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Abstract Massive Dirac particles are a superposition of
left and right chiral components. Since chirality is not a con-
served quantity, the free Dirac Hamiltonian evolution induces
chiral quantum oscillations, a phenomenon related to the Zit-
terbewegung, the trembling motion of free propagating parti-
cles. While not observable for particles in relativistic dynam-
ical regimes, chiral oscillations become relevant when the
particle’s rest energy is comparable to its momentum. In this
paper, we quantify the effect of chiral oscillations on the non-
relativistic evolution of a particle state described as a Dirac
bispinor and specialize our results to describe the interplay
between chiral and flavor oscillations of non-relativistic neu-
trinos: we compute the time-averaged survival probability
and observe an energy-dependent depletion of the quantity
when compared to the standard oscillation formula. In the
non-relativistic regime, this depletion due to chiral oscilla-
tions can be as large as 40%. Finally, we discuss the rele-
vance of chiral oscillations in upcoming experiments which
will probe the cosmic neutrino background.

1 Introduction

Dirac equation has unique dynamical predictions for fermionic
particles, from the Klein paradox [1,2], related to pair pro-
duction in scattering problems, to the Zitterbewegung, the
trembling motion of free relativistic states [3]. Formally,
the solutions of the Dirac equation are given in terms of
4-component spinors, or Dirac bispinors. From a group-
theoretical perspective, those objects belong to the irre-
ducible representations of the complete Lorentz group and
are constructed by combining Weyl spinors of different chi-
ralities [4]. Any Dirac bispinor has left and right-chirality
components which are dynamically coupled by the mass term
of the Dirac equation. Since a bispinor with definite chiral-
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ity cannot be an eigenvector of the massive Dirac Hamilto-
nian, the free evolution of such state will induce left-right
chiral oscillations [5]. The degree of left and right chirality
superposition in a Dirac bispinor depends on the energy to
mass ratio, thus chiral oscillations are usually not relevant for
the description of relativistic particles, but are prominent for
dynamical regimes in which the momentum of the particle is
comparable to (or smaller than) its mass.

The non-relativistic regime is also interesting for explor-
ing the connection between the Zitterbewegung effect and
chiral oscillations. As discussed in [6], the trembling motion
of free Dirac particles has an intimate relation to chiral oscil-
lations. Both are related to the fact that a state with initial
definite chirality must be described as a superposition of
positive and negative energy solutions of the Dirac equa-
tion. Although the Zitterbewegung effect is associated with a
fast frequency, which is averaged out in typical high energy
systems, it has already been considered to explain the Dar-
win correction term in hydrogenionic atoms [2] and it has
been probed in Dirac-like systems, such as graphene [7] and
trapped ions [8,9]. For example, the graphene analogous to
the Zitterbewegung [10] can be measured via laser excita-
tions [11]. While mono-layer graphene is described by the
massless Dirac equation, bilayer graphene displays effects
associated with the mass term of the Dirac equation [7] plus
an effective non-minimal coupling [12], and is a system in
which chiral oscillations and their relation to the Zitterbewe-
gung could be probed.

In this paper, we are concerned with the non-relativistic
limit of chiral oscillations within the framework of the Dirac
equation. Since the chiral oscillation amplitude depends on
the mass to energy ratio [13, 14], the minimum survival prob-
ability of an initial state with definite chirality could be aver-
aged out in the non-relativistic limit. Therefore, in the non-
relativistic limit we specialize our discussion to (Dirac) neu-
trinos which indeed are ideal candidates for the study of chi-
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ral oscillations due to the chiral nature of weak interaction
processes in which they are produced and/or detected [15].
The Cosmic Neutrino Background (CvB) is an important
example of neutrinos in non-relativistic regime. The CvB
is the neutrino counterpart of the Cosmic Microwave Back-
ground (CMB) for photons: it is composed by decoupled
relic neutrinos evolving in an expanding background [15].
The PTOLEMY project [16] aims at detecting the CvB via
neutrino capture on tritium, a goal which should be reached
within the next years. In previous studies [17, 18], it has been
noticed that the expected event rate of CvB capture on tri-
tium will exhibit a depletion. We show that such a deple-
tion for Dirac neutrinos can be understood as a manifestation
of chiral oscillations and give a precise quantification of it.
Furthermore, the capture rate depends on the nature of the
neutrinos: Majorana or Dirac. While chiral oscillations are
present in both cases, Majorana neutrinos are subjected to
more measurable oscillation channels than Dirac neutrinos,
e.g. to right-chiral and positive helicity states.

Although the interplay between chiral and flavor oscilla-
tions is very small in the ultra-relativistic regime [13,14,19,
20], it is relevant for describing dynamical features of non-
relativistic neutrinos. We describe chiral oscillations in the
context of two-flavor neutrino propagation, including flavor
oscillations. In particular, we compute the effects of chiral
conversion on the averaged flavor oscillation, that is, the sur-
vival probability of a neutrino of a given flavor averaged over
one period of flavor oscillation. The chiral oscillations correc-
tions are relevant when the particle’s momentum is compara-
ble with the lightest neutrino mass and, in the non-relativistic
regime, the maximum difference is 40%, a prediction consis-
tent with the preliminary discussion pointed in [18] in con-
nection with CvB detection. A more in depth discussion of
chiral oscillations in the context of the CvB can be found in
[21]. To highlight the main dynamical features associated to
this phenomenon, we adopt a simple plane wave description
and leave a more realistic treatment involving wave packets
[13,14,20] for a future work. Although we focus on Dirac
neutrinos, we discuss chiral oscillations effects in Majorana
neutrinos and provide detailed calculations for the general
Majorana-Dirac mass term in the appendix.

2 Chirality and chiral oscillations in bispinor dynamics

Through this paper we will describe dynamical features of
free massive fermionic particles in the context of relativistic
quantum mechanics. We thus consider the temporal evolution
as given by the Dirac equation (hereafter we adopt natural
units i =c = 1)

Aplv) = (b-&+mB) v) =io; 1v). M
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where P is the momentum operator and m is the particle’s
mass. The operators &; (i = x, y, 2) and,é are the 4 x 4 Dirac
matrices satisfying the anti-commutation relations &;&; +
&,‘&j = 28iji4, &,’,é + &,’B =0, and 32 = i4.

In the language of group theory, Dirac equation is the
dynamical equation for the irreducible representations of the
complete Lorentz group,! which are the well-known Dirac
bispinors [4]. These are constructed by means of the irre-
ducible representations of the (proper) Lorentz group, the
Weyl spinors. The later belong to the irreps of a group iso-
morphic to the SU(2) and as such they carry an intrinsic
degree of freedom - the spin. The elements of the two dis-
connected irreps of the proper Lorentz group are labeled as
left and right-handed spinors. Since parity connects the left
and right representations, the irreps of the complete Lorentz
group are obtained by combining these representations, and
thus the Dirac bispinors carry not only the spin, but also
another intrinsic discrete degree of freedom, the chirality.
Any massive Dirac bispinor is thus a combination of left and
right-handed spinors.

Turning our attention to the Dirac equation framework,
chirality is the average value of the chiral operator ys =
—i@y 0, @;. While such operator commutes with the momen-
tum term of the Dirac Hamiltonian, it does not commute
with the mass term and thus it is not a dynamically conserved
quantity for bispinor states describing massive particles. This
can be better appreciated by considering the chiral represen-
tation of the Dirac matrices, in which p5 = diag{fz, —fz}z.
Any bispinor |£) can be written in this representation as

| 1&r)
&) = [ISL)]’ ()

where |£;‘ R, L) are, respective, the positive (right-handed) and
negative (left-handed) chirality two-component spinors. The
Dirac equation Hp |§) = i|£) can then be written as

PG I6r) +mlEL) =i0; |Er),
—p-0l6L) +mlsr) =i0; 15L), 3)

from which it is clear that the mass term m /§ connects the left
and right-handed components of the bispinor.

For a given initial state, evolution under the free Dirac
Hamiltonian H p induces left-right chiral oscillations. In
order to describe this dynamical effect we first introduce the
positive and negative plane wave solutions of the Dirac equa-
tion, |4 (x, 1)) = ePX~Ernl juy(p, m)) and [y (x, 1)) =
e IPXFHEpmt 1y (p, m)) which are given in terms of the

! The complete Lorentz group is the proper Lorentz group plus Parity.

2 In the chiral representation & = U OA and f = 9 h .
0 -0 L 0
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bispinors
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where E, ,, = /p? + m?. In the above equations, |1,(p))
is a two component spinor that depends on the spin polariza-

tion of the particle. We notice that the orthogonality relations
read: (ug(p, m)|vs(—p, m)) = (vs(—p. m)|uy(p, m)) = 0,
(us(p, m)|us(p, m)) = (vs(p, m)|vs(p, m)) = 1. For now on,
we describe the solutions of the Dirac equation with helicity
bispinors: we assume that |n;(p)) are eigenstates of the Helic-
ity operator 22 This choice is convenient since helicity is
a conserved quantity and all the relevant dynamical features
will be entirely related to chiral oscillations. Moreover, we
simplify our analysis by considering one-dimensional prop-
agation along the e, direction, such that

|ui(p m)) == M <1 + pm+m> |:|:>
’ AEpm

(1 q: Ep m"rm) |:|:>

(1 :I: Epm+m> |:l:>

E
lvs(p, m)) = /%ﬂl
|- (17 g k)

where |+) are the eigenstates of the Pauli matrix 6,. For
ultra-relativistic particles, m/p — 0 and positive helicity
bispinors have only right-handed components while negative
helicity bispinors have only left-handed components. On the
other hand, for p/m — 0 the left and right-handed compo-
nents are equal irrespective of the helicity.

We now describe chiral oscillations by considering the
temporal evolution of the initial state [y (0)) = [0, 0, 0, 117

Epm+m

|us(p’ m)) = 4Ep,m

’

)

which has negative helicity and negative chirality: ys |y (0)) =

— | (0)). As we are dealing with plane wave states propagat-
ing one-dimensionally, we consider the dynamical evolution
in momentum space [14]. The time evolved state |y, (¢)) is
given by

W () = e~ A0 1y (0))

Epm+m p ) —iEp ot

_ [Zp. 1+ e Ernt lu_(p,m

4E, [( Epm 4 lu—(p, m))

- (l - $> eErmt Iv—(fp,m))], (6)
Epm+m

Chiral oscillations are generated by the massive character of
the particle and by the fact that the initial state is a super-
position of positive and negative energy eigenstates of the

Dirac Hamiltonian. The later is also responsible for the rela-
tion between chiral oscillations and the Zitterbewegung effect
[6]. The survival probability of the initial state P () is given
by

2
sin? (Epmt), (7)

P() = | Y Oy ) P = 1 -

p.m

while the (transition) probability of being in a positive chi-
rality state is given by Pr (1) = 1 — P(t), and the average
value of the chiral operator (ps)(¢) reads

2

2
(5 (0) = Win (0175 Win (D) = =1 + —5—sin® (Ep ).

p,m

®)

According to (7) the minimum survival probability is
Pmln =1- E_
tions is (in natural units) £, ,. Therefore, the corresponding
period of one chiral oscillation is Tcy, = 27w /E) ;, and as
the particle propagates freely, the length corresponding to
one chiral oscillation can be evaluated as Ich = pt/Ep n =
271— In Fig. 1 we show Ppiy as a function of p/m (a)

and the frequency of the chiral oscilla-

and ICh as a function of p for several mass values (b). For
non-relativistic states (p ~ m), chiral oscillations play an
important role and affect significantly the probability of the
state to be in its initial configuration. In fact, for p <« m the
minimum survival probability is Ppin ~ r’;—z which vanishes
as p — 0. In this case, since the eigenspinors are a maximal
superposition of left and right chiralities, the free evolution
induces a complete oscillation from left to right chiral com-
ponents. This can also be seen in (8): for m ~ E , the
oscillations of the average chirality have the maximal ampli-
tude between the initial value —1 and 1. For p > m, chiral
oscillations are less relevant for the state dynamics. In the
limit p — oo chirality and helicity coincide, thus the eigen-
spinors (5) have definite chirality. In fact (8) is constant in
the latter limit. The chiral oscillation length /¢y is shown in
Fig. 1b for several values of the mass. For masses in the range
of eV /c?, the expected chiral oscillation length is of the order
of 1fic/eV ~ 107%m

Our analysis has focused on Dirac particles with states
given in terms of Dirac bispinors. For Majorana particles,
one should have in mind that the mass term is proportional to
the charge-conjugated spinor. In fact, the Dirac equation with
the Majorana mass term, which we call Majorana equation,
reads [22-25]

DY) =p-aly) +mply)°, )

where |[Y)¢ = i,é&y [¥)* [31] is the charge conjugated
bispinor. If the bispinor |y) is its own charge conjugated, that
is, if [y)¢ = |¢), then its temporal evolution is given by the
“usual” Dirac equation (1). This last condition is known as the

@ Springer
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Fig. 1 a Minimum survival

probability as a function of the
momentum p in units of mass; b
Chiral oscillation length as a
function of the momentum for
different values of the mass

o . v .

Minimum Survival
Probability

0 2 4
Momentum (units of mass)

Majorana condition. It can be shown (see the Appendix) that
for any bispinor satisfying the Majorana condition (75) = 0.
In other words, any bispinor that is its own self conjugate has
zero average chirality. Since the Majorana condition is pre-
served under the time evolution, there is no chiral oscillations
in bispinors satisfying the Majorana condition, irrespective if
the bispinor is an eigenstate of the Hamiltonian. Notice that
this is in stark contrast with the Dirac bispinor case: a Dirac
bispinor is an unconstrained object whose time evolution is
given by the usual Dirac equation. The average chirality of
a Dirac bispinor is only constant if it is an eigenstate of the
Dirac Hamiltonian.

Nevertheless, given the intrinsic handedness of the weak
interaction, we can consider a bispinor that is initially in a left
handed and negative helicity state but whose time evolution
is given by the Majorana equation. In this case, we follow the
formalism of [26,27] and obtain that the survival probability
of such state is the same as the one given in (7) while there is
a transition probability to a right-handed component, asso-
ciated with the charge conjugation of the left-handed initial
state. This fact was also briefly quoted in [21]. A more general
situation includes both Dirac and Majorana mass terms with
two non-degenerate Majorana masses, which we describe in
the appendix.

3 Flavor mixing and chiral oscillations in
non-relativistic regime

We now study the effects of chiral oscillations in non-
relativistic neutrino mixing. The state of a neutrino of flavor
« at a given ¢ is given by the superposition of mass states:

o)) =D Ui [Yrm, (1)) ® i) . (10)

where U is the mixing matrix, and |1ﬁm,. (t)) are the bispinors
describing the temporal evolution of the mass eigenstate |v;)
with mass m; [13,14]. The state at t = O reads

v (0)) = [¥(0)) ® ZUa.i i) = [¥(0)) ® |ve), (1D

with [vy) = Y Ua,i [vi), and thus |y, (t = 0)) = [¢(0)).
Since weak interaction processes only create left handed
neutrinos, for now own, we take |1 (0)) as the left handed

@ Springer
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bispinor with negative helicity of the last section. The tem-
poral evolved flavor state is therefore

Wa(®)) =D UaiUj; [¥rm, (1)) ® |vg). (12)
B

L

where the |1pml. (t)) are given by eq. (6) with the substitution
m — m;. The survival probability, i.e. the probability of the
state |vy (¢)) to be a left-handed state of « flavor, reads

2

Pasa = (v (0) v (D)) 1> =

D Uil (0|9, (1)

13)

For two flavors mixing, the time evolution of an initial
electron neutrino state is [14]

[9(0)) = [c052(®) [ Y, () + 5in*©) [Yin ()] @ Ive)
+ [|¥m, ) = [Wm, ()] sin(@) cos(@) |v,.), (14)

and the survival probability can be decomposed as

mathcal Po_ (1) = PS5 (1) + A, (1) + B, (1). (15)
In this formula PS5, (¢) is the standard flavor oscillation for-
mula
E —FE

P, (1) = 1 —sin’(26) sin’ (w:) (16)
and
A (1) = — |:L cos2(0) sin (Epmi 1)

Epm,

2

m

+—2 sin%(@) sin (Ep,mzt)] ,
Epmy

1 2
Bet) = 3 $in2(20) Sin(E 1) Sin(E p s 1) (w

_1>,

(a7

Ep‘ml Ep,mz

are correction terms due to the bispinor structure. Those cor-
rections include an interplay between chiral and flavor oscil-
lations effects and are in agreement with results presented in
the literature [19].

While the standard flavor oscillations have a time scale
set by the energy difference E, ;u, — Ep s, chiral oscil-
lations depend roughly on the mass-momentum ratio (see
the previous section). The terms A, (¢) and 5,(¢) depend
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non-trivially both on the energy difference and on the indi-
vidual energies E ;, and E, ;. In the limit p < my 2,
Epm, — Epm, ~ ma —my + O[p*/m] and if the mass
difference is |my — m1| > mpy 1 or K my 1, there will
be no interference effects between flavor and chiral oscil-
lations. Those phenomena can be individually identified in
the survival probability. If |my — m| is comparable to one
of the masses, there will be an interference between flavor
and chiral oscillations. We furthermore notice that the term
Be(t) is equivalent to corrections obtained via a quantum
field description of flavor oscillations [28,29]. In fact, after
some algebra we obtain that Pes_) () + Be(t) reproduces eq.
(30) of [29] (see also [30]). In the quantum field framework,
the corrections have a similar origin to the usual Dirac Zitter-
bewegung: the flavor ladder operator has contributions from
both particle and antiparticle operators of the massive fields.
Since those corrections do not take into account chiral oscil-
lations, we interpret A, (¢) as the corrections due to chiral
oscillations.

We show the survival probability (15) in Fig. 2 for several
values of p/m. As already anticipated in the previous sec-
tion and in [13,14,20], the chiral oscillations induce small
corrections to the state’s dynamics in the ultra-relativistic
regime p >> m. For the non-relativistic regime p < mi,
the full oscillation formula differs significantly from the stan-
dard result due to high amplitude chiral oscillations. For the
parameters of Fig. 2, the mass difference is very small, and
the flavor oscillations have a time scale much longer than the
chiral oscillations.

3.1 Chiral oscillations effect on the average flavor
oscillation

Given the different time scales of the flavor and chiral oscil-
lations, we consider the averaged survival probability over
one flavor oscillation, defined as

_ 1 112
Pe—)e = — Pe—)e(t)v (18)
21 Jo
where 171p = % is the period of one flavor oscil-
p.mpy — Ep,my

lation according with the standard formula (16). The time
integration of (15) leads to

_ in? (260 4 2
Py =10 ( )[2_,_@911(7”) (pi_lﬂ
4 4 1 Epm, Ep.my

1 m? m2
—( 21 cos* 6 + 22 sin49)
2\ Epm Epm

2 . (47T) m? 4
+ —2=—sin[— ) | (1 + fo1) cos*
dm(l— f3) fa1 E2 .

2
+(1 = fo1) 2 sin“e} (19)

Epom
with f21 = (Ep,m2 - Ep,ml)/(Ep,mz + Ep,ml). Considering
that the average of the standard oscillation formula (16) is
given by

)
755%6:1_ sin (20)’ 20)
2
one concludes that the quantity P>, — P, contains all
the chiral oscillation effects on the averaged survival proba-
bility, and therefore properly quantifies the effects of chiral
oscillations on flavor oscillations.

In Fig. 3 we show the difference P5 ,, — P, as a func-
tion of the neutrino momentum and the squared mass dif-
ference and as a function of p/m for fixed values of the
squared mass difference. The difference between the aver-
aged standard probability and the full one becomes 2 0.1
for p < m, indicating the influence of chiral oscillations on
flavor oscillations. In the non-relativistic regime, the differ-
ence between the probabilities can be as big as ~ 40% for
typical values of the mixing angle. Moreover, we notice that
for bigger values of the mass difference, oscillations in the
probability (with the momentum) are observed. This is due
to the terms o< f>1 sin (47/f>1) in (19), which depend on the
sum of the energies, and oscillate with the momentum when
m1 and my are well separated. In the ultra-relativistic regime
p > my 1, we can expand the full averaged formula (19)
with respect to my 1/ p as to have

_ - _ A2
m&=n%@>mﬁ=ﬁ%+ﬁywm

_2_221 [1 B sin?(26)

pe 5 ]+ombmﬁ, @1

The corrections to the standard result are thus proportional
to both the squared mass difference A%l = m% — m% and to
the squared mass sum 2221 = m% + m% The inset of Fig. 3b

depicts the corrections P>, — PR, in logarithmic scale.

3.2 Chiral oscillations and tests for Dirac and Majorana
neutrinos

Throughout the main text, we have assumed that the initial
neutrino state is a left-handed chiral eigenstate, as a conse-
quence of the properties of weak interactions, in which neu-
trinos are created. We do not address here questions related
to the production of the initial state (such as its localization
features).

In proposals for non-relativistic neutrinos detection [16—
18], it was found that the nature of neutrinos (Dirac or Majo-

@ Springer
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Fig. 2 Survival probability

P.— (1) as a function of time.
The black curves indicate the
standard survival probability
formula (16) and the red curves
depict the full formula including
the fast chiral oscillations
(depicted in the insets).

p/mq = 10.0

g
il

Parameters: sin? 6 = 0.306,
m3 = A%, +m?, with
A3 /m? = 0.01

0.30

0.25

0.20

0.15

0 0204 06 08 1
P/m1

Fig. 3 Difference between the averaged standard survival probability
P, =1~ Si'ﬁ# and the full survival probability including chiral
oscillation effects (19) a as a function of the state’s momentum p and

of the squared mass difference A%l = m% - m% and b as a function

rana) influences directly the experiment’s measurement rate.
At low energies Dirac neutrinos can be detected as left-chiral
and negative helicity, while Majorana neutrinos can also be
detected as right-chiral and positive helicity [21]. When chi-
ral oscillations are considered, the overall flux of detected
neutrinos is halved due to chiral oscillations. As we show,
Dirac neutrinos chiral oscillations exhibit a strong effect in
the non-relativistic regime: oscillations from left-chiral to
right-chiral become more prominent. In the case of Majo-
rana neutrinos, the possible transition probabilities (cf. in the
appendix) have the same energy dependence as in the Dirac
case, and the survival/oscillation probabilities are equal to
those for Dirac particles. Therefore, the measurement of non-
relativistic neutrinos will unavoidably be affected by chiral
oscillations and are a probe of those effects. Since both Majo-
rana and Dirac neutrinos are subjected to chiral oscillations,
in the standard scenario, chiral oscillations and their impact
in other relevant quantities, such as absorption rates, can be
computed once the nature of the neutrinos is known (see the
discussion in [21]).

The mass term for Majorana particles can be generalized
such that left and right-handed components of the neutrino
have different masses [31]. In the case of a vanishing Dirac
mass term, but for different left and right Majorana mass
terms, we recover the same survival probability and chiral

@ Springer

0.5 15 1.0 2.0

p/m1

of the momentum p for A%l / m% = 0.01 (black) and 0.5 (red). The
inset shows the chiral oscillations corrections for the ultra-relativistic
regime as given by (21) for A%l / m% = (.01 in logarithmic scale. Other
parameter as in Fig. 2

oscillations behavior, as discussed in the appendix. In the
general case of mixed Dirac-Majorana masses, there will
be interferences between the different chiral components,
which will lead to further imprints in the survival probabil-
ity. This most general case is also discussed in the appendix.
Furthermore, in the presence of an external magnetic field,
the coupled flavor-chiral oscillations are modified due to the
non-minimal coupling to the field [32]. Majorana neutrinos
exhibit different oscillations properties in the presence of a
magnetic field, which can also be used as a way to distinguish
Dirac from Majorana particles [23,34]. Works within this
framework have focused on relativistic neutrinos, an inter-
esting question is whether such effects are more prominent
in the non-relativistic regime.

As for the observability of such an effect we note that,
in connection to the aforementioned proposal [16—18], neu-
trinos from the CvB are expected to be extremely non-
relativistic and therefore subject to chiral oscillation effects.
The current temperature of the CvB T¢,p is related to the
temperature of the cosmic microwave background (CMB)
Tems via Tewg =~ (4/11)Y3Temp ~ 0.168 meV. Since neu-
trinos maintain a Fermi-Dirac like distribution after decou-
pling [35], one can obtain the root mean square momentum
as po ~ 0.603 meV [17]. Considering the lightest mass as
mp ~ 0.1 eV, these values would give the maximum effect
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persisting for m1 down to the meV order. A more complete
recent study of the effects of chiral oscillations in the CvB
can be found in [21].

4 Conclusions

In this paper we have described dynamical features of chiral
oscillations in the non-relativistic regime, both from a gen-
eral perspective including their relation with Zitterbewegung,
to the study of flavor oscillations for non-relativistic neutri-
nos. Such framework is especially interesting for upcoming
experiments that will be capable to measure the CvB [16], for
which chiral oscillations should have a prominent influence.

We considered the free plane wave propagation of an ini-
tial left-chiral state, as those generated, for example, via weak
interactions. The left-right chiral oscillations are induced by
the mass term of the Dirac equation, and we computed the
characteristic oscillation length in the non-relativistic limit:
in this regime, the survival probability of the initial state could
vanish. For masses of the order of eV, the chiral oscillation
length is ~ 10~%m.

We then specialized our results to describe chiral oscilla-
tions in neutrino propagation by considering a two-flavor
problem described within the Dirac bispinor framework.
While, as discussed in [13,14,19,20], such corrections are
negligible for ultra-relativistic particles, we verified that chi-
ral oscillations are relevant in the non-relativistic dynami-
cal regime. We obtained a modified flavor oscillation for-
mula including the chiral oscillations effects, compatible
with known results in the literature [19]. While the standard
flavor oscillation term goes with the mass eigenstate energy
difference, chiral oscillations depend on the individual ener-
gies of the mass eigenstates.

To quantify the effects of chiral oscillations, we computed
the averaged survival probability and observed that, for non-
relativistic neutrinos, chiral oscillations can affect averaged
flavor oscillations up to ~ 40% of the standard value. This is
especially relevant for upcoming CvB tests which will probe
non-relativistic neutrinos. Furthermore, Majorana neutrinos
exhibit the same chiral oscillations properties of Dirac neu-
trinos, although the framework in the Majorana case is more
enhanced. In particular, we show in the appendix that any
bispinor that is its own charge-conjugate (that satisfies the
Majorana equation), must have vanishing average chirality.
Nevertheless, for a neutrino state initially in a left-handed
configuration evolving under the Majorana equation, one
gets a survival probability compatible with the Dirac case. A
further investigations of those effects in the non-relativistic
dynamical regime for a mixed Dirac-Majorana mass deserve
a more detailed analysis and can shed a light on other pos-
sible distinctions to the usual scenario based on oscillation
experiments (see for example [33]).

While our results were derived for two flavors, the exten-
sion of the formalism to three flavors is straightforward with
qualitatively similar conclusions. Moreover, wave packets
can be readily considered [14]. In these case, there would
be additional effects which also have a non-trivial influence
in flavor oscillation. Nevertheless, since chiral oscillations
depend on the individual energies of the mass eigenstates,
decoherence effects due to a wave-packet treatment, which
depend on the difference of neutrino masses, do not influence
chiral oscillations. In fact, the latter are intrinsic to the Dirac
bispinors, and thus to each mass eigenstate. Finally we would
like to point that the formalism adopted here is an effective
description: flavor oscillations are correctly described in the
framework of quantum field theory [28,29], to which we plan
to extend our treatment in the future.
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Appendix: Majorana bispinors and chiral oscillations

The Lagrangian for a massive fermion field ¥ is:
L= J/);Mﬁulp + Lmass. (22)

where the mass term L,ss depends on the nature of field:
Dirac or Majorana. For Dirac fermions, the mass term reads

E(D) = —mDQI_/lI/, (23)

mass

which can be rewritten in terms of the left and right-handed
components of the field ¥y = (1 — p5)¥/2, ¥ = (1 +
Vs)¥/2 as

LB = —mp(Fr¥r, + WL PR). (24)

mass

The equation of motion for the total Lagrangian in this case is
the Dirac equation whose solutions are given in terms of the
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Dirac bispinors presented in the main text. The mass term is
responsible for coupling the left-handed to the right-handed
components of the bispinor, yielding to chiral oscillations.
Otherwise, the Majorana mass terms reads

LM = —mp(Fs¥r +h.c.) —mp(FfW, +he), (25

where ¥¢ = i B&yw* denotes the charge-conjugated field
and the left and right handed components have different
masses. The above Lagrangian term can be rewritten as [31]

LM = —mrédw —myxx, (26)
where

=y +Uf,
X L @7)
w =Yg+ llflg.

Notice that x¢ = x and ®° = w. A more general mass term
includes both Dirac an Majorana mass terms-:

LOM _%(@R% +WEWS +he)
_%(@,gllm +he)
mr -
—— W[V +he). (28)

While in the main text we have considered the “usual” Dirac
equation (the one obtained via the mass term (24)), we now
consider briefly quantum oscillations under the Majorana
mass term and under the general Majorana-Dirac mass term.

Degenerate Majorana mass term in the bispinor formalism

While Majorana fermions are usually described within the
framework of quantum field theory, we will consider from
now own the framework of single particle relativistic quan-
tum mechanics and, as in the main text, consider the dynam-
ics of the bispinors. The single particle relativistic quantum
mechanics of the Dirac equation with a Majorana mass term
has its own peculiarities which we will not discuss here, see
for example [23-25,36].

In this section we consider m, = mr = myy, for which
the equation of motion reads

i,W(x, 1) = —iq - V¥ (X, 1) +muBYE(x, 1), (29)
or in the language used through the text
10 19) =P-aly) +muB v, (30)

where |Y)¢ =i 3&}, [¥)* is the charge-conjugated bispinor.
For now own, we call the Dirac equation with a Majorana
mass term as the Majorana equation.

3 For convenience we have included factors 2 in the definition of the
masses.

@ Springer

We notice that (30) decouples into two independent sec-
tors:

i 1Y) =P-aYs) mmBlvs), 31)
where

+ ()
yay = E (32)

The |+) are eigenstates of charge conjugation, and follow-
ing the literature we call them Majorana bispinors. We have
now the following scenario: a Dirac bispinor is an uncon-
strained bispinor with dynamical evolution given by the Dirac
equation; a Majorana bispinor satisfies the Majorana condi-
tion (is an eigenstate of charge conjugation) AND has the
dynamics given by the Dirac equation (31). It is common
to discuss the properties of Majorana bispinors in the so-
called Majorana representation of the Dirac matrices, where
the Dirac matrices are all imaginary and charge conjugation
is just a complex conjugation operation. To better compare
Majorana and Dirac bispinors, we keep with the chiral repre-
sentation of the Dirac matrices. The single particle relativis-
tic quantum mechanics for Majorana particles is obtained by
considering the sector related to |/4).

The Majorana condition imposes a constrain in the form
of a bispinor. In particular it relates the upper to the lower
(or, in our language the left to the right-handed components)
of the bispinor. Let W M )) be a Majorana bispinor satisfying
the condition [y} = |y ). We can readily show that,
if we write

M
g

W/(M)> _ géM)

) (33)

the charge conjugation condition implies that ‘SIEM)> =

*
i6y ‘ 1(eM) and a general bispinor satisfying the Majorana

condition must be of the form

(M) [ ‘g;*M)
)= e oy | (3‘”

which is often called a right-handed Majorana bispinor, or of
the form

[_is, |e@0)*
) = — ZO‘;E‘Mﬁ) ’ (35)

called a left-handed Majorana bispinor. Those bispinors cor-
respond to (27), as can be seen by writing ¥ ¢ 1 in a two com-
ponent notation and using the explicitly form of the charge
conjugation operator. We conclude that any bispinor satis-
fying the Majorana condition must have both left and right-
handed components, this is a well known result and com-
mented through the literature (see e.g. [22]).
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The average chirality of a generic bispinor is given by

(Vs) = (¥1ysl). (36)

Since this is a real quantity, we have

Wlpsly) = ((WIpsly)) = €D 7s ¥ D™, (37

where in the last equality we have explicitly assumed that we
are working in the chiral representation (thus ps is real). By
recalling then that );})2 = —1I4 we can write

(Wpsly) = (wD* Ps (1P )*
= (¥D* Psivy (ivy (¥)¥)
= — (Y D*ipyPsI¥)S, (38)

where in the last line we have used that {y,, 75} = 0. Finally,
since (Y| = ((Y)* ipy (because )?; = —7,) we have

(Ps) = (W1Psl) = —(@1Ps51¥) = —(P5)e, (39)

where we have defined (7s). = (¥ |“Ps5|¥)€. The above equa-
tions brings no new information: the average chirality of the
charge conjugated spinor is opposite to the average chiral-
ity of the spinor. For example, if |¢) is right-handed, then

(y5) = 1, and thus (y5). = —1, in other words, |/)¢ is a
left-handed spinor. Charge conjugation flips the chirality of
a spinor.

For a Majorana bispinor |y)¢ = |¢), thus (ps). = (ys)
and from (39) we have

(7s) = —(ps) = (ys5) = 0. (40)

Thus, any bispinor that is its own charge conjugate must have
zero average chirality. Notice that these calculations were
performed for generic bispinors, and the only assumption is
the Majorana condition. Therefore, if a bispinor satisfy the
Majorana condition it has zero chirality at any time, inde-
pendent of the specific time evolution it follows. This con-
clusion can also be reached by computing (s) explicitly for
a bispinor satisfying the Majorana condition, that’s it, for a
bispinor of the forms (34,35).

We now illustrate this point by considering the time evo-
lution of a Majorana bispinor constructed with the Dirac
bispinor of the main text. The Majorana bispinor |y )} is
thus written as

)Ip(M)> _ |1/,(D)>j§w(D))c.

In what follows we use the following relations for the
bispinors (see Eq. (5)):

(41)

(eip'x Iui(lhm)))c = £e” P vz (p.m)) . (42)

thus, for our calculations in the momentum space, the charge
conjugation has the effect

lus(p,m)) = £lve(—p,m)).

Adopting the shorthand notation

p

= 1 -,

p.m Epm+m
p

:1 _,

g = L

Epm—+m
= =2 43
Np.m 4E, (43)

notice that f_, ,, = gp . We can write the plane wave Dirac
bispinor describing the evolution of a Dirac state initially in
left-handed and negative helicity, see Eq. (6), as

[V (1))

“[fy(nD)(l)> = Np,m [gp,meiiEp’mt lu—(p, m))
~ fpme Ert fo_(=p,m))]. (44)

The corresponding Majorana bispinor state is given by

Npom e
U ©) = ZE [gpme™ ! (o) =l (p. )

L€ Er (v (= p,m)) + v (—p,m) | (45)

Here we have used that the charge conjugation includes a
complex conjugation, which has to be taken into account in
the spatial dependence of the state, which can be grouped
with the terms from ‘1//,le) (t)> by making p — —p, in a
similar fashion to what is done to group the negative-energy
part of the wave function.

At t = 0 the state reads

1 —
’I/Ir(nM)(o)) = ‘v,(M)(Q)> = 7 |: ||_")'>i| ’ (46)
while for the Dirac case we had
‘¢;D>(0)> = ‘w(D)(O)> = |:|E>] ) 47)

Whether W,Elm (0)> or ‘1/[,(,,M) (0)> really represents the initial
state of a mass eigenstate depends on the specific weak pro-
cesses that generates the particle, and will not be discussed
here.

The survival probability of (46) is given by

P = |[u 0 st o)

m2

2
E%

=1- sin?(E ) = P(t). (48)

@ Springer
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The survival probability of the considered initial state is the
same as in the Dirac case. This is consistent with the con-
clusions drawn in [21] regarding chiral oscillations: Majo-
rana neutrinos also exhibit quantum oscillations. In this case,
the upper right-handed and positive helicity component can
oscillate to a left-handed positive helicity component, while
the lower left-handed and negative helicity oscillates to a
right-handed negative helicity component. These two oscil-
lation channels yield the survival probability obtained in the
above equation. This can be further understood by consider-
ing the probability PéM_) of measuring [0, 0, O, 117 (a left
handed and negative helicity state), which is given by

{0

> (49)

P _
This probability is half of the survival probability for the
Dirac bispinor state (7). Since (45) is a superposition of both
positive and negative helicities, the probability that the state
is in a right-handed and positive helicity state is not null. In
fact, such probability is given by

P@)

Py =—= (50)
We therefore notice that
Pl ) + P @) = P(). (51)

Finally, the average chirality of (45) vanishes: as discussed in
the beginning of this section, the Majorana condition implies
that the bispinor is a superposition of left and right chirality
components, thus its average chirality vanishes.

Quantum oscillations of left-handed chiral eigenstates

The calculations above are an illustrative example of the
dynamics of a Majorana bispinor obtained with the corre-
sponding Dirac bispinors. We can instead turn our atten-
tion to the formalism of [26,27] to evaluate the time evolu-
tion of an initially left-handed state.We generalize the result
in the aforementioned references and consider through this
section the general Dirac-Majorana mass term (28), which
can be written in terms of the bispinors x = ¥, + ¥} and
w =Yg+ W¥gas

mp _ _ mR _ my, _

In other words, considering

Wy = [W] , (53)
vr

@ Springer

we are interested in the dynamics of |y, (#)) under the general
mass term (28).%
This Lagrangian can be rewritten as

LPM = —myijini — maiian. (55)
where [31]
mp, + mr £ \/(mL +mRr)2 + 4m2D
mpo =

7 ,
N1 = cos (¢)x — sin (P)w,

n2 = sin (@) x + cos (P)w,

2mD

tan (2¢) = (56)

my, —mg’

We then write n; (i = 1, 2) in terms of their right and
left-chiral components

ni = [’”’R], (57)

ni,L

and considering negative helicity eigenstates, we get from
the equations of motion:

Epmi —p —mj ] |:77i Ri|
R s =0, 38
|: —m; Ep,m,- +p]LniL (58)

which gives the eigenenergies E;,,i,,)li = xE,, =

+./p*+ ml2 and the eigenvectors

L [ cos @) sin@®)7 [ni.x
£ L=sin @) cos @) ] LmiL]’
m;

tan (26;,) = —. 59)
p

The eigenstates of the Hamiltonian time evolution are given
by

|fl(:|:) (l)> _ eZFiE],,mil‘|fi(i)>' (60)

To recover the dynamics of |y (¢)), we backtrack the prob-
lem by using the relations (56) and then Egs. (27), such that

WL(0) = cos (9) [sin @)~ Erm!| )
+ cos (Gl)eiEp*’”"Ifﬂ]

+sin (9) [sin (B2~ Erf | £31)

4 Notice that the connection with the notation used in Eq. (28) is:

L= [u?L] » Y= [I’ﬂ ’ (54)

c 0 c R
i [oi =[]
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+cos 0 Ert )], (61)

and therefore

W) = ALOWL) + AROIYR) + AL DIV + AR (O1YR).
(62)

The time dependent coefficients are given explicitly by

AL (1) = cos(¢) [cos (Epm, 1) + i cos (26)) sin (Epm,1)]

+sin’(¢) [0S (Epmy1) + i cos (262) sin (Epp my1)]
Ag(t) = % [sin (26)) sin (Ep,m, 1)
—sin (262) sin (E i, 1)]

AS (1) = —% sin(2¢) [coS(E  m, 1) + i cos(201) sin(Ep m, 1)]

+% sin(2) [coS(E p.m, 1) + i cos(202) sin(Ep m,1)] .
A1) = —i [cos?(¢) sin(201) sin (Epm 1)
+ sin?(¢) sin(262) sin (Ep,mzz)] . (63)
The survival probability of the state is given by
PO ) = AL 0 (64)

while the average chirality is calculated by using that

(WLlvslyr) = (Wilpslv) = —1 and (Yrlpslyr) =
(Velys|vg) = 1, such that

(P5()) = (WLO1Ps1¥L(0) = —ALD* — |AS (1))
HARM? + [AS (D] (65)

For a pure Dirac mass term, mr = mp, = 0, the explicit
temporal evolution (62) simplifies to

WP 0) = A0 1) +BO vr). (66)

where

A1) = €08 (Epmpt) + i —L— Sin(Ep.mp ).
Epm

Sin(E p mpt)- (67)

. mp
B() = —i
Epm

This dynamics is in complete agreement with the one derived
in the main text within the bispinor formalism. For a pure
Majorana mass term with degenerate masses, mr = mp, =
mum , and mp = 0, we have

M 0) =A@ vn) + B o) |vg), (68)
where A® (1) and B™ (¢) are given by (67) with the substi-
tution mp — my. The survival probability of WEM) (t)> is

the same as the one obtained for the state ‘101(})) (t)>, but the

transition probability it to |W;§>- Moreover, we conclude that

WP Opslv” @) = W o1pslv @), thus chiral
oscillations of the states ‘wEM) (t)> and ‘wg)) (t)> are equal.

Those dynamical features are also the same in the more gen-
eral case of mp = 0 and mr # myp. This is expected: for
a vanishing Dirac mass, the equations of motion are fully
decoupled in terms of the bispinor x and w, and the dynam-
ics of a state initially in a left-handed chirality is determined
entirely by the sector related to x, which only induces oscil-
lations between |7) and |/). In the case mp = m = 0,
there are no quantum oscillations.

When both Dirac and Majorana masses are present, the
survival probability and the average chirality display a more
intricate dynamics. In this case, there will be interferences
due to the different values of the masses m > which drive
different oscillation channels. Further investigation of such
effects will be addressed in a future work.

References

1. O.Klein, Z. Phys. 53, 157 (1929)
2. C. Itzykson, J.B. Zuber, Quantum Field Theory (Mc Graw-Hill
Inc., New York, 2006)
3. E. Schrodinger, Sitzungsber. Preuss. Akad. Wiss. Berlin 28, 418
(1930)
. W.K. Tung, Group Theory (World Scientific, London, 2003)
. S. De Leo, P. Rotelli, Int. J. Theor. Phys. 37, 2193 (1998)
A.E. Bernardini, Eur. Phys. J. C 50, 673 (2007)
. A.H. Castro Neto, F. Guinea, N.M.R. Peres, K.S. Novoselov, A.K.
Geim, Rev. Mod. Phys. 81, 109 (2009)
8. L. Lamata, J. Ledn, T. Schitz, E. Solano, Phys. Rev. Lett. 98,
253005 (2007)
9. L.Lamata,]J. Casanova, R. Gerritsma, C.F. Roos, J.J. Garcia-Ripoll,
E. Solano, New J. Phys. 13, 095003 (2011)
10. T.M. Rusin, W. Zawadzki, Phys. Rev. B 78, 125419 (2008)
11. T.M. Rusin, W. Zawadzki, Phys. Rev. B 80, 045416 (2009)
12. V.A.S.V. Bittencourt, A.E. Bernardini, Phys. Rev. B 95, 195145
(2017)
13. A.E. Bernardini, S. De Leo, Eur. Phys. J. C 37, 471 (2005)
14. A.E. Bernardini, S. De Leo, Phys. Rev. D 71, 076008 (2005)
15. C.Giunti, C.W. Kim, Fundamentals of Neutrino Physics and Astro-
physics (Oxford University Press Inc., New York, 2007)
16. E. Baracchini et al. (PTOLEMY Collaboration), JCAP 07, 047
(2019)
17. AJ. Long, C. Lunardini, E. Sabancilar, JCAP 1408, 038 (2014)
18. E. Roulet, F. Vissani, JCAP 1810, 049 (2018)
19. C. Nishi, Phys. Rev. D 73, 053013 (2006)
20. A.E. Bernardini, M.M. Guzzo, C.C. Nishi, Fortschr. Phys. 59(5),
372 (2011)
21. S.-F. Ge, P. Pasquini, Phys. Lett. B 811, 135961 (2020)
22. P.B. Pal, Am. J. Phys. 79, 485 (2011)
23. M. Dvornikov, J. Maalampi, Phys. Rev. D 79, 113015 (2009)
24. H. Arodz, Acta Phys. Pol. B 50, 2165 (2019)
25. M.H. Al-Hashimi, A.M. Shalaby, U.-J. Wiese, Phys. Rev. D 95,
065007 (2017)
26. S. Esposito, N. Tancredi, Mod. Phys. Lett. A 12(25), 1829 (1997)
27. S. Esposito, Mod. Phys. Lett. A 13(29), 5023 (1998)
28. M. Blasone, G. Vitiello, Ann. Phys. 244, 283 (1995)
29. M. Blasone, P.A. Henning, G. Vitiello, Phys. Lett. B 451, 140
(1999)

@ Springer



411 Page 12 of 12

Eur. Phys. J. C (2021) 81:411

30. M. Blasone, L. Smaldone, G. Vitiello, J. Phys. Conf. Ser. 1275,
012023 (2019)

31. T.-P.Cheng, L.-F. Li, Gauge Theory of Elementary Particle Physics
(Oxford Science publication, Oxford, 1995)

32. A.E. Bernardini, Eur. Phys. J. C 46, 113 (2006)

@ Springer

33
34
35
36

. S.M. Bilenky, B. Pontecorvo, Phys. Lett. 102B(1), 32 (1981)
. M. Dvornikov, (2010). arXiv:1011.4300 [hep-th]

. J. Lesgourgues, S. Pastor, Phys. Rep. 429, 307 (2006)

. H. Arodz, Phys. Lett. A 383(12), 1242 (2019)


http://arxiv.org/abs/1011.4300

	Chiral oscillations in the non-relativistic regime
	Abstract 
	1 Introduction
	2 Chirality and chiral oscillations in bispinor dynamics
	3 Flavor mixing and chiral oscillations in non-relativistic regime
	3.1 Chiral oscillations effect on the average flavor oscillation
	3.2 Chiral oscillations and tests for Dirac and Majorana neutrinos

	4 Conclusions
	Acknowledgements
	Appendix: Majorana bispinors and chiral oscillations
	Degenerate Majorana mass term in the bispinor formalism
	Quantum oscillations of left-handed chiral eigenstates

	References




