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Abstract Inthis work, we study the perturbative generation
of the gauge invariant effective action for the non-Abelian
gauge field in a (2 4 1)-dimensional spacetime. We present
a detailed analysis of the two, three and four-point func-
tions in order to determine the non-Abelian Chern—Simons
terms (parity odd) and Yang—Mills terms (parity even). More-
over, these terms are supplemented by the higher-derivative
corrections which resulted in the Alekseev—Arbuzov—Baikov
effective action (parity even) plus the higher-derivative (HD)
corrections to the Chern—Simons terms (parity odd). In order
to highlight some features about the perturbative generation
of the effective action, we present a discussion based on the
dimensional analysis, which allows us to establish the gen-
eral structure of the permissible terms to guarantee the gauge
invariance of the higher-derivative parts.

1 Introduction

Undoubtedly, lower dimensional field theory models always
have received considerable attention due to the plethora of
rich phenomena they describe as well as serving as labo-
ratories where we can learn useful things about the well-
recognized four-dimensional problems, ranging from solv-
able models in two dimensions, to planar physics and con-
densed matter in three dimensions.

One can observe that the area of lower dimensional field
theory models had its beginning with the proposals of the
Thirring [1] and Schwinger [2] models as exact solvable
models in (1 + 1) dimensions. This class of models also
displays the important feature of bosonization [3], which has
also been applied in different contexts [4—6]. One can also
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note the interest in two-dimensional gravitational solvable
models of black holes [7].

On the other hand, in condensed matter physics [8—10],
three-dimensional models had its dawn in the 1980’s in the
description of planar phenomena, especially, mass generation
in topological models [11-14], quantum Hall effect [15-18],
topological insulators [19], among others. Moreover, in pla-
nar physics, mainly due to the presence of parity violation
which is responsible to generate a gauge invariant mass term
for the photon, interesting features are present in the photon’s
dynamics.

A powerful tool and important element in uncovering
modifications to quantum field dynamics is the effective
action [20-25]. For the case of the (Abelian and non-Abelian)
gauge field a good amount of attention was the subject of sev-
eral studies, in which the dynamical generation of the effec-
tive action by the radiative correction was considered at zero
temperature (77 = 0) framework [14,15,26-28] as well as
at finite temperature case [29-32]. Going beyond the lead-
ing order, we obtain the higher-derivative corrections to the
Chern—Simons term, which are known to modify the physical
propagating modes. These contributions appear in the pertur-

bative expansion of the effective action in terms of (:1—2) in the
large fermion mass limit (m > p), which were considered in
the full Abelian action [14,33], also in the noncommutative
framework [26].

Interestingly, the presence of higher derivative terms
change the physical behavior of three dimensional field the-
ories. In the case of topologically massive gravity, the addi-
tional (ghost) degree of freedom is eaten by the conformal
invariance [12]. On the other hand, in the case of (higher
derivative) extended Chern—Simons theory, it is no longer
sensitive to “large” gauge aspects present in the CS model, it
is no longer topological but depends explicitly on the back-
ground geometry [14].
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Although many aspects of the three-dimensional Yang—
Mills Chern—Simons theory are well established [34-36], we
wish to explore the issue of dynamical generation of higher-
derivative terms and couplings to the Yang-Mills Chern—
Simons theory. We follow the effective action approach
because all of the generated terms are well-defined and gauge
invariant. In the parity even sector, it is expected to obtain
the known Alekseev—Arbuzov—-Baikov terms [23,37], while
in the parity odd sector we should get the usual Deser—Jackiw
term [ 14] plus corrections to the (novel) cubic self-coupling.

Hence, our goal is to examine the perturbative generation
of higher-derivative terms in the three-dimensional Yang—
Mills Chern—Simons theory. Moreover, in order to clarify
some aspects about the effective action, we consider two
types of matter fields, fermionic and scalar fields. We start
our study by considering the interaction between the gauge
and fermionic fields in Sect. 2, in which we evaluate the
higher-derivative terms up to the 4-point function contribu-
tions to the effective action, which have parity odd and parity
even sectors. Furthermore, in Sect. 3, we consider the effec-
tive action arising from the coupling between the gauge and
scalar fields, which does not present parity odd terms due to
the coupled scalar field. Also,we shall see that the parity-even
terms have different coefficients than the fermionic counter-
part. In Sect. 4, we discuss, by means of complementarity,
the general structure of higher-derivative terms allowed by
gauge invariance using a dimensional analysis procedure,
both parity-even and parity-odd sectors are examined. We
present our final remarks and perspectives in Sect. 5.

2 Fermionic matter coupled to the non-Abelian gauge
field

In this section, we consider the fermionic matter minimally
coupled to an external non-Abelian gauge field. The relevant
action is described by the following

SF=/d3x\i/(iB)—m)\y, 2.1
where D), = 9, —igGY T is the covariant derivative. Also,
G, are the gauge fields and T“ are the SU(N) generators.
The one-loop effective action I'efr for the gauge field is read-
ily obtained by integrating out the fermionic fields as below

oiTettlG] _ / Dy Dy e'SF . 2.2)

Applying the usual grassmann Gaussian functional integra-
tion formulas, the 1PI effective action can formally be written
as a perturbative series'

! It should be realized the presence of a normalization factor here in
order to satisfy I'er[0] = 1, but we omit it for the simplicity of notation.
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Tef[G] = —iTrIn (i P — m)
N -1 o "
) ; ,;g?“maim)@w] '

here, the trace Tr is a sum over both Dirac (7 r) and color (tr)
indices?

Also, the effective action (2.3) is equivalent to the follow-
ing form

(2.3)

o
LGl = Z/d3x1 .../d3xn GH(x1) ... G (x,)
n=1

(2.4)

XTI (X1, ey X))

L

in which Hﬁll'jffj'n (x1, ..., x,) represents the n-point func-
tion of the non-Abelian gauge field with the minimal coupling
to the fermionic matter. From a diagrammatic point of view,
itincludes the one-loop graphs contributing to the gauge field
n-point functions which are considered as

Leit[G] = Sei[G] + Sert[GG]

+8Setf[GGGl + Setf[GGGG] + - - - . 2.5)

In order to examine the terms of interest in the effective
action (the Chern—Simons and Yang—Mills terms, as well
as its higher-derivative corrections), we shall now proceed in
evaluating explicitly the one-loop contributions of (2.4) for
two, three and four-point function of the gauge field. Here,
we remark that the first term of the series (2.4), correspond-
ing to the one-point function (tadpole contribution), vanishes
due to the traceless property of the SU(N) generators i.e.
Setr[G] = 0. After this, we set N = 3 in our detailed analy-
sis which yields the one-loop effective action for the gluons.

2.1 GG-term contribution

Let us start with the n = 2 contribution of the series
(2.4) which corresponds to the free part of the gluon effec-
tive action. The Feynman amplitude of the one-loop graph,
depicted in Fig. 1, is explicitly given by the following expres-
sion

&k Tryuk+p+myk+m)]
ab 2 [
le(p) =—8 / (27_[)3 (k2 _ m2)((k + P)2 _ mZ)

xtr (T“Tb) . 2.6)

2 For the first time, Dyson realized that the number of diagrams of n-th
order typically increases as n!, which suggested that the perturbation
series is divergent [38]. A useful mathematical technique for handling
the divergent series is the Borel summation to improve the convergence
of the series. Moreover, as we know, interchanging the order of a double
sum is permissible when the double summation converges absolutely,
but, here is not the case. Nevertheless, we use a suitable regularization
method to allow us for interchanging the double summation [39—41].
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Fig. 1 Fermionic one-loop
graph contributing to GG-term u

With help of the trace identities in 1 4+ 2 dimensions [12]

Tr(y*y") =29,
Try"y"y?y?) =20""n"" —

Tr(y*y yP) =2ie"*?,
UL M 1o N )
and tr(T4T?) = %S“b , as well as dimensional regularization,
in the low-energy limit, p> <« m?, we have

i 1 -
e (p) = g8 [— (pﬂpv - PZW/J,V> - ge,“,pp" + O@m 2)} ,

24mwm
2.8)

which clearly satisfies the Ward identity p“l’[ L(p) = 0.
It should be noted that the first term (parity even, orders
m~1,m™3,..) leads to the kinetic term of the Yang-Mills
action, while the second term (parity odd, orders mo,m_z,...)
leads to the kinetic term of the non-Abelian Chern—Simons
action.

Moreover, we can cast the expression (2.8) in terms of the

effective action

)
siMiGG1 = —% dPx G4 (x) (~On +19Y) G4 (x),
2.9)
SGIGGT = dPxelP G ()3, G4 (x). (2.10)

16

In the next to leading order, which includes the higher-
derivative corrections to the GG-term, we find the HD con-
tributions to the kinetic parts of YM and CS terms as below

280h

HD-CS a 9671’7712
i 28ab

€upp D" p* +Om™), (2.11)

Hab
ny (P) HD-YM 2407rm

(2.12)

Here, we observe the presence of an additional p? (or [)
factor in the effective action. This is an expected structure,
because it preserves the symmetries of the theory.

2.2 GGG-term contribution

Based on the perturbative expansion (2.4), there are two
diagrams contributing to the three-point function, these are
depicted in Fig. 2. The relevant amplitude is given by

= (p My — pupv) p*+0O@m™).

" JZ

(@) (b)

Fig. 2 Fermionic one-loop graphs contributing to GGG-term

abc
Hvo

(a+b)
B 3/ Pk Tr{yyk—§+m)yy k+m)ys K+1+m)]
T8 2 K —m(k+ 12— mD((k — )2 —m?)

x [tr (T” TbTC) i (T“TCTb)] . (2.13)
According to the properties of SU(3) generators
tr (T“TbTC) — —(de 4 pabe, (2.14)

in which £ and d“’° are the anti-symmetric and symmetric
parts of the structure constants, respectively.

Using the trace of Dirac matrices properties and dimen-
sional regularization to compute the momentum integrals, we
obtain

e _ g3 fabc
MY (a+b) 24wm

[Muo (r = P)y + 1w (P — )

lg3 abc -2
8_7T f €uve + O@m™7).
(2.15)

‘Hlov (S _r);,c] +

The first part (parity even) of Eq. (2.15) is exactly the ver-
tex coefficient of three gluons in the Yang—Mills theory and
the second part (parity odd) is related to the non-Abelian
Chern-Simons action, which are proportional to m~! and
mO, respectively.

By considering (2.10) and the parity odd part of (2.15),
we observe that both contributions are of order m°. Thus,
by combining them, we have the functional action for the
ordinary non-Abelian Chern—Simons theory
g2

cs « 5
omY ~ mO

3 nvo
Cetf d’x €

x[ G5 @0,G5 0 + 5 GG @G .
(2.16)
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or equivalently

2g2
FCS X ——
eff Om mO

2g
+56u0G ()G )]

/d3x e“””tr[GM(x)ang(x)

(2.17)

which is invariant under the infinitesimal gauge transforma-
tions, G, = oA —i[Gp, Al

It is remarkable that in the Abelian case the amplitude of
the graphs contributing to the photon’s 3-point function in
(2.13) cancel each other, and hence, the charge conjugation
(C) symmetry of QED is also preserved at one-loop level,
the Furry’s theorem. In QED, this theorem is satisfied at any
order through the following identity

(T, (X1 fugss 20-D1| Q) = 0.

The proof of this identity is easily shown by inserting the
charge conjugation operator C as C'C = 1, as well as using
the fact that Cj MCT = — j, and the (vacuum state) invariance
C| Q) = |S2). On the other hand, in the non-Abelian case, as
we observe in (2.15), the relevant amplitude for the vacuum
expectation value of 3 currents does not vanish. In fact, the
main reason for this non-vanishing amplitude refers to the
properties of the symmetric group generators. To illuminate
this point, we remember the behaviour of the SU (3) current,
Ji = ‘/_’Vu T+ under the charge conjugation (C) in a usual
SU (3) gauge theory [42], as below

() = Ty (=T (x),

here, (T%)" is the transpose of T%. As we observe, the gener-
ators T are replaced by (—T%)" in the conjugate represen-
tation which satisfy the following commutation relation

[T (=T") ] =if (=T,
which is a closed algebra. The generators T L3 74 TOand
T8 are symmetric, whereas T2, T and T7 are antisymmetric
[42]. Thus, the relation (2.19) can be revised as (Jﬁ)c =
—é(a)]l‘j (x), in which

(2.18)

(2.19)

(2.20)

+1,a=13468;
S(‘1)_{—1,a=2,5,7.

Therefore, in order to make a C-invariant interaction term
Sint = gfd%J[j(x)G““(x), it is a sufficient condition
to consider that (G,)¢ = —G%(x)(T9)" or (GZ)C =
~£(@)GY ().

Now, if we consider the anti-symmetric generators, i.e.
&E(a) = &(b) = £(c) = —1, we arrive at

(QIT[JLx)IL IS @)]|2) #0,

which is in contrast to the abelian case. However, in the case
of symmetric generators, i.e. £(a) = £(b) = &(c) = 1, the
amplitude (3.18) vanishes. As a result, we can conclude that

221

(2.22)

@ Springer

Furry’s theorem is not fully satisfied in a non-abelian gauge
theory.

Moreover, it is interesting to observe that the induced
non-Abelian Chern—Simons action (2.17) under charge-

conjugation transformation (G M)C = —GZ (x)(T%)" behaves
as below

cs|€ 2¢* 3. o[ ~a b bay!
PR | gy < o | 45 € [Gn(x)avGa(x) (TP T7)

—%gcz(x)Gﬁ(x)G;(x) tr(TCTbT”)’].
(2.23)

Using tr(4) = tr(A") and the trace identities of SU(3) gen-
erators as well as the antisymmetric property of €4V, it is
easy to show that (Fecé)C = Fecf§ and hence the non-Abelian
Chern—Simons action is C-invariant. In order to complete our
discussion, we remind that under parity transformation
Gy(t,X) — Gi(t, —X), G (t,x) — —G{(t, —X),
(2.24)

the CS action is parity odd (Fecf?)P = —Fgf?. Eventually,
we conclude that the non-Abelian Chern—Simons action is
CP-odd.

In the next to leading order, the HD contributions to the
the parity even part is obtained as

_ gSfabv
12807 m3

« {nm [r2(3r —8) +52(r = 35) + 8(rs)(r — s)L

abc
nvo

HD-YM

— Mo [r2(7r 1 65) + 5297 + 85) + 6(r-s)(2r + 3s)i|
F |:r2(13r +95) + S2(11r — 25) + 4(r.5)(Tr + 3s):|

e } + o), (2.25)

while to the parity odd it reads

3 pabe
abc _ 2 fu ‘
M9 upes  192mm?

- 4p°‘sﬂnwewﬁ — 25%Sy€pac + 2p#sﬁevﬁa

I:pzép,v(r - 2[7//. Pﬁ €vop

+ 2[)‘15‘\;6,,,(,(, + 4(P-S)euurr - 2["15‘377;;\;6130(1 + - ]

+0Om™, (2.26)

which are proportional to m 3 and m 2, respectively. Here,
“...” indicates terms which are other tensorial combinations
contributing to both parts in the next to leading order, but
are omitted for simplicity of notation. We shall examine in
Sect. 4 the (gauge invariant) general structure of such terms
by means of dimensional analysis.
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Fig. 3 Fermionic one-loop » p
graph contributing to
GGGG-term

H (¢

2.3 GGGG-term contribution

The S-matrix expansion for the 4-point function includes
24 permutations of the external gluon legs. Hence, we first
compute the amplitude of the one of these graphs (given by
Fig. 3) and then perform the corresponding permutations.
Hence, the total amplitude is formally written as

24

Hence, performing the 24 permutations in the result (2.30),
we arrive at the expression

-4
bed 8 bee pd
HZV,COU = T 8nm [f e (nupnva - qunp(r)

+fbaefdce (77,up Nve — Nuo va)

+ feae pabe (MuvTpo — Nuo 'MJ)] . (2.31)

This result is precisely the vertex coefficient of the four-gluon
interaction term in the Yang—Mills theory, which is consistent
with our expectation.

Finally, collecting the 1/m terms (parity even) of (2.9),
(2.15) and (2.31), we obtain the Yang—Mills action

bt = Tl o 2.27) 2
i=1 g
s Om-1) Z/d%‘ r [F F*]. (2.32)
and the general diagram can be cast as
aved | _ 4 [ Lk Ty @+my R+ f+my, k+f+4+mye (k= p+m)]
el @)} [ = m?] [k +9)% = m?] [k + 5+ = m?][(k = p)* — m?]
1 . 1 : ] . i : 1 :
% I:E(Subacd + gdabedcde + lgdabefcde + %fabedcde _ gfﬂbffcde:l’ (2.28)

in which we have used the following identity [43]
1 1 i
tr (1 Tb T¢ Td> — _aabacd _dabedcde _dabe cde
r( 12 T3 gt

] . 1 .
+%fabedcde _ gfabe]“de- (2.29)

Moreover, solving the momentum integration and consider-
ing the low-energy limit, we obtain

abcd
Hpo

ig4 2 ab ¢cd abe jcde . jabe rcde
(1):_96nm[§8 594 4 gebegede 4 jqabe

+ l-fabedcde _ fabefcde:l

X (rl,uvnpa — 2nppMve + nuanvp) + o(m—Z)‘

(2.30)

Unlike the low-energy amplitudes of GG and GGG terms,
there are no parity odd contributions (order m%) in (2.30).
Actually, the leading term of the GGGG term in (2.30) is
at order of m~! (parity even) which is a Yang—Mills term.
Nonetheless, although this amplitude does not produce any
Chern-Simons term at order of m°, it contributes to the
higher-derivative extension of the Chern—Simons action at

order m—2.

in which F,, = 9,A, —0,A, +ig[A,, A,]is the usual field
strength tensor. Besides, it is worth to mention that in three
dimensions the ratio f’n—Q is a dimensionless quantity. Here an
important comment is in order. The mass dimension of the
coupling constant in three dimensions is [g] = % SO we can

define a dimensionless coupling as A = ﬁ, in which A is
the energy scale. Now, if we take the IR limit, i.e. A — O,
the coupling A grows largely and hence the theory in IR is
strongly coupled, but UV finite.

It is important to emphasize that the effective action of
Yang— Mills (2.32) is Lorentz invariant and SU(3) gauge
invariant under the transformation U = ¢/?* Ta, where the
field strength tensor has the following transformation F,, —
UF,, U™

Furthermore, based on the above discussion, it is read-
ily obtained that the induced YM action (2.32) is invari-
ant under charge conjugation and parity transformations and
hence Yang—Mills action, unlike the CS action, is CP-even.

One interesting remark about the GGGG term is that in
the Abelian case, one can show that the low-energy 4-photon
amplitude in three dimensions is given by:

Hpo QED ig4 v po o, VO o Vo
I =——— (n""n"? = 20""n"" + " n'’).

) 6rm
(2.33)

@ Springer
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So that, applying the 24 permutations, we conclude that

abcd
Z Mg

as we expected, no self-interaction term is generated to the
gauge field in the Abelian regime [21].

Moreover, in the next to leading order, the HD contribu-
tions to the YM and CS parts for the GGGG diagram given
in Fig. 3 are found as

#vee (2.34)

QED

@

4
bed HD-YM g
5 [ =~ | O + )
2 16 2 4 4 11
x (=50 = 557 = 4 )+ )+ ()
. ( 2,160 20 4 4
4+ —rc—=(rs)— = (p.s
Tuptvo\3P7T 35 T3 73 3P
—4<p.r>)+.~}
% (gsabscd+dabedcde+l-dabefcde+ifabedcde
- el o) (2.35)
abed PSS 3g4 1 1
1vpo |, 1y = 1287m2 125/451)/)0 + 6ra€/4vp + 6[7,06#1)0

I o I &
_ES Nvp€pao — 817 Nuv€poa + -+

« (;(wb(scd + dabedcde + idabefcde + l-fabedcde

_ fahefcde> + O(m_4), (236)

which are proportional to m 3 and m =2, respectively. Here,
again “- - - 7 indicates that there are many other tensorial com-
binations contributing to both parts, YM and CS, in the next
to leading order. As one can easily realize, the next to leading
order result for the GGGG term has a very complicated form
so we omit the final result obtained after performing the 24
permutations.

Actually, the higher-derivative parity even terms (2.12),
(2.25) and (2.35) are part of the Alekseev—Arbuzov—Baikov
(AAB) effective action [37]

Laag  tr (D, F* D Fy,) + tr (D, F* D" F )
—g tr (Fuy F¥ Fyon®™). (2.37)

One can observe that to generate the remaining terms of the
AAB action (2.37) it is necessary to consider contributions
up to n = 6 in the series (2.4) to engender the GGGGGG
terms.

3 Scalar matter coupled to the non-Abelian gauge field

In order to highlight some interesting aspects about the pro-
cess of generating the effective action for the gauge field, we

@ Springer
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i___’,’___[ au // P4
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Fig. 4 The relevant Feynman vertices

consider now the case of a non-Abelian gauge field coupled
to the scalar fields (which possesses further couplings). This
case can be thought as the effective description of the interac-
tion, for instance, among gluons and squarks. The effective
action follows from the path integral of the charged scalar
fields

o TenlGl _ / DO DY o [ X (D 4m) 3.1)
which, at one-loop order, results in the gluon’s effective
action by integrating out the scalar fields

iTett[G]
=trln [ (3, +igGLT?) (8" = igGHT") 4+ m?] .
(3.2)

Moreover, the above effective action can be cast into the
following perturbative form

[ee)
reff[G]=Z/d3x1...[d3xn GII (1) . GIn () QU0 (31, ),
n=1

(3.3)

in which Q"% (x1,..., x,) represents the n-point func-
tion of the non-Abelian gauge field minimally coupled to the
scalar matter. From a diagrammatic point of view, it includes
the one-loop graphs contributing to the gauge field n-point
functions which can be understood as

Seit[G] + Serr[GG]
+Seit[GGGl + Sert[GGGG] + - - - .

Ceg[G] =
(3.4)

Similarly to the previous discussion for the case of fermionic
field in the Sect. 2, we have that the tadpole contribution
vanishes Seer[G] = 0. Hence, in the next step, we shall start
with analysis of Se¢r[G G] term. The relevant Feynman rules
for the interaction of the scalar matter with a non-Abelian
external gauge field, depicted in Fig.4, are readily found as
below [44,45]

Dij — 181] AI-L,G k ;l,
p2_m2: ij _lg( +Q) l]’
(Sabaij
F;/,ju,ab — l-g2nuv (T _I_dabcTi;’_) )
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3.1 GG-term contribution

The amplitude related with the one-loop contributions to the
two-point function of the gluon can be obtained from the
above Feynman rules. There are two diagrams contributing
to the GG-term at this order, which are depicted in Fig. 5.
The respective Feynman amplitudes are written as

d*k 2k — p),, 2k — p), tr (T*T?)
ab 2 2 v
Qo la =8 / @ (@ —md) (= p—m?) (3.5)
d3k Nyw (6ab + dabctr (T"‘))
ab _ _ 2 F
() o) = —8 / )} @ —m?) (3.6)

These expressions can be simplified by computing the traces
using tr (T“ Tb) = %(Sab and tr(7T%) = 0, so that we arrive at

2 ¢ab 3
ab _ 8 3 / d’k 2k — p)M 2k — p),
Quu(p)l(a) ) (27_[)3 (k2 — mz) ((k — p)2 — mz) s (37)
Pk o (k= p)* —m?)
Qab _ 23017/ n .
;w(l’)|(b) 8 (271)3 (k2 _ mz) ((k — [7)2 — m2)
(3.8)

The computation of the momentum integral is straightfor-
ward using dimensional regularization. After some algebraic
calculation, we consider the low-energy limit, p> <« m?,
resulting into

ig28ub
16Tm

which satisfies the Ward identity p# Q4% (p) = 0. One should
observe the presence of parity even (Yang—Mills) terms only
in the expression (3.9). The parity odd terms are absent in
this case due to the nature of the scalar fields. Moreover, in
the next to leading order, the higher-derivative corrections to

the kinetic part of YM term read as

b (p) = (pupy = p?) + O, (39)

l-g25ah
(-

2 2 -5
HD-YM 192w m3 Mo P )P +Om,

Qi (p)
(3.10)

actually, this contribution has the same structure as (2.12)
(obtained for fermionic matter), differing by a sign (bosonic
loop instead of a fermionic loop) and also a numeric factor.
Finally, we can cast the contribution (3.9) of the effective
action as

iSeif[GG]
_ iglaab
T 16mm

/d3x <avcg (0)9" G, (x) — 3UGg(x)8HGE(x)) .
(3.11)
We observe that this expression corresponds to the kinetic

term of the Yang—Mills action for the gauge field, which is
corrected by the HD term (3.10).

-
£
- \
H Ok \\ y u . ,/l v
000\ rooo» TOOB000
\\\\ ’/’
(;) (b)

Fig. 5 Scalar one-loop graphs contributing to G G-term

3.2 GGG-term contribution

For the case of the amplitude related with the gluon three-
point function there are three diagrams contributing in the
scalar QCD, this is due the presence of a quartic vertex. The
corresponding graphs are depicted in Fig. 6. Hence, using
the respective Feynman rules, we can cast the diagrams (a)
and (b) as
_ i g3 fabc
(@)+(b) 2
. &’k k= p), Qk—p+r), 2k+r),
@n)? (k2 —m?) ((k +r)? —m?) ((k — p)? —m?)’

abc
o

(3.12)
while the amplitude for the diagram (c) is
ube _ g3dabc
nvo © 2
y f dk Nov 2k — p),,
@)} (k2 —m?) ((k — p)2 —m?)’
(3.13)

It is easy to show that Qabe = 0, as we would expect.3

o

Therefore, the total amplitude is simply given by

Qabc _ l-g3fab('
o P

y / dk (2k = p)y @k =p+r), Ck+1)s
@) (k2 —m?) ((k + )2 —m?) ((k — p)? —m?)’
(3.14)

Gluons carry color charges and hence they are not eigenstates
of the charge conjugation and one cannot expect for Furry’s
theorem to hold [42,46,47]. Therefore, the contribution of
the three-point function amplitude is non-zero.

Since the amplitude (3.14) is finite, the loop integral is
straightforward using the dimensional regularization, and in
the low-energy limit pz, r2, 52 « m?, it reads

3 rabc
abc _ 8 S
pve 48mwm

[77110 (r— P)v + Ny (p— S)g + v (5 — r)ﬂ] + O(m73)~
(3.15)

3 As we know, the GGG-term corresponds to the 3-gluon vertex that
includes only the anti-symmetric part of the structure constant f¢°¢.

@ Springer



465 Page 8 of 14

Eur. Phys. J. C (2024) 84:465

‘”% ﬂ%
- S . ~ /” BN

~
. \ ’ \ ’ \

i kY /! AN / kY

! 1 1 H

\ [/ \ / \ J
\\\_,, \\\-’, \\\ Pid

v c v ’aaa)o v%g
(a) (b) ©

'
\
Fig. 6 Scalar one-loop graphs contributing to GG G-term

We notice that the Eq. (3.15) corresponds exactly to the stan-
dard 3-gluon interaction term in the Yang—Mills theory. Here,
we notice that in the Abelian version, the total amplitude of
these 3 graphs vanishes and the charge conjugation is a sym-
metry of the scalar QED at one-loop order. Moreover, the
identity (2.18) is again satisfied in the scalar QED. Now, we
intend to discuss Furry’s theorem in the non-Abelian scalar
case and understand why the total amplitude of 3-point func-
tion does not vanish. For the scalar matter coupled to the
non-Abelian gauge field, the relevant current is given by

T = i(@TT“(a,LCD) - (aﬂqﬂ)T“@). (3.16)

By considering the behavior of (3.16) under the charge con-
jugation transformation and that ®¢ = &7, we have

(7 =i(@T T @9 — @, 0H (T ®). 317

abdc

W [ Pk Qk—p), Qk+s), Qk+25+1), 2k +s+1—p), Tr(TT"TITC)

B g3 fubv
wym 9607 m3

abc
o

X {77/10 [rz (p+r)— p2 (p+3r)+6(pr)r— p)]u

— o[ (4r = 14p) 4 p* (p + 14r) + (p.r) (6p +41) |
m

+ n,w[rz (14p +3r) + p> 2p — 14r)

+(p.r) (4p+6r)]a} +Om™). (3.19)

After some algebra, the cubic part (3.15) of the induced effec-
tive action for the gluon is cast as

B ig3 fahc
16mrm

iSef[GGG] = /d3x Gh(x)GH(x) (3uGpa(x) — 8, Gy a(x)).

(3.20)

We observe that the gluon’s amplitude (3.20) in the scalar
QCD is parity even, and no Chern—Simons terms are gener-
ated (as the two-point function).

3.3 GGGG-term contribution

According to the S-matrix expansion at the order of g*, the
four-point function contains three types of Feynman dia-
grams, as depicted in Fig. 7, and we have 24 different per-
mutations (due to the external gauge field legs). Hence, the
full contribution can be formally written as

(c,i))'

(3.21)

24

bdc
= > (i

i=1

Qabdc

abdc abdc
VPO +

(a,i) HYPO | iy mvpo

The amplitude of each one of the graphs (a), (b) and (c) can
be computed as

mwpo | gy = 8 n)?

[k2 — m2] [(k 4+ 5)* = m2] [(k + 5 + )% —m?] [(k — p)* — m?]

, (3.22a)

Moreover, comparing the relations (3.16) and (3.17), we real-
ize that the generators T are replaced by (—7'%)" in the con-
jugaterepresentation. Hence, itis easy to see that all the afore-
mentioned discussion in the fermionic sector works exactly
here and thus for the case of anti-symmetric generators, we
find

QT[T )T (TS ()]]Q) # 0. (3.18)

While that, for the symmetric generators, the amplitude van-
ishes and therefore Furry’s theorem is not satisfied in this

case.
In the next to leading order, the HD contribution to the
3-gluon vertex of the YM part is readily obtained as

@ Springer

_ 4[ dk NuvNpo
oy ¢ Q@m)? [k2 —m2] [k +7 +1)* — m?]

1 1
7(Sab8d6 7dabeddce ,
x <3 t3

abdc
Hvpo

(3.22b)

abdc
Hnvpo

@D
. f &k 2k = p)y 2Kk + )y Npo
=78 ] an)p [(p —k)? —m2] [k +5)> — m2] [k2 — m?]

1 i 1
*6ab50d v abedcde 7dubed(rde ,
x (6 el *3

(3.22¢)

where T'r (T“ T TdT") is given by (2.29). Now, solving the
integration by means of dimensional regularization and per-
forming long algebraic computations in the low-energy limit
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Fig. 7 Scalar one-loop graphs contributing to GGG G-term

[’2, s2, 12, r? « m?, we arrive at

abdc ig4

wopo |, gy = 9%67m (nuvnpa + Nppve + Uua’?vp)
x <§6ab5dc + dabeddce + l-dabefdce
+ifabeddce o fabefdce> , (3.23a)

abdc _ ig4 23ab5dc + 3dabeddce

meo |y T 487m NuvNpo s

(3.23b)
;4
abdc _ 2
weo |1y = 3o e

X (%(SabSCd + l-fabedcde + dabedcde> . (3230)

Moreover, when applying 24 permutations to the results
(3.23a), (3.23b) and (3.23c), we obtain

P
abdc L8 2 ab gcd 2 ac ¢db
= —5%§ —389°6

w7 |y = 12mm [ (3 *3

_'_gﬁbcaad + dabeddce + dbdedace + dadedbce)

X <77,uv Npo + NupMve + Nuo Upp)], (3.24a)
clibv(‘l)LU (h) — 615 [ﬂ/tvﬂpa (Zaubtscd + SdadeLdé)

4 Mo ngv(26“d8‘h + 3dadedche)

+ Mo Tup (25“5’”’ + 3d”“d”d6)] (3.24b)
abdc lg4 ab ccd abe jcde
po 12nm 77/1.1177/)0 8 8¢ 4 3d%°d >

4 Nup Tlav(zaadsd) + 3dadedcbe)

+ Mo Mop (28“”5“’ + Bd““"d”d‘?)] (3.24¢)

A complementary remark is that in the above computations
some features related to the structure constants of the SU(3)
group have been used [43], for instance

ace pbde _ rabe rcde _% abgcd _ qacobd
feerf [ = 3 878 86
+ dabedcde o dacedbde’ (3.25)
dabedcde + dacedbde + dadedbce
1
= 5 (578 + 55" 4+ 505) . (3.26)

Therefore, gathering the contributions Egs. (3.24a), (3.24b)
and (3.24c), the total amplitude corresponding to the 4-point
function is as follows

LA
bd '8 bd
;awpi =- 1927m I:facef ¢ (77/1,1)77,0(7 - 77/1.,077110)

+fadefbce (n;w Noo — Nuo 77vp)
+fabefdce (mwnvd _ Ulwnvﬂ)] .

(3.27)

As acomplementary check of the above analysis, we consider
the Abelian counterpart of the 4-point function
SQED iet

QHVPT —
247wm

(o0 = 20"nP7 + o n'r),

(3.28)

(a+b+c,1)

which vanishes when the 24 permutations are considered

QHrvee =0, (3.29)

SQED

as we expected. Besides, in the next to leading order, the
HD contributions to the 4-gluon YM part, arising from the
general graphs, are found to be

abdc (@D ig4
mvpo | ooy = 76807 m3 (nuv Npo + NupMvo + Nuo ﬂvp)
x ( — 5p% + 452 — 562 +3(s.1) + 35(p.s) + 30(p.t)>
x (%(wbadc‘ + dabeddce + idabefdce
_Hfaheddce _ fahefdce> + O(miS), (3303)
() igh
abdc ab ¢dc abe jdce
. - 589 + 30 qiee )
HYPO | yp ym 11527rm3 mwnpa( +
x (242 4200) + O ), (3.30D)
abdc @b _ _in "
1P |up ym 384xm3 MY
x (gsabacd + l-fabedcde + dabedcde)
X (s2 + p2 . (p.s)) +0O@m™). (3.30c)

Hence, the first amplitude of the HD contribution reads as

latbe,D) igh 25 4,
bd _ b od 2
100 | = 96073 [”‘””"“{aa 5% <_12p 3
5, 5 55
+1t+3r +7(vt)+—(ps)+ (pt)—i——(rt)

+da17eddce (_7 2 §r2 + g (s.1)

15
_o2 22
s+8 +2
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55 15
+—=(p.s)+ — (p.0) +5(r.1)
8 4
] 25 5 3
_H-fabeddce (_gpz 252 g1‘2 + g(s.l‘)

55 15
+§ (p.s) + T (p.t)) }
+(—5p2 45 =52 +3(5.0) + 35 (p.s) + 30 (p.t))

1 abe pdce
1)

I abe pdce
x {77//.1)77,0(7 <§dabc fd“ —_

1 1
+ (ﬂuprlua + Nyo va) <§3ab5dlf + gdaheddcg

i abe pdce i abe jdce l abe pdce -5
+8d f +8f d _Sf f )}]—i—(’)(m ).
(3.31)

Needless to say that the total amplitude obtained from the 24
permutations is an absurdly long expression, being omitted
in the discussion.

The Eq. (3.27) would generate a four gluon interaction
term at order @ (m~") in the Yang-Mills effective action of
the type

ig4
32mm
X /dzx fahefdceGii(X)Gﬁ(X)Gd’“(x) GC’U(X).

(3.32)

iSerf[GGGG] = —

Finally, we can collect the leading O@m~Y) contributions
from the one-loop order parts related to the two, three and
four-point functions, Egs. (3.11), (3.20) and (3.32), respec-
tively, so that we can write the complete expression of the
Yang-Mills action as

.2
YM g

rY. _
ff |om-1 327m

/ dx F, F“", (3.33)
which is invariant under the Lorentz and SU(3) gauge trans-
formations. Naturally, the coefficients of (3.33) differ from
those of (2.32) due to the nature of the coupled matter fields.
We can observe that the HD terms for the case of scalar matter
fields discussed above also generate the AAB action (2.37).

4 The gauge invariance of the higher-derivative terms

In order to shed some light on the general structure of
the higher-derivative terms appearing in Yang—Mills—Chern—
Simons action we shall apply the dimensional analysis proce-
dure to investigate the gauge invariance of these terms. This
procedure is rather interesting because it focuses on the gauge
invariant contributions. Hence, in order to have a clear and
careful discussion, we concentrate on the higher-derivative
parts of the Chern—Simons and Yang—Mills terms separately
below.

@ Springer

e Higher-derivative Chern—Simons terms
One should realize that since we are working ina (24 1)-
dim. spacetime, the allowed terms in the Lagrangian den-
sity must have mass dimension 3. Hence, one can see that
the mass dimension of the gauge and fermionic fields in
three dimensions is given by [G] = % and [¥] = 1,
respectively (see Eq. (2.1)). Thus, the mass dimension of
the coupling constant would be [g] = % For the sake of
simplicity in our discussion, we introduce G, = —igG,,
that leads to [G] = 1.
The kinetic term of the ordinary CS term, arising from the
leading term of the two-point function in (2.8), is propor-
tional to GoG with mass dimension 3. We easily observe
that another possible contribution (involving the gauge
field) with mass dimension 3 is given by GGG, which
exactly appears as a parity-odd piece of the leading term
in the analysis of the three-point function in (2.15).
It is remarkable that these two types of odd-parity terms
with mass dimension 3 are both at order m° and a special
linear combination of them leads to the standard non-
Abelian Chern—Simons action (2.16) which is invariant
under the infinitesimal gauge transformation.

In order to determine the gauge invariant higher-
derivative corrections to the CS action, we must gather all
the contributions at the same order of the fermion mass
m. These contributions can arise from different n-point
functions so that if we miss even one of them at any order
of m, the gauge invariance is lost at that order. To high-
light this point, we consider the next to the leading order
terms present in the two-point function in (2.11) with odd
parity, resulting in the dominant HD contribution to the
kinetic term of CS at order of m 2. The structure of this
term in the action would be as GoJG with mass dimen-
sion of 5, compensating the coefficient m~2, and thus
resulting in a mass dimension 3 term.

Moreover, to determine the full gauge-invariant HD
contributions to the CS action at order m 2 it is necessary
to consider all the possible combinations of G and d with
mass dimension of 5. Due to the expansion of our results

12
in powers of (%) , in general, the higher-derivative

terms that may appear in I'® at order of m~2¢ should
have a structure like this Ga[1‘G with mass dimension
3 4 2¢. For example, the case of £ = 0 corresponds to
the leading term m°

T} o= aoly” +bol'y, “.1)

which corresponds to the ordinary non-Abelian CS action
with T o Gag and T’ o« GGG, given in (2.10)
and (2.15), respectively. Also, the values of ap = 1 and
by = % are obtained via explicit analysis as given in
(2.16). Furthermore, in the next to leading order ¢ = 1,
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we have that

r = azl—‘g) + bzrg) + 62F§4) + dZFS)» 4.2)

m=2

in which

r «gang, Iy «ggig, Iy «agggg,

ry « G66Gg, (4.3)
where the coefficients ay, . . ., d> are determined through

the explicit computation.

We should remark, however, that the terms present in
(4.3) should be contracted with the Levi-Civita tensor
€*vP and/or the metric n”? in order to construct Lorentz
scalar objects, implying thus in many different tensorial
forms contributing to the above construction. The explicit
tensorial forms of I‘;z), F?), F§4) are provided in our
detailed results (2.11), (2.26) and (2.36), respectively.

As we explained above, although we have not com-
puted Ff) , it must be included to secure the gauge invari-
ance of the full HD corrections to the CS action (in the
next to leading order m’z). Furthermore, we realize that
the HD-CS action at this order includes new parity-odd
self-interaction terms with four and five gluon legs.

As aconclusion, the present analysis demonstrates that
in order to construct a gauge-invariant HD-CS action at
order of m~2¢, it is necessary to consider all the rele-
vant contributions coming from 2, 3, - - - , (3 + 2¢)-point
functions.

which leads to the usual YM theory with ng) x dGagG,

FP) x 0GGG and I‘§4) x GGGG. Also, the coefficients
ay, by and c1 are found via our detailed computation. In
the next to leading order £ = 1, we obtain

|, s =aTP + 5T + Ty + a7 4 ey,
4.5)

in which the invariants are

r{ «cagang, Iy o«aglgg, TP o« 06G6G.
ry «96666G, Ty « 66GGag6. (4.6)

The tensorial form of ng)’ I‘§3) and F§4) are found in the
fermionic case through (2.12), (2.25) and (2.35), as well
as in the scalar case through (3.10), (3.19) and (3.31),
respectively. Although, we have not calculated the con-
tributions Fés) and F§6), they must be included in order
to guarantee the gauge invariance of the HD corrections
to YM action in the next to leading order m 3. Besides,
it is notable that the HD-YM action at this order includes
the new parity-even self-interaction terms with five and
six gluon legs (the AAB effective action (2.37)).

Finally, in order to make a gauge-invariant HD-YM
action at order of m~ @D itis necessary to consider all
of the relevant contributions coming from 2, 3, ..., (4 +
2¢)-point function.

A complementary remark about the generation of the CS

e Higher-derivative Yang—Mills terms and YM terms can be achieved by examining the contribution

. . . arising from the momentum integrals in the low-momentum
Proceeding now to the analysis of the parity even con- g g

o _ limit:
tributions, we see that the YM part are of order m~!,

while the HD corrections are of order m 3. Hence, we
e In the analysis of fermionic matter, we have the trace of

observe that YM part should receive contributions of
leading order of terms with mass dimension 4, while the
HD part at the next to leading order corresponds to the
terms with mass dimension 6.

The kinetic term of the ordinary YM term, arising from
the leading term of two-point function at in (2.8), is pro-
portional to dGdG with mass dimension 4. Other com-
binations with mass dimension 4 at order of m~! are
0GGG and GGGG. Indeed, these three parts are parity-
even pieces of the 2, 3 and 4-point function which sum
yields the standard Yang—Mills action.

For the generic higher-derivative terms in I'® at
order m_(%“'l), we have that the general structure reads
8Go1¢G with mass dimension of 4 + 2¢. For example,
the case of £ = 0 corresponds to the leading term m !

r| o =ail? + 60 + Ty, (4.4)

an odd and even number of gamma matrices appearing
in the Feynman amplitudes for the n-point functions.
Moreover, the trace of an odd (even) number of gamma
matrices is accompanied by an odd (even) power of
fermion masses (m, m3, md, .. [(mo, m?, m*, ...)], which
engender the Chern—Simons terms with odd parity
(Yang—Mills terms with even parity).

In the second part, when the scalar matter is considered,
there is no trace of gamma matrices, thus no parity odd
terms, so that we are left only with Yang—Mills terms.
The presence of such mass terms can be justified as the
following: after performing the Feynman integrals in the
low-energy limit, the Chern—Simons terms are produced
by terms of order @ (m~2%) while the Yang—Mills terms
are produced at order O(m~ 24Dy This observation can
be explicitly understood if we examine some of the stan-
dard Feynman integrals appearing in throughout of our
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analysis:
d3q q4 1

Iy = ~ , A.7)
@)’ (g* = Ay (n-32)

L= d3q3 . ¢ 1 , (4.8)
@3 @ =8 (i-3)
d? 1 1

Io = el ~ (4.9)

@)} (2= Ay~ (1)
in which A = A(p1, p2, ...) is a function of the external
momenta, Feynman parameters and the fermion/scalar
mass. Now, we introduce a generic form of the type
A = Q% + m? to separate the contributions of the
mass term from the momenta represented generically as
Q0 = Q(p1, p2, ...). Therefore, in the low momenta limit,

we find
3

L~ o 21=372) _ 2031 (4.10)
3

I ~ m‘z(”‘f‘l) = m 2=+ 4.11)
3

Io~ 2370) _ 2 (4.12)

As we see, all the low-energy integrals are proportional
to an odd power of mass. Taking this observation into
account as well as the second comment, the naive and
simple form of the Feynman amplitude reads

H2k+1

[Amzk’*'1 Tr(y"v
———

T ) + Bm? Tr(y"""V“k)],
—

YM—terms

4.13)

CS—terms

where A = A(p1, p2,...) and B = B(p1, pa,...) are
functions of the momenta. Finally, we can explicitly
observe that the mass coefficients of the CS and YM
terms are m 250 and m~C6=OFD regpectively.

We summarize the conclusions of the above discussion
about the perturbative generation of the CS and YM effective
action in the table below.

Order of expansion  Induced action Spinor QCD  Scalar QCD
omY Chern—Simons v X
om™ Yang—Mills v v
om™?) HD Chern-Simons v/ X
om3) HD Yang-Mills v v
Oom™2 HD Chern-Simons v/ X
O(m~ D) HD Yang—Mills v v

@ Springer

5 Concluding remarks

In this work, we have examined the perturbative generation
of the effective action for the non-Abelian gauge field in a
(2 + 1)-dimensional spacetime. We have computed the two,
three and four point functions in order to determine the non-
Abelian Chern—Simons terms (parity odd) and Yang—Mills
terms (parity even). These terms were supplemented by the
higher-derivative corrections which resulted in the Alekseev—
Arbuzov-Baikov effective action (parity even) plus the HD
corrections to the Chern—Simons terms (parity odd). In order
to highlight some features about the perturbative generation
of the HD terms we have considered a discussion based on
the dimensional analysis and gauge invariance, which allows
to establish the general structure of the permissible terms.
We started by considering the perturbative generation of
the non-Abelian Chern—Simons and Yang—Mills terms when
coupled to fermionic and scalar matter. The choice of work-
ing with fermoinic and bosonic matter sources is to highlight
subtle points involving the allowed terms in the effective
action: in the case of fermionic matter parity odd terms are
generated, while they are absent for the scalar fields. In one
hand, in the case of the Yang—Mills terms (parity even sector),
they have the same structure for both fields, differing only by
the numerical factors and a sign (fermionic and bosonic loop).
Also, the same observation is valid for the higher-derivative
terms, which correspond to the AAB effective action. On the
other hand, in the parity odd sector, only the fermionic field
engender the Chern—Simons terms and their HD corrections.
In order to have a better understanding of the general struc-
ture of the effective action and the allowed terms, we followed
an approach based on the dimensional analysis (mass dimen-
sion) and gauge invariance. The starting point was to realize
that the parity odd (CS) and parity even (YM) sectors are
generated at order O (m %) and @ (m~?¢*+D) with ¢ > 0,
respectively. This observation follows from the analysis of
the Feynman integrals at the low-momenta limit. Moreover,
the number of terms is very high since each allowed term
should be contracted with the Levi-Civita tensor e*"? and/or
the metric »”? in order to construct Lorentz scalar objects.
Although, one can obtain the general structure of the allowed
and necessary terms at each order of the effective action,
which guarantees the gauge invariance, the respective coef-
ficients are only determined via the explicit computation.
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