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Abstract For some classical solutions �sol in Witten’s
bosonic string field theory, it was proven that energy of the
solution is proportional to the Ellwood invariant Tr(V�sol)

with V = cc̄∂X0∂̄X0. We examine the relation for solutions
involving X0 variables. As a result, we obtain that the relation
may not hold for such solutions. Namely, there is a possibility
that the energy is not proportional to the Ellwood invariant.
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1 Introduction

String field theory has been actively studied as a candidate
for a non-perturbative formulation of string theory. One of
open bosonic string field theories is Witten’s bosonic string
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b e-mail: suda@het.ph.tsukuba.ac.jp

field theory and the action is given by [1]

S[�] = − 1

g2 Tr

(
1

2
�Q� + 1

3
�3

)
,

where g is the coupling constant of the string field theory.
In this theory, many classical solutions including tachyon
vacuum solution were constructed, e.g. [2–6].

To understand the physical interpretation of these solu-
tions, it is important to compute physical observables. In the
Witten’s bosonic string field theory, two important observ-
ables exist. One is the energy of the classical solution.
Because the action evaluated on a static solution is equal
to minus the energy of the solution times the volume of the
time coordinate, the energy of any static solution �sol is given
by

E[�sol] = − 1

Vol(X0)
S[�sol].

Another is

Tr(V�sol),

where V is a BRS invariant closed string state at the mid-
point [7,8]. This is called Ellwood invariant. It is believed to
be equal to the shift in the closed string tadpole amplitude
between BCFTs described by the classical solution and the
perturbative vacuum solution.

In [9], they proved that the energy is proportional to the
Ellwood invariant with

V = 2

π i
cc̄∂X0∂̄X0.

However, it was shown for only some static classical solu-
tions that do not involve X0. Even if the solution involves
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X0, the similar relation should hold as long as the solution
is invariant under the shift of X0 and it depends effectively
only on derivatives of X0. There is a possibility that solutions
exist for which these conditions do not hold. In this paper,
we examine the relation between the energy and the Ellwood
invariant for static solutions that are constructed by K , B, c
and matter operators involving X0. As a result, we obtain
that there is a possibility that the energy is not proportional
to the Ellwood invariant for such solutions.

This paper is organized as follows. In Sect. 2, we review
the discussion in [9] and confirm that the Ellwood invariant
is proportional to the energy for regular solutions using only
K , B, c. This includes not only Okawa type solution [10] but
also ghost brane solution [11] and so on. In Sect. 3, we exam-
ine the relation for regular solutions which are constructed by
K , B, c and matter operators,1 and we obtain that there is a
possibility that the energy is not proportional to the Ellwood
invariant for such solutions. Additionally, we show the differ-
ence between the energy and the Ellwood invariant. In Sect.
4, we present the summary. Appendix A gives formulas for
correlation functions of the Xμ operators in sliver frame. In
Appendices B and C, we examine relations that are needed to
show that the energy is proportional to the Ellwood invariant.

2 Review on Ellwood invariant and energy for K Bc
solution

Many solutions are constructed by using string fields K , B, c.
In this section, we consider string fields that are constructed
only by K , B, c, and we call such solutions K Bc solutions.

The K Bc solutions can be written by

� =
∑
i

√
F1i c

B

Hi
c
√
F2i ,

where F1i , F2i and Hi are functions of K . As a concrete
example, Okawa type solution [10] is given by

� = √
F11c

B

H1
c
√
F21, H1

= 1 − F11

K
and F11 = F21,

and ghost brane solution [11] is given by

1 In [9], they prove for BMT solution [12] which involves a relevant
matter operator. We consider solutions that are constructed by not only
the relevant operator but any matter operator involving X0.

� = √
F11c

B

H1
c
√
F12 + √

F21c
B

H2
c
√
F22, Hi

= 1 − F1i

K
and Fi1 = Fi2 and F12F21 = 1.

We represent
√
Fji , 1/Hi by a Laplace transform respec-

tively:

√
Fji ≡ L

{
f j i
} =

∫ ∞

0
dLe−LK f ji (L),

1

Hi
≡ L {hi } =

∫ ∞

0
dLe−LK hi (L).

The K Bc solutions are also represented by the Laplace trans-
form:

� =
∫ ∞

0
dLe−LKψ(L)

ψ(L) :=
∑
i

∫
dL1i dL2i dL3iδ(L − L1i − L2i − L3i )

× f1i (L1i )hi (L2i ) f2i (L3i )c(L2i + L3i )

× Bc(L3i ),

where

c(z) := ezK ce−zK . (2.1)

Let us consider a test state �

� = e− 1
2 Kφe− 1

2 K ,

where the string field φ is an infinitely thin strip with a bound-
ary insertion of an operator φ(0). Similarly to (2.1), � can
be also represented as

� = e−Kφ

(
1

2

)
.

Then the trace of �� is given by the correlation function
on the infinite cylinder

Tr(��) =
∫ ∞

0
dL

〈
φ

(
L + 1

2

)
ψ(L)

〉
CL+1

,

where CL+1 is the infinite cylinder with circumference L+1
and the map f2 is defined (A.1).

Let us consider G such that

Tr(�G�) = lim
(	,δ)→(∞,0)

×
∫ ∞

0
dL

〈
φ

(
L + 1

2

)
G(L ,	, δ)ψ(L)

〉
CL+1

,
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Fig. 1 The contour PL ,	,δ

where G(L ,	, δ) is defined by

G(L ,	, δ) :=
∫
PL ,	,δ

dz

2π i
gz(z, z̄)

−
∫
P̄L ,	,δ

dz̄

2π i
gz̄(z, z̄),

gz(z, z̄) := 2(X0(z, z̄) − X0(i∞,−i∞))∂X0(z),

gz̄(z, z̄) := 2(X0(z, z̄) − X0(i∞,−i∞))∂̄X0(z̄),

and the contour PL ,	,δ is in Fig. 1 and the contour P̄L ,	,δ is
given in a similar way.

In [9], they proven that G satisfies conditions

1

2
Tr(�solQ�sol) = Tr((G�sol)Q�sol)

− 1

2
Tr(�sol [Q,G] �sol), (2.2)

1

3
Tr(�3

sol) = Tr((G�sol)�
2
sol), (2.3)

Tr(�sol [Q,G] �sol) = Tr(�sol(χ − χ†)�sol), (2.4)

for some static solutions �sol, where χ is defied by

χ := lim
(	,δ)→(∞,0)

(∫ i	

iδ

dz

2π i
4∂X0(z)c̄∂̄X0(z̄)

−
∫ −i	

−iδ

dz̄

2π i
4∂̄X0(z̄)c∂X0(z) + c(0)

2πδ

)
. (2.5)

Then the action evaluated on the solution can be written by

−S[�sol] = Tr

(
1

2
�solQ�sol + 1

3
�3

sol

)

= Tr

(
G�sol(Q�sol

+ �2
sol) − 1

2
�sol [Q,G] �sol

)

= −1

2
Tr(�sol(χ − χ†)�sol)

= Tr(χQ�sol)

= Tr

((
2

π i
cc̄∂X0∂̄X0

)
�sol

)
.

Here if the following holds

Tr(Qχ�sol) = Tr

((
2

π i
cc̄∂X0∂̄X0

)
�sol

)
, (2.6)

the energy is proportional to the Ellwood invariant.
In this section, we consider

Tr(� [Q,G] �) = A1 + A2,

where

A1 := lim
(	,δ)→(∞,0)

∫ ∞

0
dL ′

×
∫ ∞

0
dL

〈
ψ(L + L ′)[QG(L ,	, δ)ψ(L)

〉
CL+L′ ,

A2 := lim
(	,δ)→(∞,0)

∫ ∞

0
dL ′

∫ ∞

0
dL

〈
ψ(L + L ′)G(L ,	, δ)

×
(
Qψ(L) − L−1 {Q�} (L)

)〉
CL+L′

,

and we confirm

A1 + A2 = Tr(�(χ − χ†)�).

Here in appendix C, we check that (2.2) and (2.3) holds.

2.1 Evaluation of A1

Because of

[Q,G(L ,	, δ)] = CI(L ,	, δ) + CIIA(L ,	, δ)

+ CIIB(L ,	, δ)

CI(L ,	, δ) :=
∫
PL ,	,δ

dz

2π i
4∂X0(z)c̄∂̄X0(z̄)

−
∫
P̄L ,	,δ

dz̄

2π i
4∂̄X0(z̄)c∂X0(z),

CIIA(L ,	, δ) := −2

(
c∂X0(i∞) + c̄∂̄X0(−i∞)

)

×
(∫

PL ,	,δ

dz

2π i
∂X0(z) −

∫
P̄L ,	,δ

dz̄

2π i
∂̄X0(z̄)

)
,

CIIB(L ,	, δ) :=
∫
PL ,	,δ

dz

2π i

1

2
∂2c

−
∫
P̄L ,	,δ

dz̄

2π i

1

2
∂̄2c̄

+
∫
PL ,	,δ

dz∂κ(z, z̄) +
∫
P̄L ,	,δ

dz̄∂̄κ(z, z̄),

with

κ(z, z̄) := 1

2π i

(
c(z)gz(z, z̄) − c̄(z̄)gz̄(z, z̄)

)
,
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A1 is given by2

A1 = TI + TIIA + TIIB,

TI := lim
(	,δ)→(∞,0)

∫ ∞

0
dL ′

×
∫ ∞

0
dL

〈
ψ(L + L ′)CI(L ,	, δ)ψ(L)

〉
CL+L′ ,

TIIA := lim
(	,δ)→(∞,0)

∫ ∞

0
dL ′

∫ ∞

0
dL

× 〈
ψ(L + L ′)CIIA(L ,	, δ)ψ(L)

〉
CL+L′ ,

TIIB := lim
(	,δ)→(∞,0)

∫ ∞

0
dL ′

×
∫ ∞

0
dL

〈
ψ(L + L ′)CIIB(L ,	, δ)ψ(L)

〉
CL+L′ .

First, we evaluate TI. Because ψ(L) does not involve X0,
TI is factorized as

∫ ∞
0

dL ′
∫ ∞

0
dL

〈
ψ(L + L ′)CI(L , 	, δ)ψ(L)

〉
CL+1

= 4
∫ ∞

0
dL ′

∫ ∞
0

dL
∫
PL ,	,δ

× dz

2π i

〈
∂X0(z)∂̄X0(z̄)

〉
CL+1

〈
ψ(L + L ′)c̄(z̄)ψ(L)

〉
CL+L′

− 4
∫ ∞

0
dL ′

∫ ∞
0

dL
∫
P̄L ,	,δ

× dz̄

2π i

〈
∂̄X0(z̄)∂X0(z)

〉
CL+1

〈
ψ(L + L ′)c(z)ψ(L)

〉
CL+L′ .

(2.7)

Here since for y → ∞ with z = x + iy,

〈
∂X0(z)∂̄X0(z̄)

〉
CL+L′

= −2

(
π

L + L ′

)2

e−4πy/(L+L ′) + O
(
e−8πy/(L+L ′)

)
,

c(z) ∝ eπy/(L+L ′),

the horizontal part of the contours PL ,	,δ, P̄L ,	,δ does not
contribute TI in the limit 	 → ∞. Thus we obtain

TI = lim
(	,δ)→(∞,0)⎡

⎣
〈
ψ(L + L ′)

∫ i	

iδ

dz

2π i
4∂X0(z)c̄∂̄X0(z̄)ψ(L)

〉
CL+L′

+
〈
ψ(L + L ′)ψ(L)

∫ i	

iδ

dz

2π i
4∂X0(z)c̄∂̄X0(z̄)

〉
CL+L′

2 We follow the notation in [13].

+
〈
ψ(L + L ′)

∫ −i	

−iδ

dz̄

2π i
4∂̄X0(z̄)∂X0(z)ψ(L)

〉
CL+L′

+
〈
ψ(L + L ′)ψ(L)

∫ −i	

−iδ

dz̄

2π i
4∂̄X0(z̄)∂X0(z)

〉
CL+L′

⎤
⎦ .

Next, we evaluate TIIA.

〈
ψ(L + L ′)CIIA(L ,	, δ)ψ(L)

〉
CL+L′

= −2

〈
ψ(L + L ′)

(
c∂X0(i∞) + c̄∂̄X0(−i∞)

)

×
(∫

PL ,	,δ

dz

2π i
∂X0(z) −

∫
P̄L ,	,δ

dz̄

2π i
∂̄X0(z̄)

)
ψ(L)

〉
CL+L′

= −2

〈
ψ(L + L ′)

(
c∂X0(i∞) + c̄∂̄X0(−i∞)

)

× 1

2π i

((
X0(L + iδ) − X0(L − iδ)

)
− (X0(iδ)

−X0(−iδ))

)
ψ(L)

〉
CL+L′

Here we assume the boundary condition for Xμ.

∂Xμ(z) = ∂̄Xμ(z̄) for z = z̄ (2.8)

Because of the boundary condition, the right-hand side of the
above equation vanishes in the limit δ → 0. Thus we obtain

TIIA = 0.

Finally, we evaluate TIIB. We need to consider the anti-
commutator between B and κ

{B, κ(z, z̄)} = 1

2π i

(
gz(z, z̄) − gz̄(z, z̄)

)
,

because the contours PL ,	,δ and P̄L ,	,δ cross B. Using this,
anticommutator between ψ and κ is given by

{ψ(L), κ(z, z̄)}
=
∑
i

∫
dL1i dL2i dL3iδ(L − L1i − L2i

− L3i ) f1i (L1i )hi (L2i f2i (L3i )

× c(L2i + L3i )
1

2π i

(
gz(a + i	, a − i	)

− gz̄(a + i	, a − i	)
)
c(L3i ),

where L2i + L3i > a > L3i . Using (A.2), we obtain

123



Eur. Phys. J. C (2024) 84 :578 Page 5 of 16 578

〈
ψ(L + L ′) {ψ(L), κ(z, z̄)}〉CL+L′

= 1

L + 1
coth

2π	

L + 1

〈
ψ(L + L ′)α(L)

〉
CL+L′ , (2.9)

where α is defined by

α(L) :=
∑
i

αi (L), αi (L) := L−1
{√

F1i c
1

Hi
c
√
F2i

}
.

Hence we obtain

〈
ψ(L + L ′)CIIB(L ,	, δ)ψ(L)

〉
CL+L′

= − 〈ψ〉 (L + L ′)ψ(L)

(
1

4π i
(∂c(iδ) − ∂̄c(−iδ))

+ κ(iδ,−iδ)

)
CL+L′

+
〈
ψ(L + L ′)

(
1

4π i
(∂c(L + iδ) − ∂̄c(L − iδ))

+κ(L + iδ, L − iδ)

)
ψ(L))

〉
CL+L′

+ 1

L + 1
coth

2π	

L + 1

〈
ψ(L + L ′)α(L)

〉
CL+L′ .

Since for the boundary condition of c

c(z) = c̄(z̄) for z = z̄,

in the limit δ → 0, the below equations hold.

lim
δ→0

∂c(iδ) = lim
δ→0

∂̄c(−iδ)

lim
δ→0

∂c(L + iδ) = lim
δ→0

∂̄c(L − iδ)

In addition, using (A.2), we can show

lim
δ→0

〈κ(iδ,−iδ)〉CL+L′

= 1

2π i
lim
δ→0

(
〈gz(iδ,−iδ)〉CL+L′ 〈c(iδ)〉CL+L′

− 〈gz̄(iδ,−iδ)〉CL+L′ 〈c̄(−iδ)〉CL+L′

)

= lim
δ→0

1

2πδ

(
〈c(iδ)〉CL+L′ − 〈c̄(−iδ)〉CL+L′

)
.

Thus TIIB is

lim
(	,δ)→(∞,0)

〈
ψ(L + L ′)CIIB(L ,	, δ)ψ(L)

〉
CL+L′

=
〈
ψ(L + L ′) lim

δ→0

1

2πδ

((
c(L + iδ) − c̄(L − iδ)

)
ψ(L)

−ψ(L)

(
c(iδ) − c̄(−iδ)

))〉
CL+L′

+ 1

L + 1

〈
ψ(L + L ′)α(L)

〉
CL+L′

From our computation, we obtain

A1 =
∫ ∞

0
dL ′

∫ ∞

0
dLTr(e−L ′Kψ(L ′)

(
χe−LKψ(L)

+ e−LKψ(L)χ + 1

1 + L
e−LKα(L)

)
.

2.2 Evaluation of A2

We evaluate A2. Here we note

L−1 {Q�} − QL−1 {�} (L)

= eLK ∂L(e−LKα(L)) − δ(L)α(0).

See Appendix B of [9] for the derivation. Using it and
G(0,	, δ) = 0, we obtain the below.

〈
ψ(L + L ′)G(L ,	, δ)

(
Qψ(L) − L−1 {Q�} (L)

)〉
CL+L′

=
〈
ψ(L + L ′)G(L ,	, δ)eLK ∂L(e−LKα(L))

〉
CL+L′

= ∂t

〈
ψ(L + L ′)G(L ,	, δ)e−t Kα(L + t)

〉
CL+L′+t

∣∣
t=0

Since this can be factorized as

∂t

〈
ψ(L + L ′)G(L ,	, δ)e−t K α(L + t)

〉
CL+L′+t

∣∣
t=0

= ∂t

(
〈G(L , 	, δ)〉CL+L′+t

〈
ψ(L + L ′)e−t Kα(L + t)

〉
CL+L′+t

)∣∣
t=0

= 〈G(L ,	, δ)〉CL+L′

〈
ψ(L + L ′)eLK ∂L

(
e−LK α(L)

)〉
CL+L′

+ ∂t 〈G(L ,	, δ)〉CL+L′+t

∣∣
t=0

〈
ψ(L + L ′)α(L))

〉
CL+L′ ,

(2.10)

A2 can be written by

A2 =
∫ ∞

0
dL ′

∫ ∞
0

dL lim
(	,δ)→(∞,0)

× 〈G(L , 	, δ)〉CL+L′

× Tr(e−L ′Kψ(L ′)∂L (e−LK α(L)))

+
∫ ∞

0
dL ′

∫ ∞
0

dL lim
(	,δ)→(∞,0)

× ∂t 〈G(L , 	, δ)〉CL+L′+t

∣∣
t=0

× Tr(e−L ′Kψ(L ′)e−LK α(L))

=
∫ ∞

0
dL ′

∫ ∞
0

dL lim
(	,δ)→(∞,0)

123
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×
(

∂t 〈G(L , 	, δ)〉CL+L′+t

∣∣
t=0 − ∂L 〈G(L ,	, δ)〉CL+L′

)

× Tr(e−L ′Kψ(L ′)e−LK α(L))

+
∫ ∞

0
dL ′ lim

(	,δ)→(∞,0)

× 〈G(L ,	, δ)〉CL+L′ Tr(e−L ′Kψ(L ′)e−LK α(L))
∣∣L=∞
L=0 .

With the help of (A.3), we can derive the following.

lim
(	,δ)→(∞,0)

(
∂t 〈G(L ,	, δ)〉CL+L′+t

∣∣
t=0

− ∂L 〈G(L ,	, δ)〉CL+L′

)
= − 1

L + 1

Using it and the assumption α(∞) = 0, we obtain

A2 = −
∫ ∞

0
dL ′

∫ ∞
0

dL
1

1 + L
Tr(e−L ′Kψ(L ′)e−LK α(L)).

Therefore we can confirm that (2.4) holds for the K Bc
solutions which satisfy the assumption α(∞) = 0

A1 + A2 =
∫ ∞

0
dL ′

∫ ∞

0
dLTr(e−L ′Kψ(L ′)

(
χe−LKψ(L)

+ e−LKψ(L)χ
)
).

Because we expect α(∞) = 0 for regular solutions, the
energy of the regular K Bc solutions are proportional to the
Ellwood invariant.

3 Ellwood invariant and energy for the solutions
including X0

Various solutions are constructed by not only K , B, c but also
string fields involving matter operators [12,14–17]. Espe-
cially we focus on

� =
∑
i

√
F1i c

√
F2i G1i

B

Hi
G2i

√
F3i c

√
F4i , (3.1)

where G1i ,G2i are functions of string fields which are an
infinitely thin strip with a boundary insertion of matter oper-
ators. In this case also, Fji and Hi are represented by Laplace
transform respectively. Then the solutions can be written by

� =
∫ ∞

0
dLe−LKψ(L),

ψ(L) :=
∑
i

∫
dL1i dL2i dL3i dL4i dL5iδ(L

− L1i − L2i − L3i − L4i − L5i )

× f1i (L1i ) f2i (L2i )hi (L3i ) f3i (L4i ) f4i (L5i )

× c(L2i + L3i + L4i + L5i )G1i (L3i + L4i + L5i )

× BG2i (L4i + L5i )c(L5i ).

As a concrete example, simple intertwining solution [6,17]
is given by

�int = √
F11c

√
F21G11

B

H1
G21

√
F21c

√
F11

+√
F12c

√
F22G12

B

H2
G22

√
F22c

√
F12,

G11 = G21 = F21 = 1, F11 = F12 = H1 = 1

1 + K
,

F22 = (1 + K )2, H2 = −(1 + K ),

G12 = σ,G22 = σ̄ ,

where σ, σ̄ are defined as an infinitesimally thin strip with
the respectively operators insertion by

σ = σ∗ei
√
hX0

, σ̄ = σ̄∗e−i
√
hX0

, (3.2)

and σ∗, σ̄∗ are boundary condition changing operators and
both of them are primaries of weight h.3

In this section, we study

A1 + A2 = Tr(�(χ − χ†)�),

for the solution (3.1). In Appendix C, it is given that (2.2)
and (2.3) are not problematic for this case also but we check
that (2.6) does not hold in Appendix B.

3.1 Evaluation of A1

We evaluate TI.

TI = lim
(	,δ)→(∞,0)

∫ ∞

0
dL ′

∫ ∞

0
dL

〈
ψ(L + L ′)

×CI(L ,	, δ)ψ(L)〉CL+L′

In this case, because not only CI but also ψ involves X0, the
correlation function cannot be factorized as (2.7). However
we can derive

〈
∂X0(x + iy)∂̄X0(x − iy)eik1·X (z1) . . . eikn ·X (zn)

〉
CL+L′

∝ e−2πy/(L+L ′)

in the limit y → ∞. Thus no matter what the matter operators
which are involved in ψ , the horizontal part of the contours
PL ,	,δ, P̄L ,	,δ does not contribute TI in the limit 	 → ∞.

3 In [18], a flag state solution was constructed. This does not involve
X0, and the simple intertwining solution is derived as a limiting case of
it. However, in this paper, we do not consider it.
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This leads to the same result as the one obtained in the pre-
vious section.

TI = lim
(	,δ)→(∞,0)

[〈
ψ(L + L ′)

∫ i	

iδ

dz

2π i
4∂X0(z)c̄∂̄X0(z̄)ψ(L)

〉
CL+L′

+
〈
ψ(L + L ′)ψ(L)

∫ i	

iδ

dz

2π i
4∂X0(z)c̄∂̄X0(z̄)

〉
CL+L′

+
〈
ψ(L + L ′)

∫ −i	

−iδ

dz̄

2π i
4∂̄X0(z̄)∂X0(z)ψ(L)

〉
CL+L′

+
〈
ψ(L + L ′)ψ(L)

∫ −i	

−iδ

dz̄

2π i
4∂̄X0(z̄)∂X0(z)

〉
CL+L′

]
.

Next, we evaluate TIIA. Because of the discussion in the
previous section, we derive

〈
ψ(L + L ′)CIIA(L ,	, δ)ψ(L)

〉
CL+L′

= −2

〈
ψ(L + L ′)

(
c∂X0(i∞) + c̄∂̄X0(−i∞)

)

× 1

2π i

(
(X0(L + iδ) − X0(L − iδ))

−(X0(iδ) − X0(−iδ))

)
ψ(L)

〉
CL+L′

.

In the limit δ → 0, to avoid collision between X0 and matter
operators involved ψ , we regularize

√
Fji by

√
Fji = lim

ε→0

∫ ∞

ε

dLe−LK f ji (L).

Owing to the regularization, using the boundary condition
(2.8), we obtain

TIIA = 0.

Finally, we evaluate TIIB. In the same way as in the pre-
vious section, we need to consider only the anticommutator
between B and κ because the contours PL ,	,δ and P̄L ,	,δ do
not cross the matter operators. Using (2.9), we can derive

lim
	→∞

〈
ψ(L + L ′) {ψ(L), κ(z, z̄)}〉CL+L′

= 1

L + 1

〈
ψ(L + L ′)α(L)

〉
CL+L′ ,

where α is defined by

α(L) :=
∑
i

αi (L), αi (L)

:=
∑
i

L−1
{√

F1i c
√
F2i G1i

1

Hi
G2i

√
F3i c

√
F4i

}

Thus as in the previous section, it is enough to consider

lim
(	,δ)→(∞,0)

〈
ψ(L + L ′)CIIB(L ,	, δ)ψ(L)

〉
CL+L′

= lim
δ→0

〈
ψ(L + L ′)

(
κ(L + iδ, L − iδ)ψ(L)

−ψ(L)κ(iδ,−iδ)

)〉
CL+L′

+ 1

L + 1

〈
ψ(L + L ′)α(L)

〉
CL+L′ .

Here using (A.5) we can derive

lim
δ→0

〈(
c(iδ)gz(iδ,−iδ) − c̄(−iδ)gz̄(iδ,−iδ)

)

× eik1·X (z1) . . . eikn ·X (zn)
〉
CL+L′

= lim
δ→0

(
〈gz(iδ,−iδ)〉CL+L′

〈
c(iδ)eik1·X (z1) . . . eikn ·X (zn)

〉
CL+L′

− 〈gz̄(iδ,−iδ)〉CL+L′

〈
c̄(−iδ)eik1·X (z1) . . . eikn ·X (zn)

〉
CL+L′

)
.

Hence even if ψ involves matter operators, we can use

lim
δ→0

〈
ψ(L + L ′)

(
κ(L + iδ, L − iδ)ψ(L) − ψ(L)κ(iδ, −iδ)

)〉
CL+L′

=
〈
ψ(L + L ′) lim

δ→0

1

2πδ

((
c(L + iδ) − c̄(L − iδ)

)
ψ(L)

−ψ(L)

(
c(iδ) − c̄(−iδ)

))〉
CL+L′

.

Thus we obtain

lim
(	,δ)→(∞,0)

〈
ψ(L + L ′)CIIB(L ,	, δ)ψ(L)

〉
CL+L′

= lim
δ→0

〈
ψ(L + L ′) 1

2πδ

((
c(L + iδ) − c̄(L − iδ)

)
ψ(L)

−ψ(L)

(
c(iδ) − c̄(−iδ)

))〉
CL+L′

+ 1

L + 1

〈
ψ(L + L ′)α(L)

〉
CL+L′ .
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This is the same result as in the previous section.
Therefore we obtain

A1 =
∫ ∞

0
dL ′

∫ ∞

0
dLTr

(
e−L ′Kψ(L ′)

(
χe−LKψ(L)

+ e−LKψ(L)χ + 1

1 + L
e−LKα(L)

))
.

3.2 Evaluation of A2

We evaluate A2. In a similar way as in the previous section,
we use
〈
ψ(L + L ′)G(L ,	, δ)

(
Qψ(L) − L−1 {Q�} (L)

)〉
CL+L′

= ∂t

〈
ψ(L + L ′)G(L ,	, δ)e−t Kα(L + t)

〉
CL+L′+t

∣∣
t=0.

Because ψ involves X0, this cannot be factorized as (2.10).
If we focus on the case that G1i and G2i are constructed only
by plane wave vertex operators, the right-hand side can be
written by

∂t

〈
ψ(L + L ′)G(L , 	, δ)e−t Kα(L + t)

〉
CL+L′+t

∣∣
t=0

= ∂t

(
〈G(L , 	, δ)〉CL+L′+t

〈
ψ(L + L ′)e−t Kα(L + t)

〉
CL+L′+t

)∣∣
t=0

+
∑
i,n

∫
dL ′

1ndL
′
2ndL

′
3ndL

′
4ndL

′
5ndL1i dL2i dL3i dL4i dL5i

× f1n(L
′
1n) f2n(L

′
2n)hn(L

′
3n) f3n(L

′
4n) f4n(L

′
5n) f1i (L1i ) f2i

× (L2i )hi (L3i ) f3i (L4i ) f4i (L5i )

× ∂t (�(L1i + L2i + L3i + L4i + L5i , 	, δ, s + t)

× Tr
(
e−L ′

1n K ce−L ′
2n K G1ne

−L ′
3n K BG2ne

−L ′
4n K ce−L ′

5n K

× e−t K e−L1i K ce−L2i K G1i e
−L3i K G2i e

−L4i K ce−L5i K
)) ∣∣

t=0,

where � id defined by (A.6). The first term can be written by

lim
(	,δ)→(∞,0)

∂t

(
〈G(L ,	, δ)〉CL+L′+t

〈
ψ(L + L ′)e−t Kα(L + t)

〉
CL+L′+t

)∣∣
t=0

= −
∫ ∞

0
dL ′

∫ ∞

0
dL

1

1 + L
Tr(e−L ′Kψ(L ′)e−LKα(L))

in

the same way as in the previous section. However the second
term presents an obstruction. Because of the second term, we
obtain

Tr(� [Q,G] �) = Tr(�(χ − χ†)�)

+
∑
i,n

∫
dL ′

1ndL
′
2ndL

′
3ndL

′
4ndL

′
5ndL1i dL2i dL3i

× dL4i dL5i f1n(L
′
1n) f2n(L

′
2n)hn(L

′
3n) f3n(L

′
4n) f4n

× (L ′
5n) f1i (L1i ) f2i (L2i )hi (L3i ) f3i (L4i ) f4i (L5i )

× lim
(	,δ)→(∞,0)

∂t (�(L1i + L2i + L3i + L4i + L5i ,	, δ, s + t)

× Tr
(
e−L ′

1n K ce−L ′
2n K G1ne

−L ′
3n K BG2ne

−L ′
4n K ce−L ′

5n K

× e−t K e−L1i K ce−L2i K G1i e
−L3i K G2i e

−L4i K ce−L5i K
)) ∣∣

t=0.

Here the trace in the last line leads to

Tr(e−L ′
1n K ce−L ′

2n K G1ne
−L ′

3n K BG2ne
−L ′

4n K ce−L ′
5n K

× e−t K e−L1i K ce−L2i K G1i e
−L3i K G2i e

−L4i K ce−L5i K )

= (s + t)2

4π3

(
(L ′

1n + L ′
5n + t + L1i + L2i + L3i + L4i + L5i )

× sin
2π(L2i + L3i + L4i )

s + t
+ (L2i + L3i + L4i )

× sin
2π(L ′

1n + L ′
5n + t + L1i + L2i + L3i + L4i + L5i )

s + t

− (L ′
5n + t + L1i + L2i + L3i + L4i )

× sin
2π(L ′

1n + L2i + L3i + L4i + L5i )

s + t

− (L ′
1n + L2i + L3i + L4i + L5i )

sin
2π(L ′

5n + t + L1i + L2i + L3i + L4i )

s + t

+ (L ′
5n + t + L1i ) sin

2π(L ′
1n + L5i )

s + t

+(L ′
1n + L5i ) sin

2π(L ′
5n + t + L1i )

s + t

)

× ×Tr(e−(L ′
1n+L ′

2n)KG1ne
−L ′

3n K G2ne
−(L ′

4n+L ′
5n+t+L1i+L2i )K

× G1i e
−L3i K G2i e

−(L4i+L5i )K ).

On the other hand, we were unable to evaluate �. Hence it
is not clear whether (2.4) does not hold for the solution. If �

does not vanishes, the difference between the energy and the
Ellwood invariant is given by

− S[�sol] − Tr(V�sol)

=
∑
i,n

∫
dL ′

1ndL
′
2ndL

′
3ndL

′
4ndL

′
5ndL1i dL2i dL3i dL4i dL5i

× f1n(L
′
1n) f2n(L

′
2n)hn(L

′
3n) f3n(L

′
4n) f4n(L

′
5n)

× f1i (L1i ) f2i (L2i )hi (L3i ) f3i (L4i ) f4i (L5i )

× lim
(	,δ)→(∞,0)

∂t

× (�(L1i + L2i + L3i + L4i + L5i ,	, δ, s + t)
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× (s + t)2

4π3

(
(L ′

1n + L ′
5n + t + L1i + L2i + L3i + L4i + L5i )

× sin
2π(L2i + L3i + L4i )

s + t
+ (L2i + L3i + L4i )

× sin
2π(L ′

1n + L ′
5n + t + L1i + L2i + L3i + L4i + L5i )

s + t

− (L ′
5n + t + L1i + L2i + L3i + L4i )

× sin
2π(L ′

1n + L2i + L3i + L4i + L5i )

s + t

− (L ′
1n + L2i + L3i + L4i + L5i )

× sin
2π(L ′

5n + t + L1i + L2i + L3i + L4i )

s + t

+ (L ′
5n + t + L1i ) sin

2π(L ′
1n + L5i )

s + t

× +(L ′
1n + L5i ) sin

2π(L ′
5n + t + L1i )

s + t

) ∣∣
t=0

×Tr(e−(L ′
1n+L ′

2n)KG1ne
−L ′

3n K

× G2ne
−(L ′

4n+L ′
5n+t+L1i+L2i )KG1i e

−L3i K G2i e
−(L4i+L5i )K )

)
.

4 Summary

We examine condition (2.4) for the solution which is con-
structed by K , B, c and matter operators involving X0. As a
result, we obtain that X0 presents an obstruction. If the solu-
tion involves X0, we need to calculate �. Hence (2.4) may
not hold for the solution. Because we confirm that (2.2) and
(2.3) are not problematic in Appendix C, if we can evaluate
�, it will be clear whether the energy is proportional to the
Ellwood invariant. Unfortunately, � depends on X0 included
in the solution and we were unable to evaluate �. Thus at
present, it is not clear whether the energy is proportional to
the Ellwood invariant. However, according to the numerical
result in Appendix A, � does not vanish (Fig. 2). Therefore
the energy may be not proportional to the Ellwood invariant.

If one would like to clarify whether the energy is pro-
portional to the Ellwood invariant for such solutions, it may
solve the problem to modify G. It is required that G satisfies

[Q,G] = χ − χ†,

but such G is not unique. In [19,20], they found operator sets
that satisfy the algebraic relation of the K Bc algebra. Using
such operator sets even if a solution involves X0, it looks like
the K Bc solution. They may be helpful to modify G.

In this paper, we focused on regular solutions and did not
consider solutions in which regularization is necessary e.g.
[21–24]. In [9], it is already examined for Murata-Schnabl
solution but it may be interesting to examine also for other
solutions. Especially the solution which is constructed in
[25] involves X0 and regularization is necessary. It would

be intriguing to examine the relation between the energy and
the Ellwood invariant for the solution.
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5 Appendix A Correlation functions in the sliver frame

The conformal transformation fs from the infinite cylinder
Cs with circumference s to upper half plane (UHP) and the
inverse transformation f −1

s are given as

fs(u) = s

π
tan−1 u, f −1

s (z) = tan
π

s
z,

d fs
du

= s

π

1

1 + u2 ,
d f −1

s

dz

= π

s

1

cos2 π
s z

.

(A.1)

Using them, we obtain the 2-point correlation function of ∂X
on Cs .

〈
∂Xμ(z1)∂X

ν(z2)
〉
Cs

=
〈
f −1
s ◦ (∂Xμ(z1)∂X

ν(z2))
〉
UHP

= −1

2
ημν

(
π

s

)2 1

sin2 π(z1−z2)
s

Especially, since for

X0(z, z̄) − X0(z0, z̄0) =
∫ z

z0

dz′∂X0(z′)
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+
∫ z̄

z̄0

dz̄′∂̄X0(z̄′),

we can evaluate the correlation function of gz

〈gz(z, z̄)〉Cs
= lim

z0→i∞ 2

×
〈(

X0(z, z̄) − X0(z0, z̄0)

)
∂X0(z

〉
Cs

= lim
z0→i∞ 2

(∫ z

z0

〈
∂X0(z′)∂X0(z)

〉
Cs

+
∫ z̄

z̄0

dz̄′
〈
∂̄X0(z̄′)∂X0(z)

〉
Cs

)

= π

s
cot

π(z − z̄)

s
(A.2)

and the correlation function of G

〈G(L ,	, δ)〉Cs
= L

s
coth

2π	

s
. (A.3)

Similarly, we obtain the correlation function of vertex
operators on Cs

〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

=
n∏

i=1

(
s

π
cos2 π

s
zi

)−k2
i /2

×
〈
eik1·X (u1) . . . eikn ·X (un)

〉
UHP

=
n∏

i=1

(
s

π
cos2 π

s
zi

)−k2
i /2

×
∏

1≤ j<l≤n

(
tan

π

s
z j − tan

π

s
zl

)k j ·kl

=
n∏

i=1

(
s

π
cos2 π

s
zi

)−k2
i /2

×
∏

1≤ j<l≤n

(
sin π

s (z j − zl)

cos π
s z j cos π

s zl

)k j ·kl

= exp

[
−

n∑
i=1

k2
i

2
ln
( s

π
cos2 π

s
zi
)

+
∑

1≤ j<l≤n

k j · kl ln(
sin π

s (z j − zl)

cos π
s z j cos π

s zl
)

⎤
⎦ ,

where ui is defined by

ui := tan
π

s
zi .

In general, correlation functions of X variables can be
evaluated from above result. For example, the correlation

function of ∂Xμeik·X is given by

〈
Xμ(z′)eik·X (z)

〉
Cs

= 1

i

∂

∂k′
μ

〈
eik

′·X (z′)eik·X (z)
〉
Cs

∣∣
k′=0

= −ikμ ln

(
sin π

s (z′ − z)

cos π
s z

′ cos π
s z

)
,

×
〈
∂Xμ(z′)eik·X (z)

〉
Cs

= ∂

∂z′
〈
Xμ(z′)eik·X (z)

〉
Cs

= −ikμ π

s

(
tan

π

s
z′ + cot

π

s
(z′ − z)

)
.

In particular, we give important correlation function.

〈
∂Xμ(z′)∂Xν(z)eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

=
[ 〈

∂Xμ(z′)∂Xν(z)
〉
Cs

+
∑

1≤m≤n
1≤o≤n

〈
∂Xμ(z′)eikm ·X (zm)

〉
Cs

〈
∂Xν(z)eiko·X (zo)

〉 ]

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

=
[ 〈

∂Xμ(z′)∂Xν(z)
〉
Cs

−
(

π

s

)2

×
∑

1≤m≤n
1≤o≤n

(km)μ(ko)
ν

(
tan

π

s
z′ + cot

π

s
(z′ − zm)

)

×
(

tan
π

s
z + cot

π

s
(z − zo)

)]

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

.

Using them, we obtain

〈
(Xμ(z, z̄) − Xμ(z0, z̄0))∂X

ν(z)eik1·X (z1) . . . eikn ·X (zn)
〉
Cs

= 〈
(Xμ(z, z̄) − Xμ(z0, z̄0))∂X

ν(z)
〉
Cs

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

− π

s

∑
1≤m≤n
1≤o≤n

(km)μ(ko)
ν
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

×
(

tan
π

s
z + cot

π

s
(z − zo)

)

× ln

(− cos 2π
s (z − zm) + cos 2π i

s �z
cos 2π

s z + cos 2π i
s �z

× cos 2π
s z0 + cos 2π i

s �z0

− cos 2π
s (z0 − zm) + cos 2π i

s �z0

)
.
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Since for

ln

(
cos 2π

s z0 + cos 2π i
s �z0

− cos 2π
s (z0 − zm) + cos 2π i

s �z0

)

= 4 cos
π

s
zm cos

(π

s
(2x0 − zm)

)
e2π i x0e−2πy0/s

+ O
(
e−4πy0/s

)
,

with z0 = x0 + iy0 in the limit y0 → ∞, we obtain

〈
(Xμ(z, z̄) − Xμ(i∞,−i∞))∂Xν(z)eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

= 〈
(Xμ(z, z̄) − Xμ(i∞,−i∞))∂Xν(z)

〉
Cs

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

− π

s

∑
1≤m≤n
1≤o≤n

(km)μ(ko)
ν

(
tan

π

s
z + cot

π

s
(z − zo)

)

× ln

(− cos 2π
s (z − zm) + cos 2π i

s �z
cos 2π

s z + cos 2π i
s �z

)

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

,

and

〈
gz(z, z̄)e

ik1·X (z1) . . . eikn ·X (zn)
〉
Cs

=
(

〈gz(z, z̄)〉Cs
+ δz(z, z̄, s)

) 〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

,

×
〈
gz̄(z, z̄)e

ik1·X (z1) . . . eikn ·X (zn)
〉
Cs

=
(

〈gz̄(z, z̄)〉Cs
+ δz̄(z, z̄, s)

)

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

,

where we define

δz(z, z̄, s) :=
∑

1≤m≤n
1≤o≤n

〈
(X0(z, z̄) − X0(i∞, −i∞))eikm ·X (zm )

〉
Cs

×
〈
∂X0(z)eiko ·X (zo)

〉
Cs

= −2π

s

∑
1≤m≤n
1≤o≤n

(km)0(ko)
0
(

tan
π

s
z + cot

π

s
(z − zo)

)

× ln

(− cos 2π
s (z − zm) + cos 2π

s �z
cos 2π

s z + cos 2π
s �z

)
,

δz̄(z, z̄, s) :=
∑

1≤m≤n
1≤o≤n

〈
(X0(z, z̄) − X0(i∞, −i∞))eikm ·X (zm )

〉
Cs

×
〈
∂̄X0(z̄)eiko ·X (zo)

〉
Cs

= −2π

s

∑
1≤m≤n
1≤o≤n

(km)0(ko)
0
(

tan
π

s
z̄ + cot

π

s
(z̄ − zo)

)

× ln

(− cos 2π
s (z − zm) + cos 2π

s �z
cos 2π

s z + cos 2π
s �z

)
.

Since for

tan
π

s
(x + iy) + cot

π

s
(x + iy − zo)

= −4ieπ i(2x−zo)/s cos(
π

s
zo)e

−2πy/s + O
(
e−4πy/s

)
,

ln

(− cos 2π
s (z − zm) + cos 2π

s �z
cos 2π

s z + cos 2π
s �z

)

= −4 cos
π

s
zm cos

(π

s
(2x − zm)

)
e2π i x e−2πy/s

+ O
(
e−4πy/s

)
, (A.4)

with z = x + iy in the limit y → ∞, we obtain

lim
	→∞ δz(i	,−i	, s) = 0,

lim
	→∞ δz̄(i	,−i	, s) = 0,

and

lim
	→∞

〈
gz(i	,−i	)eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

= lim
	→∞ 〈gz(i	,−i	)〉Cs

〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

,

lim
	→∞

〈
gz̄(i	,−i	)eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

= lim
	→∞ 〈gz̄(i	,−i	)〉Cs

〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

.

(A.5)

Using the above results, we give the correlation function
of G and plane wave vertex operators

〈
G(L ,	, δ)eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

=
(

〈G(L ,	, δ)〉Cs
+ �(L ,	, δ, s)

)

×
〈
eik1·X (z1) . . . eikn ·X (zn)

〉
Cs

,

�(L ,	, δ, s) :=
∫
PL ,	,δ

dz

2π i
δz(z, z̄, s)

−
∫
P̄L ,	,δ

dz̄

2π i
δz̄(z, z̄, s). (A.6)

123
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In the limit 	 → ∞, the horizontal part of the integration
vanishes

lim
	→∞

∫ L+i	

i	

dz

2π i
δz(z, z̄, s) = 0,

lim
	→∞

∫ L−i	

−i	

dz̄

2π i
δz̄(z, z̄, s) = 0.

On the other hand, the vertical part of the integration does
not vanish. Thus in the limit 	 → ∞, we obtain

lim
	→∞ �(L ,	, δ, s)

= lim
	→∞

[∫ i	

iδ

dz

2π i
δz(z, z̄, s) −

∫ −i	

−iδ

dz̄

2π i
δz̄(z, z̄, s)

−
∫ L+i	

L+iδ

dz

2π i
δz(z, z̄, s) +

∫ L−i	

L−iδ

dz̄

2π i
δz̄(z, z̄, s)

]
.

(A.7)

Unfortunately, we are unable to evaluate this integral and we
do not know whether this vanishes.

lim
	→∞ �(L ,	, δ, s)

= lim
	→∞

[∫ i	

iδ

dz

2π i
δz(z, z̄, s) −

∫ −i	

−iδ

dz̄

2π i
δz(z̄, z, s)

−
∫ L+i	

L+iδ

dz

2π i
δz(z, z̄, s) +

∫ L−i	

L−iδ

dz̄

2π i
δz̄(z, z̄, s)

]
.

We numerically evaluate

�̂(s, L , zm, zo) :=
∫ i∞

0

dz

2π i
δ̂z(z, z̄, s, zm, zo)

−
∫ −i∞

0

dz

2π i
δ̂z(z, z̄, s, zm, zo)

−
∫ L+i∞

L

dz

2π i
δ̂z(z, z̄, s, zm, zo)

+
∫ L−i∞

L

dz

2π i
δ̂z̄(z, z̄, s, zm, zo)

and in Fig. 2, we plot �̂(10, 6, zm, zo) as a function of
zm, zo where δ̂z, δ̂z̄ are defined by

δ̂z(z, z̄, s, zm, zo) := −2π

s

(
tan

π

s
z + cot

π

s
(z − zo)

)

× ln

(− cos 2π
s (z − zm) + cos 2π

s �z
cos 2π

s z + cos 2π
s �z

)
,

δ̂z̄(z, z̄, s, zm, zo) := −2π

s

(
tan

π

s
z + cot

π

s
(z̄ − zo)

)

× ln

(− cos 2π
s (z − zm) + cos 2π

s �z
cos 2π

s z + cos 2π
s �z

)
.

Fig. 2 The numerical result for ��̂(10, 6, zm , zo)

According to Fig. 2, It is clear that � does not vanish in
general.

6 Appendix B Examination of condition (2.6)

Even if � does not vanish, it does not imply that the energy
is not proportion to the Ellwood invariant. This is because
there is still a possibility that (2.6) does not hold.

Tr

(
2

π i
cc̄∂X0∂̄X0�

)
�= Tr(χQ�)

In the this appendix, we show that the above relation for
string fields involving X0 variables does not hold.

First let us consider a string field

�L ,L ′ := e−LK ce−L ′K .

The Ellwood invariant for the string field is

Tr

(
2

π i
cc̄∂X0∂̄X0�L ,L ′

)

= 2

π i

〈
cc̄∂X0∂̄X0(i∞,−i∞)c(−L)

〉
Cs

= 2

π i
〈cc̄(i∞,−i∞)c(−L)〉Cs

×
〈
∂X0∂̄X0(i∞,−i∞)

〉
Cs

.

On the other hand, the trace of χQ�L ,L ′ is given by

Tr(χQ�L ,L ′)

= lim
(	,δ)→(∞,0)

[∫ i	

iδ

dz

2π i
4
〈
∂X0(z)c̄∂̄X0(z̄)c∂c(−L)

〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4
〈
∂̄X0(z̄)c∂X0(z)c∂c(−L)

〉
Cs

123
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+ 1

2πδ
〈c(0)c∂c(−L)〉Cs

]

= lim
(	,δ)→(∞,0)

[∫ i	

iδ

dz

2π i
4 〈c̄(z̄)c∂c(−L)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)

〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4 〈c(z)c∂c(−L)〉Cs

〈
∂̄X0(z̄)∂X0(z)

〉
Cs

+ 1

2πδ
〈c(0)c∂c(−L)〉Cs

]
.

As shown in [9], they are the same.

Tr

(
2

π i
cc̄∂X0∂̄X0�L ,L ′

)
= Tr(χQ�L ,L ′)

Next let us consider a string field

� = e−L1K eik1·Xe−L2K ce−L3K eik2·Xe−L4K ,

where we set kμ
1 = (

√
h, 0, . . . , 0) and kμ

2 = −kμ
1 . The

Ellwood invariant for the string field is

Tr

(
2

π i
cc̄∂X0∂̄X0�

)

= 2

π i

〈
cc̄∂X0∂̄X0(i∞,−i∞)eik1·X

×(−L1)c(−L1 − L2)e
ik2·X (−L1 − L2 − L3)

〉
Cs

= 2

π i
〈cc̄(i∞,−i∞)c(−L1 − L2)〉Cs

×
〈
∂X0∂̄X0(i∞,−i∞)eik1·X (−L1)e

ik2·X (−L1 − L2 − L3)
〉
Cs

= 2

π i
〈cc̄(i∞,−i∞)c(−L1 − L2)〉Cs

〈
eik1·X (z1)e

ik2·X (z2)
〉
Cs

×
( 〈

∂X0∂̄X0(i∞,−i∞)
〉
Cs

+
∑

1≤m≤2
1≤o≤2

〈
∂X0(i∞)eikm ·X (zm)

〉
Cs

×
〈
∂̄X0(−i∞)eiko ·X (zo)

)〉
Cs

)
,

where

z1 = −L1, z2 = −L1 − L2 − L3.

Since for (A.4), we obtain

〈
∂X0(i∞)eikm ·X (zm)

〉
Cs

=
〈
∂̄X0(−i∞)eiko·X (zo)

〉
Cs

= 0.

Thus the Ellwood invariant is

Tr

(
2

π i
cc̄∂X0∂̄X0�

)

= 2

π i
〈cc̄(i∞,−i∞)c(−L1 − L2)〉Cs

×
〈
∂X0∂̄X0(i∞,−i∞)

〉
Cs

〈
eik1·X (z1)eik2·X (z2)

〉
Cs

= Tr(
2

π i
cc̄∂X0∂̄X0�L1+L2,L3+L4 )

〈
eik1·X (z1)eik2·X (z2)

〉
Cs

= Tr′
(

2

π i
cc̄∂X0∂̄X0�L1+L2,L3+L4

)
, (B.1)

where

Tr′(��) := Tr(��)
〈
eik1·X (z1)e

ik2·X (z2)
〉
Cs

.

Finally, we evaluate the trace of χQ�. Q� is

Q� = e−L1K Qeik1·Xe−L2K ce−L3K eik2·Xe−L4K

+ e−L1K eik1·Xe−L2K c∂ce−L3K eik2·Xe−L4K

− e−L1K eik1·Xe−L2K ce−L3K Qeik2·Xe−L4K . (B.2)

We focus on the second term and we consider the correlation
function of it and the first term in (2.5). This is given by

lim
(	,δ)→(∞,0)

∫ i	

iδ

dz

2π i
4
〈
∂X0(z)c̄∂̄X0(z̄)eik1·X

× (−L1)c∂c(−L1 − L2)eik2·X (−L1 − L2 − L3)
〉
Cs

= lim
(	,δ)→(∞,0)

∫ i	

iδ

dz

2π i
4 〈c̄(z̄)c∂c(−L1 − L2)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)eik1·X (−L1)eik2·X (−L1 − L2 − L3)

〉
Cs

= lim
(	,δ)→(∞,0)

∫ i	

iδ

dz

2π i
4 〈c̄(z̄)c∂c(−L1 − L2)〉Cs

×
( 〈

∂X0(z)∂̄X0(z̄)
〉
Cs

+
∑

1≤m≤2
1≤o≤2

〈
∂X0(z)eikm ·X (zm)

〉
Cs

×
〈
∂̄X0(z̄)eiko·X (zo)

〉
Cs

)

×
〈
eik1·X (−L1)eik2·X (−L1 − L2 − L3)

〉
Cs

.

Similarly, we obtain

Tr′
(

χe−L1K eik1·Xe−L2K c∂ce−L3K eik2·Xe−L4K
)

= Tr′
(

χQ�L1+L2,L3+L4

)
+ lim

(	,δ)→(∞,0)

∑
1≤m≤2
1≤o≤2

×
(∫ i	

iδ

dz

2π i
4 〈c̄(z̄)c∂c(−L1 − L2)〉Cs

×
〈
∂X0(z)eikm ·X (zm)

〉
Cs

〈
∂̄X0(z̄)eiko·X (zo)

〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4 〈c(z)c∂c(−L1 − L2)〉Cs

123
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×
〈
∂X0(z)eikm ·X (zm)

〉
Cs

〈
∂̄X0(z̄)eiko·X (zo)

〉
Cs

)
.

(B.3)

We evaluate also the the trace of χ and the remaining term
in (B.2). They are given by

Tr(χe−L1K Qeik1·Xe−L2K ce−L3K eik2·Xe−L4K )

= −hTr(χe−L1K ∂ceik1·Xe−L2K ce−L3K eik2·Xe−L4K )

+ i
√
hTr(χe−L1K c∂X0eik1·Xe−L2K ce−L3K eik2·Xe−L4K )

= −h lim
(	,δ)→(∞,0)

(∫ i	

iδ

dz

2π i
4 〈c̄(z̄)∂c(−L1)c(−L1 − L2)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)eik1·X (z1)e

ik2·X (z2)
〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4 〈c(z)∂c(−L1)c(−L1 − L2)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)eik1·X (z1)e

ik2·X (z2)
〉
Cs

+ 1

2πδ
〈c(0)∂c(−L1)c(−L1 − L2)〉Cs

×
〈
eik1·X (z1)e

ik2·X (z2)
〉
Cs

)

+ i
√
h lim

(	,δ)→(∞,0)

(∫ i	

iδ

dz

2π i
4 〈c̄(z̄)c(−L1)c(−L1 − L2)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)∂X0(z1)e

ik1·X (z1)e
ik2·X (z2)

〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4 〈c(z)c(−L1)c(−L1 − L2)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)∂X0(z1)e

ik1·X (z1)e
ik2·X (z2)

〉
Cs

+ 1

2πδ
〈c(0)c(−L1)c(−L1 − L2)〉Cs

×
〈
∂X0(z1)e

ik1·X (z1)e
ik2·X (z2)

〉
Cs

)
, (B.4)

and

Tr(χe−L1K eik1·Xe−L2K ce−L3K Qeik2·Xe−L4K )

= −hTr(χe−L1K eik1·Xe−L2K ce−L3K ∂ceik2·Xe−L4K )

− i
√
hTr(χe−L1K eik1·Xe−L2K ce−L3K c∂X0eik2·Xe−L4K )

= −h lim
(	,δ)→(∞,0)

(∫ i	

iδ

dz

2π i
4
〈
c̄(z̄)c(−L1 − L2)∂

×c(−L1 − L2 − L3)〉
Cs

〈
∂X0(z)∂̄X0(z̄)eik1·X (z1)eik2·X (z2)

〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4 〈c̄(z̄)c(−L1 − L2)∂c(−L1 − L2 − L3)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)eik1·X (z1)eik2·X (z2)

〉
Cs

+ 1

2πδ
〈c(0)c(−L1 − L2)∂c(−L1 − L2 − L3)〉Cs

Fig. 3 The numerical result for (B.6) where we set L1 = L4, L2 = L3
and h = 1

×
〈
eik1·X (z1)eik2·X (z2)

〉
Cs

)

− i
√
h lim

(	,δ)→(∞,0)

(∫ i	

iδ

dz

2π i
4 〈c̄(z̄)c(−L1 − L2)

×c(−L1 − L2 − L3)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)eik1·X (z1)∂X0(z2)eik2·X (z2)

〉
Cs

−
∫ −i	

−iδ

dz̄

2π i
4 〈c̄(z̄)c(−L1 − L2)c(−L1 − L2 − L3)〉Cs

×
〈
∂X0(z)∂̄X0(z̄)eik1·X (z1)∂X0(z2)eik2·X (z2)

〉
Cs

+ 1

2πδ
〈c(0)c(−L1 − L2)c(−L1 − L2 − L3)〉Cs

×
〈
eik1·X (z1)∂X0(z2)eik2·X (z2)

〉
Cs

)
. (B.5)

To satisfy (2.6), the sum of (B.3), (B.4) and (B.5) has to
coincide with (B.1) and we examine it order by order in h.
Because of

〈
∂X0(z)∂̄X0(z̄)

〉
Cs

∼ O
(
h0
)

,

〈
∂X0(z)eikm ·X (zm )

〉
Cs

∼ O
(
h1/2

)
,

we obtain

Tr′(χQ�) = Tr′(χQ�L1+L2,L3+L4) + O (h) .

Because the first term can be expressed

Tr′
(

χQ�L1+L2,L3+L4

)

= Tr′
(

2

π i
cc̄∂X0∂̄X0�L1+L2,L3+L4

)
,
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the higher-order terms in h has to vanish. We focus on the
term at O

(
h2
)
. It is given by

lim
(	,δ)→(∞,0)

∑
1≤o≤2
1≤m≤2

[
−4h

∫ i	

iδ

dz

2π i

×
((

〈c̄(z̄)∂c(−L1)c(−L1 − L2)〉Cs

−〈c̄(z̄)c(−L1 − L2)∂c(−L1 − L2 − L3)〉Cs

)

×
〈
∂X0(z)eikm ·X (zm )

〉
Cs

〈
∂̄X0(z̄)eiko ·X (zo)

〉
Cs

)

+ 4h
∫ i	

−iδ

dz̄

2π i

((
〈c(z)∂c(−L1)c(−L1 − L2)〉Cs

−〈c(z)c(−L1 − L2)∂c(−L1 − L2 − L3)〉Cs

)

×
〈
∂X0(z)eikm ·X (zm )

〉
Cs

〈
∂̄X0(z̄)eiko·X (zo)

〉
Cs

)]

= −4h2 lim
(	,δ)→(∞,0)

∑
1≤o≤2
1≤m≤2

sgn(k0
ok

0
m)

× cos
π(L2 + L3)

s
cos

π

s
zm cos

π

s
zo

×
[∫ i	

iδ

dz

2π i

cos 2π(z̄+L1)+π(L2+L3)
s − cos π(L2−L3)

s

sin π
s (zo − z̄) sin π

s (zm − z) cos π
s z cos π

s z̄

−
∫ −i	

−iδ

dz̄

2π i

cos 2π(z+L1)+π(L2+L3)
s − cos π(L2−L3)

s

sin π
s (zo − z̄) sin π

s (zm − z) cos π
s z cos π

s z̄

]
.

(B.6)

In Fig. 3, we present numerical result. It is clear that (B.6) is
nonzero. Therefore the equation (2.6) does not hold for the
string field involving X0 variables.

7 Appendix C Examination of condition (2.2) and (2.3)

We would like to examine the conditions (2.2) and (2.3). In
this appendix, we consider more general condition

Tr(G�1�2 . . . �N ) + Tr(�1G�2 . . . �N )

+ · · · + Tr(�1�2 . . .G�N ) = Tr(�1�2 . . . �N )

than (2.2) and (2.3). We show that the above equation holds
for arbitrary string fields �i which are constructed only by
K , B, c and matter operators.

If we represent �i by a Laplace transform, the left-hand
side can be written by

Tr(G�1�2 . . . �N ) + Tr(�1G�2 . . . �N )

+ · · · + Tr(�1�2 . . .G�N )

=
N∏
i=1

(∫ ∞

0
dLi

)
lim

(	,δ)→(∞,0)

×
〈
esKG(L1,	, δ)e−L1Kψ(L1)e

−L2K

× ψ(L2) . . . e−LN Kψ(LN )
〉
Cs

+
N∏
i=1

(∫ ∞

0
dLi

)
lim

(	,δ)→(∞,0)

×
〈
esK e−L1Kψ(L1)G(L2,	, δ)e−L2K

× ψ(L2) . . . e−LN Kψ(LN )
〉
Cs

...

+
N∏
i=1

(∫ ∞

0
dLi

)
lim

(	,δ)→(∞,0)

×
〈
esK e−L1Kψ(L1)e

−L2Kψ(L2) . . .

× G(LN ,	, δ)e−LN Kψ(LN )
〉
Cs

,

where s is given by

s =
N∑
i=1

Li .

Fig. 4 The contour of
N∑
j=1

G(L j ,	, δ) at the case of N = 3
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Using the cyclicity of the cylinder, the vertical part of the
contours cancel each other (Fig. 4).

Additionally, using (A.5), we obtain

Tr(G�1�2 . . . �N ) + Tr(�1G�2 . . . �N )

+ · · · + Tr(�1�2 . . .G�N )

=
N∏
i=1

(∫ ∞

0
dLi

)
lim

(	,δ)→(∞,0)
〈G(s,	, δ)〉Cs

×
〈
esK e−L1Kψ(L1)e

−L2Kψ(L2) . . . e−LN Kψ(LN )
〉
Cs

= Tr(�1�2 . . . �N ).

This is what we wanted to show. Therefore it is clear that
(2.2) and (2.3) hold for the solutions which are constructed
only by K , B, c and matter operators.
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