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Abstract In this short note we analyze canonical descrip-
tion of T-duality along light-like isometry. We show that T-
duality of relativistic string theory on this background leads
to non-relativistic string theory action on T-dual background.

1 Introduction and summary

It is well known that two string theories, one defined on the
background with compact dimension of radius R, and the
second one defined on background with compact dimension
of radius R′ = α′

R , are equivalent. This duality has its origin
in the extended nature of the string when we can exchange
momentum with winding numbers, respectively. The most
powerful description of such a duality is given in terms of
Buscher’s rules [1,2] of the transformations of the back-
ground fields under T-duality. More explicitly, we start with
string sigma model on the background where the background
metric possesses one isometry. Then we gauge this isometry
so that this is now local symmetry on the string world-sheet
when we introduce corresponding covariant derivative and
two dimensional gauge field. Since this gauge field has to be
non-dynamical in order not to change physical content of the
theory we add to the action term that ensures that the field
strength of this gauge field is zero on shell. As the next step we
fix the gauge when we take the world-sheet mode that param-
eterizes direction with gauged isometry to be zero. Then we
can solve the flatness of the gauge field by introducing a new
scalar mode that parameterizes the string propagating along
dual coordinate where now the background fields are related
to the original ones through Buscher’s rules.

There is an alternative approach to this standard treatment
of T-duality which is description of T-duality with the help
of canonical transformations [3,4]. This procedure is based
on the Hamiltonian form of string in the background that
possesses an isometry. Then we perform specific canonical
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transformations of the world-sheet mode and its conjugate
momenta that correspond to coordinate along this isometry.
As a result we obtain a new Hamiltonian for dual theory.
Finally we perform inverse Legendre transformations to T-
dual Lagrangian with the background fields again determined
by Buscher’s rules.

While this procedure is well established for space-like
isometry the case of light-like isometry is much less known
and analyzed. The aim of this short note is to focus on
this problem, inspired by recent analysis of T-duality in the
context of non-relativistic string theories [5,6], where non-
relativistic strings were firstly introduced in seminal papers
[7,8].1 In fact, as we will show explicitly in the next section,
the canonical analysis of T-duality for string with light-like
isometry leads to T-dual action where the kinetic term for
dual coordinate is missing. Then in order to solve this prob-
lem we introduce two auxiliary fields λ+ and λ− in such
a way that the original Lagrangian is quadratic in coordi-
nate that we dualize. However we still have to ensure that
solving equations of motion for λ+, λ− we return to the
original Lagrangian density. When we have an extended
Lagrangian density we can find its Hamiltonian form and
then we perform canonical transformation corresponding T-
duality along original light-like coordinate. From this T-dual
Hamiltonian we derive corresponding Lagrangian density
and we find that the background fields transform according to
Buscher’s rules. The most remarkable fact concerning T-dual
Lagrangian density is that it is linear in auxiliary fieldsλ+, λ−
that is characteristic property of non-relativistic string theory
action [5,7,10]. To see this in more details we solve the equa-
tions of motion for λ+, λ− that imply that Lagrangian density
has the form of non-relativistic string with specific induced
world-sheet metric. Clearly for the form of background that
was studied in [5,6] the non-relativistic string corresponds to
string in stringy Newton–Cartan background. We also show

1 For related works, see for example [9–16].
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that the relativistic background with given components of
the metric and NSNS two form maps to the family of non-
relativistic backgrounds that are related by field redefinitions
which is in agreement with the paper [5].

We mean that this result is very interesting since it shows
that string theory on the background with light-like isome-
try is T-dual to specific form of non-relativistic string. This
could be very useful for the quantum description of string
theory on the background with light-like isometry, following
recent interesting paper [10]. It would be also very interesting
to extend the canonical analysis of T-duality transformation
presented in this paper to the case of Green–Schwarz super-
string. We hope to return to this problem in future.

This paper is organized as follows. In the next Sect. 2 we
review canonical treatment of T-duality and we show diffi-
culty with its application on the case of string in the back-
ground with light-like isometry. Then in Sect. 3 we perform
T-duality transformation in case of the extended action and
we show that it leads to non-relativistic string in T-dual back-
ground.

2 T-duality in canonical formalism

In this section we review basic facts about T-duality as a
canonical transformations, following [3,4]. Let us be more
concrete with the definition of the canonical formalism in
case of the bosonic string. We have two sets of canonical
variables: pμ, xμ where μ, ν = 0, . . . , 25 and their duals:
p̃μ, x̃μ where we demand that both canonical variables give
equivalent equations of motions. In other words we demand
that the string action can be written in two equivalent ways

S =
∫

dτdσ(pμ∂τ x
μ − H)

=
∫

dτdσ( p̃μ∂τ x̃
μ − H̃) +

∫
dτ

dG

dτ
, (1)

where G is generating function of canonical transformations
and where we label world-sheet of the string with two coor-
dinates τ and σ . It is well known that there are four possible
forms of the generating function that differ in dependence on
two sets of canonical variables. In our case we presume that
they depend on original and dual variables, in other words
G = G(x, x̃). We presume that G = ∫

dσG and hence we
can write

pμ∂τ x
μ − H(xμ, pμ) = p̃μ∂τ x̃

μ − H̃(x̃μ, p̃μ) + ∂G
∂τ

+ δG
δxμ

∂τ x
μ + δG

δ x̃μ
∂τ x̃

μ (2)

so that comparing we obtain relation

pμ = δG
δxμ

, p̃μ = − δG
δ x̃μ

,

H̃(x̃μ, p̃μ) = H(xμ, pμ) + ∂G
∂τ

. (3)

This is general form of canonical transformation for
bosonic string. In case of T-duality transformation we pre-
sume that G does not explicitly depend on τ . Further, we
perform canonical transformation with respect to one coor-
dinate, say x25 ≡ y that labels isometry direction. In this
case the generating function has the form [3,4]

G(y, ỹ) = T

2

∫
dσ(∂σ y ỹ − y∂σ ỹ), (4)

where T = 1
2πα′ is string tension. Let us denote momentum

conjugate to ỹ as pỹ . Then from the definition of the canonical
transformations we derive following relation between ỹ and
pỹ in the form

pỹ = −δG

δ ỹ
= −T ∂σ y,

py = δG

δy
= −T ∂σ ỹ. (5)

With the help of these relations we obtain dual Hamiltonian
when we replace ∂σ y with − 1

T pỹ and py with −T ∂σ y. Let us
now be more explicit and consider Polyakov string action in
background with light-like isometry along y direction which
means that all background fields do not depend on y explicitly
and also that the metric component Gyy is absent. Then the
Lagrangian has the form

L = −T

2

√−γ [γ αβ∂αx
i∂βx

jGi j + 2γ αβ∂αx
iGiy∂β y]

−T

2
εαβBμν∂αx

μ∂βx
ν, (6)

where εαβ = −εβα, ετσ = 1 and where i, j = 0, . . . , 24.
Let us introduce following 1 + 1 parameterization of the
world-sheet metric γαβ as

γαβ =
(−N 2 + Nσ ωNσ Nσ ω

Nσ ω ω

)
,

γ αβ =
(

− 1
N2

Nσ

N2
Nσ

N2
1
ω

− Nσ Nσ

N2

)
(7)

so that the Lagrangian has the form

L = −T

2
N

√
ω

[
−∇nx

iGi j∇nx
j + 1

ω
∂σ x

i∂σ x
jGi j

−2∇nx
iGiy∇n y + 2

ω
∂σ x

iGiy∂σ y

]

−T Bμν∂τ x
μ∂σ x

ν, ∇n ≡ 1

N
(∂τ − Nσ ∂σ ). (8)

From (8) we obtain conjugate momenta

pi = T
√

ωGi j∇nx
j + T

√
ωGiy∇n y − T Biμ∂σ x

μ,

py = T
√

ωGyi∇nx
i − T Byμ∂σ x

μ.
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pN ≈ 0, pω ≈ 0, pNσ ≈ 0, (9)

where pN , pω, pNσ are momenta conjugate to N , ω and Nσ ,
respectively. Then performing standard analysis we obtain
the Hamiltonian density in the form

H = N

2T
√

ω

(
πi G

i jπ j + πyG
yyπy + 2πyG

yiπi

+T 2Gi j∂σ x
i∂σ x

j + 2T 2∂σ x
iGiy∂σ y

)

+Nσ (pi∂σ x
i + py∂σ y), (10)

where πμ = pμ + T Bμν∂σ xν and where the inverse metric
Gμν has following form

Gyy = − 1

Gyi G̃i jG jy
, Gyj = GykG̃k j

GyiGi jG jy
,

Gi j = G̃i j − GykG̃kiGyl G̃l j

Gyi G̃i jG jy
, (11)

where G̃i j is metric inverse to Gi j so that G̃ikGkl = δil . From
(10) we also see that it is convenient to introduce N τ = N

2T
√

ω

so that ω disappears from the Hamiltonian as expected.
Then following previous general discussion we perform

T-duality in (10) when

pỹ = −T ∂σ y, py = −T ∂σ ỹ (12)

so that

πy = −T ∂σ ỹ + T Byi∂σ x
i = −TV,

πi = pi + T Bi j∂σ x
j + T Biy∂σ y = ki − Biy pỹ . (13)

Inserting these results into (10) we obtain T-dual Hamiltonian
constraint in the form

HT
τ = T 2VGyyV − 2T (ki − Biy pỹ)G

iyV

+ (ki − Biy pỹ)G
i j (k j − Bjy pỹ) +

+ T 2Gi j∂σ x
i∂σ x

j − 2TGiy∂σ x
i pỹ . (14)

We see that for zero NSNS two form the Hamiltonian con-
straint is linear in pỹ which suggests possible difficulties with
this theory. This can be also seen even in case of non-zero
Bμν when we determine corresponding Lagrangian. In fact,
using (14) in the T-dual Hamiltonian HT = ∫

dσ(N τHT
τ +

NσHT
σ ) whereHσ = pi∂σ xi+pỹ∂σ ỹ we obtain time deriva-

tives of xi and ỹ as

∂τ x
i =

{
xi , HT

}
= 2N τGi j (k j − Bjy pỹ)

−2N τTGiyV + Nσ ∂σ x
i ,

∂τ ỹ =
{
ỹ, HT

}
= 2N τT BiyG

iyV

−2N τ BiyG
i j (k j − Bjy pỹ)

−2N τTGiy∂σ x
i + Nσ ∂σ ỹ (15)

and hence we find

Y = −Bi ỹ X
i − 2N τTGi ỹ∂σ x

i , Y = ∂τ ỹ − Nσ ∂σ ỹ,

Xi = ∂τ x
i − Nσ ∂σ x

i (16)

which means that there is no relation between ∂τ ỹ and conju-
gate momenta. In fact, if we proceed further we obtain naive
T-dual Lagrangian density in the form

LT
naive = 1

4N τ
XiGi j X

j + TGiyVGi j X
j

+ N τT 2GiyVGi jG
jyV − N τT 2VGyyV

− N τT 2Gi j∂σ x
i∂σ x

j − T Bi j∂τ x
i∂σ x

j (17)

and we see that the kinetic term for T-dual variable ỹ is absent
which is not satisfactory result. In the next section we will
try to resolve this puzzle by introducing two auxiliary fields.

3 Extended Lagrangian and T-duality

In order to resolve this puzzle let us introduce an equivalent
form of the Lagrangian density to the original one (8). To do
this we introduce two auxiliary fields λ+ and λ− and consider
following Lagrangian density

L = −T

2
N

√
ω

[
−∇nx

i Ĝi j∇nx
j + 1

ω
∂σ x

i∂σ x
j Ĝi j

− 2∇nx
i Ĝiy∇n y + 2

ω
∂σ x

i Ĝiy∂σ y

−∇n yĜ yy∇n y + 1

ω
∂σ yĜ yy∂σ y + λ+A

+ λ−B + λ+λ−
]

− T B̂μν∂τ x
μ∂σ x

ν, (18)

where now we have to choose A and B in such a way to
ensure that Ĝ ỹ ỹ = 0 after solving equations of motion for
λ+ and λ−. Explicitly, from (18) we find their equations of
motion in the form

λ− = −A, λ+ = −B. (19)

Inserting these results into (18) we obtain that they give fol-
lowing contribution to the Lagrangian density

− T

2
N

√
ω[λ+A + λ−B + λ+λ−] = T

2

√
ωNAB. (20)

As the next step we presume that A and B have the form

A = ∇nx
iAi + ∇n yY+ − 1√

ω
[∂σ x

iAi + ∂σ yY+],

B = ∇nx
iBi + ∇n yY− + 1√

ω
[∂σ x

iBi + ∂σ yY−], (21)

so that

AB = ∇nx
i∇nx

jAiB j + ∇nx
i∇n y(AiY− + Y+Bi )
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+ 2√
ω

∇nx
i∂σ x

j (AiB j − AiB j )

+ 1√
ω

∇nx
i∂σ y(Y−Ai − Y+Bi ) +

+∇n y∇n yY+Y− + 1√
ω

∇n y∂σ x
i (Y+Bi − Y−Ai )

− 1

ω
(∂σ x

i∂σ x
jAiB j + ∂σ x

i∂σ y(AiY− + BiY+)

+ ∂σ y∂σ yY+Y−). (22)

For simplicity we begin with our analysis with the minimal
case when Ai = Bi = 0.

3.1 Minimal case

First of all we should demand that when we solve the equa-
tions of motion for λ+, λ− the Lagrangian (18) with addi-
tional contribution given in (22) reduces to the original one
with Gyy = 0. This condition implies

Ĝ yy + Y+Y− = 0 (23)

that can be solved as Y+ =
√
Ĝ yy,Y− = −

√
Ĝ yy . In this

case (22) is equal to

AB =
[
∇n y∇n y − 1

ω
∂σ y∂σ y

]
Y+Y−. (24)

Inserting this result into (18) and comparing with (8) we
obtain following relation between original metric and NSNS
two form fields and hatted ones:

Gi j = Ĝi j , Giy = Ĝiy, Bμν = B̂μν. (25)

Now we return to (18) that for Ai = Bi = 0 has the form

L = −T

2
N

√
ω

[
−∇nx

i Ĝi j∇nx
j − ∇n yĜ yy∇n y

−2∇nx
i Ĝiy∇n y + 1

ω
∂σ x

i∂σ x
j Ĝi j

+ 2

ω
∂σ x

i Ĝiy∂σ y + 1

ω
∂σ yĜ yy∂σ y

+λ+
(

∇n y− 1√
ω

∂σ y

)
Y++λ−

(
∇n y+ 1√

ω
∂σ y

)
Y−

+λ+λ−
]

−T B̂μν∂τ x
μ∂σ x

ν . (26)

As the next step we proceed to the canonical formalism. From
Lagrangian density given above we obtain

pi = T
√

ω[Ĝi j∇nx
j + Ĝiy∇n y] − T B̂iν∂σ x

ν,

py = T
√

ω

[
Ĝ yy∇n y + Ĝ yi∇nx

i − 1

2
λ+Y+

−1

2
λ−Y−

]
− T B̂yi∂σ x

i

pN ≈ 0, pω ≈ 0, pNσ ≈ 0 pλ± ≈ 0, (27)

and hence Hamiltonian density has the form

H = N

2
√

ωT

(
πi Ĝ

i jπ j + 2πi Ĝ
iy

(
πy + T

2

√
ωλ+Y+

+T

2

√
ωλ−Y−

)
+

(
πy + T

2

√
ωλ+Y+

+T

2

√
ωλ−Y−

)
Ĝ yy

(
πy + T

2

√
ωλ+Y+

+T

2

√
ωλ−Y−

))
+ T N

2
√

ω
∂σ x

i Ĝi j∂σ x
j

+ T N√
ω

∂σ x
i Ĝi j∂σ y + T N

2
√

ω
∂σ yĜ yy∂σ y

− T N

2
λ+∂σ yY+ + T N

2
λ−∂σ yY−

+ T

2
N

√
ωλ+λ− + NσHσ . (28)

Performing rescaling
√

ωλ+ = λ̃+,
√

ωλ− = λ̃− (29)

and introducing N τ = N
2
√

ωT
we can rewrite the Hamiltonian

density into the form

H = N τHτ + NσHσ , (30)

where

Hτ = πμĜ
μνπν + TπμĜ

μy(λ̃+Y+ + λ̃−Y−)

+ T 2

4
(λ̃+Y+ + λ̃−Y−)Ĝ yy(λ̃+Y+ + λ̃−Y−)

− T 2λ̃+∂σ yY+ + T 2λ̃−∂σ yY− + T 2λ̃+λ̃−

+ T 2∂σ x
μĜμν∂σ x

ν, Hσ = pμ∂σ x
μ. (31)

Now we are ready to proceed to T-duality transformation that,
according to the general discussion presented in previous
section, is given by following transformations

py = −T ∂σ ỹ, pỹ = −T ∂σ y (32)

so that

πy = −T ∂σ ỹ + T B̂yi∂σ x
i = −TV ,

πi = ki − B̂iy pỹ, ki = pi + T Bi j∂σ x
j . (33)

Inserting this result into (31) we obtain T-dual Hamiltonian
constraint in the form

HT
τ = Hτ (py = −T ∂σ ỹ, ∂σ y = −T−1 pỹ)

= (ki − B̂iy pỹ)Ĝ
i j (k j − B̂ j y pỹ)

− 2T (ki − B̂iy pỹ)Ĝ
iyV + T 2V2Ĝ yy

+T (ki − B̂iy pỹ)Ĝ
iy(λ̃+Y+ + λ̃−Y−)

− T 2VĜ yy(λ̃+Y+ + λ̃−Y−)

+T 2

4
(λ̃+Y+ + λ̃−Y−)Ĝ yy(λ̃+Y+ + λ̃−Y−)

123



Eur. Phys. J. C (2020) 80 :103 Page 5 of 8 103

+ T λ̃+ pỹY
+ − T λ̃− pỹY

− + T 2λ̃+λ̃−

+T 2∂σ x
i Ĝi j∂σ x

j − 2T ∂σ x
i Ĝiy pỹ + pỹ Ĝ yy pỹ .

(34)

As the next step we derive corresponding Lagrangian density.
With the help of Hamiltonian HT = ∫

dσ(N τHT
τ +NσHT

σ )

we obtain following equations of motion

Xi = 2N τ Ĝi j (k j − B̂ j y pỹ) − 2N τT ĜiyV

+ T N τ Ĝiy(λ̃+Y+ + λ̃−Y−),

Y = −B̂iy X
i + N τT (λ̃+Y+ − λ̃−Y−)

− 2T N τ ∂σ x
i Ĝiy + 2N τ Ĝ yy pỹ, (35)

where

Xi = ∂τ x
i − Nσ ∂σ x

i , Y = ∂τ ỹ − Nσ ∂σ ỹ. (36)

Now we see that we can express pỹ from the last expression
as

pỹ = 1

2N τ Ĝ yy
(Y + B̂iy X

i − N τT (λ̃+Y+ − λ̃−Y−)

+ 2T N τ ∂σ x
i Ĝiy). (37)

To proceed further we have to introduce metric inverse to
Ĝi j . It is easy to see that it has the form

G̃i j = Ĝi j − 1

Ĝ yy
Ĝiy Ĝ y j (38)

that obeys

G̃i j Ĝ
jk = δki , G̃i j Ĝ

j y = − Ĝiy

Ĝ yy
. (39)

Then we find

(ki − B̂iy pỹ) = 1

2N τ
G̃i j (X

j + 2N τT Ĝ jyV

− T Ĝ jy N τ (λ̃+Y+ + λ̃−Y−)) (40)

and hence after some calculations we obtain T-dual
Lagrangian density in the form

LT = pi∂τ x
i + pỹ∂τ ỹ − N τHT

τ − NσHT
σ

= 1

4N τ
(g′

ττ − 2Nσ g′
τσ + (Nσ )2g′

σσ )

− N τT 2g′
σσ − T B ′

μν∂τ x̃
μ∂σ x̃

ν

+ T

2
N τ λ̃+

(
∇nx

i Y
+

Ĝ yy
(Ĝiy − B̂iy) − ∇n ỹ

Y+

Ĝ yy

+2T ∂σ ỹ
Y+

Ĝ yy
− 2T

Y+

Ĝ yy
(Ĝiy − B̂iy)∂σ x

i

)

+ T

2
N τ λ̃−

(
∇nx

i Y
−

Ĝ yy
(Ĝiy + B̂iy) + ∇n y

Y−

Ĝ yy

+2T ∂σ ỹ
Y−

Ĝ yy
+ 2T ∂σ x

i Y
−

Ĝ yy
(Ĝiy + B̂iy)

)

− N τT 2λ̃+λ̃−
(

1 + 1

Ĝ yy
Y+Y−

)
, (41)

where

g′
αβ = G ′

μν∂α x̃
μ∂β x̃

ν, x̃μ ≡ (xi , ỹ) (42)

and where

G ′
i j = Ĝi j − 1

Ĝ yy
Ĝiy Ĝ y j + 1

Ĝ yy
B̂iy B̂ j y,

G ′
i ỹ = B̂iy

Ĝ yy
, G ′

ỹ j = − B̂y j

Ĝ yy
, G ′

ỹ ỹ = 1

Ĝ yy

B ′
i j = Bi j − Ĝiy

Ĝ yy
B̂y j − B̂iy

Ĝ yy
Ĝ y j ,

B ′
i ỹ = Ĝiy

Ĝ yy
, B ′

ỹ j = − Ĝ y j

Ĝ yy
(43)

that are standard Buscher’s rules [1,2]. However the crucial
point of the T-dual Lagrangian is an absence of the term
proportional to λ̃+λ̃− since Y+Y− = −Ĝ yy from definition.
In fact, let us introduce more compact notation

A′
μ =

(
Y+

Ĝ yy
(Ĝiy − B̂iy),− Y+

Ĝ yy

)
,

B′
μ =

(
Y−

Ĝ yy
(Ĝiy + B̂iy),

Y−

Ĝ yy

)
, (44)

so that the Lagrangian density can be written as

LT = 1

4N τ

(
g′
ττ − 2Nσ g′

τσ + (Nσ )2g′
σσ

)

− N τT 2g′
σσ − T B ′

μν∂τ x̃
μ∂σ x̃

ν

+ T

2
N τ λ̃+ (∇n x̃

μA′
μ − 2T ∂σ x̃

μA′
μ

)

+ T

2
N τ λ̃− (∇n x̃

μB′
μ + 2T ∂σ x̃

μB′
μ

)
. (45)

Now the equation of motion for λ̃+, λ̃− implies

∇n x̃
μA′

μ = 2T ∂σ x̃
μA′

μ, ∇n x̃
μB′

μ = −2T ∂σ x̃
μB′

μ . (46)

We can solve these equations as follow. We multiply the first
equation with ∂σ x̃νB′

ν and the second one with ∂σ x̃νA′
ν and

sum so that we obtain

Nσ = ∂τ x̃μMμν∂σ x̃ν

∂σ x̃μMμν∂σ x̃ν
, Mμν = 1

2
(A′

μB
′
ν + B′

μA
′
ν), (47)

where explicitly we have

Mi j = − 1

Ĝ yy
(Ĝiy Ĝ j y − B̂iy B̂ j y) , Mi ỹ = B̂iy

Ĝ yy
,

123



103 Page 6 of 8 Eur. Phys. J. C (2020) 80 :103

Mỹ ỹ = 1

Ĝ yy
. (48)

Further, if we multiply two equations given in (46) together
we obtain

N τ =
√− det Mαβ

2Mσσ

, Mαβ = ∂α x̃
μMμν∂β x̃

ν (49)

and hence final Lagrangian density has the form of non-
relativistic string action [5]

LT = −T

2

√− det MMαβ ĝ′
αβ − T B̂ ′

μν∂τ x̃
μ∂σ x̃

ν, (50)

where Mαβ is matrix inverse to Mαβ so that MαβMβγ =
δα
β . This is very interesting result that shows that T-dual of

the string in the background with light-like isometry is non-
relativistic string in dual background.

It is instructive to find explicit form of the Lagrangian
density (50). Using (48) we find that Mαβ is equal to

Mαβ = 1

Ĝ yy

[
(∂α ỹ + B̂αy)(∂β ỹ + B̂βy) − Ĝαy Ĝβy

]
,

Ĝαy = ∂αx
i Ĝiy, B̂αy = ∂αx

i B̂iy (51)

so that

det M = − 1

Ĝ2
yy

((∂τ ỹ + B̂τ y)Ĝσ y − (∂σ ỹ + B̂σ y)Ĝτ y)
2.(52)

We further observe that the induced metric ĝ′
αβ an NSNS two

form B̂ ′
τσ are equal to is equal to

ĝ′
αβ = ∂αx

iGi j∂βx
j + Mαβ,

B̂ ′
μν∂τ x̃

μ∂σ x̃
ν = Bi j∂τ x̃

i∂σ x̃
j − √− det M, (53)

where we also used the fact that in the minimal case Ĝi j , Ĝiy

and B̂i j , B̂iy coincide with Gi j ,Giy and Bi j , Biy respec-
tively. With the help of these result we obtain Lagrangian
density in the form

L = T

2((∂τ ỹ + Bτ )Gσ y − (∂σ ỹ + Bσ y)Gτ y)
εαα′

εββ ′

× [
(∂α′ ỹ + Bα′y)(∂β ′ ỹ + Bβ ′y) − Gα′yGβ ′y

]
×Gi j∂α x̃

i∂β x̃
j − T Bi j∂τ x̃

i∂σ x̃
j . (54)

We see that resulting non-relativistic Lagrangian does not
depend on the auxiliary metric Ĝ yy . Further, this Lagrangian
density agrees with the model studied in [12] when we iden-
tify Giy = τi ,Gi j = hi j − miτ j − τ jmi , Biy = 0, where
τi ,mi and hi j define torsional Newton–Cartan background
[12]. We mean that this is very nice consistency check.

In the next section we will study this problem for more
general form of terms proportional to Lagrange multipliers.

3.2 The case of non-zero Ai ,Bi

Now we return to the case when Ai and Bi are not equal to
zero. Recall that extended Lagrangian density has the form

L = −T

2
N

√
ω

[
−∇nx

i Ĝi j∇nx
j + 1

ω
∂σ x

i∂σ x
j Ĝi j

− 2∇nx
i Ĝiy∇n y + 2

ω
∂σ x

i Ĝiy∂σ y

−∇n yĜ yy∇n y + 1

ω
∂σ yĜ yy∂σ y + λ+A + λ−B

+ λ+λ−
]

− T B̂μν∂τ x
μ∂σ x

ν, (55)

where now we assume that A and B have the form

A = ∇nx
iAi + ∇n yY+ − 1√

ω
[∂σ x

iAi + ∂σ yY+],

B = ∇nx
iBi + ∇n yY− + 1√

ω
[∂σ x

iBi + ∂σ yY−], (56)

where Ai ,Bi ,Y+,Y− are general space-time fields.
In order to find relation with the original Lagrangian in

the background with light-like isometry let us solve the equa-
tions of motions λ+ and λ− and insert the results into (55).
Explicitly we find that the resulting contribution is equal to

T

2
N

√
ωAB = T

2
N

√
ω

[
∇nx

i∇nx
jAiB j

+∇nx
i∇n y(AiY− + Y+Bi )

+ 1√
ω

∇nx
i∂σ x

j (AiB j − A jBi )

+ 1√
ω

∇nx
i∂σ y(Y−Ai − Y+Bi )

+∇n y∇n yY+Y− + 1√
ω

∇n y∂σ x
i

×(Y+Bi − Y−Ai )

− 1

ω
(∂σ x

i∂σ x
jAiB j + ∂σ x

i∂σ y

×(AiY− + BiY+) + ∂σ y∂σ yY+Y−)

]
.

(57)

Since we demand that extended Lagrangian density describes
string with the light-like isometry after solving equations of
motion for λ+, λ− we have to demand that

Ĝ yy + Y+Y− = 0 (58)

that can be again solved as

Y+ =
√
Ĝ yy, Y− = −

√
Ĝ yy . (59)

It is important to stress that remaining fields Ai ,Bi appear
in the relations between original space-time fields and hatted
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ones that can be easily derived when we insert (57) into (55)
and use (59)

Ĝi j = Gi j − 1

2
(AiB j + A jBi ),

Gi j = Ĝiy − 1

2
(Ai − Bi )

√
Ĝ yy ,

Bi j = B̂i j − 1

2
(AiB j − A jBi ),

Biy = B̂iy + 1

2

√
Ĝ yy(Ai + Bi ). (60)

For further purposes we introduce notation

A = ∇nx
μAμ − 1√

ω
∂σ x

μAμ, Aμ = (Ai ,Y+),

B = ∇nx
μBμ + 1√

ω
∂σ x

μBμ,

Bμ = (Bi ,Y−), xμ = (xi , y). (61)

Now we are ready to proceed to the Hamiltonian formula-
tion of the Lagrangian density (55) when we have following
conjugate momenta

pμ = T
√

ωĜμν∇nx
ν − T

2

√
ω(λ+Aμ + λ−Bμ)

− T B̂μν∂σ x
ν,

pN ≈ 0, pNσ ≈ 0, pλ+ ≈ 0, pλ− ≈ 0. (62)

Following the same analysis as in previous section we obtain
Hamiltonian density in the form

H = N τHτ + NσHσ , (63)

where

Hτ = πμĜ
μνπν + T 2∂σ x

μĜμν∂σ x
ν

+ TπμĜ
μν(λ̃+Aν + λ̃−Bν)

+T 2∂σ x
μ(λ̃−Bμ − λ̃+Aμ) + T 2

4
(λ̃+Aμ + λ̃−Aμ)

Ĝμν(λ̃+Aν + λ̃−Bν) + T 2λ̃+λ̃−. (64)

Performing the same T-duality transformation as in previous
section we obtain T-dual Hamiltonian

HT = N τHT
τ + NσHT

σ , HT
σ = pi∂σ x

i + pỹ∂σ ỹ,

HT
τ = (ki − B̂iy pỹ)Ĝ

i j (k j − B̂ j y pỹ)

−2TVĜ yi (ki − B̂iy pỹ) + T 2V2Ĝ yy

+T (ki − B̂iy pỹ)Ĝ
iν(λ̃+Aν + λ̃−Bν)

−T 2VĜ yν(λ̃+Aν + λ̃−Bν)

+T 2∂σ x
i (λ̃−Bi − λ̃+Ai )

−T pỹ(λ̃
−By − λ̃+Ay)

+T 2∂σ x
i Ĝi j∂σ x

j − 2T pỹ Ĝ yi∂σ x
i + p2

ỹ Ĝ yy

+T 2

4
(λ̃+Aμ + λ̃−Bμ)Ĝμν(λ̃+Aν + λ̃−Bν)

+T 2λ̃+λ̃−, pω ≈ 0. (65)

As the next step we again determine corresponding Lagrangian
density using equations of motion for xi , ỹ. Since the anal-
ysis is completely the same as in previous section we write
the final result

LT = 1

4N τ
(g′

ττ − 2Nσ g′
τσ + (Nσ )2g′

σσ ) − N τT 2g′
σσ

− T B̂μν∂τ x̃
μ∂σ x̃

ν

+ T

2
N λ̃+(∇n x̃

μA′
μ − 2T ∂σ x̃

μA′
μ)

+ T

2
N λ̃−(∇n x̃

μB′
μ + 2T ∂σ x̃

μB′
μ), (66)

where

A′
μ =

((
Ĝiy

Ĝ yy
Ay − B̂iy

Ĝ yy
Ay − Ai

)
,− Ay

Ĝ yy

)

= 1√
Ĝ yy

((Giy − Biy),−1),

B′
μ =

((
Ĝiy

Ĝ yy
By + B̂iy

Ĝ yy
By − Bi

)
,
By

Ĝ yy

)

= − 1√
Ĝ yy

((Giy + Biy), 1), (67)

and where g′
μν was given in (42) with the background fields

given in (43). Note that A′
μ,B′

μ given in (67) agree with (44).
On the other when we use (60) together with (43) we obtain
following form of the metric G ′

μν and B ′
μν

G ′
i j = Gi j − GiyG jy

Ĝ yy
+ Biy B jy

Ĝ yy
− 1

2
√
Ĝ yy

Giy(A j − B j )

− 1

2
√
Ĝ yy

(Ai − B j )G jy − 1

2
√
Ĝ yy

(Ai + Bi )Bjy

− 1

2
√
Ĝ yy

Biy(A j + B j ) ,

Bi j = Bi j − Giy

Ĝ yy
Byj − Biy

Ĝ yy
Gyj + 1

2
√
Ĝ yy

(Ai − Bi )Bi j

− 1

2
√
Ĝ yy

Biy(A j − B j + 1

2
√
Ĝ yy

(Ai + Bi )G jy

− 1

2
√
Ĝ yy

Giy(A j + B j ),
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G ′
iy = Biy

Ĝ yy
− 1

2
√
Ĝ yy

(Ai + Bi ),

B ′
iy = Giy

Ĝ yy
+ 1

2
√
Ĝ yy

(Ai − Bi ) . (68)

We see that relativistic background with light-like isometry
that is defined by the metric Gμν and NSNS two form Bμν

is mapped to the family of non-relativistic background fields
G ′

μν, B
′
μν that differ by redefinition given byAi ,Bi and Ĝ yy .

This result is in agreement with the analysis presented in [5]
and it is again nice consistency check of our analysis.

As the final step we solve the equations of motion for
λ̃+, λ̃− and we obtain final form of the Lagrangian density
for T-dual theory

LT = −T

2

√− det MMαβg′
αβ − T B ′

μν∂τ x̃
μ∂σ x̃

ν,

Mαβ = ∂α x̃
μMμν∂β x̃

ν, (69)

where

Mαβ = 1

Ĝ yy

[
(∂α ỹ + Bαy)(∂β ỹ + Bβy) − GαyGβy

]
,

Gαy = ∂αx
iGiy, Bαy = ∂αx

i Biy . (70)

Let us outline our results. We analyzed T-duality of rel-
ativistic string along light-like isometry and we argued that
T-dual theory has the form of non-relativistic string action
on T-dual background.
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