nonlinear connection Nl‘i‘, a structure
which induces an interaction between internal and external
spaces. This tensor is different from 7},, and Y,g, which
depend on just the external or internal structure respectively.

Lastly, we introduce a new tensor, quantifying the covari-
ant derivative of the torsion tensor, namely

Buv = DuTyp = 8Ty — Liu Ty, (33)

Using this definition we can re-write (28) as:

— 1
Ry — E(R +8) guv + (5\(;A‘SZ) - g“guv) Bin = kTyy =

_ 1
Ry — E(R +9) 8uv + Biuvy — 8B =k Ty, (36)

where we have omitted from the above relation the term
T ’];fg since it is of second order. Hence, taking the covari-
ant derivative of (36) we extract the continuity equation for
our theory, namely

DM(B(/LU) - g,uvB) = KDMT/LU- 37)

Asexpected, and as we discussed in the Introduction, Finsler—
Randers—Sasaki gravity, similarly to other Finsler-like mod-
els, gives rise to an effective interaction between geometry
and matter, which can have interesting cosmological impli-
cations.

3 Cosmology

In this section we apply the Finsler—Randers—Sasaki geom-
etry and the oscullating Riemannian framework at a cosmo-
logical setup, and using the general field equations we derive
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the generalized Friedmann equations. Then we will provide
specific examples.

3.1 General case

We consider the usual homogeneous and isotropic Friedmann—
Robertson—Walker (FRW) metric

az(t
1 —kr?’

guv(x) =diag (—1, az(t)rz, az(t)rzsin29> ,

(38)
with a(¢) the usual scale factor and k = 0, £1 the spatial
curvature, and substituting it in (9) we find:

a* (1)
1 —kr?
+(2ap (X) + hap(x, )8y ® 8y
For simplicity, in the following we focus on the spatially-flat
case k = 0.

We consider the energy momentum tensor for a perfect
fluid in the horizontal and the vertical space:

G = —dt* + dr’+a*()r*do*+a*(1)r’sin*0d¢?

(39)

T = (pm + pm)uru’ + pmgh’
Y = (o + pm)y*y? + pmv®,

(40)
(41)

where p, and p, are respectively the energy density and
pressure of the matter perfect fluid, while #** and y* are the
velocities of the fluid in the horizontal and vertical space
respectively. We notice from relations (41) and (7), (8), that
the energy momentum tensor Y of the vertical space con-
stitutes an anisotropic perturbation of the horizontal energy
momentum tensor 7/,

In order to proceed, we have to consider an ansatz for A,
and y” . Firstly, it proves convenient to introduce the follow-
ing scalars:

Wo = Aoy° 42)
Wi = Ay 43)
W = Axy? (44)
W3 = Asy’, (45)

and as we can see, W represents the time-anisotropic contri-
bution of our space while W1,W,,W3 express the directional
components of the anisotropic contribution. In this work we
will focus on the case considering y> = y> = 0 in order to
have only a dependance on the parameter ¢:

A, = (Ap(1), A(1),0,0)
¥ =0°%y"0,0),

with y0, y! constants, and Ag(7), A; (¢) time-dependent func-
tions, in agreement with FRW symmetries.

(46)
47

Inserting the G-metric from (39) into the horizontal field
equation (28) of the previous section we finally extract the
generalized Friedmann equations of the horizontal and ver-
tical space (extracted as (B15), (B16) and (B22), (B23) in
Appendix B) as

1 Wi (t a ’
[ 2L 1()] [M]
at) «

5 . . (t B
— m[WO(I) + Wi (t)]% = gpm(f)

ity 1Tan7?
WI(T)] m + 5 [m}

) 5
[ 4L()
a5 . N K
W1 (1) =+ ——[Wo()+ W1 ()]= — = pu (1),
(49)

(48)

" 2L(1) a(t)  4L(1) 2

and

1 law) Taw7?
{Pm(l)'i‘ﬂ{mﬁ-[%} }}
1
X {1 - m[3Wo(t)+W1(t)]
1
L(t)3

= [om () + P (D12,
1 i) Tawv)7?
il’m“)*ﬁ{m*[m] }

3
X {2 — m[Wo(Z) + 3W1(t)]}

= L) [pm(t) + pm D],

+ ") [Wo(r) + Wi ()]

(50)

(S

with L(t) = /(y°)2 — a(r)2(y")2. Finally, the continuity
equation (37) under the above considerations becomes:

15 )
[1 - W (t)] Pm (1)

4L(1)
= 390 ) + PO = SW1(0)]
a(t)
SWi) [0 — L] Ta)
- 2L(1)3 [@} P (). 62

As expected and as usual, out of the three Egs. (48), (49),
(52) only two are independent, while out of the (50), (51),
(52) only two are independent.

As we observe, in Finsler—Randers—Sasaki cosmology we
obtain extra terms in the Friedmann equations, arising from
the richer geometrical structure. In particular, the anisotropic
torsion terms quantified by the covector field A, introduce
additional degrees of freedom on the tangent bundle of space-
time, which provide the extra contributions in the Friedmann

@ Springer
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equations. In the case where the internal geometrical struc-
ture disappears, namely when Wy and W; become zero, the
above equations recover the standard Friedmann equations.
Additionally, as it was discussed above, in the scenario at
hand we obtain an interaction between geometry and matter,
which is now clear by the form of (52), and which in the case
Wo = W1 = 0 recovers the standard conservation equation
too.

We can re-write the Friedmann equations (48), (49) in
their standard form

3H?
2H

K (om + PDE) (33)
—K (om + PDE + Pm + PDE) , 54

with H(t) = a(t)/a(t) the Hubble function, and where we
have introduced an effective dark energy density and pressure
of the form

15 . .
KPDE = EH(WIH + Wo + W) (55)
5 . . .. ..
kppE =37 [Wi(F + H2) + Wl = Wo — Wi | (56)

where we have emitted the explicit time-dependence of the

various quantities in order to make the notation lighter. Thus,

the dark-energy equation-of-state parameter is defined as
PDE

WpE = —. (57)
PDE

Additionally, the conservation equation (52) can be writ-
ten as

Pm + 3H (pm + pm) = O, (58)
where the interaction term Q is given by

15

0=—Wipn

5
——W[ OZ—LZ]H 15W, H.
1L T ) Pm + 1

(59)

Hence, differentiating (48) and inserting into (49) using (59)
we also acquire

opE +3H(ppE + ppe) = —0. (60)

One can now clearly see that in the scenario of Finsler—
Randers—Sasaki gravity and cosmology we obtain an
interaction between geometry and matter, and therefore an
interaction between the effective dark energy and matter sec-
tors. Such an interaction is common in Finsler-like cosmolo-
gies [27,51,53,59,70] and it is very interesting since inter-
acting cosmologies [71-75] are known to have many advan-
tages, including solving the coincidence problem [76,77] as
well as alleviating cosmological tensions [78,79].

@ Springer

3.2 Specific model

For completeness, in this subsection we will examine a
specific model. As one can see from the general Friedmann
equations (48), (49), or equivalently from the effective dark-
energy sector (55), (56), the appearance of the arbitrary func-
tions Wy () and Wy (7),i.e. of Ag(t), A1 (t), makes the result-
ing cosmological phenomenology very capable. The only
point that one should be careful is that the argument of the
square root in L (z) should be positive, and thus y! should be
suitably smaller than y°.

Let us investigate a specific example. For simplicity we
focus on dust matter, namely we assume that p,, = 0. We
solve the Egs. (48), (50) and (52) numerically, and as inde-
pendent variable we use the redshift 1 + z = 1/a (we set
the present scale factor ag = 1). Furthermore, we intro-
duce the matter and dark energy density parameters, €2, =
K,Om/(3H2) and Qpg = kppe/(3 H?) respectively. Lastly,
we impose Qpg(z =0) = Qpro ~ 0.69 and Q,,(z =0) =
Qmo ~ 0.31 in agreement with observations [80].

We present the evolution of €2,,(z) and Qpg(z) in the
upper graph of Fig. 1. As we can see, we can recover the
universe thermal history, i.e. the succession of matter and
dark energy epochs. Moreover, in the middle graph Fig. 1
we show the evolution of the corresponding effective dark-
energy equation-of-state parameter wpg(z) according to
(57). For this specific example wpg lies in the quintessence
regime. Nevertheless, note that according to the form of (55),
(56), one could have other scenarios, in which wpg can
be phantom-like, or experience the phantom divide cross-

109
0.5 =
-7 Q
001 ' ;
0 1 2
0.0
Woe
-0.54
-1.04
T T T
0 1 2
0.5
q
0.0
-0.5-4 T T
0 1 2

z

Fig. 1 Upper graph: The effective dark energy density parameter Qp g
(green-solid), and the matter density parameter €2,, (blue-dashed), as
a function of the redshift z, for Finsler—Randers—Sasaki cosmology
under the ansitze (46), (47), with y© = 1, y! = 107 in units where
« = 1. Middle graph: The corresponding dark-energy equation-of-
state parameter wpg. Lower graph: The corresponding deceleration
parameter g. We have set the initial conditions Qpg(z = 0) = Qpgo ~
0.69 [80]
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ing during the evolution. Finally, for completeness, in the
lower graph of Fig.1 we depict the deceleration parameter
g, defined as g = —1 — % As we can see, the transition
from acceleration to deceleration happens at z;» &~ 0.7, in
agreement with observations.

4 Discussion and concluding remarks

In this work we presented for the first time a Friedmann-
like construction in the framework of an osculating Finsler—
Randers—Sasaki geometry, building the corresponding
gravitational theory and applying it at a cosmological setup.
In particular, we considered a vector field in the metric on the
total structure of a Lorentz tangent bundle, which depends on
the position coordinates. In this approach, the curvatures of
horizontal and vertical spaces, the extra contributions of tor-
sion, non-linear connection and the vector field, that depend
on x and y(x), provide an intrinsic richer geometrical struc-
ture, with additional degrees of freedom, that lead to extra
terms in the field equations.

Applying these modified field equations at a cosmological
setup, considering explicit ansitze for the Finsler—Randers—
Sasaki metric functions, we extracted the generalized Fried-
mann equations for the horizontal and vertical parts of R-S
spacetime, in which we have the appearance of extra terms,
which can be collected to build an effective dark energy
sector. Hence, in the framework of Finsler—Randers—Sasaki
geometry and gravity, we obtain an effective dark energy
density and pressure arising from the richer underlying struc-
ture of the tangent bundle. Additionally, as it is common in
Finsler-like constructions, we acquire an effective interaction
between the matter and the geometrical sectors, and in partic-
ular of the extra Finsler—Randers—Sasaki degree of freedom
and matter energy density.

We elaborated the generalized Friedmann equations numer-
ically for a specific model, replicating the thermal evolution
of the universe, encompassing distinct matter and dark energy
epochs. Our analysis revealed that the dark-energy equation-
of-state parameter could occupy the quintessence or phan-
tom regime, or undergo a phantom-divide crossing during
the evolution.

Several crucial steps remain to be comprehensively
explored. Firstly, a thorough investigation into cosmologi-
cal applications is imperative, involving data confrontation
from Type Ia Supernovae (SNIa), Baryon Acoustic Oscil-
lations (BAO), and Cosmic Microwave Background (CMB)
observations. Additionally, one could consider different and
more complicated ansitze for the Finsler—-Randers—Sasaki
metric functions. Another interesting subject is the investi-
gation of spherically symmetric and black hole solutions in
the theory at hand. These essential and intriguing inquiries
are reserved for future research projects.
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Appendix A: Action variation and general field equations
In this Appendix we extract the general field equations, per-

forming variation of the action (26) on the Finsler—Randers—
Sasaki geometry. In particular, varying (26) we acquire

AK = /Nd8U(R+S)A |g|+/Nd8W@(AR+AS>

+ 2/</ 43U A(\/@LZM), (A1)
N
with
1
AVIGl == SVI01 (8uv g™ + vep Av™?) (A2)
AR =2g"¥ 3, L' AN? + Ry g™ + D Z° (A3)
AS = SegAv*? + D, BY. (A4)

In the above expressions we have defined: R, = R(,v) +

Q‘;‘(MC’V‘)Q and

Z¥ =g" ALY, — ¢" AL},
—DyAg"™ + g g Ds AgH

+2(g*Ch, — g4 CL) AN? (A5)
BY =v*PACY, — v ACT,
= — Dy AV*Y + Uy(gvaﬂ’DaAvaﬁ. (A6)

@ Springer
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Applying the Stoke theorem on the Lorentz tangent bundle
we obtain

f d3U/|G| D Z*

N
=A/%wmﬂﬂ“
=A/%¢MDJﬂHﬂMW+y%MMMﬂ
_/ngu /|g| I:_Dvrz;jljg _i_gMUD)»t];fgiI Agll«v

+2 /N d* UG T, (84CLy — g4 CLL) AN

(A7)
/ d®u\/\G| D 2~
N
= /N dU1G1 (8085 = ¢80
x (DT - T2, Ty A
+ /N d*U/1GIAT g 1 C) AN (A8)

/ d%ul\/|G| Dy B®
N
I n pp
- /Nd uyigic',s
_ _/ngu IGI D, [Cl‘fﬂAv“ﬁ — v“ﬁvngl‘fﬂAvy‘s]

—/ dUVIGI (DaClly = 0704 Dy Cliy ) AV,
N
(A9)

where we have also used the Leibniz rule. Applying the
Stokes theorem again and eliminating the new boundary
terms, we find

/ d*u\/\G| D, B*
N

d)
_ [N dUVIGT (" v = 806} ) (D, Cliy = €1, CLs)
(A10)

As a last step, the matter part of the action yields

/ngu A(/@ﬁM)

_ 8 1
‘/Nd U191 e

AWTIL)

Aghv

@ Springer

A(WIG1Ly)

AveP

AWIGT Lu) AN (Al1)
AN? ©

veh

Finally, combining Egs. (A1)-(A6), (AS8), (A10), (A11)
and setting AK = 0, we result to the field equations, namely

— 1
Ruv = 3R+ ) g + (8785 — g0

x (DKTjS _ 7%@%) = kT (A12)
Sup — %(R + ) vap + (v vap — 875

x (D, Cliy = €1, Clls) =k Yup (A13)
g B Ly, + 2T e Cl) = ke 25, (A14)

where we have defined the “energy—momentum tensors”

o 2 A(VIGILur)
RTOVIGT Mg
2 A («/—g CM)
- Al5
NS A
D 2 A(VIGI L)
R/ BN
_ 2 A( —v ﬁM)
=-= VAWS (A16)
e 2 A (V191 Lu)
“ VIGT ANg
=2 AEM, (A17)
AN®

where 8 and 8/‘; are the Kronecker symbols.

Appendix B: Friedmann equations

In this Appendix we show how the general field equations
(28)—(30), under the cosmological metric (38) and (39) give
rise to the Friedmann equations on the horizontal and vertical
space.

Let us start from the horizontal space. First we will calcu-
late the trace of the torsion 7;% that is required inside (35),
(36). From the torsion definition (25) we have that:

T = N — LY. (B1)

Ko T

If we substitute the non-linear connection (17) and the com-
ponents of LS, from (14) we find:
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1
T = —58" chay

Ko

1 1
+ Ehyga,(gy’S = T = —50h, (B2)
where £ is the trace of the metric hyg from (8). From the
above relation we can see that the torsion tensor is of first
order in terms of the weak metric hqg.

As anext step we use (8) in order to express the /1,4-terms

in terms of Ay and L = ,/—gapy*(x)y# (x). In this way we

finally find

1 -5
T = —50h =17 [20 Aay® + Ag (20, y*

5
"8 0c8ps)] = 575 8ep 0y Y Ay yY

= B + A, (B3)
where we have set
-5
Be = o7 [20cAyy" + 4y 0ey" = y* g™ dugup)] - (B4)
-5 B Y
A = =5 8apdc Y Y Ayy (B5)

213

Additionally, we calculate the é-derivatives of the terms B,
and A, as

5
8B = __L[ZaltaKA)/yy + aKAy(Zgll.yy - yagyeaugae)

+ 23MAy3Kyy + 2Ay3M3Kyy - au(Aeaf(gye)yV
1
+ EAeakgye(Zauyy - ysgﬁyaugﬁs)]
1
+ F(ZBKAyga,e8ﬂy°‘yﬁy”+2Ay8Kngaﬁ8My“y’3
- Agakgyegaﬁaky“yﬂy”), (B6)
-5
213
+ 2ap Y 0P AL YT + 2upd Y VP B AL YT

Sule = [Bugaﬂaky“yﬁf\yy” + gapdude Y yP A, Y7

1
- —3uga5y53fcyaAny + gdﬁaKyayﬂAyaﬂyy

2
1
+ Egaﬂaugseaky“yﬂy‘sg’“f\y]
15
+ 173 (—0.85ey ¥ — 28560 y° y°

+285¢¥°NY) 8apdic Y yP Ay yY . (B7)

In order to proceed, we have to consider an ansatz for
A, and y¥. As we mentioned in (46), (47), in this work
we will focus on the case A, = (Ao(t), A1(¢),0,0) and
vy’ = (¥, y1,0,0), with y°, y! constants and Ag(¢), A1 (1)
time-dependent functions, which is consistent with FRW

symmetries. Under these ansitze, (B4), (BS) give

5
B, = _5(281)14 v — Aayygaeavgye) (B3)
A, =0, (B9)
where L = /(y9)2 — (y1)242. Similarly, (35) becomes
-5
By = E[zyy(aﬂavAy I, 0 Ay)

—2y°g7 €0 Ay dy)85c + Ayy°
1
X (gSeau.avgye + Eavgyea,ugée + F;Ugyéa,(gae)].
(B10)

Hence, inserting the FRW metric (38), the time-component
and the trace of the (B10) finally gives

5 )
B, =—1y04 LA, —2ytA
tt ZL{ 0o+ Yy Al y 1()

.\ 2
W [2(2) —g“ (B11)
B:ﬁ{_ 0y — vl Ay — 3304 (E)
oL y Ao — Yy Al y Ao P
L. (a a\> i
—y'A (;>+W1 (;) +- |t (B12)

with Wi (1) = A1 (1) y1 according to definition (43).

As alast step we take the time component of (36) and its
trace, inserting all the above expressions, and substituting the
FRW metric (38). After some straightforward manipulations
we obtain two equations, namely

.\ 2
a K 1

<_> — =pm =—=By + B) (B13)
a 3 3

a K 1 1

p + g(pm +3pm) = E(Btt - EB)’ (B14)

where p,, and p,, are respectively the energy density and
pressure of the perfect fluid energy—momentum tensor 7}, .
Lastly, inserting (B11), (B12) we obtain

—1 > Wit NEQ ’
o M) [%]
. . alt) «
~ 51 o0 + OIS = Son () (B15)
i 5 a(t) a(tr)
oMV e T2 [am}
> R0 [Wo(t) + W1 ()]
0 1()m+4L() 0 () + Wi(t)
= —%pm(z). (B16)

@ Springer
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In order to extract the cosmological equations arising from
the vertical space we begin from (7) and (8). From those we
can calculate:

v (x, y(x) = g% (x) — h*P (x, y(x)),

where

(B17)

1
h (x, y(x)) = sz<yﬁ (g™ + y7 (x)g

1
+ ¥ ()P + A" )y 0y (x).
(B18)

The vertical energy—momentum tensor is:

Yaﬁ = (om + pm)yayﬂ + vaaﬁ =

Y% = pug®™ + (pm + pm)y*y*

p
= A P08 + 37 (08 + " (1)8")

(B19)

= i—’;’Ayy“ @yP 0y (x). (B20)

where we used relations (B17) and (B18).
Hence, starting from the vertical field equation (34), by
raising the indices and substituting (B20), we obtain:

R

1
-5 [g“ﬁ = TAYOP ™ 4y g 4y

|
gy |
p
= P8 + (om + pm)y*yP — TmAy(yﬁg‘” + y7 g%

p
+y2gP7) — L—";Ayy“yﬂyy, (B21)

where R = % + Z—i
Ifwetake « = B = 0 and ¢« = B = 1 in the above
Eq. (B21) we finally extract the vertical cosmological equa-

tions:

1 aey Taw)7?
i”'"(”w{m*[m} ”{1‘
1

L(1)3
= [om (1) + pm ()12,

1 |daw) Tawn7?
{Pm(l‘)"—ﬁ{mﬁ-[m} }}
« {2— 2w +3wl(r>]}

L(t)
= L{t)*[om () + pm(D)].

1
mBWOU)

+Wi(H)] +

O Wo(r) + W (z)]}

(B22)

(B23)
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