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Abstract Einstein gravity at D → 2 limit can be obtained
from the Kaluza–Klein procedure by taking the dimensions
of the internal space to zero while keeping only the breath-
ing mode. The resulting scalar–tensor theory can be further
reduced to JT gravity or the Liouville CFT at the large central
charge limit, bridging the two important 2d models. We con-
struct the general solutions of the theory, including black
holes and wormholes for both positive and negative cos-
mological constants. We obtain the on-shell action of the
nearly AdS2 and show that for suitable boundary slices, the
Schwarzian action governs the leading-order dynamics at the
finite boundary cutoff in later time. For positive cosmolog-
ical constant, we find that the scalar is well defined on the
2-sphere.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . 1
2 The theory . . . . . . . . . . . . . . . . . . . . . . 2

2.1 A D → 2 limit of Einstein gravity . . . . . . . 2
2.2 Limiting to JT gravity . . . . . . . . . . . . . . 2
2.3 Limiting to Liouville CFT . . . . . . . . . . . 3
2.4 Equations of motion . . . . . . . . . . . . . . . 3
2.5 An alternative higher-dimensional generalization 4

3 Black holes . . . . . . . . . . . . . . . . . . . . . . 4
3.1 General static black holes . . . . . . . . . . . . 4
3.2 General time-dependent black holes . . . . . . 6
3.3 Including the Hamilton–Jacobi counterterm . . 7

4 Wormholes . . . . . . . . . . . . . . . . . . . . . . 7
4.1 �0 = −1/�2 > 0 . . . . . . . . . . . . . . . . 7
4.2 �0 = −1/�2 < 0 . . . . . . . . . . . . . . . . 7

5 Euclidean AdS2 and the action . . . . . . . . . . . . 8
5.1 Boundary slices . . . . . . . . . . . . . . . . . 8

a e-mail: qiyua_mao@tju.edu.cn
b e-mail: mrhonglu@gmail.com (corresponding author)

5.2 The on-shell action . . . . . . . . . . . . . . . 9
5.3 The semi-on-shell action . . . . . . . . . . . . 10

6 Euclidean dS2 and its action . . . . . . . . . . . . . 10
7 Conclusion . . . . . . . . . . . . . . . . . . . . . . 11
References . . . . . . . . . . . . . . . . . . . . . . . . 12

1 Introduction

Two-dimensional (2d) gravity was well studied in the 1980 s
owing to its close connection to the perturbative string theory
[1–3]. Notable examples include Liouville conformal field
theory (CFT) [1,2,4]. There has been a resurgence in the
topic in the context of the anti-de Sitter(AdS)/CFT corre-
spondence. It was proposed [5] that JT gravity [6,7] may
provide a gravity dual to the SYK model [8,9]. Recently, the
work [10,11] on Page curve [12] of evaporating black hole
of JT gravity has brought much attention to 2d gravitational
models. Owing to the fact that the Einstein–Hilbert action in
two dimensions has no dynamics but describes the topology
of 2d manifolds, 2d models are either beyond Einstein grav-
ity, such as the Liouville CFT, or simply the Kaluza–Klein
reduction of Einstein gravity in higher dimensions, such as
JT gravity.

If one would like to define a theory based on its charac-
teristic solutions, Einstein gravity in two dimensions ought
to exist, since the Schwarzschild-AdS black hole appears to
have a straightforward and smooth D → 2 limit. (Its D → 3
limit is in fact much more subtle in that the naively expected
logarithmic dependence is actually absent, as we can see in
the well-known BTZ black hole [13].) We can refer to such
a 2d model as Einstein gravity at D → 2 limit and it neces-
sarily involves a scalar mode since the radius of the spherical
level surfaces is independent of the dimensions. The theory
was first constructed in [14], by taking the conformal trans-
formation of Einstein gravity in general D dimensions that
introduces a scalar field. A nontrivial scalar–tensor theory
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emerges after taking an appropriate D → 2 limit. It was
later observed [15] that the theory can also be obtained from
the Kaluza–Klein approach by taking the zero limit of the
dimensions of the internal space. Specifically, one may con-
sider Einstein gravity in general D = n + 2 dimensions,
reduced on some n dimensional internal space, keeping only
the breathing zero mode [15]:

dŝ2
n+2 = ds2

2 + e2φd�2
n . (1)

Here d�2
n is a compact Einstein metric with constant curva-

ture λ: R̃i j = (n − 1)λg̃i j and R̃ = n(n − 1)λ. After taking
an appropriate n → 0 limit, one not only reproduces the
theory of [14], but also introduces a Liouville-like exponen-
tial potential λe−2φ . Indeed this limit of Einstein gravity at
D → 2 gives rise to the Liouville CFT at c → ∞ limit,
where c is the central charge [15]. This procedure was later
independently developed [16,17] to obtain a Horndeski-like
scalar–tensor theory in four dimensions as a candidate for the
Einstein–Gauss–Bonnet theory at D → 4 limit, proposed in
[18]. The generalization to general even dimensions were
given in [19]. As in the case of pure gravities in general
dimensions [20,21], these special scalar–tensor theories also
have Lagrangian holographic relations [22].

We shall review Einstein gravity at D → 2 limit in Sect. 2.
Depending whether we include a minimally-coupled cosmo-
logical constant, the theory will not only lead to the Liouville
CFT at large c, but also to JT gravity, making it a particu-
larly interesting 2d model. In Sect. 3, we construct both the
most general static and time-dependent AdS2 black holes and
study their global structures. As in the case of JT gravity, the
curvature tensor is constant and we obtain the most general
scalar profile and study how the scalar hair affects the black
hole thermodynamics and stability. Unlike JT gravity, Ein-
stein gravity at D → 2 can also have a scalar fixed point such
that the vacuum preserves the full AdS2 isometry. In Sect. 4,
we consider solutions with positive cosmological constant. In
this case, the solutions naturally describe traversable worm-
holes connecting two cosmic horizons. In Sects. 5 and 6, we
study the Euclidean-signatured nearly AdS2 space, which
can be either hyperbolic 2-space if the cosmological con-
stant is negative, or 2-sphere if the cosmological constant is
positive. In the latter case, the scalar is well defined on the
2-sphere. We obtain the on-shell actions and study whether
the Schwarzian action can emerge in the former case. We
conclude the paper in Sect. 7.

2 The theory

2.1 A D → 2 limit of Einstein gravity

The action of Einstein gravity coupled to a cosmological
constant � = − 1

2n(n+1)/�2, together with some minimally

coupled matter in general D = n + 2 dimensions takes the
form

S = Sg + Sm, Sm =
∫

dn+2x Lm,

Sg = 1

16πG

∫
dn+2x

√−g
(
R + n(n + 1)

�2

)
. (2)

It is consistent to perform Kaluza–Klein reduction on some
Einstein spaces, keeping only the breathing scalar mode φ.
The reduction ansatz is given by (1). For the gravity sector
Sg , the resulting 2d Lagrangian is

L(n)
2 = √−genφ

(
R + n(n + 1)�−2 + n(n − 1)λe−2φ

+n(n − 1)(∇φ)2
)
. (3)

There are two special cases of particular interest, namely
n = 1 and n = 0. The former leads to JT gravity [6,7]:

L(1)
2 = √−gϕ

(
R + 2�−2), (4)

where we use ϕ to rename eφ that describes the radius of
the U (1) cycle in D = 3. (See also [23] for other exact
embeddings of JT gravity in string and M-theory.) If we take
n = 0, we arrive at a purely topological term L(0) = √−gR.
However a nontrivial result can nevertheless be obtained in
the n → 0 limit when the Newton’s constant simultaneously
goes zero. The resulting scalar–tensor theory can be viewed
as Einstein gravity at the D → 2 limit, and it is this theory
we would like to study. The action in the n → 0 gives

S = 1

16πG

∫
d2x

√−gR + n

16πG

∫
d2x

√−g

×
(
φR + 1

�2 − λ e−2φ − (∇φ)2
)

+ O(
n2

)
16πG

. (5)

The first term is purely topological, giving rise to the Euler
number of the 2d manifold; it diverges in the small G limit.
The leading-order dynamics is governed by the second term.
From the action point of view, the physical degrees of free-
dom of the 2d gravity describes the small perturbation to the
topological Euler number. Setting λ = 0 leads to the theory
of [14]. We shall call the minimally-coupled �0 = −1/�2

as the bare cosmological constant, which can be positive,
negative or zero.

2.2 Limiting to JT gravity

As we shall see presently, the equations of motion indicate
that the curvature of the 2d spacetime is constant, which is
a characteristics of JT gravity. However, unlike JT gravity,
the theory we obtained has a fixed point for the scalar field,
namely

φ = φ̄ = 1
2 log(λ�2). (6)
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This implies that Einstein gravity at D → 2 admits a true
AdS2 vacuum, and the corresponding dual field theory is con-
formal with the full Virasoro algebra, rather than some nearly
conformal field theory (NCFT) such as the SYK model,
where the symmetry is broken into its SL(2,R) subgroup
[24].

We can perform perturbation of this AdS2 vacuum, with
the scalar field φ = φ̄ + εϕ, ε → 0. It is straightforward to
see that the leading-order perturbation of (5) is JT gravity,
namely

S = 1 + nφ̄

16πG

∫
d2x

√−gR

+ nε

16πG

∫
d2x

√−gϕ
(
R + 2

�2

)
+ · · · , (7)

where the ellipsis denotes the higher-order terms in n and ε.
We may choose ε ∼ n, in which case, we have G ∼ n2. It
is rather intriguing that JT gravity from the n = 1 reduction
can also be obtained from some appropriate n → 0 limit.
It should be pointed out that the CFT1 (in one dimension) is
vacuous and trivial, and nontrivial dynamics exists in NCFT1

that is dual to the nearly AdS2 where the scalar field is turned
on. The fact that JT gravity can emerge indicates that the
theory is nontrivial and it provides a connection between
CFT1 and NCFT1.

The theory (5) has a symmetry of constant shift of the
scalar field, together with the redefinition of the coupling
constant λ. The effect of the transformation is to introduce a
non-dynamic Einstein–Hilbert term. Thus a local φ = 0 at
certain point in spacetime is not a singularity. In fact in the
AdS2 vacuum, the constant scalar φ can be set zero globally
by the shifting symmetry. In the case of JT gravity derived
above, on the other hand, this symmetry is fixed at φ = φ̄

and hence the local ϕ = 0 is singular.

2.3 Limiting to Liouville CFT

The relation to Liouville theory was observed in [15]. The
semi-classical limit of Liouville CFT in a 2d space is defined
by the local action

S = 1

4π

∫
d2x

√
g
(
QϕR + (∂ϕ)2 + λ̃ e2bϕ

)
, (8)

where the parameter Q is called the background charge. The
conformal invariance of the action requires that

Q = b + 1

b
. (9)

The corresponding central charge of the Virasoro algebra is
c = 1 + 6Q2. At the first sight, the theory (5) does not fit the
pattern. We can redefine the scalar by

φ = −bϕ, b =
√

4G

n
. (10)

The action (5) becomes

S = 1

16πG

∫
d2x

√|g|R − 1

4π

∫
d2x

√|g|

×
(1

b
ϕR − 1

�̃2
+ (∂ϕ)2 + λ̃e2bϕ

)
+ · · · , (11)

where λ̃ = λ/b2 and �̃ = b�. After setting 1/�̃ = 0, this
theory can match the semiclassical limit of Liouville CFT,
provided that b � 1, in which case, we have

Q = b + 1

b
∼ 1

b
→ ∞, −→ c ∼ 6

b2 → ∞. (12)

The overall minus sign in the second term of (11) is due to
the fact that the theory is in the Lorentzian signature. Thus
the Liouville theory with large central charge arises from
Einstein gravity with zero bare cosmological constant in two
dimensions under the limit

G � n � 1. (13)

One way to impose the above inequality constraint is to let
G ∝ n2. We then have b ∝ √

n, Q ∝ 1/
√
n and c ∝ 1/n, in

the limit of n → 0.
Thus we see that in the same G ∼ n2 → 0 limit, both JT

gravity and the Liouville theory can arise; the former requires
a nonvanishing bare cosmological constant �0 = −1/�2

such that the scalar has a fixed point, and JT gravity describes
the perturbative dynamics of this fixed point. The latter
requires vanishing �0 and hence the 2d spacetime is flat.
Einstein gravity at D → 2 limit thus bridges JT gravity and
Liouville CFT at large c.

2.4 Equations of motion

We have so far considered the dimensional reduction only
of the gravity sector. If the minimally-coupled matter sector
involves only the scalar and vector fields, its Lagrangian Lm

will simply descend down to D = 2 in the same form at the
n → 0 limit. We thus have an effect Lagrangian

Ltot = √−g
(
φR + 1

�2 − λ e−2φ − (∇φ)2
)

+ Lm . (14)

The scalar and Einstein equations of motion are given by

δφ : R + 2λe−2φ + 2�φ = 0,

δgμν : gμν�φ − ∇μ∇νφ

−1

2
gμν

(
�−2 − λe−2φ − (∇φ)2

)
− ∇μφ∇νφ = Tm

μν.

(15)

The second equation above can be split into the trace and
traceless parts:

�φ = �−2 − λe−2φ + Tm,∇μφ∇νφ

− 1
2gμν(∇φ)2 + ∇μ∇νφ − 1

2gμν�φ = 0. (16)
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Together with the scalar equation, we arrive at

R + 2

�2 = −2Tm. (17)

It is worth pointing out that if we define φ = e
, the second
equation in (16) becomes linear

(∇μ∇ν − 1
2gμν�)
 = 0. (18)

Note that we treat the bare cosmological constant as part of
gravity rather than matter here. In two dimensions, the usual
Maxwell field can contribute an effective positive cosmo-
logical constant. Thus when the bare cosmological constant
is positive, the theory can be viewed as Einstein–Maxwell
gravity at the D → 2 limit.

It is now worth examining how the Schwarzschild-AdS
solution, with Tm = 0, reduces to two dimensions. The
spherically-symmetric and static solution in general (n + 2)

dimensions takes the form

ds2
n+2 = − f dt2 + dr2

f
+ r2d�2

n, f = r2

�2 + 1 − 2m

rn−1 .

(19)

It follows from the reduction-based construction, in the limit
of n → 0, we have

ds2
2 = − f dt2 + dr2

f
, f = r2

�2 + 1 − 2mr,

φ = 1
2 log(λr2), (20)

(The metric properties were studied in [25].) It is easy to
verify that the 2d black hole satisfies all the equations in
(15).

2.5 An alternative higher-dimensional generalization

As was mentioned earlier, the 2d model with λ = 0 and
without cosmological constant can be obtained by a subtle
limit of taking a limit of D → 0 of the Einstein–Hilbert
action subtracted with its conformal transformed version by
a scalar field [14]. A more general theory in general D = d+1
dimensions was proposed in [26], and the Lagrangian is

L = √−g

(
1

2κ2

(
R + d(d − 1)

�2

)

−1

2
(∂φ)2 − d − 1

8d
Rφ2 − λ

2
φ

2(d+1)
(d−1)

)
, (21)

where we have added an overall minus sign to the Lagrangian
of [26]. We would like to take the nontrivial D = d +1 → 2
limit and compare to our 2d model from the Kaluza–Klein
reduction of Einstein gravity on zero internal dimensions. To

do so, we first redefine the scalar field and coupling constants

φ̃ = − 2

d − 1
log φ, λ̃ = 4

(d − 1)2 λ, κ = 2√
d − 1

. (22)

In the limit of d → 1, the Lagrangian (21) becomes

L2 = (d − 1)2
(

(1 + φ̃)R + 1

�2 − (∂φ̃)2 − λ̃e−2φ̃

)

+O (d − 1)3 . (23)

Aside from the purely topological term and different n =
d − 1 expansion order, the 2d limit of (21) is the same as
Einstein gravity reduced on 0 dimensions. This provides an
alternative understanding of the 2d model as a special limiting
case of the scalar–tensor theory in general dimensions, where
the scalar boundary conditions were analyzed and the scalar
hair was interpreted as the multi-trace deformation of the
AdS vacuum in the Poincaré coordinates [26].

3 Black holes

In this paper, we shall focus on the study of the Lagrangian
(14), but with no matter fields. We have already obtained a
black hole solution (20) that arises from the limiting case of
Schwarzschild–AdS black holes in general dimensions. We
expect that the theory admits a more general class of black
holes involving an independent scalar hair parameter. The 2d
theory is relatively simple and we are to construct the most
general static and time-dependent black holes. Discussions
of black holes in a more general class of theories can be found
in [27].

3.1 General static black holes

The equations of motion indicates that the metric must have
constant curvature R = −2/�2. In two dimensions, this
means the metric must be locally AdS2. We shall take the
metric to be the Schwarzschild–AdS, given by

ds2
2 = − f dt2 + dr2

f
, f = r2

�2 + k − 2mr. (24)

The m = 0 and k = 1 metric is the AdS2 in global coordi-
nates. Note that the linear r -dependence in f can be removed
by a constant shift of the r coordinate r → r + m�2 such
that f → f = r2/�2 + k − m2�2, while the metric ansatz
remains in the same form. For the solution to be static, we
require that the scalar field depends only on the r coordinate.
The scalar equation can be solved straightforwardly, giving

φ = 1
2 log

(
λ

(r − a)2

f (a)

)
, (25)

where a is an independent scalar hair parameter. The black
hole (20) corresponds to taking a = 0 and k = 1. The r -
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dependence of the scalar field implies that the AdS2 isometry
of the metric is broken by the scalar field so that the solu-
tion is nearly AdS2. This is analogous to JT gravity; how-
ever, the full AdS2 vacuum with constant scalar (6) exists in
our theory. This vacuum solution does not arise from some
asymptotic regions, but only emerges if we take parameter
a → ±∞ in (25). This should be contrasted with the usual
AdS/CFT picture in minimally coupled scalar tensor theo-
ries in higher dimensions, where the AdS geometry is typi-
cally restored as the radial coordinate r runs from the bulk to
asymptotic infinity which is the AdS boundary. This process
is the dual version of renormalization group flow to the ultra-
violet conformal fixed point. In this case, the scalar parameter
was known to be related to a multi-trace boundary condition
for the scalar [26]. The thermodynamics of black holes with
such boundary conditions was also discussed in detail in [28].
However, in the 2d theory the flow is not described by the
radial variable r , but by the parameter a associated with the
scalar hair that we shall discuss momentarily.

We now analyse the global properties of the local solution.
The static solution is invariant under the constant coordinate
scaling t → ct and r → cr , together with the appropri-
ate scaling of the integration constants, namely (k,m, a) →
(c2k, cm, ca). This implies that we can set k = 0,±1, with-
out loss of generality. The solution thus contains two contin-
uous integration constantsm and a. The metric has in general
two horizons (r− ≤ r+):

r± = m�2 ± �
√
m2�2 − k. (26)

The outer horizon r+ is the event horizon, and corresponding
temperature and entropy are

T =
√

�2m2 − k

2π�
, S = 1

4φ(r+). (27)

Although the metric has no curvature singularity, but the
scalar can have. As discussed in Sect. 2, the scalar in our
theory is dilaton-like and the dynamics is invariant under the
constant shift of the scalar. Therefore φ = 0 is not a singu-
larity. The r → ∞ boundary is not singular either since both
e−2φ and (∂φ)2 converge. The scalar singularity is at r = a,
where eφ vanishes.

For the black hole to be well defined on and outside of
the horizon, restriction on the integration constant a must
be imposed. Note that f (a) = (a − r+)(a − r−)/�2. We
therefore must impose a < r− such that f (a) > 0. In other
words, the parameter a lies in the region

a ∈ (−∞, r−). (28)

In order to determine the black hole mass, we appeal to the
free energy from the Euclidean action, which, including the

boundary terms, is given by

16π SE =
∫
M

d2x
√
g
(
φR + 1

�2 − λ e−2φ − (∇φ)2
)

+2
∫

∂M
dy

√
h

(
φK − 1

�

)
. (29)

The resulting free energy is

F = �2m − a

8π�2 −
√

�2m2 − k

8π�
φ(r+). (30)

This suggests that the mass is not only determined by the
metric, but also modified by the parameter a of the scalar
hair, namely

M = �2m − a

8π�2 , (31)

such that the free energy can be expressed as F = M − T S,
i.e. it is the Helmholtz free energy. That the mass depends on
the scalar hair is not surprising for a non-minimally coupled
theory of gravity and matter. Since the constant φ solution
arises from the a → −∞ limit, it follows that even the AdS2

vacuum with m = 0, has infinite mass or energy, indicating
that it is not stable.

We find that the first law can then be given by

dM = TdS + 
dQ, with Q = f (a), 
 = M

2 f (a)
, (32)

The “charge” Q associated with the scalar hair can be rec-
ognized as the leading coefficient of e−2φ at the boundary
r → ∞. However, we do not have an independent way of
determining its thermodynamic potential 
, other than by
completing the first law, which is in itself quite nontrivial. In
this picture, the a = 0 solution (20) is not hairless, since f (0)

does not vanish in general. In fact all black holes necessarily
contain scalar hair since f (a) should not vanish.

Since the solution contains additional dimensionful param-
eters such as (λ, �), we cannot read off the Smarr relation
from the first law. Instead it is simply given by

M = 2
Q. (33)

We may also treat the bare cosmological constant �0 =
−1/�2 as a thermodynamic pressure or the force P =
1/(16π�2), the first law can then be augmented further by
LdP where L = (r+ −a) is the black hole “thermodynamic
length” conjugate to the force. Note that within the allowed
parameter region, the length L is positive definite.

Having obtained the black hole thermodynamic variables
that satisfy the first law, we can now discuss some of the ther-
modynamic properties. It is instructive to introduce a dimen-
sionless parameter b, defined by

a = r− − 8π� b. (34)
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The condition a < r− becomes b > 0. We shall focus on
k = 1, in which case, the asymptotic AdS2 is in global coor-
dinates. The black hole becomes extremal atmext = 1/�, and
we must have m ≥ mext. We can easily see that

M = 1
4T + b

�
, S − 1

8 log(�2λ) = 1
8 log

(
1 + �T

2b

)
,

Q = 32π2b(2b + �T ). (35)

These quantities are all nonnegative, indicating that they are
all well defined in the allowed parameter region. (The ther-
modynamic constant contribution to the entropy above comes
from the topological Einstein–Hilbert term.) However the
entropy becomes divergent as b → 0, which, as we shall see
presently, implies that the free energy is unbounded below.
It follows from (35), we have

M2 = Q

64π2�2 + T 2

16
≥ Q

64π2�2 . (36)

The extremal black hole saturates the inequality. It is worth
commenting here that if the parameter m is less than mext,
then the function f (r) in the metric has no real roots, and the
metric describes a wormhole, connecting two AdS2 bound-
aries at r → ±∞. However, the full solution is actually
singular since the scalar φ is singular at r = a. Further dis-
cussions on wormholes will be given in Sect. 4.

According to the Euclidean action, the thermodynamic
system is a canonical ensemble with Helmholtz free energy.
The specific heat is given by

c = T
∂S

∂T

∣∣∣
Q

= 1

4(1 + 4b
�T )

> 0. (37)

This suggests that the black hole is locally stable, but the
free energy tells a different story. There is a thermodynamic
global instability associated with the free energy

F = b

�
+ T

4
− 1

8
T log

(
1 + �T

b

)

=
√
Q + 4π2�2T 2

8π�

+T

8
log

⎛
⎜⎝ Q(√

Q + 4π2�2T 2 + 2π�T
)2

⎞
⎟⎠ . (38)

In this expression, we have chosen without loss of gener-
ality λ�2 = 1, such that φ̄ = 0. For the given metric that
is specified by the temperature T , the mass and free energy
(M, F) are both monotonously increasing functions of the
scalar hair Q. For the constant-scalar black hole that sits at
b → ∞ (Q ∼ ∞), both mass and free energy approach pos-
itively infinity. As b → 0 (Q → 0), we have M → T/4, but
the free energy is unbounded below with logarithmic diver-
gence, unless the temperature vanishes. This suggests that the
extremal black hole is stable, but non-extremal black holes

are not. The time-evolution of the non-extremal black holes
should lead to the vanishing of e−2φ at the later time. We
shall verify this in the next subsection. It should be pointed
out that this process is consistent with the entropy formula

S = 1

4
log

⎛
⎝2π�T√

Q
+

√
1 + 4π2�2T 2

Q

⎞
⎠ , (39)

which increases monotonously from zero to ∞ as Q runs
from ∞ at the fixed scalar vacuum to zero.

3.2 General time-dependent black holes

Motivated by the thermodynamic global instability of the
black holes, we construct the time-dependent solution here.
By time dependence, we mean that the scalar field φ depends
not only r , but also the time t . Define ϕ = eφ , we find that
the Einstein equation in the tr direction implies that

ϕ̇′ − r2 − �2m

�2 f
ϕ̇ = 0. (40)

This equation can be completely solved, and substituting the
result into the remainder of the scalar equations (16), we find
that the most general solution is given by

φ(r, t) = log
(
α + β(r − m�2)

+γ �
√

f (r) cosh
(
2πT (t − t0)

))
. (41)

The scalar is well defined on and outside of the horizon where
f (r) ≥ 0. Inside the horizon where f (r) < 0, we need
to analytically continue to t → t + i/(4T ), and the scalar
singularity can arise. The four parameters (α, β, γ, t0) are
not all independent. They satisfy the constraint

λ�2 = α2 + 4π2T 2 (γ 2 − β2)�4. (42)

The static solution arises by setting γ = 0 and redefining the
parameters to be a = m�2 − α/β. For the general solution
with nonvanishing γ , the scalar field is unstable and becomes
divergent at later time with e−2φ → 0, confirming the global
analysis in the previous subsection. The scalar has linear time
dependence in later time, namely

φ ∼ 2πT t, as t → ∞. (43)

There are two notable exceptions. One is when the black
hole is extremal, in which case, the black hole is stable and
time independent. This confirms the prediction in the ther-
modynamic analysis of the static black hole. The other is
that for general black holes, the scalar on the horizon with
f (r+) = 0 is also stable, independent of time. This is a
characteristic feature of 2d gravities and is independent of
coordinate transformation. We can thus describe a 2d black
hole with the vacuum metric and the null line of the black
hole is specified by the constant scalar field [29].
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3.3 Including the Hamilton–Jacobi counterterm

A Hamilton–Jacobi (HJ) counterterm was introduced in [27]
for a general class of 2d gravities. For the theory (14), it takes
the form [15] in the Euclidean signature

SHJ = c

8π

∫
∂M

dt
√|h|√λe−φ, (44)

where we add an additional dimensionless constant c, and
it was determined in [15] as c = −1. In fact in the limit of
φ = φ̄ + εϕ discussed in Sect. 2.2, the bulk action of (29)
becomes that of JT gravity, and the total boundary terms of
(29) and (44) yields the one of JT gravity only when c = 1.
To be specific, we have

Sc=1
H J + 1

8π

∫
∂M

dt
√|h|

(
φK − 1

�

)

∼ ε

8π

∫
∂M

dt
√|h|ϕ

(
K − 1

�

)
. (45)

The variation of this boundary action (44) simply vanishes
under the Dirichlet boundary condition and therefore it will
not affect the variation principle that yields the equation of
motion. Furthermore, this term is convergent on the AdS2

boundary even for a generic value of c, and its contribution
to the free energy is c

√
f (a)/(8π�). This implies that the HJ

counterterm modifies the mass of the black hole to become

M = �2m − a

8π�2 + c

8π�

√
f (a). (46)

It can be easily verified that the first law (32) continues to
hold. Therefore we see that the HJ counterterm has no effect
on the thermodynamic local properties. It can however affect
the global properties. It can be established that the mass for
the black holes are all nonnegative provided that c ≥ −1
and the value determined by [15] saturates the bound. Since
f (a) vanishes as a → r−, it does not affect the conclusion
that the free energy is unbounded below as the scalar hair Q
approaches zero.

4 Wormholes

4.1 �0 = −1/�2 > 0

When the bare cosmological constant �0 is positive, the 2d
spacetime becomes locally dS2, in which case, the two roots
in the metric function f describe the cosmic horizons rather
than the black hole horizons. Therefore there can be no black
hole in this case, but only the traversable wormhole that con-
nects two cosmic horizons. It is more convenient to define
�̃2 = −�2 > 0 and λ̃ = −λ > 0. The metric and the scalar

are now given by

f = −r2

�̃2
+ 1 − 2mr, φ = log

(
α + β(r + m�̃2)

+γ �̃
√

f cosh

(√
1 − m2�̃2

�̃
(t − t0)

))
, (47)

where the constants (α, β, γ, t0) are subject to the constraint

λ̃�̃2 = α2 − (1 + m2�̃2)�̃2(γ 2 + β2). (48)

The existence of dS2 vacuum with constant φ implies that
λ̃ > 0. The function f is quadratic and always has two roots
rc±, regardless the real value of m:

rc± = −m�̃2 ± �̃

√
1 + m2�̃2. (49)

The solution is static with (r, t) being spacelike and time-
like respectively in the region r ∈ (rc−, rc+), confirming our
earlier statement that the solution describes a traversable
wormhole connecting the two cosmic horizons rc±, beyond
which the spacetime becomes cosmological. The condition
(48) ensures that the scalar is free from singularity within the
cosmic horizons; the singularity lies outside the cosmic hori-
zons. The wormhole becomes symmetric if we set β = 0,
and can be made manifestly in the metric by the coordinate
shift r → r − m�̃2.

4.2 �0 = −1/�2 < 0

In this case, as we have discussed earlier, the general solu-
tion describes black holes for m2�2 ≥ 1. When m2�2 < 1,
the metric becomes a traversable wormhole; however, as we
illustrated in Sect. 3.1, there is no static scalar solution that is
well defined in the whole wormhole space, except when the
scalar is a constant. The conclusion remains true for time-
dependent scalar solution; however, the singularity becomes
rather intriguing when we allow the time dependence. For
1 − m2�2 > 0, the scalar solution, after taking k = 1, is
given by

φ = log

(
α + γ

√
f sin

(√
1 − m2�2

�
t

))
. (50)

Note that we have set the corresponding β in (41) to zero
so that the “wormhole” solution is symmetric between r̃ and
−r̃ , where r̃ = r − m�2 and f = r̃2/�2 + 1 − m2/�2. The
parameters (α, γ ) are subject to the constraint

λ�2 = α2 − γ 2(1 − m2�2). (51)

The wormhole “throat” is located at r̃ = 0 for which the
function f is at its minimum fmin = 1−m2�2. The condition
(51) ensures that α2 − γ 2 fmin > 0.

The scalar function is periodic with period �t = τ0 ≡
2π�/

√
1 − m2�2. Intriguingly, during half of the period,
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namely t ∈ [0, 1
2τ0], the wormhole opens up, and the solution

is free from spatial singularity and it connects two asymp-
totic AdS2 boundaries. The situation changes in the other
half, t ∈ ( 1

2τ0, τ0), and the two scalar singularities enclose
the spacetime from reaching the boundaries. The space dur-
ing this half period is confined in

|r̃ | ≤ �

√
α2

γ 2 sin2
( 2π

τ0
t
) − fmin. (52)

As time t increases from 1
2τ0, the world size decreases

monotonously from infinity to the minimum |r̃ | < r̃min =
�
√

α2/γ 2 − fmin at 3τ0/4. The condition (51) ensures that a
real value of r̃min always exists. The world increases its size
as t runs from 3τ0/4 to the whole wormhole space at t = τ0,
after which the wormhole fully opens up for the next half
period, and then repeats the whole time cycle.

5 Euclidean AdS2 and the action

We would now like to study the effective theory of the AdS2

boundary. We consider Euclidean signature and the AdS2

vacuum is hyperbolic 2-space

ds2
2 = dz2 + dt2

z2 . (53)

Without loss of generality, we have set � = 1. The most
general scalar solution in this background is

φ = log

(
α + β(z cos δ + t sin δ) + γ (t2 + z2)

z

)
, (54)

together with the constraint on the constant parameters
(α, β, γ, δ):

λ = β2 − 4αγ. (55)

This solution can also be obtained from the d → 1 limit of
one in general d + 1 dimensional AdS backgrounds of (21),
constructed in [26]. To see this explicitly, we note that the
scalar solution of (21) in d → 1 limit, after the redefinition
(22), is

φ̃ = log

(
1

2
�

√
|λ̃|

(
−sgn(λ̃)b2 + (z − z0)

2 + (t − t0)2

bz

))
.

(56)

It is easy to see that the parameters are related by

γ = �
√|λ|
2b

, α = −�(sgn(λ)b2 − t2
0 − z2

0)
√|λ|

2b
,

β cos δ = −�
√|λ|z0

b
, β sin δ → −�

√|λ|t0
b

,

together with λ = λ̃.
The vacuum solution where φ is a constant corresponds to

taking all (α, γ, δ) to be zero in (54), in which case λ = β2.

Therefore we must have λ > 0. When the scalar is constant,
the AdS2 vacuum is dual to CFT1, which is vacuous and
trivial. The general scalar solution breaks the AdS2 isometry
to become nearly AdS2 and the dual theory is the NCFT1, as
in the case of the JT gravity/SYK correspondence.

In this section we shall study the total action

S =
∫
M

d2x
√
g

(
φR + 1

�2 − λ e−2φ − (∇φ)2
)

+2
∫

∂M
dy

√
h

(
φK − 1

�

)
, (57)

where the h is the induced metric on the relevant boundary.
The first term is the bulk action Sbulk and the second term is
the surface action Ssurf involving both Gibbons–Hawking–
York term and the holographic counterterm.

5.1 Boundary slices

The boundary of the Euclidean AdS2 space (53) is at z = 0,
and the effective action from z = ∞ to z = 0 is unremark-
able. Nontrivial results can be obtained by considering new
slices of the original boundary, parameterized by a new time
coordinate. We make a coordinate transformation

t = t (u), z = z(u, ε), (58)

where u is understood to be the new time and ε is the new
radial variable. Thus we have

ds2 = guudu
2 + gεεdε2 + 2guεdudε, (59)

where

guu = ṫ2 + ż2

z2 , gεε = z′2

z2 , guε = żz′

z2 . (60)

Here a dot denotes a derivative with respect to u and a prime
a derivative with respect to ε. The extrinsic curvature at the
constant ε surface is

K = ṫ3 − zż ẗ + ż2 ṫ − zz̈ṫ

(ṫ2 + ż2)3/2 . (61)

Following [5], we would like to require that guu = 1/ε2,
at the boundary ε → 0. This can be achieved by making an
ansatz

z = εz1(u) + ε3z3(u) + ε5z5(u) + · · · , (62)

which implies

guu = ṫ2

z2
1ε

2
+ z1 ż2

1 − 2z3 ṫ2

z3
1

+ε2
(−2z5z1 ṫ2 + 3z2

3 ṫ
2 + 2z2

1 ż1 ż3 − 2z3z1 ż2
1

)
z4

1

+O
(
ε3

)
. (63)
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We can solve z1, z3, z5 etc., order by order, and we have

z1 = ṫ, z3 = ẗ 2

2ṫ
, z5 = 8ṫ ẗ 2 ...

t − 5ẗ4

8ṫ3 . (64)

Thus, for small ε expansion, we have

K = 1 + ε2K2 + ε4K4 + · · · ,

K2 = −2z1 ż1 ẗ + ṫ
(
ż2

1 − 2z1 z̈1
)

2ṫ3 ,

K4 = 1

8ṫ5

(
12z1 ż

3
1 ẗ − 8(z3 ż1 + z1 ż3)ṫ

2 ẗ

+3ṫ(ż4
1 − 4z1 ż

2
1 z̈1) + 8ṫ3(z1 z̈3 + z3 z̈1 − ż1 ż3)

)
. (65)

Thus we see that K2 is determined solely by z1 and K4 is
determined by (z1, z3). For zi ’s given by (64), we have

K2 = 2ṫ
...
t − 3ẗ2

2ṫ2 ≡ Sch(t (u), u),

K4 = 8ṫ2 ẗ
....
t + 8ṫ2 ...

t 2 − 44ṫ ẗ 2 ...
t + 27ẗ4

8ṫ4 . (66)

Note that the K2 term is precisely the Schwarzian derivative,
which is invariant under the generalGL(2,R) transformation

t → at + b

ct + d
. (67)

In this new boundary slices, the scalar field is given by

φ = log

(
1

ε
(ψ0 + εψ1 + ψ2 + · · · )

)
,

ψ0 = α + β sin δ t + γ t2

ṫ
, ψ1 = β cos δ, · · · , (68)

where the ellipsis denotes the higher-order terms in the ε

expansion.

5.2 The on-shell action

For JT gravity, the bulk term in the action vanishes identically,
thus only the surface term contributes to the total action. This
leads immediately to the Schwarzian action [5]

Ssch = 2
∫

du 
inf Sch(t (u), u). (69)

In our case, the bulk contribution does not vanish, given by

Sbulk(ε) = −
∫

du

(
2ṫ

z
(φ − 1 − λ(β cos θ + 2γ z)

χ2 − λ
e−φ)

− 8ṫγχ2

(χ2 − λ)3/2

×
(

arctan

(
β cos θ + 2γ z√

χ2 − λ

)
− 1

2π

))∣∣∣
ε
, (70)

where χ = β sin θ + 2γ t . Note that we have integrated the
radial variable ε from ∞ to ε → 0. The asymptotic boundary
of the AdS2 is located at ε = 0, but we would like to con-
sider the finite cutoff away from the boundary with ε as an

expansion parameter. Together with the surface contribution,
the total on-shell action is given by

Stot =
∫

du(Lε + Ẏε), (71)

with

Lε = L0 + εL1 + ε2L2 + ε3L3 + · · · ,

Yε = log ε
(
εỸ1 + ε3Ỹ3 + · · ·

)
+ εY1 + ε3Y3 + · · · . (72)

Here the Yε terms are total derivative and do not contribute
the dynamics. Up to and including the ε3 order, we find

L0 = 2λψ1

ψ0(χ2 − λ)
−

4γχ2(π − arctan(
ψ1√
χ2−λ

))

(χ2 − λ)3/2 ṫ,

L1 = −2Sch + 2ψ2
1

ψ2
0

, L2 = 2ψ1

ψ0

(
d

du

(
ẗ

ṫ

)
− γ ṫ

ψ0
− λ

ψ2
0

)
,

L3 = −2

3
K4 + 2χ ẗ 3

3ψ0 ṫ3 −
(
χ2 − 2ψ2

1 − λ
)
ẗ 2

ψ2
0 ṫ2

+χ4 − 8χ2ψ2
1 + 3ψ4

1 − 2λ(χ2 − 4ψ2
1 ) + λ2

6ψ4
0

,

Ỹ1 = −2ẗ

ṫ
, Ỹ3 = 5ẗ 3

3ṫ3 − 2ẗ
...
t

ṫ2 ,

Y1 = −2χ

ψ0
+ 2(1 + log ψ0)

ẗ

ṫ
,

Y3 = χ
(
χ2 − 3ψ2

1 − λ
)

6ψ3
0

+
(
χ2 − ψ2

1 − λ
)
ẗ

2ψ2
0 ṫ

− χ ẗ 2

ψ0 ṫ2 − 5(2 + 3 log ψ0)ẗ 3

9ṫ3 + 2(1 + 3 log ψ0)ẗ
...
t

3ṫ2 .

(73)

The on-shell action in general is rather complicated. How-
ever, it can be easily established that L0 is a total derivative,
since it takes the form of L0 = U (t (u))ṫ , for some compli-
cated function of U . That L0 is trivial may be related to the
fact that the theory admits full AdS2 vacuum whose CFT dual
is trivial. Nontrivial dynamics emerges only at the finite cut-
off away from the boundary, associated with the higher-order
of ε terms, where the full conformal symmetry is broken.

The action simplifies dramatically in later time t → ∞,
for which, ψ0 ∼ t2 and χ ∼ t . We therefore have

Lε

∣∣∣
t→∞ = −2Sch ε − 2

3
K4 ε3 + · · · . (74)

Thus we see that at the leading ε order, the later time dynam-
ics is governed by the Schwarzian action, at the finite cutoff
of the AdS2 boundary.
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We now consider the effect of the Hamilton–Jacobi coun-
terterm (44) to the on-shell action. It is convergent and its
contribution to the total action is

8π

c
√

λ
LλB

ε = 1

ψ0
− ψ1

ψ2
0

ε +
(

ψ2
1

ψ3
0

− γ t ′

ψ2
0

+ t ′′ 2

2ψ0t ′2

)
ε2

− ψ1

ψ2
0

(
ψ2

1

ψ2
0

− 2γ t ′

ψ0
+ t ′′ 2

t ′2

)
ε3 + · · · (75)

The leading term is again a total derivative, and furthermore
these terms all vanish at later time and hence do not affect
the conclusion (74).

5.3 The semi-on-shell action

In the case of JT gravity, the 
inf(u) in (69) is the background
field and the equation motion associated with the variation of
t (u) can be solved precisely by the on-shell 
inf that can be
also obtained from the general bulk solution. A coordinate
transformation 
infdu = dũ is necessarily so that the action
in (69) become Schwarzian, where 
inf can be treated as a
constant [5].

Here we would like to repeat the same analysis and treat
the (ψ0, ψ1, ψ2) etc. as abstract background field and red-
erive the action. We shall obtain the action only up to and
including the ε order, therefore, we only need to consider

z = ε ṫ, log

(
1

ε
ψ0(u) + ψ1(u) + εψ2(u)

)
. (76)

The convergence of the bulk action at ε → ∞ requires that
ψ2 = γ ṫ , where for convenience we have chosen the same γ

parameter as in the on-shell solution. We find that total action
is given by

L0 = 1

γψ0 ṫ2 (4γψ0 ṫ − ψ2
1 )

(
γψ2

0 ψ1 ẗ
2

+2γψ0 ṫ ẗ
(
ψ1ψ̇0 − 2ψ0ψ̇1

) + ψ0ψ1 ṫψ̇
2
1

+γ ṫ2
(
ψ3

1 + ψ1

(
λ + ψ̇2

0

)

−4ψ0ψ̇0ψ̇1
) − 4γ 2ψ0ψ1 ṫ

3
)

+ 2

ṫ(4γψ0 ṫ − ψ2
1 )3/2

×
(

π − 2 arctan

(
ψ1√

4γψ0 ṫ − ψ2
1

))

×
(
γψ2

0 ẗ
2 + 4γ 2ψ0 ṫ

3 + ψ0 ẗ
(
2γ ṫψ̇0 − ψ1ψ̇1

)

+ṫψ̇1
(
ψ0ψ̇1 − ψ1ψ̇0

) + γ ṫ2
(
λ + ψ̇2

0 − ψ2
1

) )
.

(77)

Note that now the fields ψ0 and ψ1 are the abstract
background fields. Although this is a rather complicated
Lagrangian; nevertheless, we find that its equation of motion

associated with the variation of the dynamic variable t ,
namely

∂L0

∂t
− d

du

(
∂L0

∂ ṫ

)
+ d2

du2

(
∂L0

∂ ẗ

)
= 0, (78)

can be solved precisely by the on-shell solutions of (ψ0, ψ1),
given in (68). Note that the HJ counterterm contributes 1/ψ0

in the leading term, and it does not affect on the Lagrange
equation (78). Thus as in the case of the black hole ther-
modynamics, the HJ term (44) does not affect our physical
conclusion when the metric is AdS2 or asymptotic to AdS2.

At the ε log ε order, the action is a total derivative ˙̃Y1,
independent of (ψ0, ψ1), as in the case of the on-shell action.
At the ε order we have

L1 = λ

ψ2
0

+ ψ2
1 + ψ̇2

0

ψ2
0

+ d

du

(
2 log(ψ0)

ẗ

ṫ

)
. (79)

Substituting the on-shell results obtained from L0 yields
precisely the on-shell action obtained earlier at this order.
We therefore achieved a consistent picture of the boundary
dynamics of the nearly AdS2 at the finite cutoff.

6 Euclidean dS2 and its action

When the bare cosmological constant is positive, correspond-
ing to, without loss of generality, �2 = −1, the metric is dS2.
In Euclidean signature, it is a unit S2

ds2
2 = dθ2 + sin2 θ dτ 2, (80)

with θ ∈ [0, π ] and τ ∈ [0, 2π). The most general solution
for the scalar field is

φ = log
(
α + β cos θ + γ sin θ cos(τ − τ0)

)
, (81)

with the parameter λ given by

λ = β2 + γ 2 − α2. (82)

The vacuum, where φ is a constant, emerges when β = 0 =
γ , and hence λ = −α2. Thus we must have λ < 0 for the
theory to admit such a vacuum. For the scalar to be well
defined on the 2-sphere, we must have

α >

√
β2 + γ 2, (83)

which is precisely satisfied by λ < 0. It is worth comparing
to JT gravity with a positive cosmological constant, in which
case, the scalar is given by

ϕ = α cos θ + β sin θ cos(τ − τ0), (84)

where (α, β, τ0) are free parameters. Thus we see that the
ϕ = 0 singularity cannot be avoided on the manifold. We
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find that the on-shell action for the S2 solution is

S = 4π

(
2

√
α2 − β2 − γ 2

α2 − β2 − 2 + log(α2 − β2)

)

+4γ 3
∫ 2π

0
dτ

cos τ sin2 τ

(α2 − β2 − γ 2 cos2 τ)3/2

× arctan

(
γ cos τ√

α2 − β2 − γ 2 cos2 τ

)

= 4π log(−λ). (85)

(The above provides a nice formula for the definite integra-
tion in the second line.) In other words, the parameters in
the scalar field does not affect the action. Note that since S2

has no boundary and the scalar is well defined, there is no
boundary contribution in the evaluation of the action.

7 Conclusion

In this paper, we studied a candidate theory for Einstein
gravity at the D → 2 limit. The theory was obtained
from Kaluza–Klein reduction of Einstein gravity in general
D = 2 + n dimensions, reduced on n-dimensional inter-
nal Einstein space of constant curvature λ, keeping only the
breathing scalar mode. Under some suitable n → 0 limit,
a scalar–tensor theory involving Ricci scalar emerges. The
theory was known to be related to Liouville CFT of a large
central charge. We found that when the theory is minimally
coupled to a bare cosmological constant, the theory can also
reduce to JT gravity that describes the perturbative dynamics
around the scalar fixed point.

We studied the properties of the theory by constructing the
full solution space. We first construct the static black holes,
which is governed by two parameters associated with the
mass M and the charge Q of scalar hair. We obtained the
first law of black hole thermodynamics and derived from
the Euclidean action that thermodynamic potential is the
Helmholtz free energy. Our black hole mass formula indicate
that the AdS2 vacuum at the scalar fixed point has infinity
mass and free energy, indicating that it is not a stable vacuum.

We found that the black holes were all locally stable since
the specific heat is nonnegative. However, for non-extremal
black holes, there is a thermodynamic global instability asso-
ciated with the scalar hair. Specifically, the black hole met-
ric is specified by temperature T only. For the scalar field
to be absent from a singularity, the scalar hair Q must be
non-vanishing. As Q → ∞, the solution becomes the black
hole with the constant scalar, and the mass and free energy
are both positively infinite. As Q → 0, the mass is finite
M → T/4 and the free energy becomes unbounded below,
except at zero temperature. This motivated us to construct
the most general time-dependent black hole and we saw that

the time-dependence dropped out at zero temperature, indi-
cating that extremal black holes are stable. When T > 0, the
time evolution drives the black hole to the singular Q → 0
limit. The 2d gravity model provides us a simple analytical
example of illustrating the connection between the black hole
thermodynamic instability and its time evolution.

It is straightforward to construct traversable wormhole
metrics in two dimensions that connect two asymptotic AdS
boundaries. However, we found that scalar field was neces-
sary singulary. However, we showed that this singularity has
intriguing properties when the scalar was allowed to be time
dependent and it was periodic. The wormhole opens up and
connects the two AdS2 boundaries during half of the period,
and singularities develop and close in during the other half.
When the cosmological constant is positive and the metric
is asymptotic to dS2, the solution is necessarily a traversable
wormhole connecting two cosmic horizons. In this case, the
scalar singularities lie beyond the cosmic horizons.

We further studied the solution space in the Euclidean sig-
nature. For the negative bare cosmological constant, the 2-
space is hyperbolic. We followed the work of [5] and studied
the boundary dynamics in some nontrivial boundary slices.
We found that the total action was trivial in that it is a total
derivative, perhaps consistent with the fact that the theory has
the full AdS2 fixed point. Nontrivial dynamics could arise if
we moved away from the asymptotic boundary to some finite
boundary slices. The Schwarzian action with SL(2,R) sym-
metry would arise at the leading order of the finite boundary
cutoff, but only at later time with t → ∞. For a positive
bare cosmological constant, the space is a 2-sphere, and we
found that the scalar field was well defined everywhere on
the 2-manifold. This should be contrasted to JT gravity where
the scalar would suffer some inevitable singularities. To con-
clude, the properties we uncovered in this paper make the
theory a particularly interesting model to investigate further.
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