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Abstract The anomalies in rare B decays endure. We
present results of an updated global analysis that takes into
account the latest experimental input — in particular the recent
results on Rx and BR(By — ™ ™) —and that qualitatively
improves the treatment of theory uncertainties. Fit results are
presented for the Wilson coefficients of four-fermion contact
interactions. We find that muon specific Wilson coefficients
Cg =~ —0.73 or C9 = —C19 = —0.39 continue to give an
excellent description of the data. If only theoretically clean
observables are considered, muon specific C1p >~ 0.60 or
C9 = —C1p =~ —0.35 improve over the Standard Model by
VAx? >~ 470 and /Ax? =~ 4.60, respectively. In vari-
ous new physics scenarios we provide predictions for lepton
flavor universality observables and CP asymmetries that can
be tested with more data. We update our previous combina-
tion of ATLAS, CMS, and LHCb dataon BR(B; — putu™)
and BR(BY — utu) taking into account the full two-
dimensional non-Gaussian experimental likelihoods.

1 Introduction

Since several years there exist persistent discrepancies
between the Standard Model (SM) predictions and the exper-
imental results for rare decays of B mesons based on the
neutral current b — s££ transitions. Discrepancies are seen
in the branching fractions of the rare decays B — Kutu™,
B — K*utu=, By — ¢utu~,and By — putu~, in the
angular distribution of B — K*u™u™ and in lepton flavor
universality (LFU) ratios. Of particular interest are the hints
for LFU violation that have been observed by LHCb in the
following ratios of branching fractions

BR(B — Kutu™)
BR(B — Kete™) '’

K =
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BR(B — K*utu™)
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Rg+ = ey
While the SM predictions for most absolute branching frac-
tions and also the angular observables are potentially subject
to large hadronic uncertainties, the LFU ratios Rx and R+
can be predicted with high accuracy. Significant deviations
in these observables would thus constitute clean indirect evi-
dence for new physics. Also the absolute branching ratio of
the purely leptonic decay By — 10~ can be considered as
theoretically clean. Non-perturbative physics enters through
a single hadronic parameter, the By meson decay constant,
which is know with high precision from lattice QCD calcu-
lations.

Intriguingly, the simplest new physics scenarios that
address the theoretically clean hints for LFU violation simul-
taneously explain also the other discrepancies. Parameteriz-
ing the new physics in terms of four fermion contact interac-
tions, global fits of rare B decay data find consistently very
strong preference for new physics in the form of the opera-
tor AL%IP(EJ@ Prb)(py® ) or A%zw(fya Ppb)(py® Ppp) with
a generic new physics scale of Axp >~ 35 TeV (for recent
work see [1-10]).

Very recently, the LHCb collaboration presented updated
results for two theoretically clean observables that have pre-
viously shown tensions with the SM predictions: the LFU
ratio Rk and the branching ratio BR(B; — u ™). Using
the full run 2 data set the value for Rg is [11]

Rk = 0.846 705350015,

for 1.1 GeV? < g% < 6GeV?, )

where the first uncertainty is statistical and the second one
systematic, and ¢? is the di-muon invariant mass squared.
The new result has exactly the same central value as the
previous result Rx = 0.8461’8:8221’8:8{2 [12], while the sta-
tistical uncertainty has been reduced by approximately 30%,

commensurate with the increased statistics. Consequently,
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the tension between the experimental measurement and the
SM prediction, which is unity to an excellent approximation,
has increased from previously 2.5¢ to now 3.10.

The branching ratio of the By — u™ ™ decay measured
with the full run 2 data is found to be [13,14]

BR(B; — ntu7) = (3 09704350 H) x 1077, 3

where the first uncertainty is statistical and the second one
systematic. This result by itself has a precision close to the
previous world average BR(B; — utu™) = (2. 69+8 gg) X

10~2 [15] that was based on results from ATLAS, CMS,
and LHCb [16-18]. Compared to the previous measurement
by LHCb, BR(B, — putu™) = (3.0 £0.6%03) x 107°
[16], the new update finds nearly the same central value.
While the LHCb result is compatible with the SM prediction
within lo, the previous world average was below the SM
prediction by more than 20. Here, we provide an update
of the world average of the B; — u*u™ branching ratio
and the correlated B® — ;™ branching ratio, taking into
account the new LHCD results. A Gaussian approximation to
our combined two-dimensional likelihood is given by

BR(By — p i )exp = (2.93 £0.35) x 1077, )
BR(BY — 11 )exp = (0.56 £ 0.70) x 10719, (5)

with an error correlation coefficient p = —0.27. We find
a one-dimensional pull with the SM predictions of 2.30.
Details on how the combination and the discrepancy with
the SM are obtained are given in the Appendix A.

The main goal of this paper is to interpret the impact of
the new experimental results in a model independent way,
using the well established effective Hamiltonian approach.
We parameterize new physics contributions by Wilson coef-
ficients of dimension 6 interactions evaluated at the renor-
malization scale © = 4.8 GeV

4GF
Heff—Heff - \/— Tb li’: 16 2 Z Z
l=e,ni=9,10,S,P
« (Clbsw Olbsﬁé + Ci/bsil 0f/bs€€> +h.c. (6)

We consider the following set of semi-leptonic operators

0Lt = (Sy, PLb)(Iy"0),

0P = (5y, Prb)(Iy"0), @
Ot = (Sy, PLb)(Ly"yst),

OBt = (5, Prb) (Ey " ysL), ©
O = my (5 Prb)(20),

Ot = iy (5 PLb)(0), ©
OB = my, (5 Prb) (Lys0),

OB = my(5PLD) (Lyst). 1o
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We do not consider semi-leptonic tensor operators, because
they are not generated at dimension 6 in the Standard Model
Effective Field Theory (SMEFT). Similarly, in the case of
the scalar operators, we will impose the following rela-
tions among the corresponding Wilson coefficients C IS’S“ =
—Cbst and CY (st = 15t as they hold at dimension 6 in
the SMEFT [19] We also do not consider semi-tauonic oper-
ators or 4-quark operators, as they affect the observables we
consider only at the loop level [20,21].

A critical aspect of global fits is the treatment of theory
uncertainties. In our previous studies [6,22-24] we have eval-
uated theory uncertainties and their correlations for the Wil-
son coefficients fixed to their SM values. This is typically
a good approximation as long as the best fit results are in
the vicinity of the SM point. Possible exceptions are observ-
ables that have negligible uncertainties in the SM but not
in the presence of new physics contributions. A prominent
example of such observables are the LFU ratios Rg and Rk .
While the experimental uncertainties still dominate for Rg
and Rg+, the precision of the new Rg result in Eq. (2) is
strong motivation to improve our treatment of theory uncer-
tainties. In this paper we incorporate the new physics depen-
dence of the theory uncertainties for the first time in our fit.

The paper is organized as follows: in Sect. 2 we discuss
in detail the improved treatment of theory uncertainties and
illustrate the size of the effect in the case of LFU observ-
ables and CP asymmetries in the presence of new physics.
In Sect. 3 we collect the results of the updated global fit. We
consider scenarios with one real Wilson coefficient at a time,
scenarios with two real Wilson coefficients as well as scenar-
ios with complex Wilson coefficients. Sect. 4 contains new
physics predictions for a number of LFU observables and CP
asymmetries that can be tested with future data. We conclude
in Sect. 5. Our combination of the experimental results on the
By — T branching ratio is described in Appendix A.

2 Improved treatment of theory uncertainties

Our global fits are based on a x> function that depends
on the Wilson coefficients in the effective Hamiltonian and
that takes into account both the theoretical and experimental
uncertainties in terms of covariance matrices, Xexp and Xy

X2(C) = (Oexp — On(C) (Sexp +Z0)
% (Oexp = O (C)). an

In the above expression, the 0exp are the measured central
values of the observables of interest and Oth are the corre-
sponding theory predictions that have dependence on the con-
sidered set of Wilson coefficients C;. The covariance matrix
Y includes uncertainties from parametric input, in partic-
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ular CKM matrix elements and form factor parameters, as
well as from non-factorisable power corrections. Our treat-
ment of the non-factorisable power corrections follows [22]
and is summarized in Appendix B.1. In previous global fits,
we made the assumption that the theoretical uncertainties are
well described by the covariance matrix X, determined with
the SM values for the Wilson coefficients and neglected pos-
sible dependence of Xy, on the new physics. This has the
advantage that the time consuming evaluation of Xy, has to
be performed only once.

We have developed a computationally efficient method to
determine the new physics dependence of X,. The procedure
is summarized in the following and described in detail in
Appendix B.2.

As the rare B decay amplitudes are linear functions of
the Wilson coefficients it is possible to express the branching
ratios as second order polynomials in the Wilson coefficients.
The coefficients of the polynomials are independent of new
physics and their correlated uncertainties can be described by
a covariance matrix that needs to be determined only once.
The covariance matrix of the branching ratios can then be
expressed in a straight forward way in terms of the covari-
ance matrix of the polynomial coefficients and the Wilson
coefficients.

The CP averaged angular observables S;, the CP asym-
metries A;, and the LFU ratios can be written in terms of
ratios of second order polynomials, while the Pl.’ observables
involve also irrational functions. In those cases we obtain an
approximation of the covariance matrix for the observables
by expanding the functions to second order in the Wilson
coefficients and then following the same procedure as for the
branching ratios. We find that this procedure gives reliable
estimates as long as the absolute values of the new physics
Wilson coefficients are somewhat smaller than the corre-
sponding relevant SM coefficients. In principle, the accuracy
of the approximation could be systematically improved by
expanding to higher orders.

The new error treatment is particularly relevant for quan-
tities that are predicted with very high precision in the SM
but that have non-negligible uncertainties in the presence
of new physics. In that case, the corresponding entries in
the theoretical covariance matrix evaluated in the SM and
the ones in the presence of new physics may differ signif-
icantly. The most important examples can be grouped into
three categories: (i) lepton flavor universality tests, (ii) CP
asymmetries, (iii) observables that vanish in the absence of
right-handed currents. In most cases, the current experimen-
tal uncertainties of these observables are considerably larger
than the theory uncertainties both in the SM as well as in
viable new physics scenarios and the impact of the theory
uncertainties in the global fit is moderate. However, with the
expected improvement in experimental sensitivity, the theo-
retical uncertainties will become more and more important

and their new physics dependence needs to be taken into
account.

Among the lepton universality tests, ratios of branching
ratios, like Rx and Rk, are known with high precision in
the SM, with uncertainties of around 1% [25,26]. In the pres-
ence of new physics, however, the uncertainties can be sev-
eral percent. On the experimental side, the most precisely
known quantity is Rg, with an uncertainty of ~ 4% [11], c.f.
Eq. (2). After run 3 of the LHC, with ~ 25 fb~! of integrated
luminosity collected by LHCDb, one expects an experimental
uncertainty of Rx (Rg=) of ~ 2.5% (2.8%) [27] assuming
that systematic uncertainties can be controlled. The preci-
sion might reach ~ 1% with 300 fb~!. This clearly shows
the need to consistently take into account the theory uncer-
tainties including their new physics dependence. Other lepton
universality tests, like the differences of angular observables
Dpr = P/(B — K*upu)—P/(B — K*ee)[28] (denoted by
or 'in [29,30]), have currently sizeable experimental uncer-
tainties [30] and do not play a major role in global fits, yet.
However, given the expected future experimental precision
of a few percent [27] it becomes desirable to have a robust
treatment of their theory uncertainties as well.

In Figs. 1 and 2 we illustrate the above points with a few
examples. The plots in Fig. 1 show the theory predictions
for Rk and R+ (in the g2 bin from 1.1 GeV? to 6 GeV?)
in the presence of new physics parameterized by various
Wilson coefficients. As is well known, the Wilson coeffi-
cients with left-handed quark currents (Cy and C1g) lead to
a correlated effect in Rg and Rg+, while for right-handed
quark currents (Cé and C {0) one finds an anti-correlation
[31]. For C9 = —Cjg one has to an excellent approximation
Rx >~ Rg+. The various colored bands show the theoretical
uncertainties at the 1o and 20 level. Circle, square, and dia-
mond markers correspond to Wilson coefficient magnitudes
of 0.5, 1.0, and 1.5. Colored markers correspond to positive,
white markers to negative values. While the uncertainties are
negligible close to the SM point, they become sizeable away
from it. For comparison, we also show the current experi-
mental results with 1o uncertainties [11,32], as well as the
expected uncertainties after run 3, assuming the same central
value.

Similarly, the plot in Fig. 2 shows the theory predictions
for D P and D P (in the ¢2 bin from 1 GeV? to 6 GeV?) in
the presence of a few combinations of non standard Wilson
coefficients. Also here we observe that the theory uncertain-
ties can be sizable away from the SM point. As the cur-
rent experimental uncertainties are still large [30], we show
as comparison the expected experimental uncertainties with
the full Belle II data-set which we expect to be around 5%,!

! This value is informed by the expected sensitivities for P, 5 given in
[27] and assumes that D P, can be measured with similar precision.

@ Springer
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Fig. 1 Theory predictions for Rx and Rg+ in the presence of various
non-standard Wilson coefficients (left: new physics in muons; right: new
physics in electrons). The colored bands correspond to the 1o and 20
theory uncertainties. Circle, square, and diamond markers correspond
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Fig. 2 Theory predictions for Dp/ and Dp; in the presence of few
non-standard Wilson coefficients. The colored bands correspond to the
lo and 20 theory uncertainties. Circle, square, and diamond markers
correspond to Wilson coefficient magnitudes of 0.5, 1.0, and 1.5. Col-
ored markers correspond to positive, white markers to negative values.
Also shown is the expected experimental precision with the full Belle
1I data set assuming a new physics benchmark point (black error bars)
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to Wilson coefficient magnitudes of 0.5, 1.0, and 1.5. Colored markers
correspond to positive, white markers to negative values. Also shown
are the current experimental results (thin error bars) and the expected
experimental precision after run 3 of the LHC (bold error bars)

assuming as central value the prediction of a new physics
benchmark point (Cé’s““, Cf(s)’“‘) ~ (—0.63, 0.25).

With regards to CP violation, we note that results on CP
asymmetries in B — K*uTu™ are available from LHCb
with 3fb~! of run 1 data [33]. The most interesting asymme-
tries are A7, Ag, and Ag as they are not suppressed by small
strong phases and therefore could in principle be O(1) in the
presence of CP violating new physics [34] (Interesting CP
asymmetries in B — K 11~ have been recently discussed
in [35]). In the SM, they are strongly Cabibbo suppressed,
A7, Ag ~ (’)(10’3) [36]. The available experimental results
are all compatible with zero with uncertainties of approxi-
mately 5% [33] both at low ¢> € (1 GeV?, 6 GeV?) and at
highg? € (15 GeV?, 19 GeV?). Scaling with /N, we expect
sensitivities with the run 2 data set of approximately 2% —3%
and ultimate sensitivities of below 1% with 300fb~".

In Fig. 3 we show the theory predictions for the B —
K*utu~ CP asymmetries A7 and Ag (in the g2 bin from
1.1 GeV? to 6 GeV?) in the presence of imaginary parts of
Wilson coefficients. Similarly to the LFU observables dis-
cussed above, also here we observe non-negligible theory
uncertainties away from the SM point. For comparison, we
also show the current experimental results with 1o uncertain-
ties [33], as well as uncertainties of 1%, assuming the same
central value.
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Fig. 3 Theory predictions for A7 and Ag in the presence of imaginary
Wilson coefficients. The colored bands correspond to the 1o and 2o
theory uncertainties. Circle, square, and diamond markers correspond
to Wilson coefficient magnitudes of 0.5, 1.0, and 1.5. Colored markers
correspond to positive, white markers to negative values. Also shown
are the current experimental results (thin error bars) and a experimental
precision goal of 1% (bold error bars)

3 The updated global fit

In comparison to our previous fit in [6], we improve the treat-
ment of the theory uncertainties as described in the previous
section and we include a series of new experimental results:

e The update of the B — K*Outu~ angular analysis
with 2016 data from LHCb [37]. The P{ anomaly persists
in this recent update, with a slightly reduced significance
compared to the run 1 results [33]. Included in our fit
are the angular observables Fr, Pi, P2, P3, P;, P, P,
and Pg in all available g? bins below 6 GeV? and the one
large g2 bin above the narrow charmonium resonances.

e Thenew BT — K**;t,~ angular analysis [38]. While
the experimental uncertainties of the B L KEptus
angular analysis are still sizeable, deviations from SM
predictions are observed that are broadly showing the
same pattern as in the B — K*Ou T 1~ angular analysis.

e The latest results on By — pu ™ from CMS [18] and
the very recent result from LHCb [13,14]. We combine
these results with the ATLAS result [17], as described in
Appendix A. Compared to the previous LHC combina-
tion [15], our combination has a slightly larger central
value and a slightly reduced relative uncertainty.

e The recent update of Rg [11]. The new result has exactly
the same central value but reduced uncertainty compared

to the previous result [12], increasing the tension with the
SM from 2.50 to 3.10.

e The latest results from LHCb and CMS on the effective
By, — ptu~ lifetime, tof = (2.07 &+ 0.29 4 0.03) x
10712 5 [13,14] and zerr = (1.7079}) x 10712 5 [18]
(see [16] for the previous LHCb result). Precision mea-
surements of Tefr can lead to non-trivial constraints on
new physics in the form of the scalar Wilson coefficients
c{, 139,40].

e The recent update of the B; — ¢~ branching ratio
[41] that confirms the previously seen tension [42] with
the SM prediction.

Our numerical code is based on the Python package
flavio [43], which provides all the theory predictions
including their uncertainties and correlations. We use the
full set of b — s€€ observables and measurements as imple-
mented in the Python package smelli v2.3.1 [44,45],
which builds upon flavio v2.3.0. We plan to imple-
ment our new error treatment (cf. Sect. 2) in future versions
of flavio and smelli.

3.1 One parameter scenarios

We start by considering simple one parameter new physics
scenarios, switching on one real new physics Wilson coef-
ficient at a time. We consider several fits, including certain
subsets of observables. In Table 1 we report the best fit values
for the Wilson coefficients as well as the 1o best-fit regions
and the “pull” in o, defined as the /A x2 between the best
fit point and the x2 of the SM.

In the column “b — sup” in Table 1, we focus on the
b — s observables that include the differential branching
ratiosof B - Kutu=, B — K*utu=, By — outpu™,
and A, — AuTu~ as well as all available CP averaged
angular observables in these decays. Note that these observ-
ables are subject to potentially large hadronic uncertainties.
While existing calculations indicate that long distance effects
are well within the assumed uncertainties [46], it cannot
be fully excluded that such effects are unexpectedly large.
As the considered decay modes do neither involve electrons
nor are sensitive to scalar operators, only results for vec-
tor and axial-vector muonic Wilson coefficients are shown.
Consistent with previous findings, we observe that a nega-
tive Cg“‘ " ~ —0.75 or the left-handed muon combination
ngu = —Ci’é“” ~ —0.53, are strongly preferred by the
fit. For those values of the Wilson coefficients the agreement
between theory and data is improved by more than 30 com-
pared to the SM

In the column “LFU, B; — uu” in Table 1, we con-
sider the neutral current LFU observables (R g, D Pz{,s) and

BR(B; — p*u™) only, including in particular the new

@ Springer
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Table 1 Best-fit values with

corresponding 1o ranges as well Wilson coefficient b— sup LFU, By — up All rare B decays
as pulls in sigma between the Best fit Pull Best fit Pull Best fit Pull
best-fit point and the SM point ,
for scenarios with NP in a single ~ Cg /"' —0.751033 340 —0.74703) 410 —0.73%13 520
real Wilson coefficient. Column b +0.23 +0.14 +0.12
“b — spyu™ fit including only ct +0.427505, 170 +0.607) 4 470  40.5475 5 4.70
the b — sy observables cyr +0.247030 090 —0.32%015 200  —0.18701] 140
branching ratios and angular 1bs +0.16 +0.12 +0.10
f)bservablis). RN LgFU cipt —0.16701%  1.00 4006701 050  +0.02%010 020
By — ™ fit including only com = sk —0207013 130 40437018 240 40057017 040
the neutral current LFU bspp bsppt +0.13 +0.08 +0.07
observables (R, Dp: ) and Cy™" =—Cy -0.53%y3 370  —0.357)0 4.60 —0.39" 47 5.60
T s bsee +0.20 +0.20

BR(B, — 11 ). In column Cy +0.747 519 410 +0.757179 410
“all rare B decays”, we show the C{’See —0.67f8:i§ 420 _0-661—3:% 430
results of the combined fit. For Ibsee +0.18 +0.19

C +0.36 2.1c  +0.40 2.30
the scalar Wilson coefficients, ?b ;812 ;gig
the SM-like solution is shown, Cio* —031%01° 2110 —030%)  2.00
while a sign-flipped solution is Cgsee — Clbgee _1-391-8%2 4.00 _1_284:8%;1 410
also allowed [40] b bsee +0'10 +0'16

Cg% = —Cp%° +0.3775 10 420  +0.3775, 430

(cgm = —cp) x Gev

(cgrr =) x Gev

+0.002 +0.002
—0.00473002 216 —0.003*00%  L4o

+0.002 +0.002
—0.00473002 216 —0.003*09%  l4o

Rk and BR(B; — utu™) result. The included observ-
ables are considered under excellent theoretical control and
the discrepancies cannot be explained by hadronic effects.
Two scenarios stand out, Cfg“ ® ~ 40.60 and Cg”“‘ =

— P~ —0.35, which have a pull of 4.7 and 4.60,
respectively. These scenarios do not only address the anoma-
lies in Rg and R+, but also the slightly reduced branch-
ing ratio of By — uu~. The coefficients Cg‘w“, chsee,
and C{’gee can explain the Rg and Rg+ data, but do not
affect the By — u™ ™ decay. Their pulls are therefore a
bit lower, around 4o. The scalar Wilson coefficients show a
slight (~ 20) preference for negative values, that lead to a
suppression of the By — pu branching ratio in accordance
with the data. Note that we include the effect of the scalar
Wilson coefficients only in the By — utu™ decay. In the
parameter space allowed by By — u™ ™, the scalar Wilson
coefficients have negligible impact on all the other b — supn
transitions.

Finally, in the the column “all rare B decays” in Table 1 we
show the results of the global fit. Included are the b — suu
observables, the LFU observables, and the By, — utu~
branching ratio.”> The largest pulls of 5.60 and 5.20 are
found for CL™* = —Cb3H* ~ —0.39 and CL"* ~ —0.73,
respectively. As expected, the pulls for the electronic Wil-
son coefficients are very similar to the values in the “LFU,

2 Note that in previous fits [6] we had also included AF = 2 observ-
ables that are correlated to the By — ™ branching ratio and the
various b — supu branching ratios, mainly through their dependence
on common CKM input. Adding A F = 2 observables in the fit further
increases the pulls slightly.

@ Springer

By — pup” column. We observe a small change in the
preferred values for the scalar Wilson coefficients, which
is due to the correlations of the theory uncertainties of
BR(B; — put ™) and the b — s u observables.

To illustrate the impact of our improved treatment of the-
org/ uncertainties, we compare in Table 2 the fit results in the
Cy", Cfé““, and CSSW = —Cfé’“‘ scenarios taking into
account the dependence of the theory errors on the Wilson
coefficients (first 3 rows) and fixing the theory errors to the
SM values (last 3 rows). We find that the impact is currently
still moderate. The largest shift is observed in the Cgm " sce-
nario, in which the pull from the » — s observables is
somewhat reduced once the new physics dependence of the
theory errors is taken into account. We expect the effect to
become much more pronounced with more precise data.

3.2 Two parameter scenarios

Next, we discuss scenarios where two Wilson coefficients
are turned on simultaneously. In Fig. 4 we show the best fit
regions in the Co*** vs. C73** plane. The plot on the left
focuses on the constraints from the LFU ratios Rx and Rg+.
The Rk constraint before the update [11] is shown by the
dashed contours. As the measured Rx > Rg= the best fit
range prefers a sizable positive C fg“ " The plot on the right
shows the result of the global fit. The By — p* ™ branching

ratio prefers a modest positive C fg” " while the b — suu
observables mainly prefer a negative C g K Overall, the best
fit point corresponds to (Cg””‘, Cfgﬂ") ~ (=0.51,0.30)
with a pull of 5.30.
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Table 2 Best-fit ranges for

selected Wilson coefficients, Wilson coefficient b— sup LFU, By — up All rare B decays
taking into account the Best fit Pull Best fit Pull Best fit Pull
dependence of the theory errors
on the Wilson coefficients (first NP errors
3 rows) and fixing the theory com —0.751922 340 —0.74020 410 —0.737013 520
errors to the SM values (last 3 bsp +0'2§ +0'14 +0'12
rows) Clo H +0.42755, 1.70 +0.6075 |4 4. 70 +0.547515 470
bsp bspu +0.13 +0.08 -+0.07
Cy =-C —0.537513 370 —0.35"08 4.60 —0.39"5 07 5.60
SM errors
bsp +0.22 +0.20 +0.15
Cy —0.88757] 370 —0.747573, 4.10 —0.787 3 5.30
Cham +0.447931 2.10 +0.607014 4.70 +0.547013 4.80
bsup __ bspp +0.17 +0.08 +0.07
Cy =-Cjy —0.5875 5 3.60 —0.357508 4.60 —0.3975 5.50
2.0 2.0 T
Ry~ lo By — pp lo
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Fig. 4 Constraints in the Wilson coefficient plane Cgm“ vs. C fg“ . Left: LFU ratios only. Right: Combination of LFU ratios, combination of
b — sjuu observables, BR(B; — p ™), and the global fit. The dashed lines show the constraints before the recent updates [11,13,41]

In Fig. 5 we show the viable parameter space of a cou-
ple of other Wilson coefficient pairs, that were found to
give good fits in the past. The plot on the left shows the
Cgm“ vs. C;b‘w‘ plane, while the plot on the right shows
the CY™Y vs. ACS™™* = —CP31" plane (defined such that
chsee = C§mv and €M = €3 + ACYM). The best
fit points are given by (Cgm“, C;bsuu) ~ (—0.84,0.25)
and (Cgmv, ACSSW) ~ (—0.32, —0.34) and correspond
to pulls of 5.00 and 5.40, respectively. The scenario on
the left gives an excellent fit of Rx and Rg=, but the
slightly reduced By — w™ ™ branching ratio remains unex-
plained. The scenario on the right can resolve the tension in
BR(B; — ptu™), but leaves a tension between Rg and
Rk+. Note that aniv' could in principle be mimicked by a

hadronic effect. A lepton flavor universal C})mi"' of the pre-

ferred size can also be generated through renormalization
group running from semi-tauonic operators that are moti-
vated by the R anomalies [21] or from four-quark oper-
ators [6].

As clearly seen in the plots of Figs. 4 and 5, the branching
ratio of By — w* ™ plays an important role in constraining
the Wilson coefficient Cj¢. Itis well known that By — pu™ ™
is also very sensitive to new physics in the scalar Wilson
coefficients (see e.g. [40]). In Fig. 6 we show the con-

straints in the Wilson coefficient plane C gsu F=-cC l;,w "
rbspp
Cys

VS.

= C;,b‘m " based on our combination of the exper-
imental results on BR(B; — ut ™). Also the available
results on the effective By — u T~ lifetime are included in
the fit. The red band shows the 1o and 20 constraint when the
semileptonic new physics coefficients C fg“ Hand C ;gwu are
setto zero. The ~ 20 tension between the BR(By — ™)
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constraints before the recent updates [11,13,41]
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Fig. 6 Constraint in the Wilson coefficient plane Cbm“ = —Cf,’,‘wt
Vs. C/}”W = C/bm” The red band shows at 1o and 20 the constraints
for (Cbs““ /b‘““) = (0, 0). The dashed lines show the constraints

before the recent update [13]

SM prediction and the experimental world average is clearly
reflected in the plot. With the recent BR(B; — utu™)
update, the preferred region in the Wilson coefficient space
moved slightly towards the SM point. We observe that the
measurements of the effective By — u™u ™ lifetime already

@ Springer

have some impact on the allowed parameter space of the
scalar Wilson coefficients. The region of parameter space that
corresponds to a mass eigenstate rate asymmetry Aar = —1
is excluded at the 1o level. Note that the latest LHCDb result
for BR(B; — uT ™) assumes the SM value Aar = +1.
Due to the lifetime dependence of the acceptance, the experi-
mentally determined BR(B; — u* ™) is larger by approx-
imately 5% or 11% for Aar = 0 or —1, respectively [13].
A similar effect is observed in the ATLAS and CMS analy-
ses [15]. We do not attempt to model this effect in our fit of
the scalar Wilson coefficients. In the region that is currently
slightly disfavored by the measured effective By — ™™
lifetime, we expect a few percent shift of the best fit band.

3.3 Generic scenarios

We also consider more generic scenarios with more then two
Wilson coefficients. In particular, we consider a four param-
eter scenario including the muon-s ;b)ecnﬁc semi-leptonic Wil-
son coefficients Cbs““ Cb””‘ it ilz)s““, as well
as a six parameter scenario mcludmg both muon-specific and
electron-specific Wilson coefficients Cy’ bsun Clm " C’hm a
C’bSMM Cbsee and C{Jgee'

In the four parameter scenario we perform two fits: (1) a fit
including only the b — suu observables (branching ratios
and CP averaged angular observables) and (2) the global
fit of all rare B decay data, including the LFU observables
and B; — wutu~. In both cases we identify the best fit
point in Wilson coefficient space and approximate the likeli-
hood function in its vicinity by a multivariate Gaussian. The
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Table 3 Best fit values, uncertainties, and correlation matrix of the
. . bspp bspp 1bs L
four-parameter fit to the Wilson coefficients C9 » Cio' s C9 )

and C i}(’)‘m " including only b — suu observables

Table 5 Best fit values, uncertainties, an(;] correlagion matgix of th% Six-
parameter fit to the Wilson coefficients Cy"**, Cyo*H, Co M, C3 "

Cé’”", and Cfg“ including all observables

>

b— spup All rare B decays
chm —0.844£023  CM —0.82+0.23
forfs 40244021 Cpt +0.14+0.23
clsmm —0214£034  CM —0.10+0.34
s —033+£022 Cpt* —0.33+0.23
bs
chsun s s s Cg%¢ —0.24 +1.17
2 0 2 10 Chsee —0.24+0.78
i . .
bs
C9mu 1 0.24 0.37 0.41 Cgmu C%W» C(;bwm Cil(?)mu Cgsee C%ee
cham 1 0.13 033
csmn , 071 corr 027 022 036  —0.07 —0.17
s 1 Cham 1 038 068 033 —0.01
cyr 1 070 017 021
cme 1 -032  —0.13
Table 4 Best fit values, uncertainties, and correlation matrix of the bsce
four-parameter fit to the Wilson coefficients Cé’s” ", C%” " C;b”‘“ , Cq 1 0.90
and C ;}Z)W " including all observables C{’See 1
All rare B decays
Chsm —0.83+£0.23
chsm +0.17 £0.15 b
clbsun 0.08 4 0.30 fit, we also find a sizable positive correlation between C, Hu
9 -v : . .
Chsmi 0331019 and C;b””‘ , and large positive correlations between Ci%s““
10 ' ' and the other Wilson coefficients. From Fig. 5 one might
chm cham clmr clre expect a negative correlation between Co*# and C***. We
s | 0.6 038 0.58 find that this is indeed the case for fixed values of C;IZ)S“ K,
C?)xp.u 1' 0'54 0'55 However, the large correlations of C ;%S“ * lead to an overall
}}?mﬂ ’ ’ positive correlation when the four dimensional likelihood is
G ! 0.81 projected onto the Cgm "o Cébw " plane.
bs
Clo"" 1 The central values of our global four parameter fit agree

parameters of the multivariate Gaussians (i.e. the central val-
ues for the Wilson coefficients, their uncertainties and the cor-
relation matrix) are determined by the migrad and hesse
algorithms implemented in the iminuit [47,48] Python
package. The corresponding values are given in Tables 3
and 4. The results for the central values agree well within
the uncertainties and we observe slightly smaller uncertain-
ties in the global fit. The fits prefer new physics in Cg‘m "
with large significance. The corresponding central value is
close to the result found in the one-parameter fit to ng "
discussed in Sect. 3.1.

We find sizable correlations among the Wilson coeffi-
cients. One of the main contributors to the correlations is the
new precise measurement of Ry, as can be seen in the two
parameter scenarios shown in Figs. 4 and 5. We find a positive
correlation between Co*** and C3** that increases when

Rk isincluded, as expected from Fig. 4. In the four parameter

within uncertainties with the central values of a similar fit
performed in [49]. Compared to [49] we find a much larger
positive correlation between C;%w " and the other Wilson
coefficients. This leads in our fit to a slightly negative central

value for C;bw " and a positive correlation between ng "

and Cébw " compared to a positive central value for C(;bwu

and slightly negative correlation in [49]. We checked that
excluding the high-¢2 bins from our fit (as done in [49])
improves the agreement with [49] to some extent, but differ-
ences remain.

We find similar results in the six parameter scenario. The
parameters of the multivariate Gaussian that approximates
the likelihood function in the vicinity of the best fit point
of the global fit is reported in Table 5. The results for the
muon specific Wilson coefficients are very similar to the
four parameter fit discussed above. New physics effects in
the electron-specific Wilson coefficients Cé’”e and C’f(s)“ are
compatible with zero. The uncertainties of Cé’”e and Cféee
are large and highly correlated.
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Fig. 7 Constraints in the planes of complex CS'W  (top left), C;bm "

(top right), C f(s)” * (bottom left), and Cg'm” = —Cfg”““ (bottom right).
Shown separately are the constraints from LFU observables, CP con-

3.4 Complex Wilson coefficients

In the presence of new physics, the contributions to the flavor
changing Wilson coefficients can generically be CP violating.
While the observables that show tensions with SM predic-
tions are CP conserving, it is interesting to investigate the
impact that imaginary parts of Wilson coefficients have on
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serving b — suu observables, the B — K*u™ ™ CP asymmetries,
and the global fit. The dashed lines show the constraints before the
recent updates [11,41]

the fit, and to which extent imaginary parts are constrained by
existing data (see also [50] for a recent study that considers
complex Wilson coefficients).

In Fig. 7 we show constraints in the planes of complex
Cg”w (top left), Cébm * (top right), C fé” * (bottom left), and
CoM — — P (bottom right). Shown separately are the
constraints from LFU observables, CP conserving b — suu
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Table 6 Predictions for lepton
flavor universality observables

® (i)

(iii) (iv) v) (vi)

and CP asymmetries in global [1.1,6.0] 10.03 +0.03 +0.03 +0.04 +0.04 +0.04

fits of 2D new-physics scenarios XK +0.851003  +0.87700y 40837000 +0.837001  +0.827000  +0.867004

as sh(zfm in Figs. 4,h§;jnd 7:G) RSO 40851098 410887003 10.83100  +0.837007  40.8270%  +0.861008

Re Co™" and Im Cy ™, (i) RIOSLIT 4 g got00L 1 ggt00l g got00l 4 ggt00l | ggt00l | gg+0.02

Re P8 and Tm 2 Gii) K 0.01 0.01 0.01 0.02 0.01 0.01

10 0 Ry 0897003 +0.851003  +0.84%001 4085700 +0.82100F  +0.83700;

Re Cbsp,u — _Re Cbsp.u, and K 0.02 0.03 0.04 0.04 0.03 0.04

I P _ i (P9 (i RIS 40851000 10861003 1082700 40.82100%  1081T0Y 4079100
9 - 0 - ' ’ ' ’

: [1.0,6.0] +0.03 +0.03 +0.05 +0.04 +0.04 +0.05

CngHM and Ci’g#l’-, (V) CSHIV. and Rd’ +0.8870A02 +0.8570A03 +0.8470_04 +0.8470A04 +0.8270_04 +0.8370A04

bs bs . bs

Acg”::;; —CpoM™, (vi) g”‘“ RU>M! 1085700 10.8770% 40837003 40.8270%% 4081700 40.7970%

and Co 7. The superscripts on ,[1.0.60] 0195007 —0.02400  4+0.061002 40131007 +0.09t003  +0.2150]
the observables indicate the ¢> 5 ' ’ o ’ ’ ’

range in GeV> Pl +0.0179%%  +0.037090  4+0.03700 +0.027091  4+0.037000 40.02159!
) : : : : A :

[1.0,6.0] +0.01 +0.00 +0.02 +0.02 +0.01 +0.02

D, =005,  +0.00Zg00  —0.02Z50;  —0.04Zgq;  —0.03Z55;  —0.06Z50,

All16) 4000708 —0.067007  —0.09T003  +0.007090  +0.007000  +0.007090

AQ1o —0.02%003  40.007090  —0.05T003  +0.00%000  +0.00T300  +0.007500

observables, the B — K*utpu~ CP asymmetries from [33],
and the global fit.

In the case of ng " the experimental data does not
lead to relevant constraints on the imaginary part of the
Wilson coefficient, yet. In fact the strongest constraint on
Im(Cgm ") arises due to the fact that a sizeable imagi-
nary part universally enhances the b — supu rates. We
observe that the other scenarios Im(CébS“ "y, Im(C fg“ "y, and
Im(C™™*) =Im(CY3*") are already being constrained by
the experimental data on the CP asymmetries. Still, the cur-
rent measurements do leave room for imaginary parts that
are at least as large as the corresponding real parts. All imag-
inary parts are compatible with zero at the 2o level. The best
fit points of the real part of the Wilson coefficients are very
close to the values that we obtain setting the imaginary parts
to zero.

4 Predictions for LFU observables and CP asymmetries

As discussed in the previous section, several new physics
Wilson coefficients (or combinations of Wilson coefficients)
can significantly improve the agreement between data and
theory predictions. The various best fit points show compara-
ble pulls, and it is therefore interesting to identify predictions
that allow us to distinguish the new physics scenarios.

We consider six different two parameter new physics
scenarios: (i) Re Cg”“‘ and Im Cé”“”, (i) Re Cfé““ and
Im C**, (iii) Re Co* = —Re Cy™* and Im CJ*** =
—Im CPy™, (iv) Cg*"** and CJy"", (v) C4™Y and ACy™* =
—Cfé“ *. and (vi) ng * and C,;bw " In each of these cases,
we sample the likelihood of the Wilson coefficients and show
in Table 6 the predictions for several observables.

The first set of rows shows the predictions for the LFU
ratios Rk, Rg+,and Ry both atlow q2 and athigh qz. Overall,
the predictions are fairly similar in all the considered new
physics scenarios. Given the precise measurement of Rg at
low ¢? that enters the global fits, all scenarios reproduce the
measurement of 2~ 0.85 at the 1o level. The predicted values
for all other LFU ratios are similar in all scenarios (i) - (vi).
The central values are all expected between 0.8 and 0.9. This
is in particularly true for R g+ where the current experimental
result is considerably lower.

The second set of rows shows predictions for LFU dif-
ferences of B — K*u*u™ angular observables: D P> D P>
and D 4, . Here we find significant differences in the various
scenarios. In particular, precise measurements of D P, will
allow to narrow down new physics scenarios.

The last set of rows shows predictions for the B —
K*uu~ CP asymmetries A7 and Ag. The CP asymmetries
remain close to zero (i.e. SM-like) in the scenarios (iv)—(vi)
as they do not contain any new sources of CP violation. In
scenarios (i)—(iii), A7 and Ag can be non-zero. Interestingly,

an imaginary part of Cg‘m " leads to an effect in Ag, while

an imaginary part of C fg“ " leads to an effect in A7. The pre-

dicted ranges for A7 and Ag can already be probed with run
2 data.

In Figs. 8, 9, and 10, we show the most distinctive cases
in graphical form. The plots of Fig. 8 contain the predic-
tions for the LFU ratios in scenarios (i), (iii), and (iv). The
new physics predictions are compared to the SM predictions
(with uncertainties from [25]) and the current experimental
results [11,32]. Similarly, the plots of Fig. 9 show predic-
tions and experimental results [30] for the LFU differences
in scenarios (i), (ii), and (iii). The uncertainties of the SM
predictions are illustrated with £0.01. Finally, the plots of
Fig. 10 show the CP Asymmetries in the scenarios with imag-
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Fig. 8 Predictions for the LFU
ratios Rg, R+, and Ry in three
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inary parts (i), (ii), and (iii). The tiny SM uncertainties are
neglected and the experimental results are taken from [33].
The plots clearly show the discrimination power of the dif-
ferent observables.

5 Conclusions

With the recent updates of Rg and BR(B; — utu™) by
LHCb, the case for new physics in rare B decays has been
further strengthened. Our improved global fit shows very
strong preference for the muon specific Wilson coefficients
COM ~ —0.73 or CPM = —ChI ~ —0.39. Even if
only the theoretically clean LFU observables and BR(B; —

wt ™) are considered, muon specific Clb(“;“ K~ 0.60 or

ngu = —Cf(s)”“ ~ —0.35 improve over the Standard

Model by /Ax2 >~ 4.70 and /A x? >~ 4.60, respectively.
We have also investigated complex Wilson coefficients and

find relevant constraints on the imaginary parts of C f(s)”“ and

Cébs“  from the experimental results on the B — K*ut ™

CP asymmetries.

Finally, we give new physics predictions for a large set
of observables including LFU ratios, LFU differences of CP
averaged B — K*u' ™ observables,and B — K*utu~
CP asymmetries. Future more precise measurements of these
observables will allow us to distinguish between different
new physics scenarios.

Note Added Another model independent interpretation of the
new results can be found in [49]. First interpretations in new
physics models have been presented in [51,52].
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A Appendix: B, — p*p~ combination

We combine the ATLAS, CMS, and the recent LHCb mea-
surement of the B — ™ and By — put ™ branching
ratios [13,17,18], following a procedure similar as in [6].

Since the BY and B, have a similar mass the measure-
ments of the B — ptu~ and By — ptu~ branching
ratios are correlated and the experimental results are given
by two-dimensional likelihoods. We combine them assum-
ing the likelihoods of different experiments are uncorrelated.
The individual likelihoods are shown as thin lines in Fig. 11
while our combination is shown as thick solid red line. We
also determine a Gaussian approximation (shown as thick
dashed red line) and compare the experimental results to the
SM predictions.

The two-dimensional Gaussian approximation is given by

BR(By — i )exp = (2.93 £0.35) x 1077, (12)
BR(B? — 1 )exp = (0.56 +0.70) x 10717, (13)
with an error correlation of p = —0.27.

For the SM predictions, we use £ lavio with default set-
tings (The most relevant input parameters are the CKM ele-
ments V., = (42.21 +0.78) x 1073 and V,;, = (3.73 £
0.14) x 1073 and the decay constants fp, = (230.3 £
1.3) MeV and fp = (190.0 &+ 1.3) MeV [53])

BR(B; — utpn )sm = (3.67 £ 0.15) x 1072, (14)
BR(B? — utpu)sm = (1.14 £0.12) x 10710, (15)

with an error correlation of p = +0.28.

Comparing the SM predictions with the two dimen-
sional experimental likelihood we get the following one-
dimensional pulls’:

e if both branching ratios are SM-like, 2.30%

e if B — putpu~ is SM-like and B® — put ™ profiled
over, 1.90,

e if B - putpu~ is SM-like and By — utu~ profiled
over, 0.80.

Given its prominent role in constraining new physics in
b — suu transitions, it is of great interest to have confidence
regions for the By — ™ u™ branching ratio itself, fixing
BY — ptu either to its SM central value or profiling over

3 Here, the “one-dimensional pull” is —2 times the logarithm of the
likelihood ratio at the SM vs. the experimental point, after the exper-
imental uncertainties have been convoluted with the covariance of the
SM uncertainties.

4 Converting the likelihood ratio to a pull with two degrees of freedom,
we get 1.80.
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Fig. 11 Likelihood contours in x10710

the plane of BR(B® — ptpu™) 6

and BR(B; — utu™) fromthe | e ATLAS 2018
individual ATLAS, CMS,and | _____ CMS 2019
LHCb measurements (thin 5 4

contours), our combination ——=- LHCb 2021
(thick solid contours), and the —— full comb.
Gaussian approximation (thick a4 =" Gaussian comb.

dashed contours). Also shown
are the SM predictions and their
lo correlated uncertainties
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it. Using our two-dimensional likelihood, we find

BR(B, — utp™) = (2937033 x 1077

BR(B — pu*u™) profiled, (16)
BR(B; — putu™) = (2.86703) x 1077

BR(BY — utu™) SM-like. (17)
For B® — utu~ we get analogously
BR(B? — puTp7) = (0.56707%) x 10710

BR(B; — " )profiled, (18)
BR(B® — utpu™) = (0247572 x 10710

BR(Bs; — utu™)SM-like. (19)

B Appendix: Details on theory uncertainties
B.1 Parameterization of Non-Factorizable Effects

We parameterize the non-factorizable effects in the decay
amplitudes of semileptonic rare B decays following [22,54].

For B — K decays, the Wilson coefficient Cgff(qz) is
modified in the following way

Ce™(q?) — C(g?) + ak + br(¢%/ GeV?) atlow ¢2,

Cs"(q) — C§M(g?) + ek at high ¢°,
(20)

where low ¢2 and high ¢? refers to di-lepton invariant masses

below and above the narrow charmonium resonances, respec-
tively. The central values of the complex parameters ag, bx,

BR(Bs — pu™)

and ck are set to zero and the 1o uncertainties enclose the
effects considered in [55-57]

Re(ag) =0.0£0.08, Re(bg)=0.0=£0.03,

Re(ck) = 0.0 £0.2, 1)
Im(ag) = 0.0 £ 0.08, Im(bg) = 0.0 &= 0.03,
Im(ck) = 0.0 £0.2. (22)

We use the same ranges for B¥ — K+ and B® — K©
decays and assume that the corresponding coefficients are
correlated by +99% due to iso-spin symmetry.

For B — K* and B; — ¢ decays we use the following
parameterization

C5M(q?) — C5M(g%) + ao,— + bo.— (¢?/ GeV?) at low ¢>
C) — Ch+ay +bi(q?/ GeV?) '

(23)

where the replacement of C%ff is performed only in the A =
0, — helicity amplitudes, and the replacement of C; only in
the A = + amplitude. Furthermore, we have

Ccsg? — CM(g®) + ¢, athigh g2, (24)

in all the helicity amplitudes. We use the following values
for the hadronic parameters

Re(a;+) = 0.0£0.004, Re(by) =0.0=+0.005,

Re(cy) = 0.0 £ 0.3, 25)
Im(as) = 0.0 £0.004, Im(b;) = 0.0 = 0.005,
Im(cy) = 0.0 £ 0.3, (26)

Re(a—) = 0.0 £0.015, Re(b-) =0.0+£0.01,

@ Springer
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Re(c_) = 0.0 £ 0.3, (27)
Im(a_) = 0.0 £0.015, Im(b_) = 0.0 & 0.01,

Im(c_) = 0.0 & 0.3, (28)
Re(ap) = 0.0 £0.12, Re(by) = 0.0 & 0.05,

Re(co) = 0.0 + 0.3, (29)

Im(ag) = 0.0 £0.12, Im(bg) = 0.0 % 0.0,
Im(co) = 0.0 + 0.3. (30)

The same ranges of the parameters are considered for B —
K*0 Bt — K*7T and By — ¢ decays. A +99% correlation
is assumed between the B — K*0and Bt — K** coeffi-
cients (due to iso-spin), and a +90% correlation between the
coefficients for the B; — ¢ decay and the B — K™ decays
(due to SU (3) symmetry).

The above treatment of the non-factorizable effects is
implemented in £1avio since version 1. 0.

B.2 Implementation of the New Physics Dependence

The decay amplitudes of rare semileptonic b hadron decays
are linear functions of the Wilson coefficients. Thus, in the
presence of new physics, the angular coefficients in the dif-
ferential decay rates are second order polynomials in the
new physics Wilson coefficients. Any observable Oy in rare
semileptonic decays that we consider can therefore be written
as a function of second order polynomials p;

Or = fx(p1, P2, ..., Pn)- 3D

For example, binned branching ratios are given directly in
terms of a single second order polynomial, f;(p1) = pi1. The
CP averaged angular observables S;, the CP asymmetries A;,
and the LFU ratios are ratios of two second order polynomials
fx(p1. p2) = p1/p2-The angular observable P; has the form

fx(p1, p2) = p1/+/pP2(1 — p2), and so on. The polynomials
can be written in terms of a vector product

pi=pi-V=a+eb-C)+e*G - D), (32)

where C = (C1,Cy, ..., CM)T is a vector of new physics
Wilson coefficients and D = vec(é ® C ) is a vec-
tor of products of Wilson coefficients.> The vector V =
(1, eC T ezﬁT)T is independent of the considered observ-
able and contains the information about the new physics. The

5 Foran component vector v = (vy, ..., v)T and a m component
vector i = (uy, ..., um)T we define the n x m component vector

@ Springer

factors of € are introduced to track the order in the Wilson
coefficients and they will be set to € = 1 in the end.

The vectors p; = (a;, I;lT , El.T )T in (32) are independent of
the new physics. They depend on the considered observable
and are given in terms of known input parameters. For any
set of observables we can determine the covariance matrix
¥ for the corresponding set of vectors p;. If N polynomials
and M Wilson coefficients are involved, i isaN(1+M+
M?*) x N(1 + M + M?) matrix.® We infer X5 by varying
the input parameters within uncertainties, assuming Gaussian
distributions.

For branching ratios, the functions f; are the identity, the
observables depend linearly on the p;, and the number of
polynomials, N, is equal to the number of observables. In
this case, the N x N theory covariance matrix ¥, that enters
the x 2 function (11) can simply be written as (see e.g. [58])

Sh=Anv@ V) 5 (Ve 1y) R (33)

This X, contains the exact dependence on the new physics
Wilson coefficients. If the new physics Wilson coefficients
are set to zero, it reduces to the theory covariance matrix
in the SM. Expressing Xy, as above has the big advantage
that the new physics dependence is given analytically and
the time consuming numerical determination of X ; has to be
performed only once.

In cases where the functions fj are non-trivial, the X,
with the exact new physics dependence can not be found in a
simple analytical way from ¥ ;. However, one can still find
an analytic approximation in the limit of small new physics.
If the new physics Wilson coefficients are small compared
to the SM values, we can expand the functions fj in € and
write them as polynomials

JePrs P2 pw) = P = B -V 4 O(%)
=aj + ¢} - C) + €2 - D) + O(e).
(34)
The coefficients of these polynomials are given by
a]/csz(a]aa27"'san)7 5]/(=g;¢gl’
- N T > 2
¢l =glé + 5g,lj vec(bi ® b)), (35)

where indices i, j are summed over and we have defined the
derivatives of fx(p1, p2,---, Pn)

g,ic],iz,...,i[ _ 3 f(p1. p2s s Pn) 36)

8pi1 8]71'2 e 8Pi4 p1=ai,p2=az,..., Pn=an

© In practice, the size of the covariance matrix X 5 can be slightly
reduced by using the fact that only M (M + 1)/2 out of the M? entries
Footnote 6 continued

in D = vec(C ® C) are independent and that usually some of the
components of the p; are exactly zero.
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As above, it is straight forward to determine the covariance
matrix ¥/ of the vectors p,/. Since all approximated observ-
ables are linear in p/, we find analogously to (33)

Zon= 1y ® V)T (Ve ly) e=1’

(37)

where N is the number of polynomials p; , which equals the
number of observables. The approximation can be improved
systematically by expanding the functions f in (34) to higher
order in €. In that case, the vector V has to be extended
to include higher powers of the Wilson coefficients. As the
observables are still linear in the coefficients ﬁk’ , (37) contin-
ues to hold at any fixed order of the expansion. Note, however,
that the size of the covariance matrix X5/ grows rapidly with
the order of the expansion.
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