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Abstract In this work we analyze traversable wormhole
spacetimes in the framework of a covariant generalization of
Einstein’s General Relativity known as energy—momentum
squared gravity, or f (R, 7) gravity, where R is the Ricci
scalar, 7 = T, T, and Ty, is the energy—momentum ten-
sor. Considering a linear f (R, 7) = R+y7 form, we show
that a wide variety of wormhole solutions for which the mat-
ter fields satisfy all the energy conditions, namely the null,
weak, strong and dominant energy conditions, exist in this
framework, without the necessity for a fine-tuning of the free
parameters that describe the model. Due to the complexity
of the field equations these solutions are obtained through an
analytical recursive algorithm. A drawback of the solutions
obtained is that they are not naturally localized, and thus a
matching with an external vacuum is required. For that pur-
pose, we derive the junction conditions for the theory, and we
prove that a matching between two spacetimes must always
be smooth, i.e., no thin-shells are allowed at the boundary.
Finally, we use these junction conditions to match the interior
wormhole spacetime to an exterior vacuum described by the
Schwarzschild solution, thus obtaining traversable localized
static and spherically symmetric wormhole solutions satis-
fying all energy conditions for the whole spacetime range.
We also prove that the methods outlined in this work can be
straightforwardly generalized to more complicated depen-
dencies of the action in 7', as long as crossed terms between
R and 7 are absent.

4 e-mail: joaoluis92 @ gmail.com (corresponding author)
b e-mail: nailhask8 @hotmail.com

¢ e-mail: fslobo@fc.ul.pt

1 Introduction

A wormbhole is a topological object connecting two spacetime
manifolds or two regions of the same spacetime manifold.
These objects have been widely studied in the framework of
General Relativity (GR) [1-6], but they feature an impor-
tant drawback: the requirement that the wormhole spacetime
be traversable entails the flaring-out condition [1], which
through the Einstein field equations violates the null energy
condition (NEC), and consequently violates all of the energy
conditions [3,7,8]. A matter distribution that violates the
NEC is thus denoted as exotic, and is of limited physical
relevance due to the rarity of an experimental counterpart.
To overcome the limitation of GR stated above, one usu-
ally recurs to the analysis of wormhole spacetimes in the
framework of modified theories of gravity [9-21], where the
additional components of the gravitational sector preserve
the geometry of the wormhole throat traversable, while keep-
ing the matter components non-exotic. Such a result can be
attained in several distinct modifications of GR, from f (R)
gravity and its extensions [22-28], to couplings between cur-
vature and matter [29,30], theories with additional funda-
mental fields [31,32], Einstein—Cartan gravity [33], Gauss—
Bonnet gravity [34-36], and braneworld scenarios [37,38].
In this work, we are interested in a covariant generaliza-
tion of Einstein’s GR known as energy—momentum squared
gravity, or f (R, 7) gravity [39,40], where 7 = T T,
This particular modification of GR possesses similar fea-
tures to the previously explored curvature-matter coupling
theories [41-44], where the energy—momentum tensor is not
conserved. f (R, 7') gravity has been studied in a wide vari-
ety of topics from cosmological models [45-50] to compact
objects [51-54], including black-holes [55,56]. However, the
literature regarding wormhole physics in this theory is scarce:
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a few specific solutions were found through a Noether sym-
metry approach, but these solutions lack physical relevance
in the sense that they violate the NEC and, consequently,
all the other more restrictive energy conditions [57,58]. The
main objective of this work is thus to suppress this literary gap
and provide a clear analysis of physically relevant traversable
wormhole spacetimes in f (R, 7) gravity.

In the pursuit of physically relevant spacetime solutions
describing localized objects, one frequently makes use of
the so-called junction conditions. The junction conditions
for GR were derived long ago [59] and proven useful in sev-
eral astrophysical contexts, e.g. the analysis of traversable
wormholes [60—65], fluid stars [66—68] and gravitational col-
lapse [69,70]. The junction conditions are theory-dependent,
and several works analyze these conditions in modified the-
ories of gravity, from f (R) gravity and its extensions [71-
77] to theories with additional fundamental fields [78-81]
and metric-affine gravity [82-84]. A second objective of
this work is thus to provide the junction conditions of lin-
ear f (R, 7) along with explicit examples of application.

This paper is organized as follows. In Sect.2, we intro-
duce the f (R, 7) theory of gravity along with our assump-
tions for the gravitational and matter sectors. In Sect.3, we
solve the field equations and obtain solutions for non-exotic
traversable wormhole spacetimes. In Sect.4, we derive the
junction conditions for linear f (R, 7)) gravity and perform
a matching between the interior wormhole region previously
obtained and an exterior vacuum spacetime. In Sect.5, we
analyze extensions of the theory to higher-order powers of
7T . Finally, in Sect. 6 we present our conclusions.

2 Theory and framework
2.1 Action and field equations of f (R, 7T)

In this work, we are interested in studying wormholes in the
f (R, T) theory of gravity. The action S that describes such
a theory can be written as

sziz/ 4/_—gf(R,T)d4x+/. V=gLlnd*x, (1)
2K Q Q

where k2 = 87 G/c*, with ¢ the speed of light and G the
gravitational constant, €2 is a spacetime manifold described
by a set of coordinates x, g is the determinant of the metric
gab, [ (R, T) is an arbitrary function of both the Ricci scalar
R = g“bRab, with R, the corresponding Ricci tensor, and
the scalar 7 = T, T*?, with T, the energy—momentum ten-
sor, and L, is the matter Lagrangian. The energy—momentum
tensor is defined in terms of the variation of the matter
Lagrangian L,, with respect to the metric as

@ Springer

2 §(V/—gLn
Tup = — (V=8Ln) )

V=g 88
Throughout this work, we assume a geometrized unit system
in which ¢ = G = 1, and hence «2 = 87.
Applying the variational method to Eq. (1) with respect to
the metric g, leads to the modified field equations as

1
fRRap — Egabf — (VaVp — gap) fr =87 Tap — f7Oup,
3

where we have introduced the notation fg = df/9R and
fr = 9f/07T, V, represents the covariant derivatives and
O = g%V, V, represents the d’ Alembert operator, both in
terms of the metric g,p, and ®,; is an auxiliary quantity
arising from the variation of 7 as
5T

Our = §ar @)
Upon specifying a choice for the matter Lagrangian £,, or,
equivalently, a choice for the energy—momentum tensor 7,
the explicit form of the auxiliary tensor ®,; is set. Finally,
taking the covariant derivative of Eq. (3), one obtains the
conservation equation

87V, T =V, ( fTG)“b) + frV,RY — %g“bvb IO
This result implies that the energy—momentum tensor 7y is
no longer required to be conserved in this theory, i.e., in gen-
eral one has V;, T # 0, a notable difference in comparison
with GR.

For the purpose of this work, we assume that the function
f (R, T) is separable and linear in both R and 7, i.e., we
write

f(R.T)=R+yT, 6)

where y is a coupling constant. Under this assumption, the
field equations in Eq. (3) and the conservation equation in
Eq. (5) reduce to

1
Gap =8nTyp —y <@ab - EgabT> , @)
1
87V, T = yV, (@‘”’ — Eg“bT) , (®)

respectively, where we have introduced the Einstein tensor
Gup = Rap — %Rgab. Extensions of these assumptions are
addressed below in Sect. 5.

2.2 Wormhole metric and matter distribution

In this work we are interested in static and spherically sym-
metric traversable wormhole solutions. A general static and
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spherically symmetric metric can be written in the usual
spherical coordinates (¢, r, 6, ¢) as

b —1
d52 = _eC(r)dtz + |:1 _ ﬂ:l er + erQZ, (9)
r

where ¢ (r) is the redshift function, b (7) is the shape func-
tion, and d2? = d6? + sin® Od¢? is the solid angle surface
element. For the wormhole to be traversable, the functions
¢ (r) and b (r) must satisfy a few conditions. First, it is nec-
essary that the spacetime is free of event horizons, to allow
an observer to cross the interior of the wormhole without
being trapped inside. For this purpose, the redshift func-
tion must remain finite throughout the whole spacetime, i.e.,
|¢ (r)| < oo. Furthermore, one needs to impose a geomet-
rical condition at the wormhole throat r = r(, known as the
flaring-out condition,! which can be described by the two
following boundary conditions on the shape function:

b (ro) = ro, b (rp) < 1. (10)
Two broad families of solutions for the functions ¢ (r) and
b (r) that satisfy the requirements above are

cor=0(")" por=r () an

where ¢y is an arbitrary constant to be specified in what fol-
lows, and « and B are arbitrary positive exponents.
Regarding the matter sector, we assume that the distri-
bution of matter is well described by an anisotropic perfect
fluid, i.e., the energy—momentum tensor 7, takes the form

2 = diag (—p. pr. P12 P1) » 12)

where p = p (r) is the energy density, p, = p, (r) is the
radial pressure, and p; = p; (r) is the tangential pressure.
These quantities are assumed to depend solely on the radial
coordinate r to preserve the spherical symmetry of the worm-
hole. Under these assumptions, the matter Lagrangian takes
the form L,, = % (pr + 2p;), and consequently the auxiliary
tensor ® reads

2 1
®ab = —g (p,- + 2pt) (Tab - EgabT> =TT + ZT,ICchs
(13)

where T = g%T,; is the trace of the energy—momentum
tensor.

! The flaring-out condition in the neighbourhood of the throat takes the
form (b — b'r)/b* > 0 [1].

3 Wormbhole solutions

Under the assumptions outlined above, the field equations in
Eq. (7) feature three independent components, which take
the forms:

%
87p = ¢ (P} =20} =3p" = 8prpi = 8prp = 16pip)
B+1
ﬁz <f) , (14)
"
Y2 2
8mpr = 2 (p7 +2p7 —3p> = 12p:py +4prp — 4pip)

RO N [EC R A
87p; = —% (P} +6p7 430" +2pr pi +2prp — 2p1p)
ORI ON IR E
+ng (= o) |:2(x (1 42a+B) <r70>ﬂ+1] . (16)

2r2
respectively. Equations (14)—(16) form a system of three
equations for the three unknowns p, p,, and p;. These three
equations are quadratic in their respective unknowns, which
implies that this system features a set of at most eight inde-
pendent solutions, of which some might be complex for given
combinations of parameters.

Due to the complexity of the system of Egs. (14)—(16),
explicit analytical solutions for p, p, and p; are unattain-
able, even for specific choices of the free parameters ry, «,
B, v, and ¢o. Nevertheless, one can obtain analytical solu-
tions for these quantities recursively, as follows. We start
by selecting specific values for the free parameters. Then,
for this particular choice, starting at r = rp, one can alge-
braically solve the system for p (7o), pr (r0), and p; (ro), and
obtain the numerical values of these quantities, i.e., sets of
values {p{, pL. ply}. fori € {1, ..., 8} corresponding to the
eight independent solutions of the system. For each of these
solutions, one can increment the radius r in small steps, say
rn+1 = 1y + € for some small value €, and find the values of
0 (Fut1)s pr (rny1), and py (rp41). Repeating the process up
to a radius r large enough, one is able to extract analytically
the behavior of the solutions.

Note that not all of the solutions of the system above are
of interest to us. Indeed, we are only interested in those solu-
tions which are relevant from an astrophysical point of view,
i.e., solutions whose matter components satisfy the so-called
energy conditions. There are four different energy condi-
tions that we are interested in analyzing, namely the null
energy condition (NEC), the weak energy condition (WEC),
the strong energy condition (SEC), and the dominant energy
condition (DEC). For a diagonal energy—momentum tensor
Tap in the form of Eq. (12), the energy conditions take the

+
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Fig. 1 Matter quantity p and the energy condition combinations p + p,, p + pr, p + pr +2ps, p — | pr| and p — | p;| for the choice of parameters

a=B=-y=1Lrg=3Mandg =—$

forms [7]:
NEC: p+p->0, p+p >0, (17
WEC: NECandp >0, (18)
SEC: NECandp + p, +2p; >0, (19)
DEC:  p=Ip/l, p=I|p:l (20)

The NEC guarantees that the average energy density as seen
by any null observer is positive, the WEC guarantees that the
average energy density as seen by any timelike observer is
positive, the SEC preserves the attractive behavior of gravity,
and the DEC guarantees that the speed of sound is smaller
than the speed of light c¢. The DEC is also frequently asso-
ciated with the stability of the object under study. From the
set of eight solutions for the matter quantities contained in
the theory, those which violate any of the energy conditions
stated above are discarded, and only those which satisfy all
of the energy conditions are considered.

Similarly to what was previously found in linear f (R, T')
gravity [28], one verifies that in linear f (R, 7) gravity solu-
tions satisfying all of the energy conditions mentioned above

@ Springer

exist for negative values of the coupling constant . However,
a main difference between the two theories is that in the lat-
ter the solutions are not asymptotically vacuum, even though
they are asymptotically flat. As an explicit example, consider
the combination of parameterso« = § = —y = 1,rg = 3M,
and ¢y = —6/5.% The matter quantity p and the combinations
P+ prsp+ pesp+pr+2pi, p—|prland p — | p;], for the
solution that satisfies all of the energy conditions previously
mentioned, are plotted in Fig. 1. Furthermore, to illustrate
how the values of « and g impact the solutions, we plot
the matter quantities p, p,, and p; for the combination of
parameters y = —1, 79 = 3 M and ¢y = —6/5 for different
combinations of @ and § in Fig.2.

An important feature of the solutions described is that,
even though the spacetime is asymptotically flat, the mat-
ter components are non-vanishing for the whole range of
the radial coordinate, i.e., the solutions are not localized. To

2 While the choice of ¢ at this point is quite arbitrary, we have chosen
this particular value for reasons that we clarify in subsequent sections.
A wide range of other values of ¢y, including positive values, would
provide a qualitatively similar solution.
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Fig. 2 Matter quantities p, p, and p; for the choice of parameters y = 1,79 = 3 M and ¢y = —g and for different combinations of & and S

improve the physical relevance of these solutions, it is thus
necessary to consider a matching with an exterior vacuum
spacetime at some finite radius, thus resulting in localized
wormhole solutions. We address this issue in the following
section.

4 Junction conditions and matching
4.1 Junction conditions of linear f (R, 7T) gravity

Let the spacetime manifold 2 be composed of two distinct
and complementary regions Q*, described by metric tensors
gjb written in terms of coordinate systems x{. We denote
the spacetime QT as the exterior spacetime, and the space-
time 27 as the interior spacetime. The boundary between
the two QT is a 3-dimensional hypersurface ¥ described
by a metric h4g written in terms of a coordinate system y*,
where greek indices exclude the direction orthogonal to X.
The projection tensors from the 4-dimensional spacetime €2
into the hypersurface X are defined as e} = 9x“/dy“, and
the normal vector on X is defined as n, = €d,[, where [
is the affine parameter along the geodesics orthogonal to ¥
and € is either 1, —1 or O for spacelike, timelike, and null
geodesic congruences, respectively. By construction, one has
n“ef = 0. Following this notation, the induced metric qg
and the extrinsic curvature Kyg of the hypersurface X can be
written as

hap = egeggab, Kuop = egegvanh. 21

A convenient framework on which to analyze the junction
conditions is the distribution formalism. In this formalism,

any quantity X and its derivative V, X can be written in terms
of distribution functions as

X=Xt0W)+X 01, (22)
VX =V, X0 () + VX0 (=1) +eny [X]18(), (23)
where X* represent the quantity X in the spacetimes Q%

respectively, 6 (I) is the Heaviside distribution function
defined as 8 (I) = O for/ < 0,0 () = 1forl > 0, and

0 = % forl = 0,6 (I) = 9,6 (1) is the Dirac-delta distri-
bution, and we have introduced the notation [ X] to represent
the jump of X across X, i.e.,

[X]=XFlx - X[z (24)

If the quantity X is continuous across X, one has [X] = 0.
Furthermore, by definition one has [na] = [eg] =0.

To obtain the junction conditions, all of the quantities
appearing in the field equations, namely Eq. (7), must be
written in the distribution formalism. Consider first the met-
ric gqp, Which can be written in the distributional formalism
as

gab = 8.0 ) + 8,0 (—D). (25)

The Christoffel symbols I'¢, associated with the metric
gap require the computation of the derivatives d.g,p. Fol-
lowing Eq. (23), these derivatives take the form d.g,, =
Bcg;r,ﬂ (D) + 0:8,,0 (1) + €nc [gap] 6 (1). The presence of
the term proportional to § (/) is problematic when one tries to
define the Riemann tensor R¢,_, in the distributional formal-
ism, as the latter depends on products between the Christoffel
symbols which consequently depend on factors of the form
82 (). These factors are singular in the distributional formal-
ism. To avoid these problematic terms, one needs to require
that the metric g, is continuous across %, i.e., [gqp»] = O.
Since [eg] = 0, one can rewrite the previous condition in a
coordinate-independent way by projecting both indices into
the hypersurface X, from which one obtains

[hag] = 0. (26)

Equation (26) is known as the first junction condition, and
requires the induced metric at X to be continuous. Following
this result, the derivatives of g, reduce to

de8ab = &0 (1) + deg 0 (1) . 27)

One is now able to construct the Christoffel symbols in the
distribution formalism and, consequently, the Riemann ten-
sor and its contractions, i.e., the Ricci tensor R, and the
Ricci scalar R, which are regular. These quantities take the

@ Springer
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forms
Rabea = Ry ,0 (1) + Ry 40 (—=1) + Rapead (1) (28)
Rap = R0 (1) + R0 (=) + Rapd (1) , (29)
R=RTO()+R O+ R5(0), (30)

where Rypeq, Rap, and R denote the factors proportional to
8 (1), which are given in terms of geometrical quantities as

Rabcd =4 [Kotﬂ] e([);nb]efdnc]v (3D
Rap = — (6 [Kop] el + nanp [K]), (32)
R = —2¢[K], (33)

where we have introduced the definition of index anti-
symmetrization as X[qp = % (Xap — Xpy), and K =
hep Kyp denotes the trace of the extrinsic curvature.

Let us now consider the matter sector. In general theories
of gravity, any terms proportional to § (/) in the gravitational
sector of the modified field equations can be associated to
the presence of a thin-shell of matter at the hypersurface X.
It is thus useful to write the energy—momentum tensor in the
distribution formalism as

Tap = T0 () + T,,0 (1) + Sapd (1), (34)

where S, = Saﬁefjef ,and Syg represents the 3-dimensional
energy—momentum tensor of the thin-shell. The scalar 7 in
the distributional formalism can thus be obtained via the con-
traction of T3 with itself, which takes the form

T=ToWO+T 0=D+TsU)+7T8>1), (35)

where the quantities 7 and T are given in terms of matter
quantities as

T = (T, +T,)5", (36)

a

T = S,,5%. (37)

Similarly to what was previously mentioned to present the
regularity of the Riemann tensor, the term proportional to
82 (1) is singular in the distributional formalism and must be
eliminated. However, since 7 is proportional to a quadratic
term in S,p, which is always non-negative, the only possible
way of eliminating the problematic singular terms in 7 is
to force the energy—momentum tensor of the thin-shell to
vanish, i.e.,

Sap = 0. (38)

Such a matching is called a smooth matching and, while in
several other theories of gravity it corresponds to a particular
case of the general matching with a thin-shell, in f (R, 7)
gravity it is the only allowed method of matching two space-
times that preserves the regularity of the action.

@ Springer

Following the definitions outlined above and under the
restriction of Eq. (38), the field equations in Eq. (7) pro-
jected into the hypersurface ¥ with egeg take the form
[Kaﬂ] — [K]heg = 0. Taking the trace of this result with
h“ implies [K] = 0, which upon replacing back into the
original equation leads to

[Kop] =0, (39)

i.e., the second junction condition implies that the extrinsic
curvature K,g must be continuous across X.

Summarizing, the matching between two spacetimes in
linear f (R, 7) gravity must always be smooth, i.e., in the
absence of a thin-shell, and the two junction conditions the
spacetimes must satisfy are the same as in GR, that is, the
induced metric sy and the extrinsic curvature Kog must be
continuous across the hypersurface X,

[hap] =0, [Kap] =0. (40)

4.2 Matching with an exterior vacuum

Let us now make use of the junction conditions derived in the
previous section to perform a matching between the interior
wormhole spacetime and an exterior spherically symmetric
and static vacuum solution. The interior and exterior space-
time metrics to match are

T o ﬂ+1 7]
ds? = —Ce (D) a2 4 [1 - () ] 4?4 2R,
r

41)
2M oM\ !
ds? = — (1 -~ —) dr* + (1 - —) dr? + r?dQ?,
r r
(42)

respectively, where the metric in Eq. (41) corresponds to the
metric in Eq. (9) subjected to the ansatz for the redshift and
shape functions given in Eq. (11), the metric in Eq. (42)
corresponds to the Schwarzschild solution with a mass M,
and the constant C is introduced for later convenience, to
guarantee that the time coordinates in both the interior and
exterior metrics coincide.

For a better readability, it is convenient to start the analy-
sis with the second junction condition. Due to the spherical
symmetry of the metrics considered, the extrinsic curvatures
K ;53 feature only two independent components, namely Kog

and Kgp = Kgpg sin? 0. These components take the forms

_ ko (ro\“ ro\ A+l
=22 () :
00 2r (r) r “3)
ki -_M [ " (44)
00 7= w2V, oM

_ ]"O /3+]

go =7y 1— (7> , (45)
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ki =rf1-2M 46
go =7 P (46)

From the second junction condition in Eq. (40), i.e.,
[Kap] = 0, one obtains two independent constrains to the
matching, namely [Koo] = 0 and [Kgp] = 0. These two
constrains take the forms

B+l M
2 (o) (2T M T o )
2 r r r\r—2M

O

respectively. The second of these conditions, Eq. (48), can be
solved for the radius r and it features a unique real solution
for M > 0 and ryp > 0. This solution corresponds to the
radius ry at which the matching must be performed, and it
takes the form

re = QM)F (rg) 7. (49)

Note that the radius ry must satisfy the condition ry > 2M
to avoid the presence of event horizons in the full wormhole
spacetime, which according to the result above constrains the
radius of the throat to be also in the regime ro > 2M, for any
B > 1. The solution for 5 can now be introduced back into
the first condition, Eq. (47), in order to solve it with respect to
the value of ¢y for which the matching at the radius r = ry is
possible. Following this procedure, one obtains the solution
for &g as

l—a+pB

QM) F (rg)?
a[@m)! 5 — o) F ]

S = (50)

Note that since rg > 2M, which was obtained from the pre-
vious constraint, this implies that for any « > 1 and 8 > 1,
one has ¢y < 0. This is somewhat expected as negative val-
ues of o preserve the sign of the derivative of goo consistent
in both the interior and exterior metrics, a requirement for
the matching to be smooth.

Let us now turn to the first junction condition in Eq. (40),
i.e., [hag] = 0. Since the angular parts of the metrics in
Egs. (41) and (42) coincide, the angular components of the
induced metric hqpg are automatically continuous, and one
just needs to analyze the hop components independently. The
condition [hgg] = O takes the form

ce(P) = (1 _ 2—M) . (51)

r

From the analysis of the second junction condition, one has
already concluded that the matching must be performed at
a radius ry, given by Eq. (49), and that the only value of ¢
consistent with this matching is given by Eq. (50). Introduc-
ing these values of ry and ¢y into Eq. (51) and solving for
the constant C one obtains

C= [1 — <2_M>1+é:| e_a[(z%)w%_l], (52)

ro

We note that since o > 2M, the constant C is always strictly
positive independent of the values of « > 1 and 8 > 1, thus
preserving the correct metric signature.

Summarizing, for a given choice of ro > 2M, o > 1,
and 8 > 1, the second junction condition [Kaﬂ] = 0 sets
the radius ry at which the matching must be performed (see
Eq. (49)) and the corresponding consistent value of ¢ (see
Eq. (50)), whereas the first junction condition [hg ] sets the
value of the constant C that allows for the complete spacetime
metric to be continuous (see Eq. (52)).

Letus provide a couple of explicit examples of application.
Consider the particular case rp = 3M, o = 1 and 8 = 1.
For this choice of parameters, Eq. (49) sets the matching
radius at ry = %M, Eq. (50) sets &p = —g, and Eq. (52) sets

C = ge%. The goo component of the interior, exterior, and
matched metrics are plotted in the left panel of Fig. 3. As an
example with a slightly different behavior, consider instead
o = 10 while keeping 8 = 1 and ro = 3 M. For this com-
bination, one obtains the same ry = %M , Whereas ¢p and
C take the values ¢y ~ —4.61320 and C ~ 0.601826. This
solution is plotted in the right panel of Fig.3. We observe
that for both solutions the ggg component of the metric tran-
sitions smoothly from the interior to the exterior metric, thus
preserving the continuity of both the induced metric and the
extrinsic curvature.

Let us now analyze the radial component of the metric,
grr- We take as explicit examples the same case as before
for « = B = 1, for which the remaining parameters have
already been specified, as well as the combination ¢ = 1
with § = 3, from which one obtains ry ~ 3.43414M,
Zo ~ —1.59637, and C ~ 1.68432. For both combinations
of parameters given, the g,, components of the metric are
given in Fig. 4. Even though the radial component of the
metric is unaffected by the junction conditions, since both
the induced metric hqpg and the extrinsic curvature K,z are
3-dimensional tensors on the hypersurface X, one verifies
that g, is continuous, although not differentiable at r = ry,.
This continuity of the g, is expected if one takes into consid-
eration its dependence in the mass function inside a spherical

-1
hypersurface of radius r, m (r), i.e., g = (1 - @) ,

from which one obtains m (r) = % (’70)’3 (see Egs. (41) and
(11)). Indeed, since the matching between the interior and the
exterior spacetimes is smooth, i.e., in the absence of a thin-
shell, one expects the mass function m (r) to be continuous
at ry, which implies consequently that the g, component of

the metric is continuous.
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Fig. 3 Components g of the interior wormhole spacetime in Eq. (41)
(red dashed curve) and the exterior Schwarzschild spacetime in Eq. (42)
(blue dotted curve) for § = 1,79 = 3 M, and « = 1 (left panel) or
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Fig. 4 Components g,, of the interior wormhole spacetime in Eq. (41)
(red dashed curve) and the exterior Schwarzschild spacetime in Eq. (42)
(blue dotted curve) forae = 1,79 =3 M and B = 1 (leftpanel)or g =3

5 Extensions to higher powers of 7~

In the previous sections, we have analyzed wormhole solu-
tions in a specific form of the f (R, 7) theory that is linear
in both R and 7. In this form of the action, we have imple-
mented a recursive method to obtain wormhole solutions
satisfying the energy conditions, and we have performed a
matching with an exterior vacuum spacetime in such a way
as to preserve the locality of the solutions obtained. In this
section, we argue that as long as the form of the function
f (R, T) remains separable and linear in R, featuring higher
powers of 7, the analysis of the previous sections can be
straightforwardly generalized to find wormhole solutions and
it is still applicable to these cases, albeit requiring a larger
computational time.

@ Springer

800

r/M
o = 10 (right panel). The thin black line represents the solution gf
obtained via the matching between the interior and exterior solutions at
r=ry

2.5¢

&rr

2.0¢

1.0¢

r/M

(right panel). The thin black line represents the solution g'%' obtained

via the matching between the interior and exterior solutions at r = ry

Consider the following extension of the f (R, 7) theory
used in the previous sections as

F(R,T)=R+yT +oT" (53)

For the particular form of f (R, 7) given in Eq. (53), the
field equations and the conservation equation given in Egs.
(3) and (5), respectively, take the forms

1
Gap =87 Tup — A <®ab - EgabT)
n—1 1
—oT n®qp — EgabT , (54
1
8TV, T = yV, (@“b - 5g“”7>

1
+ 0oV <n7~n—l®ab - Eg“bT”) s (55)

respectively.
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Fig. 5 Matter quantity p and the energy condition combinations p + p,, p + ps, p + pr +2p:, p — | pr| and p — | p;| for the choice of parameters
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For a metric of the same form as given previously in Eq.
(9) and a matter distribution of the same form as given in Eq.
(12), the field equations in Eq. (54) feature several additional
terms in comparison with their linear counterpart, rendering
the resultant equations extremely lengthy. As such, we do
not write these equations explicitly in this manuscript, but
we outline the fundamental differences in what follows.

5.1 Wormbhole solutions

For a linear form of the function f (R, 7)) as used in Sect. 2,
the field equations in Eqgs. (14)—(16) are at most quadratic in
the matter quantities p, p,, and p;, which results in a com-
plete set of at most eight possibly complex solutions for these
quantities. When one considers higher powers of 7, one con-
sequently obtains higher powers of the matter quantities in
the field equations, resulting in a larger set of solutions. Nev-
ertheless, due the fact that the function f (R, 7°) does not fea-
ture any crossed terms in R and 7, the resultant relationship
between the matter quantities is still algebraic (in opposition

to the differential relation one would find if the crossed terms
were present). Consequently, the recursive method outlined
in Sect. 3 to obtain solutions is still applicable.

Similarly to what was found in the linear version of the
theory, one verifies that wormhole solutions satisfying all of
the energy conditions also exist in theories described by func-
tions f (R, 7) featuring higher powers of 7. As an example
of application, consider the same wormhole metric as before,
described by the parameters « = 8 = 1, 79 = 3 M, and
Zo = —6/5, in a particular form of f (R, 7) that is linear in
R and quadratic in 7, i.e., it is described by the parameters
y = 0,0 = —1, and n = 2. The matter quantity p and the
energy condition combinations p + py, o+ pr, o+ pr +2ps,
p—|prl,and p —| p;| are given in Fig. 5. Since these solutions
are also not localized and require a matching with an external
vacuum, we turn to the analysis of the junction conditions in
this case in the following section.

It is also interesting to note that the presence of higher
powers of 7 alleviates the restrictions on the lower powers
in the form of f (R, 7). Indeed, for a linear form of this

@ Springer
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function, obtained with o = 0, we have verified in Sect.3
that solutions satisfying the energy conditions for the whole
spacetime could only be obtained by taking negative values
of y, see e.g. Fig.1. However, when a larger power of 7°
is present, one verifies that solutions satisfying the energy
conditions can be obtained even for positive values of y. In
Fig. 6, we plot the values of the matter quantities p, p, and py,
as well as the energy condition combinations p + p,, p + p;,
p+pr+2p:, p—|prl,and p—| p;|, at the throatr = ro = 3M
forafunction f (R, 7) featuring both a linear and a quadratic
termsin 7 ,i.e.,n = 2, for the same wormhole solutions with
a =B =1and ¢y = —6/5, with varying values of y and o.
We observe that both the values of y and o affect the values
of the matter quantities at the throat. However, as long as
o remains negative, y is allowed to take both positive and
negative values, while the solution preserves the validity of all
the energy conditions at the throat. Furthermore, all of these
solutions that satisfy the energy conditions at the throat also
satisfy those conditions for any radius larger than the throat,
see e.g. Fig.5 as a particular example.

5.2 Junction conditions

In the previous section we have obtained wormhole solutions
satisfying the energy conditions for the whole spacetime con-
sidering a function f (R, 7') that is quadratic in 7 . Similarly
to the solutions obtained in a linear form of the function,
these solutions are not localized and thus require a matching
with an external vacuum. Let us analyze what are the conse-
quences of having a higher-order power in 7 in the function
f (R, T) to the set of junction conditions obtained in Sect. 4.

The modified field equations when a higher-order power of
7T is added to the action are given in Eq. (54). These equations
feature an additional term proportional to o in comparison
with their linear counterparts, which includes products of the
form 7"~1©®,,;, and powers of 7". In Sect. 4, we have proven
that in order for 7 to be well-defined in the distributional
formalism, it is required that the matching is smooth, i.e., in
the absence of a thin-shell, or S;; = 0. A direct consequence
of this restriction is that 7, as well as the auxiliary tensor
®,p given in Eq. (13), are completely regular, i.e., they only
feature terms proportional to 6 (/) but no terms proportional
to § (1). Consequently, the products between 7 and Oy, as
well as the powers 7", also preserve the same regularity.
Therefore, no additional junction conditions arise from the
addition of a higher-order power-law of 7 in the function
f (R, T).

The result of the previous paragraph is based on the
same fundamental principle that allows for the relationship
between the matter quantities in the modified field equations
to remain algebraic, a trait that allowed us to generalize our
recursive method to obtain solutions to the case in which
higher powers of 7 are present: the fact that crossed terms

in R and 7 are absent. Indeed, if one had considered an
extension of f (R, 7)) featuring crossed terms in R and 7,
additional differential terms in 7 would appear in the field
equations, resulting in additional junction conditions. These
extensions will be covered in a separate manuscript, since
they are out of the scope of this work.

6 Conclusions

In this work, we analyzed traversable wormhole spacetimes
inthe contextof f (R, 7) gravity for alinear model on both R
and 7. We have proven that a plethora of traversable worm-
hole solutions satisfying all energy conditions exist in this
theory, thus being of a strong physical relevance. Due to the
fact that the modified field equations are quadratic in the mat-
ter quantities p, p,, and p;, the theory allows for eight inde-
pendent (possibly complex) solutions for these quantities,
some of which are of limited physical relevance. Thus, we
have implemented an iterative recursive algorithm to extract
the non-exotic wormhole solutions, and obtain the behavior
of the matter quantities.

An interesting feature of the solutions obtained in this
work is the fact that, although the spacetime metrics are
asymptotically flat, the f (R, 7) theory allows for matter
distributions that are not asymptotically vacuum, and thus
not localized. Nevertheless, the localization of the solutions
is possible via the use of the junction conditions of the the-
ory. We have derived such conditions and proven that only
a smooth matching is allowed in this theory, as the scalar 7°
becomes singular in the presence of a thin-shell. The junc-
tion conditions for a smooth matching thus reduce to those
of GR, i.e., the continuity of the induced metric and extrin-
sic curvature at the hypersurface that separates the interior
from the exterior spacetime regions. Upon performing the
matching mentioned, we have obtained localized wormhole
solutions satisfying all of the energy conditions for the whole
spacetime, thus being of a particular astrophysical relevance.

The methods introduced in this work can be straightfor-
wardly generalized to more complicated dependencies of the
function f (R, 7)in 7, provided that crossed terms between
R and 7 are absent. Indeed, the fact that the relationship
between the matter quantities p, p,, and p; remains alge-
braic in such a case, allows for the extraction of suitable
wormhole solutions following the same recursive method.
Furthermore, due to the requirement that the matching in
this theory is smooth, the absence of these crossed terms also
guarantees that no additional junction conditions arise in the
theory, thus allowing one to effectively localize the solutions
obtained in precisely the same way as in the linear 7 coun-
terpart. For completeness, we have applied these methods to
a quadratic version of the theory and successfully obtained
astrophysically relevant and localized wormhole solutions.
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The f (R, T) theory of gravity is still a relatively unex-
plored theory in the topic of wormhole physics due to the
complexity of the field equations when more generalized
forms of the function are considered. Interesting extensions
of this work could cover the analysis of junction conditions
for an arbitrary form of the function, particularly including
crossed terms of R and 7. Such a form of the function would
also require the development of new methods to solve the
field equations, as these are promoted to differential rela-
tions between the matter fields. An alternative way to address
the analysis of more complicated forms of the action is to
consider the dynamically equivalent scalar-tensor represen-
tation of the theory, in which the arbitrary dependency of the
action in R and 7 is exchanged for two scalar fields, with
the advantage of reducing the order of the field equations to
second-order. We hope to address these issues in upcoming
works.
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