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Abstract In the paper we develop, in the CGC approach,
a new mechanism for quarkonia production in events with
high multiplicity of the soft produced particles. In this mech-
anism both J/Ψ and soft hadrons are produced at short dis-
tances r ∝ 1/Qs , where Qs is the saturation scale, which
is considered to be proportional to the multiplicity of soft
hadrons. Using this approach, we analyze the vigorously
growing multiplicity dependence of quarkonia production,
which was recently discovered by the STAR and ALICE col-
laborations. We demonstrate that this result presents a strong
evidence in favor of multigluon fusion mechanisms of the
quarkonia states. We analyze in detail the contribution of the
3-gluon fusion mechanism and demonstrate that it describes
correctly all the available experimental data on the multi-
plicity dependence of J/ψ meson production. We also make
predictions for other quarkonia states, such as ψ(2S) and
Υ (1S), and find that the multiplicity dependence of these
states should be similar to that of the J/ψ meson. Finally,
we discuss an experimental setup in which the very strong
multiplicity dependence could be observed. This observation
would be a strong evidence in favor of the CGC approach.

1 Introduction

The production mechanisms of hadrons which contain heavy
quarks, especially charmonia states, remains one of the long-
standing puzzles of high energy particle physics. The con-
ventional paradigm considers that the dominant contribution
comes from gluon-gluon fusion, and that the heavy quarks
formed in the process emit soft gluons in order to hadronize
into quarkonia states [1–6]. This picture gives reasonable
estimates for the total and differential cross-sections, within
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uncertainty of Long Distance Matrix Elements (LDMEs) of
quarkonia states [7–14].

Nevertheless, the above described picture was challenged
by recent measurements of the multiplicity dependence of
certain heavy mesons. As was found recently by the STAR
[15,16] and ALICE [17,18] collaborations, the J/ψ yields
grow rapidly as function of the multiplicity of co-produced
charged particles. Since these charged hadrons are predom-
inantly soft, the description of their production presents in
general a complicated theoretical problem in the realm of
non-perturbative QCD. For this reason up to now there have
been few attempts to describe theoretically the multiplicity
dependence of quarkonia production [19,20]. This problem
has also been addressed by using Monte Carlo event gen-
erators [21–24], which combine perturbative QCD with a
phenomenological treatment of the hadronization processes.
However, recent data [18] clearly demonstrated that none of
the above-mentioned approaches could predict correctly the
observed yields of J/ψ mesons at large multiplicities. As
we will show below, the large multiplicity data present also
a challenge for all the approaches based on the gluon-gluon
fusion mechanism.

Recently, in [25], we suggested that the experimentally
observed multiplicity dependence of quarkonia production
[18,26] could indicate a sizable contribution of the multi-
pomeron mechanisms.1 This claim was inspired by the obser-
vation that each pomeron on the average gives the same
contribution to the observed multiplicity, and for this rea-
son the events with large multiplicities potentially might get
enhanced contributions from configurations with additional
pomerons. While it is expected that such higher-order contri-

1 In what follows we call “pomeron” a gluon cascade (“shower”), which
in Fig. 1 corresponds to the initial state “cut ladder” and which leads to
production of hadrons almost uniformly distributed in the entire region
of rapidities. Such parton showers correspond to the cut BFKL Pomeron.
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Fig. 1 Quarkonia production via three-pomeron fusion (a), and the two-pomeron fusion with additional soft gluon emission (b)

butions should be suppressed in the heavy quark mass limit,
for the 3-pomeron term such suppression does not work due
to quantum numbers of the S-wave quarkonia [25,27,28].
Indeed, as we can see from Fig. 1, formally the two-pomeron
and three-pomeron mechanisms contribute at the same order
in the strong coupling αs . For a long time it was believed that
the two-pomeron mechanism dominates, since the softness
of the emitted gluons in the two-pomeron mechanism implies
that the suppression in the heavy quark mass limit is milder
than expected, from O(αs)-counting. However, the contri-
bution of the three-pomeron mechanism is also enhanced at
high energies, due to the additional t-channel pomeron and
the associated increase of gluon density. As was illustrated
in [25,27,28], the latter mechanism provides a reasonable
description of the rapidity and the pT -dependence of pro-
duced charmonia,2 as well as describes qualitatively the main
features of the multiplicity dependence.

The goal of this paper is to analyze in detail the multi-
plicity dependence in the framework of the CGC/saturation
approach, compare its predictions with available experimen-
tal data and make predictions for the forthcoming measure-
ments.

As we have mentioned, the relation between the produc-
tion of quarkonia, which comes from short distances, and of
soft hadrons, which originates from long distances, is a very
complicated problem for theoretical approaches due to the
present embryonic state of non-perturbative QCD. One pos-
sible solution is the building of Monte Carlo programs, which
are based on perturbative QCD and on the phenomenological
experience in the treatment of the hadronization processes.
In this paper we suggest an alternative approximation, based
on the CGC approach, which being an effective QCD theory
at high energies, states that a new phase of QCD: a dense sys-

2 In the case of nuclear pA and AA collisions this mechanism gets
an additional enhancement ∼ A1/3 compared to other mechanisms, as
was demonstrated in [29] for proton-nucleus and in [30–36] for nucleus–
nucleus scattering.

tem of partons (gluons and quarks) is produced in collisions
with a new characteristic scale: the saturation momentum
Qs(W ), which increases as a function of energy W [37–41].
At LHC energies, the scale Qs(W ) is much larger than the
scale of soft physics μsoft, and therefore the dynamics of
the events at those energies can be treated theoretically in
the framework of the CGC approach. Nevertheless, the tran-
sition from this system of partons to the measured state of
hadrons is still an unsolved problem, and for this reason at
the moment we need to use a pure phenomenological input
for the long distance non-perturbative physics. Hence, our
model for multi-particle production at high energies con-
sists of a two stage scenario. The first stage is the produc-
tion of a gluon with transverse momentum pT ∼ Qs(W ),
which is much larger than the scale of soft physics μsoft, and
therefore can be treated theoretically in the framework of
the CGC approach. The second stage is the hadronization of
the produced hard gluons. In what follows we will rely on
the widely used hypothesis of Local Parton–Hadron Dual-
ity (LPHD) [42–44], which assumes that the distributions
of observed hadrons differ from the distributions of partonic
mini-jets only by a numerical constant. In addition, we will
assume that the correlations between hadrons in rapidity are
long range in nature and stem from the production of parton
showers, described by BFKL Pomerons. The experimental
data show that the short range correlations are small [45–
47], in accord with the expectation from CGC models for
high energy scattering [48].

The paper is structured as follows. In the next Sect. 2
we describe a framework for quarkonia production in the
CGC/Saturation approach. In Sect. 3 we outline our main
theoretical results and make numerical estimates of the mul-
tiplicity dependence, compare with available experimental
data, and make predictions for the ψ(2S) and Υ (1S) quarko-
nia. Finally, in Sect. 4 we draw conclusions and discuss some
open challenges in our approach.
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2 Three-pomeron contribution to charmonia
production

The contribution of the three-pomeron mechanism to the
cross-section of the S-wave quarkonia production is given
by [25]

dσ
(
y,

√
s
)

dy

= 2
∫

d2QT

(2π)2 S2
h (QT ) x1G (x1, μF )

×
∫ 1

0
dz
∫ 1

0
dz′
∫

d2r

4π

d2r ′

4π

〈
Ψg (r, z) ΨM (r, z)

〉

× 〈
Ψg
(
r ′, z′

)
ΨM

(
r ′, z′

)〉
(1)

×
(
NG

(
x2(y); r + r′

2

)
− NG

(
x2(y); r − r′

2

))2

+ (x1 ↔ x2) ,

x1,2 ≈
√
m2

M + 〈p2⊥M 〉
√
s

e±y (2)

where y is the rapidity of the produced quarkonia, mea-
sured in the center-of-mass frame of the colliding protons;
ΨM (r, z) is the light-cone wave function of the quarko-
nium M (M = J/ψ, ψ(2S), Υ (1S)) with transverse sep-
aration between quarks r ; and z is the light-cone fraction
carried by the quark (see Appendix B for its parametriza-
tion). In the heavy quark limit the wave function Ψg of the
heavy quark-antiquark pair might be approximated by the
perturbative expressions from Ref. [49] (see Appendix B for
details). We also use the notation NG = 2N − N 2, where
N (y, r) ≡ ∫

d2b N (y, r, b) is the dipole scattering ampli-
tude. The factors in the first line of (1) are explained in detail
in [25] and are related to the gluon uPDFs and DPDFs in
the proton. The nonperturbative factor ∼ ∫

d2Q S2
h (QT ) is

important for the study of the absolute cross-sections con-
sidered in [25], although eventually it will cancel in the self-
normalized observables considered in this paper. The second
factor includes the gluon PDF x1G (x1, μF ) , which we take
at the scale μF ≈ 2mc. In LHC kinematics and at cen-
tral rapidities (our principal interest) this scale significantly
exceeds the saturation scale Qs(x), which justifies the use of
the two-gluon approximation. However, in the kinematics of
small-xg (large energies) there are sizable non-perturbative
(nonlinear) corrections to evolution in the CGC/Saturation
approach. In this kinematics the corresponding scale μF

should be taken at the saturation momentum Qs , while the
gluon PDF x1G (x1, μF ) is in this approach closely related to
the dipole scattering amplitude N (y, r) = ∫ d2b N (y, r, b)
as [50,51]

CF

2π2ᾱS
N (y, r) =

∫
d2kT
k4
T

φ (y, kT )

(
1 − eikT ·r

)
, (3)

x G (x, μF ) =
∫ μF

0

d2kT
k2
T

φ (x, kT ) , (4)

where y = ln(1/x). Equation (3) might be inverted and gives
the gluon uPDF in terms of the dipole amplitude,

xG (x, μF ) = CFμF

2π2ᾱS

∫
d2r

J1 (r μF )

r
∇2
r N (y, r) . (5)

This result allows us to rewrite (1) in a more symmetric
form, entirely in terms of the dipole amplitude N ,

dσ
(
y,

√
s
)

dy
= 2CFμF

ᾱS π

∫
d2QT

(2π)2 S2
h (QT )

×
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0
dz
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dz′
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4π

× 〈
Ψg (r, z) ΨM (r, z)

〉 〈
Ψg
(
r ′, z′

)
ΨM

(
r ′, z′

)〉

×
∫

dr ′′ J1
(
μF r ′′)

{

∇2N
(
x1, r

′′)

×
(
NG

(
x2; r + r′

2

)
− NG

(
x2; r − r′

2

))2

+ ∇2 N
(
x2, r

′′)

×
(
NG

(
x1; r + r′

2

)
− NG

(
x1; r − r′

2

))2
}

. (6)

which will be used for analysis below. While the relations
(4, 5) are valid only when both xG and φ satisfy the linear
evolution equations, Eq. (6) is the correct generalization of
Eq. (1) for the BK non-linear evolution (see Refs. [33–36]).
Therefore, Eq. (6) correctly accounts for the diagrams of
Fig. 2b, which is the goal of this paper.

3 Multiplicity dependence

3.1 Theoretical framework

3.1.1 Dipole scattering amplitude in CGC approach

In the CGC/saturation approach the dipole amplitude
N (y, r, b) should satisfy the non-linear Balitsky–Kovchegov
(BK) equation [52–54] for dipoles of small size r . In the satu-
ration region this solution exhibits a geometric scaling, being
a function of one variable τ = r2 Q2

s , where Qs is the satu-
ration scale [55–58].

The main observation of Ref. [25] is that the typical r and
r ′ in Eq. (6) are in the vicinity of the saturation scale r2 Q2

s ∼
1 (r ′2Q2

s ∼ 1), where we know the general solution of the
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non-linear BK equation [59]. It has the form:

N
(
τ = r2Q2

s

)
= N0

(
r2 Q2

s

)1−γcr = N0 τ γ̄ (7)

At long distances the scattering amplitude N approaches
1, having the following form [58]:

N
(
z = ln

(
Q2

s r
2
))

= 1 − Const e− z2
2 κ (8)

where κ is a constant (see Refs. [50,58])
Hence the difference of the amplitude in Eq. 6 at large

r2Q2
s 
 1 vanishes as

δN 2 =
(
NG

(
Y − y; r + r′

2
;b1

)

− NG

(
Y − y; r − r′

2
;b1

))2

r Qs (Y−y)
1,r ′ Qs (Y−y)
1−−−−−−−−−−−−−−−−−→
Const2

(
exp

(

− z2+
2κ

)

− exp

(

− z2−
2κ

))2

(9)

where z± = ln
((
r ± r′)2 Q2

s/4
)

. Therefore, one can see

that at large τ δN 2 vanishes.
However, to find the behavior of δN 2 at moderate τ we

need to solve the non-linear Balitsky–Kovchegov [52–54]
equation in the entire kinematic region. Generally speak-
ing, the BFKL kernel (χ(γ ) in γ -representation) takes into
account all twists contributions. Nevertheless, for our esti-
mates we restrict ourselves to the leading twist term only,
which has the form [58] (see also Ref. [48]):

χ (γ ) =

⎧
⎪⎪⎨

⎪⎪⎩

1
γ for τ = r Qs < 1 summing

(
ln
(

1
r ΛQCD

))n ;

1
1 − γ

for τ = r Qs > 1 summing (ln (r Qs ))
n ;

(10)

As indicated in Eq. (10) we have two types of logs:(
ᾱS ln

(
r ΛQCD

) )n
in the perturbative QCD kinematic

region, where r Qs (Y, b) ≡ τ � 1; and
(
ᾱS ln (r Qs

(Y, b))
)n

inside the saturation domain (τ 
 1), where

Qs (Y, b) denotes the saturation scale. To sum these logs it
is necessary to modify the BFKL kernel in different ways in
the two kinematic regions, as shown in Eq. (10).

In the saturation region r2 Q2
s > 1 it has been shown [55–

58] that the scattering amplitude manifests geometric scaling
behavior and the BK equation with the simplified kernel of
Eq. (10) can be re-written in the form [58]:

d2 Ñ (z)

dz2 = 1

4

(
1 − d Ñ (z)

d z

)
Ñ (z) , (11)

Fig. 2 ΔN 2 ≡ ∫
dϕ δN 2 versus τ = r Qs at different value of τ ′ =

r ′Qs . ϕ is the angle between r and r′. For NG we use the solution to
Eq. (12) with N0 = 0.05. The red line presents the overlapping integral
(see Appendix B) with r = r ′ for Q2

s = 9 GeV2

where Ñ (z) = ∫ z dz′N
(
z′
)

and z = ln τ 2 with τ = r Qs .
In Ref. [58] it has been shown that the solution of this

equation takes the form

√
2
∫ φ

φ0

dφ′ 1
√

φ′ + e−φ′ − 1 + C
= z (12)

for the function φ which has been defined as

d Ñ (z)

d z
= 1 − e−φ(z). (13)

The value of the constantC has to be found from matching
with the region τ < 1. For study of the small φ ∼ φ0 we
can see that we should choose C = 0. Indeed, in this case
the solution at small φ has a form

φ = φ0 e
1
2 z, (14)

which coincides with the general solution of Eq. (7) for the
region τ < 1 at small φ0 = N0 � 1.

In Fig. 2 we plot the solution of Eq. (12). One can see that
the function

ΔN 2 ≡
∫

dϕ δN 2 (15)

which enters the master equation (see Eq. (6)),3 decreases
with growing τ and the largest contribution stems from the
region τ ∼ τ ′. Therefore, the estimates from Eq. (11) sup-
ports our main idea that the typical distances in Eq. (6) are
in the vicinity of the saturation scale where both τ ∼ 1 and
τ ′ ∼ 1. The solid curve in Fig. 2 gives ΔN 2 at r = r ′ which
corresponds to the main contribution to Eq. (6). One can see
that at τ = 1÷2 this curve shows τ γ̄ behaviour. The red curve

3 ϕ in Eq. (15) is the angle between r and r′. We hope that this angle
will not be confused with the function φ of Eq. (14).
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presents the behaviour of the overlapping integral which is a
function of r = τ/Qs but not of τ . In the figure we plot this
function fixing Q2

s = 9GeV 2 which corresponds to large
n ≈ 10 ÷ 12. One can see that the main contribution stems
from the region of τ , where we can use N ∝ τ γ̄ .

3.1.2 Saturation model

There are different phenomenological parametrizations for
N available in the literature. One of such parametrizations,
which we will use for our numerical estimates, is the CGC
parametrization [60] (for sake of definiteness, we use the
first set of parameters from Table I in [60]). As we have
shown, the dominant contribution to the integrals over r, r ′
in (6) comes from the vicinity of the saturation scale, |r | ∼
|r ′| ∼ Q−1

s , where the dipole amplitude is given by [59]
N (r, x) ∼ N0 τ γ̄ , with τ ≡ r Qs(x). For this reason in
what follows we will also use the parametrization

N (r, x) =
⎧
⎨

⎩
N0

(
r Qs (x)

2

)γ̄

, r ≤ 4
Qs (x)

1 r > 4
Qs (x)

γ̄ = 0.63, (16)

for semi-analytical estimates of multiplicity dependences.
Note that in Eq. (16) we restricted τ < 2 in accord with
Fig. 2. As we can see from the structure of the cross-section
(6), the contribution of the large r > 4 Q−1

s (x) (saturated
region) is negligible, for this reason the parametrization (16)
gives results close to the realistic dipole amplitude [60] (see
Appendix C for more details).

3.1.3 Generalities

As was illustrated in [25], the quarkonia production cross-
section (6) with CGC dipole parametrization provides a very
reasonable description of the shapes of produced charmonia
as a function of rapidity and transverse momentum, as well
as predicts that the suggested mechanism gives the dominant
contribution to J/ψ yields. The description of the multi-
plicity dependence presents more challenges at the concep-
tual level, because there are different mechanisms to produce
enhanced number of charged particles Nch. The probability
of multiplicity fluctuations decreases rapidly as a function of
the number of produced charged particles Nch [61], and for
this reason for the study of the multiplicity dependence it is
more common to use a normalized ratio [18]

dNJ/ψ/dy

〈dNJ/ψ/dy〉 = w
(
NJ/ψ

)

〈
w
(
NJ/ψ

)〉
〈w (Nch)〉
w (Nch)

= dσJ/ψ
(
y, η,

√
s, n

)
/dy

dσJ/ψ
(
y, η,

√
s, 〈n〉 = 1

)
/dy

/
dσch

(
η,

√
s, Q2, n

)
/dη

dσch
(
η,

√
s, Q2, 〈n〉 = 1

)
/dη

(17)

where n = Nch/〈Nch〉 is the relative enhancement of the
number of charged particles in the bin,w

(
NJ/ψ

)
/
〈
w
(
NJ/ψ

)〉

and w (Nch) / 〈w (Nch)〉 are the self-normalized yields of
J/ψ and charged particles (minimal bias events) in a
given multiplicity class; dσJ/ψ(y,

√
s, n) is the produc-

tion cross-sections for J/ψ with rapidity y and 〈Nch〉 =
Δη dNch/dη charged particles in the pseudorapidity window
(η − Δη/2, η + Δη/2).

3.1.4 Traditional approach

In our scenario of multi-particle production, described in the
introduction, the enhanced multiplicity Nch > 〈Nch〉 is due
to contributions from multigluon (multipomeron) configu-
rations, as shown in Fig. 3. This mechanism leads to the
multiplicity dependence

w
(
NJ/ψ

)

〈
w
(
NJ/ψ

)〉 = P̃ (NIP ) NIP (18)

where P̃ (NIP ) is the probability to produce NIP BFKL cas-
cades (cut pomerons). The latter parameter NIP is propor-
tional to the number of charged particles Nch, due to the
LPHD hypothesis. In the case of inclusive charged particles
production in a given multiplicity class, due to the LPHD
hypothesis the production cross-section is given by

dσ
(NIP )
ch

dy
= c P̃ (NIP )

dNBFKL
ch

dy
(19)

where c is some numerical coefficient, so the yield w (Nch) /

〈w (Nch)〉 is given by P̃ (NIP ) . The ratio (17) evaluated with
this mechanism should have a linear dependence on n =
Nch/〈Nch〉 ∼ NIP/〈NIP 〉, which reflects the simple physics
that J/Ψ can be produced by three Pomeron mechanism in
each BFKL cascade. The experimental observation [26,62]
that the n-dependence grows faster than linearly implies that
other mechanisms must give important contributions.

3.1.5 Dependence of the saturation scale on the
multiplicity of the soft hadrons

In the 3-pomeron mechanism analyzed in this paper we
expect that the multiplicity dependence is enhanced due to
a larger average number of particles produced from each
pomeron (see the right panel of the Fig. 3). We expect that
each such cascade (“pomeron”) should satisfy the nonlinear
Balitsky-Kovchegov equation. The increased multiplicity in
individual pomerons leads to a modification of the dipole
amplitude and the saturation scale Qs

N (y, r, b) → N (y, r, b, n) , (20)
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Fig. 3 Upper plot: contribution of the multigluon ladders to the
enhanced multiplicity of charged particles Nch which leads to a lin-
ear dependence on n. Lower plot: multiplicity enhancement from BK
cascade, subject of study in this paper

Qs (y, b) → Qs (y, b, n) . (21)

As was shown in [37–41,50,63–66], the saturation scale Qs

is closely related to the gluon density of the target,

CF

2π2

∫
d2b Q2

s (x, b, n) = x G (x, Qs) , (22)

CF ≡ N 2
c − 1

2 Nc
. (23)

For high multiplicity events, in view of the LPHD hypothesis,
we expect that the density of gluons in the rhs of (22) should
grow linearly as a function of multiplicity [50,63–70], so
we expect that the multiplicity dependence of the saturation
scale is given by

Q2
s (x, b; n) = n Q2 (x, b) . (24)

While at LHC energies it is expected that the typical values
of saturation scale Qs (x, b) fall into the range 0.5–1 GeV,
from (24) we can see that in events with enhanced multiplicity
this parameter might exceed the values of heavy quark mass
mQ and lead to an interplay of large-Qs and large-mQ limits.
Thus the study of the high-multiplicity events gives us access
to a new regime which otherwise would require significantly
higher energies.

To the best of our knowledge, currently there is no micro-
scopic first-principle evaluation of the dipole amplitude

N (y, r, b, n) . For this reason in what follows we assume
that the modification of the dipole amplitude on n is prop-
erly taken into account only by modification of the saturation
scale (24).

We can derive Eq. (24) directly from our scenario for
multi-particle production in CGC approach (see the introduc-
tion). Indeed, the multiplicity of soft hadrons in this scenario
stems from the diagrams of Fig. 2, and is equal to

dNch

dy
= c NIP

dNBFKL
parton

dy
= c NIP

Q2
s

ᾱS
(
Q2

s

) (25)

where NIP is the number of cut pomerons (BFKL cascades),
and c is a numerical coefficient of order one. Taking into
account that the distribution dNch/dy is almost flat, we may
approximate n = Nch/〈Nch〉 ≈ (dNch/dy)/〈dNch/dy〉, so
the assumption (24) agrees with (25) up to possible logarith-
mic corrections, which stem from the scale dependence of
ᾱS in the denominator of (25). Note that in Eq.24 we replace

c
dN NFK L

parton
dY by Q2

s/αS(Qs) in accord with the KLN formula for
hadron-hadron collision. The parametrization of (24) might
be interpreted as a choice of a fixed coupling ᾱS in (25):
ᾱS(Qs), where Qs is the saturation scale for one BFKL cas-
cade and it does not depend on multiplicity. Such choice of
the scale in the argument of ᾱS makes an essential difference
from the KLN formula for the number of participants Npart.
It reflects the fact that for proton we replace a solution of

BFKL
dNBFKL

parton
dy in Eq. (25) by

dNBK
parton
dy and the multiplicity in

the BK cascade depends on the number of participants.
Concluding, we would like to emphasize that we suggest

a new mechanism for hard particle ( quarkonia) production
in events with high multiplicity of soft produced particles. In
this mechanism both J/Ψ and soft hadrons are produced at
short distances r ∝ 1/Qs and the difference between them
is originated in different dependences of the hard cross sec-
tions on the saturation scales. This mechanism is quite differ-
ent from other approaches, such as the percolation approach
[19] or the modification of the slope of the elastic ampli-
tude [20]. It can be applied both to the production of soft
and hard particles. In the following subsection we will apply
this approach to the multiplicity dependence of quarkonia
production. It is worthwhile mentioning that the suggested
approach has been successfully used for description of the
experimental data in Refs. [69,70].

3.2 Phenomenological estimates

3.2.1 Charmonia production outside of the rapidity window
of produced hadrons

In measuring the multiplicity there are two different situa-
tions, when the bins used for collecting charmonia and co-
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Fig. 4 Contribution of different configurations to the observed mul-
tiplicity of charged particles, when quarkonium (J/ψ) and charged
particle bins are well-separated by rapidity. We can clearly attribute

the observed enhanced multiplicity (measured in the bin Δη) either to
1-pomeron or two-pomeron ladders
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Fig. 5 In the case when the quarkonia and charged particle bins over-
lap, the observed enhanced multiplicity cannot be attributed either to
single-pomeron or to double-pomeron yields, for this reason we have

to integrate over the rapidity of J/ψ in the bin and sum over all pos-
sible distributions between the upper and lower pomerons, such that
n1 + n2 + n3 = n

produced charged particles are well-separated by rapidity,
and when the bins overlap, as shown in Figs. 4 and 5. In the
former case, we may unambiguously assign all the produced
particles either to one-gluon or to the two-gluon ladders in
the t-channel. Since we assume that each gluon reggeizes
independently and gives equal contribution to the observed
average yields of charged particles, for the two-pomeron case
the enhanced multiplicity should be assigned in equal parts
to both pomerons. For this reason, the cross-section (6) for
n �= 1 modifies as

dσ
(
y,

√
s, n

)

dy

= 2CFμF

ᾱS π

∫
d2QT

(2π)2 S2
h (QT )

×
∫ 1

0
dz
∫ 1

0
dz′
∫

d2r

4π

d2r ′

4π

〈
Ψg (r, z) ΨJ/ψ (r, z)

〉

× 〈
Ψg
(
r ′, z′

)
ΨJ/ψ

(
r ′, z′

)〉 ∫
dr ′′ J1

(
μF r ′′)

×
{
P(n)∇2N

(
x1, r

′′, n
)
ΔN 2

G

(
x2, r, r′, 1

)

+
∫ n

0
dn1P (n1) P (n − n1) ∇2 N

(
x2, r

′′)

× ΔNG
(
x1, r, r′, n1

)
ΔNG

(
x1, r, r′, n − n1

)
}
,

(26)

where we introduced the shorthand notation

ΔNG
(
x, r, r′, n

)

≡ NG

(
x,

r + r′

2
, n

)
− NG

(
x,

r − r′

2
, n

)
, (27)

added explicitly the dependence on the relative multiplicity
enhancement parameter n, and for the sake of definiteness
assumed that the co-produced charged particles are collected
at higher rapidity η than the rapidity y of J/ψ , as seen in the
Diagram (A) of the Fig. 4 (the opposite case corresponds to
an inversion of sign of the rapidity y).
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The evaluation of (26) requires knowledge of the probabil-
ity distribution P(n) for a pomeron to have relative enhance-
ment of multiplicity n. The theoretical evaluation of this
quantity is very involved. As was found experimentally [61],
the distribution of charged particles in pp collisions for n � 1
is close to exponential behavior ∼ exp(−const n) (modulo
logarithmic corrections).4 However, we would like to empha-
size that this result cannot be applied to single pomerons,
because a convolution of any two pomeron parts does not
satisfy the convolution identity

∑

N1

P (N1, 〈N1〉) P (N − N1, 〈N2〉)

= P (N , 〈N1〉 + 〈N2〉) . (28)

On the other hand, it was predicted long ago [72] that the
distribution of particles inside a single pomeron P(N ) is
described by a Poisson distribution, which clearly satisfies
(28). However, in order to reproduce the experimentally
observed behavior in this approach, we would have to re-
sum an infinite number of pomerons with additional model
assumptions for hadron-hadron collisions. In view of this
ambiguity, in what follows we will assume that the convo-
lution of the distributions P (ni ) in (26) just cancels in the
ratio (17), and in the case when more than one pomeron spans
through the region covered by the detector, the multiplicity
is shared equally between pomerons, as we would get with
Poisson distributions. For this reason, instead of the ratio (17)
we will work with a simplified ratio

dNJ/ψ/dy
〈dNJ/ψ/dy〉 = dσ̃J/ψ

(
y, η, Q2, n

)
/dy

dσ̃J/ψ(Y η,, Q2, 〈n〉=1)/dy
(29)

where we use the notation dσ̃ instead of dσ for the cross-
section, in order to emphasize that we took out of the normal-
ization the probability distribution of charged particles (fac-
tor P(n)). According to our assumption, the integral over
n1 in (26) gets the dominant contribution from the region
when the enhanced multiplicity is shared equally between
pomerons, i.e. n1 = n/2, so we can rewrite the normalized
cross-section as

dσ̃
(
y,

√
s, n

)

dy

= 2CFμF

ᾱS π

∫
d2QT

(2π)2 S2
h (QT )

×
∫ 1

0
dz
∫ 1

0
dz′
∫

d2r

4π

d2r ′

4π

〈
Ψg (r, z) ΨJ/ψ (r, z)

〉

× 〈
Ψg
(
r ′, z′

)
ΨJ/ψ

(
r ′, z′

)〉

4 Such an exponential behavior is an inherent feature of the Balitsky–
Kovchegov parton cascade, as it has been demonstrated in [71].

×
∫

dr ′′ J1
(
μF r ′′)

{
∇2N

(
x1, r

′′, n
)
ΔN 2

G

(
x2, r, r′)

+ ∇2 N
(
x2, r

′′)ΔN 2
G

(
x1, r, r′, n

2

)}
. (30)

In the small-n limit (1 � n � m2
Q/Q2

s (x)) we may use the
dipole amplitude (16) and get for the ratio (17)

dNJ/ψ/dy

〈dNJ/ψ/dy〉

= Q4γ̄
s (x2) Q

2γ̄
s (x1) nγ̄ + Q4γ̄

s (x1) Q
2γ̄
s (x2)

( n
2

)2γ̄

Q4γ̄
s (x2) Q

2γ̄
s (x1) + Q4γ̄

s (x1) Q
2γ̄
s (x2)

= 1

κ + (1/2)2γ̄

{
κnγ̄ +

(n
2

)2γ̄ }
(31)

where κ = Q2γ̄
s (x2) /Q2γ̄

s (x1) is a numerical coeffi-
cient. 5At the same time, for the gluon-gluon fusion mech-
anism we expect that in this kinematics the corresponding
n-dependence would be simply ∼ nγ̄ , since we have only
one pomeron which might contribute to charged particles in a
given rapidity window. This expectation does not depend on a
particular choice of the NRQCD LDMEs for a given quarko-
nium state. As can be seen from the left panel of Fig. 6, the
three-gluon mechanism (26,17) describes the experimental
data [73] reasonably well, whereas the 2-gluon contribution
clearly underestimates the n-dependence.

3.2.2 Coinciding rapidity windows for charmonia and soft
hadrons productions

The situation when the J/ψ and charged particle bins par-
tially overlap or coincide is certainly more complicated. In
the overlap region we cannot attribute the enhanced multi-
plicity just to a single or double gluon ladder, and instead
we have to average over all possible distributions of particles
n1, n2, n3 among pomerons, such that n1 + n2 + n3 = n.
For this reason the cross-section for this case is given by (see
Appendix A for more details)

dσ (overlap)
(
y,

√
s, n

)

dy

= 2CFμF

ᾱS π

∫
d2QT

(2π)2 S2
h (QT )

×
∫ 1

0
dz
∫ 1

0
dz′
∫

d2r

4π

d2r ′
4π

〈
Ψg (r, z) ΨJ/ψ (r, z)

〉

× 〈Ψg
(
r ′, z′

)
ΨJ/ψ

(
r ′, z′

)〉
Δη

∫ tmax

tmin

dt

5 We would like to emphasize that we would get a similar dependence
from any quarkonium mechanism which proceeds via 3-gluon fusion.
E.g., we would get the same n-dependence if we considered that the
fusion of three gluons produces a color octet state which later hadronizes
into quarkonium.
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Fig. 6 Left: multiplicity dependence at forward rapidities (2.5 <

yJ/ψ < 4), when charged particles are collected at central rapidities
(|η| < 1). Experimental data are from [73]. Right: evaluation at central
rapidities (|yJ/ψ | < 0.9). Due to overlap of the bins of charmonium and
charged particles, we have an additional contribution of the nonlinear
term 33, which leads to a more pronouncedn-dependence. Experimental

data are from [26,62]. In both plots the dashed curves labeled “Small-n
approx.” correspond to evaluation with a dipole amplitude (16). The
curves labeled “2-gluon” in both plots correspond to n-dependence of
the gluon-gluon fusion mechanism, as explained in the text. In both
plots we use the LC Gauss wave function [49] (see Appendix B) for
more details

×
∫ n1+n2≤n

0
dn1dn2 P

(
n1

1 − t

)
P

(
n2

1 − t

)

×P

(
n − n1 − n2

t

)∫
dr ′′ J1

(
μF r ′′)×

×
{
∇2N

(
x1, r ′′, n − n1 − n2

t

)

×ΔNG

(
x2, r, r′, n1

1 − t

)
ΔNG

(
x2, r, r′, n2

1 − t

)

+∇2N

(
x2, r ′′, n − n1 − n2

t

)
ΔNG

(
x1, r, r′, n1

1 − t

)

×ΔNG

(
x1, r, r′, n2

1 − t

)}
, (32)

where we integrate over the rapidity of J/ψ inside the bin,
using the variable t = (y − ηmin)/Δη, and over relative
multiplicities in each pomeron. In the case when the rapid-
ity bins used to collect charged particles and the J/ψ fully
overlap (ymin = ηmin, ymax = ηmax), the variable t ∈ [0, 1].
As we discussed earlier, currently we do not have a reliable
first-principle parametrization for P(z), and for this reason
in what follows we will use the simplified assumption that
the full cross-section might be approximated by a sum of
three contributions: when the quarkonium is produced at the
center of the rapidity bin or when it is produced a either of
the borders, as shown in Fig. 5. The contribution of the bor-
der regions is given by (30,31). In the center of the bin, we
may assume that the observed multiplicity n is shared equally
between the pomerons, so the contribution of this region is
given by

dσ̃ (center)
(
y,

√
s, n

)

dy

≈ 2CFμF

ᾱS π

∫
d2QT

(2π)2 S2
h (QT )

×
∫ 1

0
dz
∫ 1

0
dz′
∫

d2r

4π

d2r ′

4π

〈
Ψg (r, z) ΨJ/ψ (r, z)

〉

× 〈
Ψg
(
r ′, z′

)
ΨJ/ψ

(
r ′, z′

)〉 ∫
dr ′′ J1

(
μF r ′′)×

×
{
∇2N

(
x1, r

′′, n

3

)(
ΔNG

(
x2, r, r′, n

3

))2

+∇2N
(
x2, r

′′, n

3

)(
ΔNG

(
x1, r, r′, n

3

))}
. (33)

With the dipole amplitude (16) the expected large-n depen-
dence of this additional term (33) is given by

dσ̃ (center)
(
y,

√
s, n

)

dy
∼ n3γ̄ , (34)

considerably more pronounced than (31). In the experimen-
tally measured ratio (17) for the cross-section dσ we should
take a weighted sum of the cross-sections (30) and (33). We
expect that with the parametrization (16) the n-dependence
should have a form

dNJ/ψ/dy

〈dNJ/ψ/dy〉
≈ 1

κ + (1/2)2γ̄ + Δy (1/3)3̄γ

×
{
κnγ̄ +

(n
2

)2γ̄ + Δη
(n

3

)3̄γ
}

(35)

In the right panel of the Fig. 6 we show the n-dependence,
taking into account the additional term, and compare it with
experimental data from [26,62]. As we can see, the model
gives a reasonable description of the experimental data, while
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Fig. 7 Left: dependence of the ratio (17) on the choice of wave func-
tion. The solid line corresponds to evaluation with the light-cone Gauss
WF. The dashed and dotted lines correspond to evaluations with boosted
rest frame wave functions introduced in Appendix B. The experimental
data are from [26,62]. Right: comparison of J/ψ results with predic-

tions for different quarkonia states, ψ(2S) and Υ (1S). We use Cor-
nell WFs (see Appendix B for details) instead of LC Gauss, because
it allows to make predictions for J/ψ and higher excited states in the
same approach. For other parametrizations of the wave functions the
results are similar

Fig. 8 Left: comparison of model results for the multiplicity with data from [15,16]. Blue points and curves correspond to
√
s = 200 GeV, red

points and curves correspond to
√
s = 500 GeV. Right: comparison of J/ψ results with predictions for ψ(2S) and Υ (1S)

at the same time the 2-gluon fusion mechanism underesti-
mates the data. In Fig. 7 we show the dependence of our
predictions on the choice of the wave function, using for
comparison boosted rest frame wave functions described in
Appendix B. As expected, this dependence is very mild. In
the right panel of the same Fig. 7, we show predictions for
other quarkonia states which might be within the reach of
experimental searches in the near future. We expect that
both the ψ(2S) and the Υ (1S) states should have an n-
dependence close to that of the J/ψ meson. Technically
this happens because the typical dipole sizes 〈r〉 ∼ 〈r ′ 〉 ∼
min

(
m

-1
Q, Qs (x, n)

)
in (33) are significantly smaller than

the sizes of the quarkonia states (see Appendix C for details),
and in this approximation the wave function ΨM of the latter
might be approximated with its value at r = 0. This leads
to an independence on quarkonium size or mass for the self-
normalized ratio (17,29) . The residual dependence seen in
the data is due to corrections beyond the heavy quark mass
limit.

In Fig. 8 we have shown results for the J/ψ multiplicity
dependence, in the RHIC kinematics, which are in a very
good agreement with experimental data [15,16]. We also
show predictions for Υ (1S) and ψ(2S), which are close to
the results for J/ψ . We hope that these predictions will be
checked very soon.

3.2.3 Charmonia production outside of the rapidity window
of produced hadrons

Finally, we would like to mention that the contribution of
the last term of Eq. (32) (see also Eq. (35)) might be singled
out if the width of the pseudorapidity bin Δy used for col-
lection of quarkonia is significantly smaller than the width
of the bin Δη used for collection of charged particles and it
is included inside (Δy � Δη), (ymin, ymax)⊂(ηmin, ηmax).
In this case the contribution of the border region is negli-
gible, and we expect that the n-dependence is given only
by Eq. (34). We hope that in the future the experimentalists
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will be able to check this prediction. Also, we would like
to remind that the other approaches [19,74] do not predict
such a rapid n-dependence (Eq. (34)), and for this reason its
possible observation could be a decisive test in favor of the
three-gluon mechanism of quarkonia production.

4 Conclusions

In this paper we have developed, in the framework of the CGC
approach, a new mechanism for hard particle ( quarkonia)
production in events with high multiplicity of the soft pro-
duced particles. In this mechanism both J/Ψ and soft pions
are produced at short distances r ∝ 1/Qs and the difference
between them originates in different dependences of the hard
cross sections on the saturation scale. Based on this formal-
ism we analyzed the multiplicity dependence of the two-
gluon and three-gluon fusion mechanisms, assuming that the
observed multiplicity dependence is due to an increase of
the average number of particles produced from each CGC
pomeron. We found that the two-gluon mechanism signifi-
cantly underestimates the multiplicity dependence, whereas
the predictions of the three-gluon mechanism are in reason-
able agreement with available experimental data in a wide
energy range, from RHIC to LHC. This conclusion does not
depend on the particular choice of the NRQCD LDMEs for a
given quarkonium. We believe that this argument is a strong
evidence that the contribution of the three-gluon mechanism
might be substantial in J/ψ production. We call the exper-
imentalists to measure the multiplicity dependence of other
charmonia (e.g. ψ(2S) and Υ (1S)), for which we expect
approximately the same multiplicity dependence as for J/ψ .
Such measurements would be an important argument in favor
of 3-gluon mechanism in the CGC approach. We also predict
that the suggested mechanism should provide a strong ∼ n3γ̄

dependence, in the kinematics when J/ψ is produced at the
center of the charged particle bin, i.e. the width of the bin
Δy � Δη.

Our predictions are sensitive to the large-distance behavior
of the dipole amplitude, and going to higher values ofn poten-
tially could allow to test the saturation model implemented in
a dipole amplitude. However, the experimental study of this
regime is challenging due to a rapid decrease of probability
(yields) of such high-multiplicity events [61], which puts it
out of reach of modern and forthcoming accelerators.

The mechanism of multiplicity dependence suggested in
this paper is not unique: multiplicity might also be enhanced
due to large number of pomerons, as shown in the left panel
of Fig. 3 and in Fig. 9. We should also take into account that
each of the ladders (pomerons) shown in Fig. 9 might lead
to development of a Balitsky–Kovchegov cascade, as shown
in the right panel of Fig. 3. We plan to address these issues
in a future publication [75].

Fig. 9 Alternative mechanism of multiplicity enhancement. The lad-
ders in this figure show the solution of the non-linear BK equation
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Appendix A: Derivation of the Eq. (32)

In this section we will evaluate the cross-section of the pion
production case, when the bins used for collection of quarko-
nia and charged particles overlap. In this setup we cannot
attribute the observed increase of multiplicity to any of the
pomerons and have to evaluate probability-weighted sum
over all possible partitions of the number of charged par-
ticles Nch into three integers. Since the quarkonium might
be produced at any rapidity y (not necessarily at the center
of the bin), this implies that the average contribution of each
pomeron to the enhanced multiplicity seen in the bin Δη will
also depend on y. In what follows it is convenient to work
with a variable t = (y − ηmin)/Δη, which for the case of
the full overlap (ymin = ηmin, ymax = ηmax) remains in the
interval t ∈ [0, 1].

In what follows we will use the notations N (1)
ch , N (2)

ch and

N (3)
ch for the number of charged particles produced from each

of the pomerons, with
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N (1)
ch + N (2)

ch + N (3)
ch = N (�η)

ch , (A.1)

where N (�η)
ch is the total number of charged particles pro-

duced inside the binΔη. The probability that a given pomeron
of length ηtot units of rapidity produces N (tot)

ch particles is

given by P
(
N (tot)

ch /
〈
N (tot)

ch

〉)
, where

〈
N (tot)

ch

〉
is the average

number of particles produced by the whole pomeron. Since
the distribution dNch/dη almost does not depend on rapidity,
we may assume that inside each interval Δηi (i = 1, 2, 3)
the distribution of produced charged particles is given by the

same function, P
(
N (i)

ch /
〈
N (i)

ch

〉)
, where the average number

〈
N (i)

ch

〉
=
〈
N (tot)

ch

〉
Δηi/ηtot, and the length of the pomeron is

given by

Δη1 = Δη2 = t Δη, (A.2)

Δη3 = (1 − t)Δη. (A.3)

According to (A.1), the probability that the three pomerons
contribute to the observed multiplicity enhancement is given
by

P
(
N (1)

ch , N (2)
ch , N (3)

ch

)

= P

⎛

⎝ N (1)
ch〈

N (1)
ch

〉

⎞

⎠ P

⎛

⎝ N (2)
ch〈

N (2)
ch

〉

⎞

⎠ P

⎛

⎝ N (3)
ch〈

N (3)
ch

〉

⎞

⎠ (A.4)

= P
(n1

t

)
P
(n2

t

)
P

(
n − n1 − n2

1 − t

)
,

where we introduced the variables ni = N (1)
ch /

〈
N (Δη)

ch

〉
, and

n = N (Δη)
ch /

〈
N (Δη)

ch

〉
. The experimentally observable cross-

section dσ
(
M + N (Δη)

ch

)
to produce heavy quarkonium M

and N (Δη)
ch particles in the bin Δη can be related to the cross-

sections to produce quarkonium M and N (1)
ch , N (2)

ch , N (3)
ch

charged particles in the rapidity interval Δη from each of
the three pomerons as

dσ
(
J/ψ + N (Δη)

ch

)
=

∑

N (1)
ch , N (2)

ch

P
(
N (1)

ch , N (2)
ch , N (3)

ch

)

× dσ
(
J/ψ+N (1)

ch +N (2)
ch +N (3)

ch

)
.

(A.5)

If the width of the bin Δη is sufficiently large (so that〈
N (Δη)

ch

〉

 1), we may replace the summation over

N (1)
ch , N (2)

ch with an integral over n1, n2 and obtain the Eq.
(32).

Appendix B: Wave functions

In our evaluations, unless stated otherwise, we use the so-
called light-cone wave functions of 1S quarkonia states [49],

Ψ
(LCG)
M (z, r)

= N z(1 − z)

× exp

(

− m2
QR2

8 z(1 − z)
− 2z(1 − z)r2

R2 + m2
QR2

2

)

,

(B.6)

where N and R are some numerical constants. In the heavy
quark mass limit, as well as in the deeply saturated regime, we
expect that the results should not depend at all on the choice
of the wave function, since only small dipole configurations
in (6) give the dominant result. In the small-r approximation
we may replace the wave function ΨM (z, r) with its value at
the point r = 0, which eventually cancels in the ratio (17).
However, in order to assess the accuracy of this approxima-
tion, as well as to have the wave functions of other quarkonia
(primarily ψ(2S) and Υ (1S) are of interest for experimen-
tal searches), we also used wave functions evaluated in rest
frame potential models and boosted them to a moving frame
in momentum space. Technically, this prescription is given
by the relation [49,76]

Ψ
(LC)
M (z, r) =

∫
d2k⊥eik⊥·r⊥

(
k2⊥ + m2

Q

2 z3(1 − z)3

)

×ψRF

⎛

⎝

√
k2⊥ + (1 − 2z)2m2

Q

4z(1 − z)

⎞

⎠ , (B.7)

where ψRF is the Fourier image of the eigenfunction of the
corresponding Schroedinger equation. For comparison we
considered three different choices of the potential:

– The linearly growing Cornell potential

VCornell(r) = −α

r
+ σ r, (B.8)

which is discussed in detail in [77,78]
– The potential with logarithmic large-r behaviour sug-

gested in [79],

VLog(r) = α + β ln r. (B.9)

– The power-like potential introduced in [80],

Vpow(r) = a + b rα. (B.10)

We checked that the wave functions obtained with all three
potentials have similar shapes, and in the case of J/ψ are
close to the light-cone Gauss potential (B.6). In the heavy
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Fig. 10 Left: Function K
(
r, r ′) ∼ 〈

Ψg · ΨM (r)
〉 〈

Ψg · ΨM (r ′)
〉

∫
dφ ΔN

(
r, r ′) which appears in the integrand of (32,33) for x =

10−3 and n = 8. Right: The same integrand for the hypothetic case
of light meson production, with wave function (B.6) with parame-
ter (meson size) R ∼ 1 fm and light quark mass mq ≈ 0.3 GeV. In

both plots the semitransparent pink surface corresponds to evaluation
with CGC parametrization, and the semitransparent green surface cor-
responds to evaluation with parametrization (16). The latter has a visible
cusp due to the discontinuity of the dipole amplitude (16)

quark mass limit the wave functions of the gluon Ψg in (1)
can be approximated with the perturbative expressions from
[49]. Their overlap with the wave function of quarkonium
are given by

〈
Ψg (r, z) ΨM (r, z)

〉
T = g

π
√

2 Nc

1

z(1 − z)
(B.11)

×
(
m2

c K0 (ε r) ΨM (r, z)

−
(
z2 + (1 − z)2

)
ε K1 (ε r) ∂rΨM (r, z)

)

〈
Ψg (r, z) ΨM (r, z)

〉
L = g

π
√

2 Nc
2mcz(1 − z) K0 (ε r)

(B.12)

×
(
mJ/Ψ ΨM (r, z) + m2

c − ∇2
r

m J/Ψ z (1 − z)
ΨM (r, z)

)

ε2 = p2
T z (1 − z) + m2

c (B.13)

Appendix C: Small-n approximation

As was illustrated in Sect. 3.1.1, the approximation (16),
which was derived for r in the vicinity of the saturation scale
(r Qs ∼ 1), works up to surprisingly large values of n. In
this section we would like to discuss briefly the technical
reasons why this happens.

In LHC kinematics, we expect that the typical sizes of r
and r ′ in the integrand of (26) are controlled by the wave
functions Ψg , for events with normal multiplicity (n ≈ 1).
In the heavy quark mass limit this gives an estimate 〈r〉 ∼
〈r ′ 〉 ∼ m−1

Q . However, the situation changes for events with
elevated multiplicity (n 
 1), because the saturation scale
Qs (x, n) increases and at some point becomes comparable
and even exceeds the heavy quark mass mQ . In the deeply
saturated regime Qs (x, n) 
 mQ , so the factor ΔN defined
in (27) leads to a strong suppression of dipoles with a size

larger than Q−1
s (x, n). For this reason we can see that the

integrand of (6,26) always gets the dominant contribution
from the region r � Qs , which explains why the predic-
tions of (16) for self-normalized ratios are close to the more
realistic CGC parametrization [60].

In order to illustrate these findings numerically, in the left
panel of Fig. 10 we have plotted the function K

(
r, r ′) ∼〈

Ψg · ΨM (r)
〉 × 〈Ψg · ΨM (r ′)

〉 ∫
dφ ΔN

(
r, r ′), which

appears in the integrand of (32,33). For the sake of definite-
ness we have chosen the point n ≈ 8, where the expected
deviations of the parametrization (16) from CGC are the
largest. We can see that for charmonia the difference between
the integrands is of order 10%, in agreement with our ear-
lier results. For the sake of comparison, in the right panel
of the Fig. 10 we have also plotted a similar integrand for
the hypothetic case of light meson (e.g. ρ-meson) produc-
tion, assuming that its wave function is given by (B.6) with
an adjusted parameter R ∼ 1 fm (size) and using the light
quark mass mq ≈ 0.3 GeV. We can see that in this case the
discrepancy is significantly larger, i.e, the small-n approxi-
mation (parametrization (16)) cannot be used for estimates
of multiplicity dependence.
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