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Abstract Kerov Hamiltonians are defined as a set of com-
muting operators which have Kerov functions as common
eigenfunctions. In the particular case of Macdonald polyno-
mials, well known are the exponential Ruijsenaars Hamilto-
nians, but the exponential shape is not preserved in lifting to
the Kerov level. Straightforwardly lifted is a bilinear expan-
sion in Schur polynomials, the expansion coefficients being
factorized and restricted to single-hook diagrams. However,
beyond the Macdonald locus, the coefficients do not celebrate
these properties, even for the simplest Hamiltonian in the set.
The coefficients are easily expressed in terms of the eigenval-
ues: one can build one for each arbitrary set of eigenvalues
{ERr}, specified independently for each Young diagrams R. A
problem with these Hamiltonians is that they are constructed
with the help of Kostka matrix instead of defining it, and thus
are less powerful than the Ruijsenaars ones.

1. Symmetric polynomials like Schur and Macdonald poly-
nomials play an increasingly important role in string theory
studies. Modern theory of 6d models and AGT relations [1—
3] is fully formulated in these terms [4-14], as does [15—
21] its emerging extension to Chern—Simons theory [22,23]
and knot polynomials [24-31]. This adds to the prominent
role these polynomials played in description of integrable
structures, i.e. of the properties of generic non-perturbative
partition functions. At the same time, the theory of Mac-
donald polynomials per se [32] still remains more a piece
of art than a solid construction from the first principles. A
part of the problem here is an emphasis on similarity with
more simple Schur polynomials, which are simultaneously
characters of linear groups G Ly and thus have a clear repre-
sentation theory interpretation. The Macdonald polynomials
preserve many of these connections to representation theory,
but not all. Moreover, the simplest algebra to which they are
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truly related [4,5,33-35] is the enormously big DIM algebra
[36,37], however they are not generic in this framework, but
instead occupy just a small corner in the set of still under-
investigated MacMahon characters and 3-Schur functions
[38,39]. Thus the true group theory meaning of Macdon-
ald polynomials remains obscure, but concentration on the
representation properties overshadows other aspects of their
story, which can finally be a big mistake.

From this point of view, it is important that Macdonald
polynomials possess a generalization not only in the MacMa-
hon (DIM) direction, but also in a seemingly different one, to
the Kerov functions [40] (see [41-45] for early applications
and [46] for a recent review). The Kerov functions break
direct links to representation theory and leave only those to
Young diagrams: multiplication of the Kerov functions does
not respect peculiar representation theory zeroes, e.g.

Kers - Kerpy,1) = a Kerys 17 + B Ker[4,2]
+y Kerpz 31 + 8 Kerpa, 1,17 (D

The two Kerov—Littlewood—Richardson numbers 8 and 7
vanish only at the Macdonald locus, since the representations
of G Ly associated with [4, 2] and [3, 3] do not appear in the
product of [4] and [1, 1]. However, as symmetric polynomi-
als, the Kerov functions are the most natural objects, defined
as a natural deformation of Schur polynomials induced by
a minor change of the scalar product in the space of time-
dependent functions'

1" Throughout this paper, we use the standard group/knot theory

notation: for the Young diagram A = [§; > 8, > -+ > 8, > 0] =
[....2,...,2,1,...,1], the size (level) is |A| = Zﬁil& =
—— ———
my mi

>4 amg, the time-monomial is pa := ]_[fA: | Ps;» and combinatorial
factor is za = [, a"@mg!. Also, {x} := x — x~!. We deal with
the Schur, Macdonald polynomials and the Kerov functions, which are
symmetric polynomials of variables x; as functions of time variables
Dk =) x!‘ , they are labeled by Young diagrams, we use the notation
xr{p} = Schurg{p} for the Schur polynomials.
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PAPA) = Za - 8A A 8A (2)
(palpx)

from gx = 1 to g # 1. Moreover, considering g; as a new
set of time variables, the Macdonald locus can be treated
just as a counterpart of the topological locus (a special point
in the space of time variables, where the Schur polynomials
reduce to the quantum dimensions [21]: px = {qu}/{qk})
only this time it is in the space of Kerov times,

Mac_{q_k}

ST @)

More exactly, a pair of Kerov functions is defined as triangu-
lar combinations of Schur polynomials xg in two different
orderings of Young diagrams,

Kerd{p} = xr(p} + X prp Kt o - XA}
. @)
Kerd {p) = xrlp} + ey Kigh g - XA}

Here we denote R" the transposition of the Young diagram
R, the sign < refers to the lexicographical ordering. The
Macdonald—Kostka coefficients IC;Qg’)R, in (4) are defined iter-
atively in R and R’ from the orthogonality conditions

<Ker(g)‘Ker(g)> ||Ker5§)||2 SRR (%)

w.r.t. the scalar product (2).

Clearly, the study of Kerov functions should provide a new
dimension to understanding of the Macdonald polynomials,
and, given the now-undisputable significance of the latter,
this is already a reason. However, we hope that one day sig-
nificance of the Kerov functions will grow much further. The
very first attempts [46] demonstrate that they are more sophis-
ticated and richer than the Macdonald polynomials, and, at
the same time, possess just the same properties and can be
handled by just the same methods. This feature , direct gen-
eralization, which preserves known properties and technical
tools, but provides considerably heavier answers is a stan-
dard sign of “new physics”, which promises great insights
in the application to the old subjects (representation theory,
knots, integrability, non-perturbative calculations) and gives
hopes to new applications in some unpredictable directions.

Our main concern in this paper will be the long-standing
problem of Kerov Hamiltonians, which we do not truly
resolve, but at least explain what can be achieved easily, and
what can not. Accordingly, the presentation is split into three
parts. In Sects. 2—6, we remind some known facts about the
Kerov functions and the Macdonald Hamiltonians, putting
them in the form which we need for our purposes. Then in
Sects. 7-9, we elaborate on the particular realization of the
naive Hamiltonians (31) in the Kerov case. Finally in Sects.
10-12, we discuss the options and obstacles for construction
of truly interesting Hamiltonians, which can play in the Kerov

@ Springer

case the same role as peculiar exponential Ruijsenaars Hamil-
tonians play in the particular case of Macdonald polynomials.
Section 13 is a brief conclusion, summarizing what we could
and could not achieve so far. The Appendix contains useful
formulas for calculating using hook diagram Schur polyno-
mials and some illustrative examples to the main body of the
text.

2. There are two rather different approaches to the definition
of Macdonald polynomials: they are

(a) triangular linear combinations of the Schur polynomials
with respect to the lexicographic ordering of Young dia-
grams that are obtained by orthogonalization procedure
with respect to the scalar product (2) +(3), and

(b) common eigenfunctions of the Ruijsenaars exponential
Hamiltonians [47-51] I:Im, the simplest of which is (in
fact, just this Hamiltonian is enough to fix the Macdonald
polynomials unambiguously)

_ 42k
A = ?g_ep( = )mz)

-1 9
exp (Z qz—k—> ©)

k>0 Ik

H —1 .
o Mac,{p} = (

q2r, _

) ‘Macg{p} (7

(see [35,52-54] and Sect. 6 below for higher Hamiltoni-
ans).

The triangularity is not immediately obvious from these
Hamiltonians, at the same time, it is the triangularity (orthog-
onalization procedure), which provides the most efficient
way to calculate. On the other hand, at least one further gener-
alization is known: to generalized functions [10-14], where
the triangularity (definition (a)) is still not enough to provide
the answers [53,54], only a generalization of the Hamilto-
nians (definition (b)) works [6]. Thus, at least to approach
the issue of generalized Kerov polynomials, one needs Kerov
Hamiltonians, i.e. a deformation of (6) to arbitrary gi. This
is a need, but, of course, understanding the Hamiltonians is
anecessary step to make in the course of studying the Kerov
functions, irrespective of any particular needs or applications.

Expected or not, but the exponential shape (6) is violated
by the Kerov deformation. To find Kerov Hamiltonians, one
needs another approach. Moreover, in order to get a perspec-
tive, it is better to return to the level of Schur polynomials,
where we will find three different approaches to the problem,
and one of them will allow a direct lifting to the Kerov case.

3. For the Schur polynomials, the most natural is a set of
commuting cut-and-join operators Wx [55,56], for which
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the Schur polynomials xg are the common eigenfunctions:

Waxr = Vr(A) xR )

The simplest non-trivial of these operators is the celebrated
cut-and-join operator [57]

. 1 @+b) 9 ) 92 ©
_ 1 _° g
Wiy = > gb a + b)papp P +abpatp 3padm

hence the name for the entire family. Eigenvalues ¥ (A) are
also interesting: they are characters of the symmetric groups,
with orthogonality properties

D YR(A)YR(A) = 248500
R

A (A
IR (10,
A A
and the Frobenius formula
A
xelpy = 3 LRA (an
A A

at |R| = A|, and are naturally continued to |R| > |A| by
adding the necessary number of the unit cycles to A (see
details in [55,56,58,59]).

The operators W, form a commutative ring with inter-
esting (and still not fully known) structure constants, where
Wi for symmetric representations R = [m] form a multi-
plicative basis, i.e. Wa =: fA: 1 Wis;1 © + corrections.

Unfortunately, the g, -deformation of cut-and-join oper-
ators W even to the Macdonald polynomials is under inves-
tigated, despite these operators can seem closely related to
G Ly . Indeed, the simplest realization of WA is by the matrix

derivative operator : [T, Tr (X Bix)a’ : (the normal order-
ing here means pushing all derivatives to the right), where
the matrix X is related to the time variables via p; = Tr X*,
and there is no direct way to extend this definition to the
Macdonald case, nothing to say about the Kerov one. Still,
the Macdonald deformation seems to exist, but has not yet
been worked out, see [60] for a preliminary description. The
question about Kerov deformation remains open.
Deformable to the Macdonald case is the operator (6) with
q = t, but t-dependence still survives (!). Thus for the Schur
polynomials, which are independent of g and ¢, this is a whole
family of operators, which is sufficient to define all of the
Schur polynomials, no higher Hamiltonians are needed.
More important, an origin of (6) remains obscure, includ-
ing the reasons why it has such a spectacular simple expo-
nential shape equivalent to describing it as a shift operator,
which makes the Macdonald polynomials out of solutions of
the difference equations. Itis at best unclear, if one can expect
any difference equations for the Kerov functions. As we shall
see below in this paper, the shape (6) implies some kind of
factorization, which is violated by the Kerov deformation,

and this can explain the failure of attempts to generalize (6)
to the Kerov functions directly.

4. Fortunately, at the Schur level, there is still a third
approach, originally discussed in [61] and recently, once
again, in [62,63]. Namely, one can represent any Hamilto-
nian as a bilinear combination of the Schur polynomials:

H=> t e iy < Hxelpd =Y &L (0} Xapr 10}
XY XY

(12)
with some coefficients & fy. Here we use the standard nota-
tion Xy = XY[ k% } for the Schur polynomial depending on
time derivatives instead time variables, and the fact is that it

acts on the Schur polynomials converting them into the skew
Schur ones:

XAyXR{p} :XR/y{p} (13)

Putting all p; = 0 in this equality, one gets the orthogonality
condition X, x, |p:0 =Ry

Formula (13) follows from the definition of the skew Schur
polynomials,

Xelp+ PV =D x (P Wy 1) (14)
Y

and the Cauchy formula

k /
exp (Z %) = >  phx 0 (15)
Y

k
Indeed,

"N o / 0
Xelp + P’} = exp (Zk:pka—m)xle{p}
= > APV (P (D) (16)
Y

and comparing the r.h.s. of (14) and (16), one obtains (13).
Similarly, from the generalization of the Cauchy formula

k ’
exp (Z B pkkpk) XY=y p o 1 A7)
Y

k
it follows that

Xy/pXR{P} = ZNIZQXR/Q{p} (18)
0

where N IZ p are the Littlewood—Richardson coefficients.
The r.h.s. of (12) is a bilinear combination of the Schur
and skew Schur polynomials, and one needs to adjust &, , so
that the r.h.s. is again x, { p}. Itis not that easy, for instance, if
oneputs &y, = 8y, thentherh.s.is 3"y x, (P} xp/x (P} =
Xx{2p} # xr{p}. Looking at the expansion coefficients &, ,
of either the cut-and-join operators or the Ruijsenaars Hamil-
tonians, one can observe a peculiar hook structure. For the

@ Springer
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case of W, see [61], and now we show how this works [62]
for (6). Applying the Cauchy formula (15) (see [64] for a
recent review) to the two exponentials in (6), one gets

— 1} 8ix1,1v|
(19)

Hy _

EM =y ok =1— 17}y {pe = g™

Note that, in accordance with this formula, éf; is non-
vanishing only if the two Young diagrams X and Y are of
the same size, and that & is factorized into the X- and Y-
dependent pieces. Additionally [62], at the peculiar locus
pr = {1}, the Schur polynomials are non-vanishing only
for the single-hook diagrams X = [a + 1, 10 IE

Xl P = (1)

= Z XX'/Z{pk = tk} X APk = —t_k}
zZCcX

Yo NE =1 (D e =17
VAD. VA

X a b,.—b
Y- (=)t
[1°1,[a] =D
a,

= Z(—)b{t} Y PATIRRTS

a,b

(20)

where we used that x,,, = >, N?Z, X, and [a] ® [1°] =
[a,1°]1 @ [a + 1, 1°71] for the decomposition of the ten-
sor product of representations of the linear group. Here Z“
denotes the transposition of the Young diagram Z.

Substituting (20) into (19), one obtains

2¢+1
= 3 ighny- (- T

a,b,c,d
Satb—c—d * X [a+1,10] * Oy [c1,14] 20
ie.
t 1:11 -1
- X
q A{q}ry °F
t2 1:11 -1
= -1 2-1 Xr = XmXr/m
q Xy Xr/in
(00— T)(‘f Xum = =)
q X,
N
2 e/
X(q X3 — Xry21 + qz )
3 X Xy
(8 - Bt
3 Xz Xrjin
X<q XR/ QXR/B,]] + - 3 )+
q q
(22)

Note that x,,, and X, , are absent in the last line.

@ Springer

For ¢ = t, there are interesting sum rules saying that
the r.h.s. is proportional to x,. For g # ¢, this remains true
only for antisymmetric x[;s]: in this case, only the last terms
in each second bracket contribute, and the g-dependence is
immediately eliminated. A non-trivial sum rule is, however,
still needed:

Xn
X Xpps—1 — \ Xy — w2 Kips—2
X2 X1
+<X[3] - t2 + t4 )X[l]sfii

X3 X211 X1
_<X[‘”_ 2 tTa T )X[IJS*“—}_"'

1—t=%
2-2,
t S) . X[l s =

_ 2
=14+t~ 4+.--+ i R

: X[l]s
(23)

Note that the empty diagram contributes somewhat differ-
ently, because it is associated with the zero hook, not unit,
and the corresponding contribution is removed from the 1.h.s.
of (22).

5. In fact, the factorization of & oy in (12),

P =gl g
is a general feature of exponential Hamiltonian. It takes place
atany choice of “background” times oy and B not obligatory
equal to 1 — =2 and ¢** — 1 (what happens at these par-
ticular values is an additional restriction to the single-hook
diagrams X and Y). One can increase the rank of the matrix
&y y to an arbitrary value M by taking a sum of exponential
Hamiltonians:

(@) k (@)
Olk Pz ) ( By 0 )
= Z — exp ( ———— | exp Z T
ok < 0px

k>0

(24)

M
S EL = Y xelpe =)
i=1
=8

Xy Pk (25)

Another general feature of the exponential Hamiltonians
is that the “chiral components” of §, , are the Schur polyno-
mials and therefore they are constrained by relations

> Nigxgle

ZeX®X'

xxlatx, fat = (26)

More sophisticated constraints of the same origins are
imposed on & , if H is a multi-linear combination of expo-
nentials like a higher Ruijsenaars Hamiltonian.

6. The higher Ruijsenaars Hamiltonians H,, are acting as
bilinears with only m-hook diagrams contributing. Indeed,
as explained in [53,54], these Hamiltonians are made from
the polylinear combinations of different harmonics of the
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exponential operator

L omk k
Vi (z) = exp (Z %)

k>0
2mk 2%k
" —1g*—1 09
" exXp <Z % % _>
=0 ok — 1 Z Pk
— Z lel—\Y\t(m—l)\Y\—lxlqlYl

XY
mk k
'Xx{pkz{tk}}Xy{pk:%}' X)%y
(27)
{"}4g")

(%}
than m hooks and we need a generalization of (20). It can be

obtained using formulas of the Appendix. Then, the higher
Hamiltonians H,, are fully localized at diagrams with no
more than m-hooks,

A= Y

X.Y:
hook x ,hooky <m

Now x [ Pk = ] = 0 for the diagrams X with more

SIX1 1Yl Exy - Xy Ky (28)

For instance, while the main Hamiltonian (6) is just H 1=
¢ dz—z V1(z), the second one is

. dz A (t?} (dz [ dz
Hy = —V - — <
2 56 z 2 {1}? 71 o)

(z1 — 22)°
(z1 — ?22)(z1 —1t7222)

Viz)Vi(z2) : (29)

If we expand it into characters as before, at most two-hook
diagrams contribute in the both terms. Indeed, this is the case
for the first term because of (27). As for the second term, we
note that

Vi) Vi(z2)

-y

X1,Y1,X2, 72

XX, [Pk = {tk}]sz{Pk = {t"}}xyl {Pk = {q"}]

X1|—1Y; X2|—1Y- Y Yol ,.—|X1|—|X
Z‘l 1 \1|Z|2 2 |2|q| H+Yal = 1X1 =1 X2

k A A
XXy, {Pk ={q }} * Xxy Xxy Xy X,
_ Z (_1)d1+dz+lzclll+b1—61—d1Zgz+b2—62—d2

aj.bi,ci.dj

Xq201+262+2(_t—2)b1+h2+1 {q}Z{t}Z

xNX NY Xx Xy (30)
1

lag+1.101 [ay +1.1921 ey +1.191 ] [y +1.192

Since the tensor product of two representations associated
with 1-hook Young diagrams contains not more than 2-hook
Young diagrams, X and Y in this formula are also not more
than 2-hook. However, though in each of the two terms &, ,
in (12) is factorized to the product £ - X, in the sum, it is
not. One can use formulas (68) and (68) from the Appendix

in order to evaluate the first termin (29), and (30) and integral
(69) in the Appendix in order to evaluate the second term and
obtain &, .

7. After these examples, we can return to (12) and ask how
to find &, , if the Hamiltonian is a priori unknown. We begin
from the question, what is the Hamiltonian if the eigenfunc-
tions Wy are already known. The formal answer is

A=) E W < HY=E- Y (31)
I

where U; is a dual operator with the property U0, =685
Our goal in Sects. 7-10 is to make this formula a little more
explicit for the case of symmetric functions.

This question makes sense already at the Schur level, but
we consider it directly for the Kerov functions, because there
is no much difference: in any case, we need to return to the
Schur case in Sect. 10. We remind from [46] that
Kerpip) =Y K& - x,.(p) (32)

1%

R.R'

The sum is actually triangular and goes over R’ < R w.r.t.
lexicographic or inverse lexicographic ordering. The two
orderings are not equivalent beyond the Macdonald locus
(3) and define two dual sets of Kerov functions, Ker{p} and
Iae/r{ p} (they actually deviate from each other starting from
level 6, where, for example, y in (1) vanishes for Ker, but
not for Ker). Concrete entries of the triangular Kostka—Kerov
matrices K(® and K@ can be easily calculated by orthogo-
nalization method w.r.t. the scalar product (2), and they have
interesting properties as functions of Kerov times {gx}. We
assume them known, see [65] for some examples. Then what
we need are the relations

ﬂKerR = Ep - Kerp

— Z K:R,R/ . (éX,Y “Xx Xpyy — Eg - XR’) -0
R, XY
(33)

If we assume that the sizes of X and Y remain the same, as
it was in the case of (6), &, , ~ §|x|,|y|, then at each level
n, where we have o, Young diagrams of the size n (¢’s can
be obtained from ), 0,4" =[], (1 — g™, there are o2
coefficients &, , and exactly the same number of equations
from (33). Indeed, there are o, choices for R, and the equa-
tion is a polynomial of p, i.e. the coefficients in front of all
the 0, monomials pa should vanish. Actually, counting is
a little less direct, because (33) contains contributions from
&y y with | X[, |Y] < |R]|, but &, with smaller X and Y
are defined in consideration of smaller R. In result, we have
equal numbers of variables and equations, and this means
that £x y can be unambiguously deduced from (33). This
can be done for any given set of eigenvalues {ER}, i.e. we
have an ), 0,-parametric set of Hamiltonians 7:{Q labeled

@ Springer
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essentially by Young diagrams rather than just by an integer:

7:{Q KCI‘R = KerR . (SR,Q (34)

The multiplicity nicely matches that of w operators. In terms
of these operators, the Hamiltonian (33) with a given set of
eigenvalues is

H=> EoHo
0

(35)

An explicit example of this construction for the first three
levels can be found in the Appendix.

8. Hamiltonians 7:lQ explicitly respect triangularity of the
expansion (32). To see this, introduce the set of g-independent
operators h g with the property

N

/’lQXR ZSR,Q (36)

which are actually counterparts of 7:[Q for the Schur polyno-

- Now, the triangularity implies,
=
for instance, that x,, in symmetric representation [r ] appears

only in the highest Kerov function Ker[,}, and does not con-
tribute to the expansion of all other Kery at the same level
|Q| = r. Therefore

mials,sz = )(51 . ﬂQ
8

Hyr) = Kerpy - g (37)

since it is sufficient for the operator Af, to annihilate all
Schur polynomials, except for x|, thus it can be (and is)
independent of the g-variables. However, the next operator
7:1[,_1,1] should annihilate not just x,, but a g-dependent

combination of x,,, and x,_, ,,, which enters Ker,}, and thus
it needs to depend on g. However, the only Kerov func-
tion, which contains Xp—1.11° and differs from Kerf,—1 1] is

(8)
Kerjr) = X + KXoy - - thus

Hir—1,11 = Kerpp—1,17 - (h[r—l,l] — /Cff]),[,_l] 'h[r]> (38)

An explicit example of this phenomenon is the coincidence
of two underlined operators in (79), as well as the coefficient
in front of the last term in the second expression for 7:([2, 17-In
general, H o are related to sz by an upper triangular trans-
formation with the transposed inverse of the Kostka—Kerov
matrix:

Ho =Kerg- Y Kghhs (39)
§$>Q
Indeed, then
7:(QKerR = Keryg - ZICEé/CRT}AZSXT
S, T
= Kerg Z’CEéICRS = Kerg - 0g,0 (40)
S

@ Springer

One can substitute expansion (32) into (39), which provides

. » .
Ho =) KspKor - xrhs
S, T

(41)

There is no sum over Q. Performing the sum, one gets the
identity operator

ZﬂQ = szﬁs
(0] S

which leaves every Schur polynomial, and hence every Mac-
donald and Kerov ones, intact:

Z Xsflg Kerg = Kerpg
N

(42)

(43)

For the dual Kerov functions, one gets their own Hamiltoni-
ans

Ho =Kerg -y Ky hs (44)
S

and there are obvious operators which convert Ker into Ker
and back:

fQ = KE/I‘Q . Z/Cgéilg
S
— 'j’Q Kerg = 6r,0 - IZ&‘R
’ZN'Q = Kerg - Zl@gé 125
S
— %Q K\CJI‘R = dR,p - Kerg 45)

9. Our next task is to construct the g-independent operators
hs explicitly. Note that fzs = X + - -+ with non-trivial cor-
rections, because we do not put all py = 0 in (36), thus
the standard orthogonality condition, mentioned in the first
paragraph of Sect. 4 is not enough.

Already the very first operator fz[ 17 has quite an inspiring
form clearly seen in the first line of (79):

}Al[l] = Z(—)‘X‘XX : Z )?y
X

YeXV®[l]
Generalization is obvious, and it is indeed true: for arbitrary

(46)

2 A

YeXV®eQ

(47)

To prove (36), one can apply the Cauchy formula (15) in the
form

ad
exp (—Zpk—a ) =Y O lpi ) @)
k P X
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to

Xelp+ 0 + 0"V =D Xy (PVxo 0+ 1"}
Y

= ZXR/Y{P}XY/Q{P/}XQ{PH} (49)

Y.Q
Then at the Lh.s., we get a shift of p’ by —p, and putting
p’ = 0 afterwards reduces it to x,{p”}. Comparison with

the r.h.s. gives:

XedPV = > (D pheyy (Yo (0"}
X,Y,0

x (XXV {p’}xwg{p’})

The last bracket imposes the condition that Y € Q® X", and,
comparing the terms with x,{p”} at both sides, we obtain
the desired relation

hy xelpy =Y ()X x (p}
X

(50)

p'=0

Z XR/y{p} :8Q,R

YeXV®Q
(51)

Note that the contributing to the sum at Q = R is just the
term with X = .

Equations (39) and (47) give a complete explicit construc-
tion of Hamiltonians for the Kerov functions (and in fact for
any system of symmetric functions defined by a linear trans-
formation of Schur polynomials with the matrix /).

This is, however, not yet the case when the dream came
true. The naive Hamiltonians (39) depend explicitly on the
Kostka—Kerov matrix, and can not be used to derive it. At
the same time, in the Macdonald case, there were very spe-
cial Ruijsenaars Hamiltonians (6), which do not refer to the
Kostka matrix, and could be used for its derivation. Despite
this is technically much harder than using the orthogonal-
ization procedure, still it is conceptually important that such
Hamiltonians exist. We do not discuss here what is so special
about (6) and what are the chances to find their counterparts
in the Kerov case.

10. The Ruijsenaars Hamiltonian (6) was described by a max-
imally degenerate (factorized) matrix &, ,, but instead it had
no free parameters in the set of eigenvalues, i.e. even in Mac-
donald case it was some peculiar combination of our Hamil-
tonians 7:[Q. In fact, to get the exponential Hamiltonian (6),
one should just substitute the eigenvalues (7) into (35) and
(41) and restrict the Kostka—Kerov matrix X to the Mac-
donald locus. However, since eigenvalues depend on Q, one
needs a generalization of the sum rule (42). Our next goal
is to reveal in the simplest example of the Appendix what is
a peculiar combination of ﬂQ leading to (6), and to explain
why the same factorizability (rank one) condition can not
be imposed outside the Macdonald locus (3). We can also
look at the weakened, say, rank-two condition and find what
is the corresponding extension of the Macdonald locus. In

fact, matrix &, , is not of rank 1 already at level 2, see (74).
However, one can make it degenerate by adjusting one of the
three eigenvalues:

281 EpEn
(g2 + gD Ep) — 2:Eq

Ejqy = (52)

One can repeat this trick at level 3, then all the three eigen-
values get expressed through E[1j and Ep):

38187 + g2) Eqy

Eping = 3 3 2
(283 + 32281 + g1 Epy + (g7 — 32281 —483)Eq
‘Epn
(82 + ) E%, + (82 — 3g2)Ep  E1y + 2g2 E2
E 81 T 82)Ep 81 82) 21 £(1] 82 L7
2,11 =
(87 + g2)Epp) — 282 E4
- 3g1(g% + g2)<(g12 + gz)E[ZQ] + (g% — 382)Ep Epy + Zngf)
3] =

(385 — 48583 + 3838 Epny + (6838287 — 28383 + 8¢3831) Eqny
(53)

Moreover, at this locus (in E-space) we get quite a nice fac-
torized formula

fact 2 (_)C+d . M
[a+1,101,[c+1,14] Em
(Efet11 — Efep) G4

which reproduces (6) at the Macdonald locus (3) in the g-
space, but does not work beyond it, starting from level 4,
where a two-hook diagram emerges for the first time. Let us
emphasize again that (54) should be considered not freely,
but for the eigenvalues restricted by conditions (52), (53),
etc, which, on the Macdonald locus, reduce to (7). We do
not know how to deform such a simple formula as Eq. (54)
beyond the Macdonald locus, at least the Kerov functions are
not the eigenfunctions of the operators that one can build from
this £t Note also that even if (54) would be true, it satisfies
(25) with the sum upper limit M = 1 but not obligatory (26),
i.e. the necessary conditions for an exponential Hamiltonian
to exist would not be fulfilled.

11. The question, however, remains, if one can get an expo-
nential Hamiltonian with M > 1. One option here is to look
for generalizations of the Macdonald locus (3) with the hope
that some factorization properties survive. Indeed, since the
vanishing property (20) played a role in construction of expo-
nential Hamiltonians, it is instructive that it has a generaliza-
tion to other loci:

{ tmk } .

Xr {Pk=W q }}=0 for hookg > m

m
X {Pk = n{qg}} =0 for hookg >2""!  (55)
a=1

which is a simple corollary of the general theorem: the Schur
polynomial y, is non-zero at py = Y., xk — >N, ¥k

iff R has no more than N hooks. One of the simplest

@ Springer
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ways to prove this theorem is to realize such a Schur poly-
nomial as a fermionic average of a product of fermions:

R = <H1N:1 Vv (x) - 1_[2’ lﬂiﬂalﬁva>, where , are
lengths of the vertical hook legs, and v, + 1 are lengths of
the horizontal ones [66]. One can also prove the theorem
using the hook determinant formula from the Appendix.

The properties (55) support the hope for factorization. As
oy
Ry
{¢*} appears in study of the higher Ruijsenaars Hamiltonians.
The second series px = [[,_; {qu} is naturally relevant for

considerations at the Freund—Zabrodin [41] locus

already mentioned in Sect. 6, the first series py =

{q}}
s = (15}

(56)

in the space of Kerov times g;. We leave a detailed analysis
of this possibility for the future.

12. Another question which we mentioned in the beginning
of this text is if one can define generalized functions with
the help of 7:[Q? Of course, for any system of, say, two-point
generalized functions

Kerg o/{p. p'}

>

(8.81=(Q,0")

Ko.01s5.5 - xs{PIxg {p) (57)

defined by a triangular transformation of the bi-linear Schur
basis, there is a direct generalization of (35) and (39):

H=7) Eoq¢ Hoe (58)
0.0
Hoo =Kergor Y Kglgo ohstphsip') (59)
(5.5)=(0.0")

which defines a Hamiltonian for arbitrary set of the eigen-
values:

ﬂKCI‘Q,Q/ = EQVQ' . KerQ,Q/ (60)

The question is, however, to find arestricted sub-set of Hamil-
tonians which could be described with no explicit reference
to the generalized Kostka—Kerov matrix A and thus could be
used to define it.

In the Macdonald case, such interesting Hamiltonians
exist [53,54], and are given by simple sums of Ruijsenaars
exponential Hamiltonians with a simple triangular mixing
of time sets {p} and {p’}. More precisely, the first one is
obtained from (6) and (19) by the transformation

Hl{p}—Zs”xx{p}ch — H{p. |0}

1
—Zé (xx{p RrAp+ 5 - XA+ epidp })

(61)

@ Springer

with the deformation parameter A~2. At the Macdonald
2k
locus, the mixing is p; + expx with e = 1 — (é) made

from the third item of the DIM triple ¢, ¢!, t¢g~! [34].

13. To conclude, in this paper we constructed a full set of
Hamiltonians for Kerov functions. This is a superficially
large set, and it can not help to define the functions per
se, because our Hamiltonians explicitly contain the Kostka—
Kerov matrix, i.e. they use it as an input rather than serve
as a tool to define the Kerov functions. In other terms, they
demonstrate super-integrability, but lack the advantage of (6)
and its relatives, which formed a smaller set of operators
depending on parameters ¢ and ¢ in a simple explicit way,
not through the Kostka—Macdonald matrix, and thus could
serve its definition. The fact that the peculiar properties of the
Hamiltonians in the Schur case have generalizations to other
loci gives a hope to lift the construction, say, to the Freund-
Zabrodin generalizations of the Macdonald locus, but this is
beyond the scope of the present paper. Our main goal was
to demonstrate that the notion of Kerov Hamiltonians has a
clear meaning, and to make a setting for the next attacks on
this interesting problem.

Acknowledgements This work was supported by the Russian Science
Foundation (Grant No.16-12-10344).

Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [ Authors’ Comment: This is a theoretical
study and no experimental data has been listed.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP?.

Appendix

Schur polynomials as determinants of the hook con-
stituents. Here we write down the determinant representation
of the Schur polynomials in terms of hook constituents fol-
lowing [66,67]. These formulas are convenient for dealing
with diagrams with a restricted number of hooks.

First of all, let us note that, as follows from the Cauchy
formula (15),

szk
exp | D= ) = D " (62)
k n


http://creativecommons.org/licenses/by/4.0/
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On the other hand, since N[if] = 8% 1a.10) T 0x [a+1.10-1]

and x, {px} = (=¥ x, (—pe).

X1ty = (DI  xipi{—pidxia— ok} (63)
jz0

Then, for the Young diagram R consisting of n hooks with
vertical leg length b; + 1, and horizontal leg lengths a;, i =
1...n, the Schur polynomial reads

XR = 15(?,3':5}1 X[ai’ lbj] (64)
An example: the second Macdonald Hamiltonian. Here
we demonstrate in detail how the formulas work in the case
of the second Macdonald Hamiltonian (29).

In the first term of (29), non-vanishing are contributions
of 1-hook diagrams with?

[tl]+l.l”1]{pk = (tk + tik){qk}}
— (_)b|+lqal—b1

X

atia/n) (101 ma=hi=) — g (e + (g /i)
{)?

and of the two-hook diagrams with (using (64))

ok kg k
X[al+l,a2+l,2b2,lb17h2*l]{pk = (t +t ){f] }}

= ()Phgmt e g g g /1)
{tal—az}{th1+l—b2}

{r}?

As for the second term, the product of two V; is

Viz)Vi(z2)

z% 1
1+ {1} Xm +3 2 ! Xy — X[l.l] +--

2 1t can be obtained using (63) from

(68)

{1y + ¢4y
{r}

—1
ety —

sl e = @ +1790h ) =
(65)

In the simplest way, this latter is obtained from the generating function
of symmetric Young diagrams in this case:

I | e = >t —h) = 1‘[“”"’ (66)

l—x,-z

ie.
X[aJ{Pk =) (- yf)} (67)

_xf = n A y2) yiya/xn) — x5 (o — (1 + y2) + yiy2/x2)

X1 — X2

with x| = qt,xo =q/t, y1 =t/q, y» = 1/(q1).

2
22 22 1
(1 + {t} <7X[1] + 2 (f X — 7 X[l,l]) + ))
2
q q I,
21 zl 61
2
q . q . L,
I+{g}| —x +—<qx - =X >+
( 0 [1] Z% [2] q [1.1]

When this operator acts on particular x, only a few terms
in the last two brackets contribute, providing a polynomial
in zl_l and z, ! of the common degree | R|. For example, the
action on xy1,1] = Mac,, |, gives

1+ {q} 1)2[11 +¢]_§ <CI)%[2] _l)%u 1J> +oe
21 ] q '
2
q q 1
Xo e —x +—-(——)
( o M z% q
q 1
= X1 + {q} ( Xm <_ _>>
2 q
qiq} qlq}
+— <Xm +— (
7] 22
1 1
=xon Talat x|\ —+—
1 22
L1 a*lq)’
—q{q} <—2 + —2) +
a
Now we need to multiply by the first two brackets, but pick

2122
up only the terms of total grading zero, since they will be
selected by the contour integrals over z; and z5:

)

: ‘71 (Z])‘}I (z2) : X1

2

{r} } 2
—_ 1 + T(Z] + ZQ,)X“J + _2(Z1Z2)X[1]

t
{ } 1
P @+ (1 xp — 7 X
1 1
: X[l,l] + CI{CI}X[I] Z + 5
L1 4e)
—qi{q} (—2 + —2> +
1] 5 2122

qlgit} (@1 +22)* 5
X
t 7122

— Xun T

CqlglP i —algnnt+ s,
t2

2122 [1]
_qlghn) (& —ald)ni + ) (& + )
5 273

1
X (t Xy = 7 X[l.u)

@ Springer
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It remains to substitute the integrals

{t_z} dzlfdzz (z1 — 22)? <Z_1)
{1}? 22 (21 —1222)(z1 —17222) \ 22

{t#"} for m > 0

= % for m =0 (69)

0 form<O

to get

{t_2} dZ1 % dzp (z1 — 22)?
{1}? 22 (21 —t?22)(z1 — 17%22)
{1?)

+—q{qt}{t}({t2}+2 %4‘0) 2

q{q}{ 1)? {t%)
T (17 - gl ),

Vi@EVi@) Xy, =

q{q}{ }

(¢ - atater +21 +0-40)

{1}?
1
I X — PRAGEY

This answer contains both y, and x ,,, thus x,,, =
Mac, ,; is not an eigenfunction of integrated : Vi) Vi(z2) :
This is cured by adding § % Vs (2):

dz »
? VZ(Z) Xll‘lJ

q 1 .
= {1 + (g (1 + )

+{6]}{I2}<%})2 <tX[2] - %X[l,l]) <<q[3]l - é)i[zl
)

2,4 I
X[l.l] + {q}{t };(t + ;)X[I]

) (1) (g - [Zi) <t2X[2] - t%x“.u) (70)

Together they provide an answer, proportional to x, ,, =
Mac, ,:

H2 X[],]]

2<q4(t8 — =+ )+ P+ -2 -+ 1)
== “ Xy

17t}
(71)

@ Springer

An example: Hamiltonians 7 at the first three lev-
els. Here we consider the first three levels in order to illustrate
the construction of the Hamiltonians H . Note that (33) are
formulated entirely in terms of skew Schur polynomials, what
makes the calculations easy (once the Kostka—Kerov matrix
is available from [68]).

e Level 1. Here R = 1, Ker[1] = pi and

e Level 2. This example is already 1nf0rmat1ve. We have

2
two Kerov functions Keryj 1 = pz;pl = xn,1] and
2 2 2
Kerp) = £2781 . — Z8IPTEP Thyg the
21 X2+ gz+812 XL g2+g|2
two equations in (33) are:
» 2
(H — EpapKerpy ) = 5[1].[1])([1] + 5[2],[1,1])([2]

+(Ehy — Ena) X =9

» 2
(R — EpyKerp) = (5[114[1])([1] + (5121,[21 - E[2])X[21

& Xnn)
2
82— 8] 2
+g2 + g (5[1],[1])([1] + &0 X
+Ernn — EeDxpn) =0 (72)
We used here the fact that x,,,; = X,y and can fur-

ther use X[2” = Xq T Xpu.1,- Moreover, the first equa-
tion implies that, in the last line, we can substitute the
bracket for just (E[1,1) — E21) X;,,y» 1-€. @ non-trivial g-
dependence appears only in the coefficient of x, ;>
not of x, . In other words, we get a system

=Enn— &y = Enn— En

=& = —Em

_ 82_81
82+g

Ep = B2 — &y = En2) — Eqn (73)

5 (Ep21 — Epy) — Enn

Epnn — En

£ = (74)

82— gl _ _
orer Fr— Enn) — Emy Epy — Eqy

Thus, at this level, we can already collect all the terms
proportional to E|1j, and reveal the structure of the sim-
plest Hamiltonian (34):
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(828D (Epi n—Ep) (g2—8D)(Ep, 1] Epy) (2g3-38281+8)(Epi.n—Ep.1)

E — Epy Epy — Epog + =snnztm) | opoy g i n ; , S
(1.1.1] (L1 = (.11 Q2+87 s+l 2¢3+3g281+87
+2<g3—g?><Elz,IJ—EU,I,.J) +(gzgz—sgzg%+2gzg%)(Elsj—Elz,.p
2¢3+3g281+8} 2283+38387+28287

2¢2(Er—Ep, ) +282(Em—Ep)  —(g2—g)(Ep—En, ) +2g2 (Emn—Epy) 2g2(g3— g)(Em Ep.11)

En—Epy Epn+— > ' e 3

g2+87 82+87 g2g3+3gsg1 +2g287

Ep Epy — Epy Ep3) — Epy

Hin = XX — Uy + X)) Ky + Kp) + -

= X - ()%m = Xy - Ky + Kyg) +--

(75)

associated with the eigenvalue E[j
except for x,

: it annihilates all x,

A

Hixg = Xz - Or.11] (76)

Also seen at level two are the two other Hamiltonians, but

Now one can read off the level-three contributions to the
Hamiltonians:

only the first terms can be defined:

» _ A 82-87 5 08 »
Hin = X (X[l.l] g2+g£ X+ ) Kerpr.1y - (X”-” gz—&-gé Xoyp 7t ) (77)
N 82-g} - -
Hpy = X[z]Xz + g2+g]2 XunXy = Kerpy; - X+
Note that, while H|p zinnihilates X[1,1] = Ker[l 1 Hyy = Xen X — Oy + X)) Ky + o)
the other Hamlltoman ‘H[1,1] annihilates not x|z, but TGt 1 4 XD R
[2,1] 31 [1,1,1]
Kerpy) ~ X T g2+g2 VORIE + (X T 2xp0 T X[}]))z[z.l]
e Level 3. Now +(X[1,1.1] + X[2V1])5€[3] +
= Kery; ()2 — Xy - Ky + Xoyy)
Ker(i 1.1 = X [1] \ (1 A|11 2] [1.1]
Kerp, 11 = xpy + 20gs — g}) X e
211 B0 2g3+3gag1 +g7 T Fxer Ky + X)) + )
2¢2(g3 — &3) 5 . g —gi .
Kerp) = X3 + ) : 3 X2 Hin = X“f“(X“"' )+ g2 X”')
8382 + 38387 + 28287 g+ 87
8382 — 3g3g1 + 2g231 78 _(AX”’I’” +AX[2'”)
+ 3 XLy (78) (R + sz,n)

838> +3g387 + 28283

From these formulas, one can calculate the level-3 block
of the matrix & ,:

82
+g2T (Xz Than X[3J))
= Kerqy, 13
. (()2[1,1] - X[]]()z[m]] + )2[2']]) + .. )
2
82— &8 . . R
_g2 - g12 : (X[zl = Xy Ky + X))+ ))

@ Springer
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Hy = Xy (2[1.1.11 -

g — g} o)z
2 +g% [1,1] 2]

2
82 — 8]
- <(X[2,1] + X)) + ngglz Ot + X[2,11)>

Hpy = (Xm +

()?[1.2] + 2[31) +-

= Kerp) - ()2[2] — X Koy + X)) + - )

2(g3—8)) .

5 a3 X
2¢3 +3g2g1 + g3 "

L 283 = 38281 F g .
2¢3+3g2g1 + g

+-Hp = Xon Ap

_2pmed)
2g3 +3g281 + gf IRRIR(FRY
282(83 — &7) R
3 X X

283 + 38387 +2828;
(28— 3p81 +g
2¢3+ 38281 + &}

283 — 38387 + 28287

8283 + 38387 + 28287
= Ker[z,l]

) Xt ')%BJ + ...

s 2¢2(g3 — &) PR
BU gg3 +3g387 + 28287

N (82g3 — 38387 + 2828}
Hiz) =

X
283 + 3838} +2g287 "M

2¢2(g3 — g}) >

X + X
8283 + 3838} +2g2g; T

')2[31 + - = Kerp - )2[3] +-- (79)
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