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Abstract For some classical solutions Wy, in Witten’s
bosonic string field theory, it was proven that energy of the
solution is proportional to the Ellwood invariant Tr(}V W)
with V = ccd X9 X°. We examine the relation for solutions
involving X 0 variables. As aresult, we obtain that the relation
may not hold for such solutions. Namely, there is a possibility
that the energy is not proportional to the Ellwood invariant.

Contents
1 Introduction

2 Review on Ellwood invariant and energy for K Bc
solution . . . . . ... 2

2.1 Evaluationof Ay .. ... ........... 3

2.2 Evaluationof A . ... ... ......... 5
3 Ellwoodinvariant and energy for the solutions includ-

ing X0 L 6

3.1 Evaluationof A; . .. ............. 6

3.2 Evaluationof Ay . .. .. ... ........ 8
4 Summary . . ... 9
5 Appendix A Correlation functions in the sliver frame 9
6 Appendix B Examination of condition (2.6) . . . . . 12
7 Appendix C Examination of condition (2.2) and (2.3) 15
References . . . . . . ... ... ... ... ... 16

1 Introduction

String field theory has been actively studied as a candidate
for a non-perturbative formulation of string theory. One of
open bosonic string field theories is Witten’s bosonic string

2 e-mail: ando @het.ph.tsukuba.ac.jp (corresponding author)

b e-mail: suda@het.ph.tsukuba.ac.jp

field theory and the action is given by [1]

S[W] = —éTr(%\IJQ\IJ + %qﬁ)

where g is the coupling constant of the string field theory.
In this theory, many classical solutions including tachyon
vacuum solution were constructed, e.g. [2—6].

To understand the physical interpretation of these solu-
tions, it is important to compute physical observables. In the
Witten’s bosonic string field theory, two important observ-
ables exist. One is the energy of the classical solution.
Because the action evaluated on a static solution is equal
to minus the energy of the solution times the volume of the
time coordinate, the energy of any static solution Wy is given
by

1
E[VYs]l = —————S[Vso1].
[Wsol] VOI(XO) [Wsol]
Another is
Tr(vwsol)’

where ) is a BRS invariant closed string state at the mid-
point [7,8]. This is called Ellwood invariant. It is believed to
be equal to the shift in the closed string tadpole amplitude
between BCFTs described by the classical solution and the
perturbative vacuum solution.

In [9], they proved that the energy is proportional to the
Ellwood invariant with

2 _
Y =-"ccax°5x°.
Tl

However, it was shown for only some static classical solu-
tions that do not involve X°. Even if the solution involves
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XY, the similar relation should hold as long as the solution
is invariant under the shift of X° and it depends effectively
only on derivatives of X, There is a possibility that solutions
exist for which these conditions do not hold. In this paper,
we examine the relation between the energy and the Ellwood
invariant for static solutions that are constructed by K, B, ¢
and matter operators involving X°. As a result, we obtain
that there is a possibility that the energy is not proportional
to the Ellwood invariant for such solutions.

This paper is organized as follows. In Sect. 2, we review
the discussion in [9] and confirm that the Ellwood invariant
is proportional to the energy for regular solutions using only
K, B, c. This includes not only Okawa type solution [10] but
also ghost brane solution [11] and so on. In Sect. 3, we exam-
ine the relation for regular solutions which are constructed by
K, B, ¢ and matter operators,1 and we obtain that there is a
possibility that the energy is not proportional to the Ellwood
invariant for such solutions. Additionally, we show the differ-
ence between the energy and the Ellwood invariant. In Sect.
4, we present the summary. Appendix A gives formulas for
correlation functions of the X** operators in sliver frame. In
Appendices B and C, we examine relations that are needed to
show that the energy is proportional to the Ellwood invariant.

2 Review on Ellwood invariant and energy for K B¢
solution

Many solutions are constructed by using string fields K, B, c.

In this section, we consider string fields that are constructed

only by K, B, ¢, and we call such solutions K B¢ solutions.
The K Bc solutions can be written by

B
U= Z FlicEc\/le»,
1

where F;, F»; and H; are functions of K. As a concrete
example, Okawa type solution [10] is given by

U = \/Fllcgc\/Fz , Hy
1

_1=Fn

and Fi| = Fyy,

and ghost brane solution [11] is given by

' 1n [9], they prove for BMT solution [12] which involves a relevant
matter operator. We consider solutions that are constructed by not only
the relevant operator but any matter operator involving X©.

@ Springer

B B
v = FllCFC\/ Fio ++ F21CFC F>, H;
1 2

_1—F11'

and F;; = Fjp and FioF1 = 1.

We represent ,/Fj;, 1/H; by a Laplace transform respec-
tively:

VEji = L{fji} :/0 dLe™ " (L),

1 * —LK
E = L{h;} = /0 dLe hi(L).

The K Bc solutions are also represented by the Laplace trans-
form:

oo
V7 =/ dLe Ky (L)
0
V(L) = Z/dLlidLZidL3i5(L — Ly — Lai — L3j)
i

x f1i(L1;)hi (L2;) f2i (L3i)c(La; + L3;)
x Be(L3;),

where

K . —zK

c(z) :=e*"ce (2.1

Let us consider a test state ®
_lg _lg
O =e"2"¢pe 27,

where the string field ¢ is an infinitely thin strip with a bound-
ary insertion of an operator ¢ (0). Similarly to (2.1), ® can
be also represented as

CD:e_qu(%).

Then the trace of ®W is given by the correlation function
on the infinite cylinder

Tr(dW) = /Oo dL <¢><L+ l)xh(L)> ,
0 2 Cr+1

where C1 41 is the infinite cylinder with circumference L + 1
and the map f; is defined (A.1).
Let us consider G such that

Tr(®GY) = lim
(A,8)— (00,0)

x/de<¢(L+%>Q(L,A,5)W(L)> ,
0

CLy1
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iA I+ iA \i Here if the following holds

2 _
Tr(Qx Vo)) = Tr((-,caaxoaxo) \Dsol), (2.6)
i
i L +i6 . . L
the energy is proportional to the Ellwood invariant.
In this section, we consider

Fig. 1 The contour Py A s

Tr(¥[Q,G1V¥) = A + Ay,
where G(L, A, §) is defined by

where
dz -
g(L9A78) = / _.gZ(Zy Z) o0
Pras 270 A= lim / dL’
dz ) (A,8)=(00,0)
- /, ng(Z, 2), )
Ppps 2701 X / dL(y(L+ LY[QG(L, A, 5)1//(L))CL+L/ ,
8:(2,2) == 2(X°(2,2) — X (00, —i0))3X°(2), 0 o o
= o : / I
8:(2.2) == 2(X°(z,2) — X (00, —i00))3X°(2), Az = (A,S)li)ngoo,O)/o aL /0 dL{y (L +LYG(L, A, 8)
and the contour Py s is in Fig. | and the contour Py 4 s is x (QIP(L) — £ {ov} (L))> ,
given in a similar way. Crsv

In [9], they proven that G satisfies conditions and we confirm

1
iTr(lIJsoqujsol) = Tr((GWsol) O ¥so1) A+ Ay = Tr(®(x — XT)‘-IJ).
1
- ETY (Wsol [Q, G Wsol), (22)  Here in appendix C, we check that (2.2) and (2.3) holds.
1
Tr(\Ifsol) = Tr((g\DSO])\yszol)’ (2.3) 2.1 Evaluation of A,
Tr(Wso1 [Q, G] Wsol) = Tr(Weo1 (x — XT)IIISOI)v 2.4)
Because of

for some static solutions Wy, where yx is defied by
[Q.G(L, A, 80)]=Ci(L, A, 8) +Cna(L, A, 8)

in g, o o +Cus(L, A, 8)
= lim (/ —48X (z)c0 X" (2) dz _
(8.5~ (0.0 \ Jis 2mi Ci(L, A, 5) ;:/P g‘iztax"(z)eaxo(z)
_/ JREILE 1c0X°@) + 5 ( ) @5) A
_is  2mi _,/15 %48)( (2)c0X"(z),
L,A8
Then the action evaluated on the solution can be written by Cua(L, A, 8) = _2(63)(0@00) + EéXO(—ioo)>
1 x / 42 %0 - / 22 5x0)
—S[Wso1] =Tr 2\psolQ\psol + 3‘1’501 PLas 2mi PLas 2mi ’
Cus(L, A, 8) 1=/ dz 132
= Tr{ GWs01(QWso1 PLoas 27i 2

/ dz 182_
Pras 27i 2

501) Yol [Q, G] \Ijsol>
+/ dzBK(Z,Z)+/_ 470K (2. 7).
PLas PLAs

1 -
= _zTr(‘I/sol(X - X')\I’sol)
=Tr(x OW¥so1) with

2 _
= Tr((—.céaXoaXo) l11501>. k(z,2) := L (c(z)gz(z, 7) —c(2)gz (2, Z)),
Tl 2mi
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Ay is given by?

A =T + Tina + Tis,

o
T = lim / dL’
(A,8)—(00,0)

xf dL{y (L + LHC(L, A, OYL))e,

Tha = lim / dL/ dL
(A,8)—(00,0)

< (Y (L + L)Cua(L, A DYWL,

+L/

o0
TiB = lim / dL’
(A,8)—(00,0) Jo

y /0 ALY (L + L)Cn(L, A, )Y (L),

L’.

First, we evaluate 77. Because ¥ (L) does not involve X 0
71 is factorized as

o0 o
/ dr’ / dL{Y (L + L)CI(L, A, 8)y (L))
0 0

o0 o0
=4/ dL’/ dL/
0 0 Pr.As

x g (axo(z)éxo(z)>

_4/ dL/ dL/
PrL.As

<3X0(z)8X0(z))

Crt1

(1/1(L +Lhe@w (L))

Criv/

<1/f(L + L)y (L))

Crir”

2.7)

Here since for y — oo with z = x + iy,

(0x°3x° @)

L+L’

2
= —2( i > e 4my/(L+L") +0 (e—Sny/(L+L’))
L+ L ;

Ty /(L+L))

c(z) xe

the horizontal part of the contours Pr, 4 s, I5L, A.s does not
contribute 7y in the limit A — oo. Thus we obtain

T = lim
(A,8)—(00,0)

{ Y(L+L) / 4aX°(z>caX°(z>w<L)>

Criv

<1//(L + L)y (L) / 43X0(z)c3X0(z)>

Crir

2 We follow the notation in [13].

@ Springer

<w<L+L)f

<w<L ‘L )w(L)/

4ax0( )BXO(Z)llf(L)>
Cryr

—iA g5
—4ax°( )aXO(z)> .
Crir

Next, we evaluate 7yja.

(W (L +L)Cua(L, A, OV D))e,

= —2<¢(L + L’)(caxo(ioo) + Eéxo(—ioo)>

x (/ di,axo(z)—/_ d?éxo(z))w(m>
PLAs 2mi PLas 2mi

= —2<1//(L + L/)<c8XO(ioo) + ééxo(—ioo)>

Criv

x L,((xo(L +i8) — X% — i8)> —x%is)
2mi

—X°<—i6))>w<L)>

Crir
Here we assume the boundary condition for X*.

XM (z) = X" (3Z) for z=7 (2.8)

Because of the boundary condition, the right-hand side of the
above equation vanishes in the limit § — 0. Thus we obtain

Tna =0.

Finally, we evaluate 7y5. We need to consider the anti-
commutator between B and «

1
{B,k(z,2)} = — i (gz(z 7) — gz (z, Z)>,

because the contours Py, A s and PL, A,s cross B. Using this,
anticommutator between v and « is given by

(L)« 2)
= Z/dLlidLZidLSia(L — Ly = Lo

— L3;) f1:i (L1i)hi (Lo f2i (L3;)

1
— (gz(a +iAN,a—1iA)
2mi

—gila+ilA a— iA))c(L3i),

x ¢(Ly; + L3;)

where Ly; + L3; > a > L3;. Using (A.2), we obtain
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(W@ + L) (L), k(2. DY),

1 2w A
= ——coth
L+1 L+1

L+L’

(v + L/)oz(L))CL+ , (2.9)

L/

where « is defined by
1
a(L) :=Zai(L),ai(L) :=L—1{ Flicﬁic Fz,»}.
1

Hence we obtain

(W (L +LCus(L. A, )Y (L),

+L

1 _
=—() L+ L')I/I(L)(E(ac(i& — dc(=id))

+ K (i8, —iS))

Crir/

+ <w<L + L’)(#(ac@ +i8) — dc(L —i8))

+i(L +1id, L — i6)>1/f(L))>

Criv

27
coth —— i (w(L +L )a(L))

+L+1

e
Since for the boundary condition of ¢
c(z) =c(z) for z=12,
in the limit § — 0, the below equations hold.
lim dc(i8) = lim dc(—i8
fim 0c(#0) = fim de(=it)
lim dc(L +i8) = lim dc(L — i8)
§—0 §—0
In addition, using (A.2), we can show
ali_% (K (i6, —i6))cL+L/
1 . .
=37 g1m ((gz(uS 18))CL+L/ (c@d)c, .,
o e=i8e, )

1
= lim 2—<<c(z5)>cm, —(&(=id)c, )

Thus 7y is

— (8:(i8. —i8))c,

(A,S)li—>n(loo,0) <¢/(L + L/)CHB (L’ A, B)W(L»CLH’
<¢(L + L) lim %((C(L +i8) — (L — m)w(L)

—y¥(L) (c(iS) — E(—i(S))>>

Criv

+ Y(L+L )a(L))

T+

L/

From our computation, we obtain

A :/ dL’/ dLTr(e—L’Kw(L/)(Xe—LKw(L)
0 0

+e LKy (L) + —eLKa(L)>.

1+L

2.2 Evaluation of A,

We evaluate A,. Here we note

Loy — oL (W} (L)
=9, (e K a (L)) — §(L)a(0).

See Appendix B of [9] for the derivation. Using it and
G(0, A, 8) = 0, we obtain the below.

<w<L + LYG(L, A, 6><Qw(L) - £ {ow) (L))>

Criv

= (WL +1)G(L, A, e Koy K (L))

Crir

=0, (W (L +L)G(L, A 8)e K a(L + 1) <o

Crir/4e
Since this can be factorized as
o (W (L + L)L, A, e Ka(L + 1) o
Crir/4e
=0 ( (G(L, A, 5))CL+L/‘H‘
<1//(L + e KoL + r)> >|l=0
L+L'+t
= (G(L, A )¢, ., <w<L + 1), (e—LKa(L>)>
Cryr
(G A D),y o WL+ L)),
(2.10)

Ay can be written by

Az—/ dL/ dL  lim
(A,8)—(00,0)

(G(L. A ), .,

x Tr(e XKy (1o (e LK a(L)))

o0 o0
+/ dL’/ dL  lim

0 0 (A,8)—(00,0)
x 0 (G A, o

x Tr(e XKy (e LK o (L))
o0 o
= f dr’ / dL lim
0 0 (A,8)—(00,0)

@ Springer
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x (a, (GL.AD)e, ., o = L (G A D), )

x Tr(e LKy (Lye LK a(L))
o0

+ / dr’ lim
0 (A,8)—(00,0)

< (G(L. A D), ,, Tre H Ky w)e Mo a2

With the help of (A.3), we can derive the following.

Crir/ |t=0

1

—aL (G(L, A, 8)>CL+L/) - L1

lim (8; (G(L, A, $))

(A,8)—(00,0)

Using it and the assumption «(c0) = 0, we obtain

Ay = _/oodL//OOdLLTr(e—UKw(L/)e—LKa(L))
2 0 0 1+L ’

Therefore we can confirm that (2.4) holds for the K Bc
solutions which satisfy the assumption «(c0) = 0

A+ Ay = / Car [ h dLTr(e XXy (L) (xe MK y(L)
0 0
+e Ly @yx)).

Because we expect a(co) = 0 for regular solutions, the
energy of the regular K B¢ solutions are proportional to the
Ellwood invariant.

3 Ellwood invariant and energy for the solutions
including X
Various solutions are constructed by notonly K, B, ¢ butalso

string fields involving matter operators [12,14-17]. Espe-
cially we focus on

B
‘1/=Z FliC\/FZiGliEGZi F3icy/ Fy,
i

3.

where G1;, G; are functions of string fields which are an
infinitely thin strip with a boundary insertion of matter oper-
ators. In this case also, Fj; and H; are represented by Laplace
transform respectively. Then the solutions can be written by

o
qJ:f dLe Ky (L),
0
()= Y. [dLudiydLadLadLssc
i

— Lii — Loj — L3i — L4i — Ls;)
x f1i(L1i) f2i (L2i)hi (L3;) f3i (L4;) f4i (Ls;)

@ Springer

x ¢(Lp; + L3; + La; + L5;)G1;(L3; + L4; + Ls;)
x BGo;i(L4; + Ls;)c(Ls;).

As a concrete example, simple intertwining solution [6,17]
is given by

B
Wint =\/F11€\/F21G11EG21\/F21€ Fiy
B
++v/ Fiacy/ FzzGlzﬁszz\/ Fycy/ Fra,

1
G =Gyu=h=1,Fh1=Fp=H = ——,
11 21 21 11 12 1 ]+K
Fo=(0+K)?* H=—(1+K),

G2 =0,Gnn =0,
where o, o are defined as an infinitesimally thin strip with
the respectively operators insertion by

ivhXx°

0 = 04e

& = Gue VXY, (3.2)
and oy, 0, are boundary condition changing operators and
both of them are primaries of weight 4.3

In this section, we study
A+ Ay = Tr(W(x — xHW),

for the solution (3.1). In Appendix C, it is given that (2.2)
and (2.3) are not problematic for this case also but we check
that (2.6) does not hold in Appendix B.

3.1 Evaluation of A

We evaluate 7.

o0 o0
Ti= lim / dL’/ dL(y(L+L"
(A,8)—(00,0) Jo 0

xCr(L, A, S)W(L))CHL,
In this case, because not only Cy but also i involves X 0 the
correlation function cannot be factorized as (2.7). However
we can derive

(X0 +i)BX0(x — iyyelfr X e ethiX @)
Criv
o e~ 2my/(L+L)

in the limit y — oo. Thus no matter what the matter operators
which are involved in v, the horizontal part of the contours
Pr, A5, P A.s does not contribute 77 in the limit A — oo.

3In[18], a flag state solution was constructed. This does not involve

X9, and the simple intertwining solution is derived as a limiting case of
it. However, in this paper, we do not consider it.
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This leads to the same result as the one obtained in the pre-
vious section.

T = lim
(A,8)—(00,0)

|:< ’ " de 0/.\=3v0,3 >
w(L+L)/ —43Xx"(z)ca X’ @)y (L)
s 2mi Criv

iA dZ _
+ <1//(L + L’)x//(L)/ —‘48X0(Z)EGXO(Z)>
is  2mi Craps

—iA gz

+ <v,h(L +L) %45X0(Z)3X0(Z)W(L)>

—is Crir

/ T Az s 0200
+{Y(L+ LHY(L) 743)( (2)0X"(2) .
i 4 Cryr

—ié

Next, we evaluate 7ya. Because of the discussion in the
previous section, we derive

(W(L + L)Cua(L, A, 8)y (L))

Criv

=-2 <¢(L + L) (cBXO(ioo) + Eéxo(—ioo)>

« <(X0(L +i8) — XL —i8))
2l
—(x°@i8) - X“(—i8)>)w<L)>

Criv

In the limit § — 0, to avoid collision between X© and matter
operators involved ¥, we regularize ,/Fj; by

o)
VFji = lim dLe™EX fi:(L).
e—0 J¢
Owing to the regularization, using the boundary condition
(2.8), we obtain

Tna = 0.

Finally, we evaluate 7yp. In the same way as in the pre-
vious section, we need to consider only the anticommutator
between B and « because the contours P, A s and F_’L’ A5 do
not cross the matter operators. Using (2.9), we can derive

Jim (Y (L + L) ( (L), ¢ (2, D))

Criv

1 /
=31 (w(L + L)a(L))

)

Criv

where « is defined by

a(L) =) a;(L), ai(L)
= 2571 {\/ Fiicy/ F2iG1i%G2i\/ Fsic F4i}

Thus as in the previous section, it is enough to consider

(W(L + L"Cus (L, A, 8)¥ (L))

lim c
(A,8)—>(00,0) L+

m <1p(L +L) (K(L +i8, L —i8)y (L)

§—0
— (L) (i, —i8)>>
Crir

1 I
+ ) (w(L+ LHa(L))

Cryr”

Here using (A.5) we can derive

girr%)<<c(i8)gz(i8, —i8) — &(—i8)gz (8, —ia)>

x etk XD eikn~X(Zn)>

Crir/

_ 1 re : iky-X(z1) iky-X(zn)
_81E)1})<(gz(15, iM)c,,, (c(la)e rXG@D |, >

Cryr

—(gz(i8, —id))c, (E(—ia)e"kl"“m .. .eik”‘x(z")> ) .
L+L CL+L’

Hence even if ¢ involves matter operators, we can use

;in(l)<w(L + L/)<K(L +i8, L —i8)y (L) — ¥ (L)k(is, 7i6)>>

Criv

= <1p(L +L) gr(l) 27]75 ((c(L +i8) — (L — i8)>1//(L)

—w(L)(c(iS) - 5(—55)))> .
Criv

Thus we obtain

(A,@)lif(loo,m (WL + LCus(L, A, 8)¥ (L))

= lim <w<L 4 L’)%((c@ +i8) — &(L — i5)>w<L>

—¥ (L) (c(iS) — E(—i8)>>>
Crir

l /
+ Tl (w(L+ Lha(L))

Crir

Cryr”

@ Springer
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This is the same result as in the previous section.
Therefore we obtain

A = /oodL’/OOdLTr(e—L’Kx/f(L’)(Xe—LKw(L)
0 0

1 —LK
7 +Le a(L))).

+e LKy (Lyy +

3.2 Evaluation of A,

We evaluate Aj. In a similar way as in the previous section,
we use

<w<L + L)G(L, A, 3)(Q1/f(L) -7 {ow} <L))>

Criv

=oY@+ G A e )

Because i involves X 0. this cannot be factorized as (2.10).
If we focus on the case that G ; and G»; are constructed only
by plane wave vertex operators, the right-hand side can be
written by

’ —tK
U+ LG A e a4 0)

=9 ( GL. A Oe, (WL + L™ Fa(L +1) )I[:o
Crirs
+y / dL,dLy,dLy,dL),dLS, dLy;dLydLydLydLs;
in

X fln(Llln)on(len)hn(Lén)f3n(Litn)f4n(l‘,5n)fli(Lli)fZi
X (L2i)hi(L3;) f3i (Lai) fai (Ls;)
X 0 (A(Lyi + Lo + L3j + Lai + Lsi, A, 8,5 + 1)

i . . 4 . .
xTr(e LK e L2nKG1,,e LBHKBGzne LanK ce=EsnK

X e*tKe*L“Kce*Lz"KG1fefL3"KGziefL‘“Kce*LﬁK)) },=0,

where A id defined by (A.6). The first term can be written by

x (L5,) f1i (L1i) fai (L2i)hi (L3i) f3i (Lai) fai (Lsi)

X lim )az (A(Lyi + Loi + L3 + Laj + Lsi, A, 8,5 +1)

(A,8)— (00,0

U / ’ ’ ’
x Tr (eiLancefLZrlK Gine LK BGoyeLanK ce=LsnK

X e_’Ke_L'iKce_LZiKGl,-e_L3iKGzie_L“iKce_LSiK)) |t:0.

Here the trace in the last line leads to

’ / ’ / ’
Tr(e FnKce K Gy, e Lk BGoye ™ LanK cembsnK

x e—tKe—Ll,’Kce—Lz,’KGlie—L:;iKGZie—L4iKce—L5iK)

(s +1)?
TS
« sin 2m (Lo + L3; + L4;)

s+t
« sin 2 (LY, + Ly, +t+ Ly + Ly + L3 + Ly + Ls;)
s+t
— (L5, + 1+ L + Lo + Ly + La;)
« sin 2w (L, + Lai + L3; + Ls4; + Ls;)
s+t
— (LY, + Lo + L3 + Lai + Ls;)
“in 27w (LS, +t + Ly + Lo; + L3 + La;)

(LY, + L5, + 14+ Ly + Lo + L3 + Lai + Lsi)

+ (Loi + L3;i + L4i)

s+t
27t(L/ +L5,')
L. t+ Ly;)sin ——n 07
+ (Ls, +t+ L) "
2n(L% +t+ Ly;)
L Lsi)sin ——n —— = 7
+( 1n+ 51) s+t )

« XTr(e—(L’]”JrL’zn)KGlne—LgnKGznef(L’4n+L;n+t+L1f+L2i)K

x Glie_L3iKGzie_(L4i+L5i)K).

On the other hand, we were unable to evaluate A. Hence it
is not clear whether (2.4) does not hold for the solution. If A
does not vanishes, the difference between the energy and the
Ellwood invariant is given by

1i 9 L.AS ( L+ Lye"Ka(L r)
wpim z((g( Ney i (WL +LYe oL + )CHW l—o

R R 1 UK N —LK
_ /OdeO AL Tre Ky L)e K a(t))

the same way as in the previous section. However the second
term presents an obstruction. Because of the second term, we
obtain

Tr(V[Q,G1W) = Tr(¥(x — x )W)

+y / dL},dLb,dL},dL},dL5,dLidLydLs;
in

X dL4idL5ifln(L/]n)f2n (L/zn)hn(Lgn)f:in(Litn)f4n

@ Springer

— S[¥so1] — Tr(VWso1)

=> / dLy,dLb,dLy,dL),dLYs dLy;dLydLydLaidLs;
i,n
X fin(LY,) fan (Lyy)hn (L5,) f3n (Lyy) fan (LS,)
X f1i(L1i) fai (Lai)hi (L3i) f3i (Lai) fai (Ls;)

X lim 0y
(A.8)— (00,0)

X (A(Ly; + Ly + L3 + Ly + Ls;, A, 8,5 +1)
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(s+0)?
a3
sin 2m(Lai + L3i + Lai)
s+t
« sin 2w (L}, + L5, +t+ Ly + Lo + L3; + L4 + Ls;)
s+t
— (L5, + 1+ Ly + Lo + L3 + La)
« sin ZJT(L/l" + Lo; + L3; + Laj + Ls;i)
s+t
— (LY, + Laj + L3j + L4 + Ls;)
“in 2 (L, +t+ Ly + Lo + L3 + La;)
s+t
2 (L}, + Lsi)
s+t
27T(L/5n +t+ L)
S—H> =0

’ ’ ’
XTr(e_(Lll7+L2n)K G lng_L3n K

(LY, + LS, + 14 Li; + Lo + L3; + La; + Ls;)

+ (Loi + L3; + L4;i)

+ (L5, +1t+ Ly;)sin

x +(L}, + Ls;) sin

¢ . i _ 3 — N .
x Gz’le*(L4n+L5n+t+Lu+Lz,)KGlie L3’KG2,-e (L4,+L5,)K))‘

4 Summary

We examine condition (2.4) for the solution which is con-
structed by K, B, ¢ and matter operators involving X°. As a
result, we obtain that X presents an obstruction. If the solu-
tion involves X°, we need to calculate A. Hence (2.4) may
not hold for the solution. Because we confirm that (2.2) and
(2.3) are not problematic in Appendix C, if we can evaluate
A, it will be clear whether the energy is proportional to the
Ellwood invariant. Unfortunately, A depends on X included
in the solution and we were unable to evaluate A. Thus at
present, it is not clear whether the energy is proportional to
the Ellwood invariant. However, according to the numerical
result in Appendix A, A does not vanish (Fig.2). Therefore
the energy may be not proportional to the Ellwood invariant.

If one would like to clarify whether the energy is pro-
portional to the Ellwood invariant for such solutions, it may
solve the problem to modify G. It is required that G satisfies

[0,G1=x—x",

but such G is not unique. In [19,20], they found operator sets
that satisfy the algebraic relation of the K B¢ algebra. Using
such operator sets even if a solution involves X, it looks like
the K Bc solution. They may be helpful to modify G.

In this paper, we focused on regular solutions and did not
consider solutions in which regularization is necessary e.g.
[21-24]. In [9], it is already examined for Murata-Schnabl
solution but it may be interesting to examine also for other
solutions. Especially the solution which is constructed in
[25] involves X© and regularization is necessary. It would

be intriguing to examine the relation between the energy and
the Ellwood invariant for the solution.
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5 Appendix A Correlation functions in the sliver frame
The conformal transformation f; from the infinite cylinder

C; with circumference s to upper half plane (UHP) and the
inverse transformation f,~! are given as

S o1 ~1 T
fs(u) = p tan” u, f, (z) =tan—gz,
S

dfy s 1 df!

du  mwl4u? dz (A1)
T 1
T 5 cos? Tz

Using them, we obtain the 2-point correlation function of 9 X
on Cs.

(0X"(z1)0X" (22))¢, = (f;1 o (aX“(m)aX“(zz»)

I VLS S
2 g s sin2 ﬂ(le—Zz)

Especially, since for

UHP

Z
X%z, 2) — X%(z0, 20) = / dz'9x°(z")

20
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z _ . Uik X e o
n / 473X°E). function of d X*e'** is given by
20
10 iwxe i
© ik-X > < ik'-X () zk-X(z)>
we can evaluate the correlation function of g, <X @)™ @) Cy 8k’ ¢ c, |k/:0
sin Z (7' — 2)
7 = i =—ikFIn| ———F ),
(8:(z, D), Zolg?ooz i <COS T cos %z)
x <(X°(z, ) - X%, zo>)ax°<z> x (ax e ¥ @)
Cs 5 :
z - o ik X >
= lim 2</ <8X0(z’)axo(z)> P <X (2)e™ " (2) c.
70— 100 20 Cy - . .
z . = —ik“—(tan—z/+cot—(z'—Z)).
+ / a7 (X°@)X°() ) s\ s s
20 Cs
b4 ) 7(z—2) (A2) In particular, we give important correlation function.
—cot ——— .
s s
AX"(Z)aX"(z eik"X(Z‘)...eik"'X(Z")>
and the correlation function of G < @) @ Cy
L 2 A = [ IX"(2)dX"(2)
(G(L. A 8))¢, = ~ coth T (A3) ( 2
s s
. . . . + Y (axrEhe Y @) (aX“(z>e”‘v‘X(zo>)}
Similarly, we obtain the correlation function of vertex \m<n
operators on Cy l<o=<n
% <eik|~X(Z|) . eikn~X(zn>>
n —k2/2 Cs
<€ik1.X(z1) . ._eikn-X(zn)> -T1 (i . ZZZ> 2
e - [loxrxo), - (%)
< iky- X(ul) ) lk,, X(u,,)> - -
o x 2. (k,n)wko)”(tan —z’+cot—(z/—zm)>
_ki2/2 1<m<n § §
1_[ (— cos —z,) 1<o<n
i=1 bid 14
K-k X (tan_Z+COt—(Z_Zo)>j|
b/ 4 / s s
X H (tan —zj —tan —z1> . ,
_ s s < iki-X (z1) zk,,»X(z,,)>
I<j<l<n X (e ...e o
s w k22
= 1_[ = cos ;Zi Using them, we obtain
i=1
< T sin X (z; —z) \MM <(Xu(z, 2) — X" (20, Z0)9 X" (2)ek1 X G ”eikn‘X(Zn))
(i ey \COS Tz cO8 T2 ©
=/ = ((X"(z,2) — X"(20,20))0X"(2)),.
n 2 §
k: s T . .
—exp| =S “iln (_ cos2 = ) < iki-X (@) zkn-X(zn)>
p[ ; ) = B Zj X (e e c,
= - . :
_ " v ik1-X(z1) ikyn-X(zn)
T — ) =Y ) )t (e )CS
Z k - ki ln(—) s 1<m=n
Ccos —z, cos —zl 1<o<n
1<j<l<n

T T
X <tan —z + cot —(z - Zo))
N

where u; is defined by

— cos —(SRZ — Zm) + cos =+ 27” Iz
X In 3 3
s =Rz + cos ”’Sz

b
=tan —z;.
N

In general, correlation functions of X variables can be
evaluated from above result. For example, the correlation

27i

cos —E)tz() + cos ﬂSzQ
— Cos —(s)iz() — Zm) + cos =320
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Since for

1 ( 27TE}lZ()+COS 27TISZO )
n

—cos —(%zg — Zm) + cos £ 2”’ 20

=4cos —zm cos (—(2xo — zm)) ¥ %0 =270/
s s

+0 (e—4nyo/x> ,
with zo = xo + iyo in the limit yp — oo, we obtain

((X“(z, 2) — XM (ico, —ic0))d X" )k X @) e“‘n‘X@n))

= ((X"(z.2) — XM (ic0, =i00))dX" (2)),
x (eier(m) _ ._eikn'X(Zn)>
Cs

T b b3
- Z (ki) (ko)" (tan —z+cot—(z— Zo)>
s | Smen s s
1<o0<n

—cos ZT”(EHZ — Zm) + cos &L 27” 3z
x In 3 5
cos L9z + cos XL 7” “z
X

eikn~X(zn>> 7
Gy

and

ik X@) | eikn~X(z,,)>

(s:2. e

= <(gz(Z, D¢, +8:(z. 2, s)) <eik1‘X(Z1) ...e

iki-X(z1)

Cs

)

ikn-X(Zn)>
Cy

S (gZ(Z, Z)e eikn'X(Zn)>C

= ( (82(z, )¢, +3:(z, 2, s))

x (eik.-xm) o eikn~X<zn>>

G’

where we define

b0z = Y (X0 2) = Xico, —ico)eltn @)

1<m<n
1<o<n

X <3X0 (Z)eik”'x(zo))

Cs

Cs

g s
E (k)° (ko)° (tan —z+cot —(z — Zo))
1<m=<n s s
1<o<n

( cos Z Rz — zn) + cos 2—{’&)
X In s

cos —‘}tz + cos 2—”32

50,75 = Y. (X0 2) = XOlioo, —icopeltnXem)
1<m<n
1<o<n

% <5X0 (Z)eikn-X(Zo)>

Cs

Cs

Cs

2 0 0 T T
== (km)(ko)’( tan =Z + cot = (Z — z,)
K s s
1<m=<n
I<o<n
—cos —(‘HZ — Zm) + cos 223z
X In 2 .
cos —%z + cos —”Sz
Since for

b . b1 .
tan ?(x +iy) + cot ?(x +iy —20)

| (- cos ZE (Rz — ) + cos 2—”Sz>
n

cos —‘Rz + cos =& 2” Lz

= —4cos —zm cos (—(2x — zm))ez”ixefz”y“
s s

o) (e—“”y/“) , (A4)
with z = x 4 iy in the limit y — oo, we obtain

lim §;(iA, —iA,s) =0,
A—o0

lim 8:(iA, —iA,s) =0,
A—o00
and
lim ( .A’_-A ik]-X(Z]).“ ikn-X(Zn)>
im e ~i0)e e
= lim (g (A, —it))c, (M ¥ED LX)
—00 Cs
lim ( GA. —i Ay XED ik,l-X(zn>>
im =08, ~i0)e e,
= lim (g:(A, =i ), (HNE e X )
—00 Cs
(A.5)

Using the above results, we give the correlation function
of G and plane wave vertex operators

(G(L. A p)elrXen X

Cs
= <(Q(L, A, 8))e, + AL, A, 6, s))

% <eik1~X(z1) . eik,,~X(zn)>

ol
A(L, A, 8, s) :=f —Z,SZ(Z,Z, s)
Pr.as 2mi
dz
- / iz, (A6)
Pr.as 2mi
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In the limit A — oo, the horizontal part of the integration
vanishes

L+iA dz
li —a —0,
Agnoo iA 2 2(22,9) =
L—iA dz
lim 2 52, 7,5) = 0.

A—ooJ_in 2mi

On the other hand, the vertical part of the integration does
not vanish. Thus in the limit A — 00, we obtain

lim A(L, A, 8, s)
A—o0
iA dz —iA dz
= 1 _8 ) _9 - _8_ ) _7
Al—I>noo |:/,,; 2mi (2,2, 9) ,/_l'g 2mi 22, 2,9)

L+iA g, L-in g4z
[ staeies [ —.&,(z,z,s)]
L+is 270 L—is 27i

(A7)

Unfortunately, we are unable to evaluate this integral and we
do not know whether this vanishes.

lim A(L, A, S$,s)
A—o0
iA —iA =
dz _ dz . _
= 1 _8 s &y - _8 EEESE]
dm [} smsezo= [

L+in g, L-in gz
—/ —38.(2, Z, s)—i—/ —,SZ(Z,Z,S):|.
L+is 270 —is 2mi

We numerically evaluate

0 gz .

AGs, L, Zm» 20) :=/ 2—5 (2,2, 8, Zm>» Z0)
0 T

—ioco dZ
_/ _8 (2,2,8,2m» 20)
0 2mi

L+ioo d
—/ =5 (2,2, 8, Zm» Z0)
L 27‘[1

L—ioco

dz

+/ —5:(2,%, 5, Zm> Z0)
L i ©

and in Fig.2, we plot WA(10, 6, z,,, z,) as a function of
Zm» Zo Where 8, 8- are defined by

8Z(Z7 Zv S7 qu ZO) =

T b3 T
—_— (tan —z + cot ;(z - Zo))

s
<—cos =L (Nz — zm) + cos 2—”%2)
X In )

cos —E)%z + cos 2—”%1

A B 2 T
07(2,2, 8, Zm, 20) == ——| tan —z + cot —(Z — 2o)
) S

<—cos—(%z—zm)+cos z)
X In .

cos ZZ 9z + cos Iz
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0

Fig. 2 The numerical result for SA(10, 6, 21, Zo)

According to Fig.2, It is clear that A does not vanish in
general.

6 Appendix B Examination of condition (2.6)

Even if A does not vanish, it does not imply that the energy
is not proportion to the Ellwood invariant. This is because
there is still a possibility that (2.6) does not hold.

2 _
Tr<—,c53X°aX°xp
Tl

) # Tr(x QW)

In the this appendix, we show that the above relation for
string fields involving X° variables does not hold.
First let us consider a string field

’
‘I’L,L’ = e_LKce_L K.

The Ellwood invariant for the string field is
2 030

Tr ccoX o X W L,L
i

= 2 <ccaX08X0(loo —ioo)c(— L)>
i

- 3 (cé(ioo, —ico)e(—L))¢,
Tl

x <ax05X0(ioo, —ioo)>

s

On the other hand, the trace of x QW ;- is given by

Tr(x OV, 1)

) [/lA dZ
= lim
(A,8)—(00,0) | Jis 2mi

/‘"A dz
—is 2mi

<8X0(z)08X0(z)c8c( L))

<8X0(z)c8X0(z)c8c( L)>

S
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1
+m (C(O)ch(—L))CSi|

= lim
(A,8)— (00,0)

x (1X°@3x° )

iA
[/ d—z,4 (@@)cde(—L))e,

Ky 2mi

Cs

—iA d .
- LB S {c@ede(-L)c, (X" X))

s

1
+35 (c(O)ch(—L))CSj| :

As shown in [9], they are the same.

2 _
Tr(—.caaxoaxowL,L) =Tr(xQ¥.,1)
Tl

Next let us consider a string field

- e—LlKeikl~Xe—L2Kce—L3Keik2‘Xe—L4K’

where we set kI = (vh,0,...,0) and k) = —k/'. The
Ellwood invariant for the string field is

2 _
Tr(—,céaxoaxoxp)
i
2 0740, . iki-X
= —,(ccaX 0X"(ioo, —ioco)e'™!
i

x(=Lie(~Li = L) (=Li = Ly = Ly))

s

= 3 (cc(ioo, —ico)e(—L1 — La))c,
i

x <8X05X0(ioo, —ico)eM X (L)X (L) — Ly — L3)>C

s

= 2 (etioo. ~ioo)e(~Li ~ La)ic, (e e (z)
Tl Cs

x (<8X05X0(ioo, —i00))c,

+ Y <8X0(ioo)eik’"'x(zm)>

1=m=<2 Gs
1<0<2
X <5X0(—l'00)€ik"Ax(Zo)>> )a
Cs
where

21=—-Li,zp=—L1— Ly — Ls.

Since for (A.4), we obtain

<ax°(ioo)e""m'x (zm)>c

s s

Thus the Ellwood invariant is

2 _
Tr(—,caaxoaxomy)
Tl

= <Z§XO(—ioo)eik”‘X(zo)>C =0.

= 3 {cc(ioo, —ioco)e(—L1 — La))c,
Tl ’

X <8X05X0(ioo, —ioo)>CS <eik"X(zl)eikz'x(zz)>cs

2 - k- .
=Tr(—=ccax"9xW; 11, 1541,) (e’kl X(zpetk X(22)>

Tl Cs
/ 2 050
=Tr ECC(?X OX W 41y, L3+Lg ) (B.1)
where
T (WD) := Tr(V D) <eik1'x(z1)e”‘2'x(z2))c .
Finally, we evaluate the trace of x QW. QW is
Q\IJ — e—L]KQeikl<Xe—L2Kce—L3Keik2-Xe—L4K
+ e*L]Keikl~Xe*LchacefL3Keik2~XefL4K
_ e—LlKeikl-Xe—Lche—LgK QeikQ-Xe—L4K_ (BZ)

We focus on the second term and we consider the correlation
function of it and the first term in (2.5). This is given by

iA dz _ .
lim / —',4(8X0(z)58X0(Z)eZk1‘X
(A,8)—(00,0) Jis 2mi

x (=Lpede(~Ly = Le™ X (—Ly — Ly = Ly))
i /M 2 4 E@eie(—Ly - Ly)
= m —_— C coc(— —
(A,8)—(00,0) Jis 2mi < ! 2//Cs

x (axo(z)éxo(z)e”‘l‘x(—m)e”‘Z‘X(—Ll —Ly - L3)>

Cy
iA dz
= li —4(c(z)cdc(—L; — L
(A,S)anoo,())/,-a 3] (c(@)cdc(—L 2,
0/ 540, = 0/ ikm-X
< ((ax @IX@), + Y (X0 @)
1<m=<2
1<0<2

x <5X0(2)eik”'X(Zo)>Cs )

x (e"k"x(—Ll)e“‘Z'X(—Ll —L,— L3)>C .

Similarly, we obtain

Tr/<X6—L1Kelk1vXe—Lchace—L3KelkzvXe—L4K)

=Tr/<XQ\IJL]+L2,L3+L4> =+ lim Z

A
(A9)=>(00 £t

1<0<2

iA
y (/ 42 4 (@ @ede(—Li — L),
is  2mi

)

x (X0 @ ¥ ) (IX° @ @)

—iA gz
- ——4{c(x)cdc(—L1 — La))c,
_is 2mi
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x <8X0(z)eikm'x(zm)>c (5x°(z)ei"0'x(zo)>cs).

s

(B.3)

We evaluate also the the trace of x and the remaining term
in (B.2). They are given by

Tr(XeleKQeikl~Xe7L2Kce7L3Keik2~XefL4K)

— _hTr(Xe—LlKacelkl-xe—Lche—LgKelk2~Xe—L4K)

+ivhTr(xe MK g xOeiki X g=LaK o= L3K yika X (= LaKy

=—h lim
(A,8)—(00,0)

x (0X°@8X° @™ ¥ e ¥ (z)

s

iA d
( / L 4G @de(—L)e(—Ly — L))e,

is  2mi

—in gz
—/ 27 He@de(=L)e(=Li = La))c,
—is Tl

x (0X°@AX @e™ X 2 )

1
+-— (€(0)dc(=L1)e(—L1 — L2))¢,
218

X (eikl'x(m)eikz'x(zz)) )

Cs

iA
. dz = _ _
iV h 1 —4 —L —Li—L
+z\/_(A’8)lr)r(100,0) (./: i HE@e(=Le(=L1 = L)),

x (aXo(z)éXO(Z)aXO(zl)eikl'X(z1)eik2'X(22)>C

—iA g3
—/ %4(6(2)6(—L1)C(—L1 — La))¢,
—is Tl

% (0X° X @DX° e X 2N ()

1
+5— (cO)c(—L1)c(—L1 — La))c,
2mws

x (3X0(z1)eikl'x(m)eikz'x(zz))C ) : (B.4)

and

Tr(xe—LlKeikl-Xe—Lche—L3K Qeik2~Xe—L4K)
hTr(Xe—LlKeikl-Xe—Lche—L;;K3ceik2-Xe—L4K)

— iATr(pe 1K okt X = LaK (o= L3K 5 x0,ika X = L4K )

iN gy
=—h li —4{c(z)c(—=Ly — L»)0d
L fia S 4e@e-L1 — L)

xc(—Ly — Ly — L3)

e, (0x°@ax @e X el X )

N
- / ~—4(c(@)c(—L1 — Lp)dc(—Ly — Ly — L3))c,
—i8 2mi

x (0X°@ax @t ¥ e ¥ (2y))

1
t37s (c(@c(—=L1 — Lp)dc(—Ly — Ly — L3))c,

@ Springer

-100

-150

5
Ly

Fig. 3 The numerical result for (B.6) where weset L1 = L4, Ly = L3
andh =1

« <eik1‘X(Z1)eik2~X(Z2)>c )
in gy
li 2 4E(E)e(—Ly — L
(A,(S)gr%oo,O) (/la i {c(2)e(—L 2)
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x(0X°@8x @1 ¥ @ ax e ¥ ()

—ivh

s

—iN gz
- f SEAE@e-L1 ~ La)e(~L1 — Ly ~ La)c,
—is Tl

x (0X°@3x°@ et ¥ 2axX e ¥ (2)
1
8

+2— (cO)c(=Ly — Lo)e(=Ly — Ly — L3))¢,
o <eik1.x(21)aX0(22)eik2-X(Z2)>C ) .

(B.5)

To satisty (2.6), the sum of (B.3), (B.4) and (B.5) has to
coincide with (B.1) and we examine it order by order in 4.
Because of

0,73 v0/= - 0
(0x°@dx (z)>CS o (1),

0 ik X (zm)\ o 1/2
<8X (2)e >Cs @ (h ),

we obtain

Tr'(x QW) = Tt (X QWL 1. 15+14) + O (h) .

Because the first term can be expressed

T’ (X Q\pL1+L2,L3+L4>

(L eeax0ix0w
= nicc Li+Lo,L3+Lyg |»



Eur. Phys. J. C (2024) 84:578

Page 150f 16 578

the higher-order terms in % has to vanish. We focus on the
term at O (h?). Itis given by

iA

d

> e
is 2mi

lim
(A,8)—(00,0) <02

1<m=<2

X (((5(5)36(—L1)C(—L1 = La))c,
—{e(@)e(=Ly — L2)dc(—Ly — Ly — L3)), )

« <3X0(Z)eikm‘x(zm)>c <éx0(z)eik0-x(z(;)>c )

iA dz
+4h/ < (((c(z)ac(—Ll)c(—Ll — Ly)e,

—is 2mi

—(c(@)e(—=L1 — L2)dc(—Ly — Ly — L3))¢, )

x (ax0@etr X @) (5XO@)ete X @) )}

0,0
im sgn(k, k,,)
(A,8)—> (00,0) 1§<2 omm
1<m<2

7w(Ly + L3)

0§ — ¢
N

[/m dz  cos HEHLOTRUIHLY _ ooq mla=Ly)

X
1

= —4h2

T T
X C 08 — Z COS —Zp
s s

s 27mi sin % (zo — 2) sin T (zm — 2) cos Tz cos T 7

—iA dz  cos 27T(z+L1)J;ﬂ(L2+L3) — cos ﬂ(L2;L3)
—is 2misinT(zp —Z)sin T(z, —z)cos Tzcos TZ |

(B.6)
In Fig. 3, we present numerical result. It is clear that (B.6) is

nonzero. Therefore the equation (2.6) does not hold for the
string field involving X© variables.

7 Appendix C Examination of condition (2.2) and (2.3)

We would like to examine the conditions (2.2) and (2.3). In
this appendix, we consider more general condition

Wy W3 Uy W3

N
Fig. 4 The contour of Z G(Lj, A,5)atthecase of N =3
j=1

Tr(GU 1V, ... Wy) + Tr(V G, ... Wy)
+ oo+ Tr(V Wy . ..GWN) = Tr(V W, ... Wy)

than (2.2) and (2.3). We show that the above equation holds
for arbitrary string fields W; which are constructed only by
K, B, ¢ and matter operators.

If we represent W; by a Laplace transform, the left-hand
side can be written by

Tr(GW (W, ... WUy) + Tr (¥, G¥; ... Wy)
+ o+ Tr(W V... GWy)

N o0
= ]’[ ( / dL,-) lim
e 0 (A,8)—(00,0)

x (e”(g(Ll, A, 8)e LKy (Ly)e 12K

X Y(La). e Ky (L)

Cs

N o0
+ f dL) lim
E( 0 "] (8,8)>(00,0)

x (eSKe_L‘KI//(Ll)g(LQ, A, 8)e 12K

X (L) ... e Ky (Ly))

Cs

N 00
+ dL) lim
E(/o ") (A.8)—(00,0)

x <eSKe_L‘K1//(L1)e_L2K1p(L2) .

X G(Ly, A e Ky(Ly))

where s is given by

N

Wy W3
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Using the cyclicity of the cylinder, the vertical part of the
contours cancel each other (Fig.4).
Additionally, using (A.5), we obtain

Tr(GU Wy ... Wy) + Tr(U1GW, ... Wy)
+ o+ Tr(W V... GWy)

N 00
1] (/ dLi) lim (G5, A, 8))c,
1\ (A,8)—> (00,0) ’

« (esKe—Lle(L])g—L2K1p(L2) . e_LNKlff(LN)>C

= Tr(\lfl\llz . \IJN).

s

This is what we wanted to show. Therefore it is clear that
(2.2) and (2.3) hold for the solutions which are constructed
only by K, B, ¢ and matter operators.
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