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Abstract In this short note we analyze canonical descrip-
tion of T-duality along light-like isometry. We show that T-
duality of relativistic string theory on this background leads
to non-relativistic string theory action on T-dual background.

1 Introduction and summary

It is well known that two string theories, one defined on the
background with compact dimension of radius R, and the
second one defined on background with compact dimension
of radius R’ = %, are equivalent. This duality has its origin
in the extended nature of the string when we can exchange
momentum with winding numbers, respectively. The most
powerful description of such a duality is given in terms of
Buscher’s rules [1,2] of the transformations of the back-
ground fields under T-duality. More explicitly, we start with
string sigma model on the background where the background
metric possesses one isometry. Then we gauge this isometry
so that this is now local symmetry on the string world-sheet
when we introduce corresponding covariant derivative and
two dimensional gauge field. Since this gauge field has to be
non-dynamical in order not to change physical content of the
theory we add to the action term that ensures that the field
strength of this gauge field is zero on shell. As the next step we
fix the gauge when we take the world-sheet mode that param-
eterizes direction with gauged isometry to be zero. Then we
can solve the flatness of the gauge field by introducing a new
scalar mode that parameterizes the string propagating along
dual coordinate where now the background fields are related
to the original ones through Buscher’s rules.

There is an alternative approach to this standard treatment
of T-duality which is description of T-duality with the help
of canonical transformations [3,4]. This procedure is based
on the Hamiltonian form of string in the background that
possesses an isometry. Then we perform specific canonical
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transformations of the world-sheet mode and its conjugate
momenta that correspond to coordinate along this isometry.
As a result we obtain a new Hamiltonian for dual theory.
Finally we perform inverse Legendre transformations to T-
dual Lagrangian with the background fields again determined
by Buscher’s rules.

While this procedure is well established for space-like
isometry the case of light-like isometry is much less known
and analyzed. The aim of this short note is to focus on
this problem, inspired by recent analysis of T-duality in the
context of non-relativistic string theories [5,6], where non-
relativistic strings were firstly introduced in seminal papers
[7, 8].1 In fact, as we will show explicitly in the next section,
the canonical analysis of T-duality for string with light-like
isometry leads to T-dual action where the kinetic term for
dual coordinate is missing. Then in order to solve this prob-
lem we introduce two auxiliary fields A" and A~ in such
a way that the original Lagrangian is quadratic in coordi-
nate that we dualize. However we still have to ensure that
solving equations of motion for A*, A~ we return to the
original Lagrangian density. When we have an extended
Lagrangian density we can find its Hamiltonian form and
then we perform canonical transformation corresponding T-
duality along original light-like coordinate. From this T-dual
Hamiltonian we derive corresponding Lagrangian density
and we find that the background fields transform according to
Buscher’s rules. The most remarkable fact concerning T-dual
Lagrangian density is thatitis linear in auxiliary fields A ™, A~
that is characteristic property of non-relativistic string theory
action [5,7,10]. To see this in more details we solve the equa-
tions of motion for A, A~ that imply that Lagrangian density
has the form of non-relativistic string with specific induced
world-sheet metric. Clearly for the form of background that
was studied in [5, 6] the non-relativistic string corresponds to
string in stringy Newton—Cartan background. We also show

! For related works, see for example [9-16].
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that the relativistic background with given components of
the metric and NSNS two form maps to the family of non-
relativistic backgrounds that are related by field redefinitions
which is in agreement with the paper [5].

We mean that this result is very interesting since it shows
that string theory on the background with light-like isome-
try is T-dual to specific form of non-relativistic string. This
could be very useful for the quantum description of string
theory on the background with light-like isometry, following
recent interesting paper [ 10]. It would be also very interesting
to extend the canonical analysis of T-duality transformation
presented in this paper to the case of Green—Schwarz super-
string. We hope to return to this problem in future.

This paper is organized as follows. In the next Sect. 2 we
review canonical treatment of T-duality and we show diffi-
culty with its application on the case of string in the back-
ground with light-like isometry. Then in Sect. 3 we perform
T-duality transformation in case of the extended action and
we show that it leads to non-relativistic string in T-dual back-
ground.

2 T-duality in canonical formalism

In this section we review basic facts about T-duality as a
canonical transformations, following [3,4]. Let us be more
concrete with the definition of the canonical formalism in
case of the bosonic string. We have two sets of canonical
variables: p,,, x* where u, v = 0,...,25 and their duals:
Dy, X" where we demand that both canonical variables give
equivalent equations of motions. In other words we demand
that the string action can be written in two equivalent ways

S = fdrda(puafx“ —H)
i dG
=/dtda(ﬁuari“—7'()+/dfd—, (1)
T

where G is generating function of canonical transformations
and where we label world-sheet of the string with two coor-
dinates t and o. It is well known that there are four possible
forms of the generating function that differ in dependence on
two sets of canonical variables. In our case we presume that
they depend on original and dual variables, in other words
G = G(x, %). We presume that G = [ doG and hence we
can write

-~ ~ o~ G
Puarxﬂ — H(x*, Pu) = Puarxﬂ — H(E&xH, Du) + E
+—0;x" + — 0, %" (2)
XM
so that comparing we obtain relation

8G . 8G

Pu = Sx_ua Pu = _S)TW
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- d
HE, pp) = HEH, pu) + g- 3)

This is general form of canonical transformation for
bosonic string. In case of T-duality transformation we pre-
sume that G does not explicitly depend on t. Further, we
perform canonical transformation with respect to one coor-
dinate, say x> = vy that labels isometry direction. In this
case the generating function has the form [3,4]

T
G(y.5) = E/dowayy Y @

where T = ﬁ is string tension. Let us denote momentum
conjugate to y as p5. Then from the definition of the canonical
transformations we derive following relation between y and
py in the form

8G
Py = %5 = —Tdsy,
_ 6 _ 145 (5)
Py = 3y = o).

With the help of these relations we obtain dual Hamiltonian
when we replace 9, y with — % py and py, with —T' 9, y. Letus
now be more explicit and consider Polyakov string action in
background with light-like isometry along y direction which
means that all background fields do not depend on y explicitly
and also that the metric component G, is absent. Then the
Lagrangian has the form

£ = =2yl ux 955 Gij + 27 0ux' Giy 5]

T
—EeaﬂBWZ)ax“aﬁx”, (6)
where €¢?? = —eP* ™0 — 1 and where i,j=0,...,24.

Let us introduce following 1 + 1 parameterization of the
world-sheet metric y,g as

—N2 4+ N°wN° N°w
Yop = N°w w ’

1
N2 ® N2

L N7
v P = W None (7
so that the Lagrangian has the form
c=-1I Vi G Vo) 4 01y 1)
= —EN\/E —Vyx G,‘j nX’ + 530)6 0y X Gl‘j
i 2,
=2V, x'GiyVyy + Eaax Giydsy
1
=T Buydcx"dsx", V, = N(ar — N%95). (3)

From (8) we obtain conjugate momenta

pi = T\/aGijanj + Tx/aGiyvny - TB,'MBUXM,
py = TG i Vyx' — T By, dox™.
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pN %07 pa) %O’ pN{T %()7 (9)

where py, pw, PNe are momenta conjugate to N, w and N7,
respectively. Then performing standard analysis we obtain
the Hamiltonian density in the form

N
NG
+T2Gijpx' 037 +2T20,3' Giydy )

= (niGijnj +7,G?my 4+ 27, GV
+N (pidex' + pydsy), (10)

where m, = p, + T B,,,0,x" and where the inverse metric
G™ has following form

i
G = _N; GV = GLG]
G,iGiiGj, GyiGYGjy
SR
Gl = G _ GykG~lF;ylGj’ (11)
G,iGYGjy

where G/ is metric inverse to G ij so that Gik G = 8;. From

(10) we also see that it is convenient to introduce N = 2T1\f/6

so that @ disappears from the Hamiltonian as expected.
Then following previous general discussion we perform

T-duality in (10) when

py =—Tdy, py= —T0sy (12)

so that
7wy = =T 5§ + TByidox' = —TV,
mi = pi + TBijdsx’ + T Biydsy = ki — Biyp5. (13)

Inserting these results into (10) we obtain T-dual Hamiltonian
constraint in the form

HI = T*VG*V — 2T (kj — Biyp5)G>V
+ (ki = Biyp5)G' (kj — Bjyps) +
+T%Gijdox" 9o x! — 2T Giydx' py. (14)
We see that for zero NSNS two form the Hamiltonian con-
straint is linear in p; which suggests possible difficulties with
this theory. This can be also seen even in case of non-zero
B, when we determine corresponding Lagrangian. In fact,
using (14) in the T-dual Hamiltonian H7 = f do (NTHTT +
N "H;) where Hy = pid,x'+ P500 y we obtain time deriva-
tives of x’ and j as
dox' = x, HT| =2N"GU k; — Bjyps)
—2NTTG”V + N%jox',
3,5 = {y, HT} = 2N"T B, GV
—2NT"B;jyG" (kj — Bjyp5)
—2N"TGiydpx' + N3, (15)

and hence we find

Y = —=B;5X' —2N"TG3d,x", Y =35 — N85,
X' = 9;x' = N9y x' (16)

which means that there is no relation between 9, y and conju-
gate momenta. In fact, if we proceed further we obtain naive
T-dual Lagrangian density in the form

1 . . . .
Lraive = ge X' Gy X + TGOVGy X!
+N'T*GYVG;;GPV — N' T*VG»V

— N'T2Gij3,x 85 x7 — TBij3:x' 5x7  (17)

and we see that the kinetic term for T-dual variable y is absent
which is not satisfactory result. In the next section we will
try to resolve this puzzle by introducing two auxiliary fields.

3 Extended Lagrangian and T-duality

In order to resolve this puzzle let us introduce an equivalent
form of the Lagrangian density to the original one (8). To do
this we introduce two auxiliary fields ™ and A~ and consider
following Lagrangian density

T L R
L= —EN\/B [—anlG,‘jan] + ;Baxlagx] Gij
i A 2. A
—2Vyux'GiyVyy + ;&,x Giydsy
~ 1 ~
= VayGyyVay + —05yGyy0y + ATA
+A B+ )OL/\_} — T By d:x™d,x", (18)

where now we have to choose A and B in such a way to
ensure that éy; = 0 after solving equations of motion for
AT and A~. Explicitly, from (18) we find their equations of
motion in the form

AT =—A, AT =-B. (19)

Inserting these results into (18) we obtain that they give fol-
lowing contribution to the Lagrangian density

T T
- 5NJ5[A*A +A B+ATAT] = EﬁNAB. (20)
As the next step we presume that A and B have the form

. 1 )
A=V, x'A + VYT — ﬁ[aax'Ai + 3 yY T,

. 1 ,
B=V,x'B; + VoY~ + ——=[0,x'B; + 9,yY ], (21)
w

7

so that

AB = V,x'V,x/A;B; + V,x'V,y(A;Y~ + Y'B))

@ Springer
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2 . .
+—=V,x'0,x’ (Al‘Bj

7 —A;B))
1 ,
+ﬁvnx’aay(Y‘Ai -Y'B) +
1 .
+VuyVay Y Y™ + ﬁvnyaax'(WBi -Y A)

1 .
—— (B 8y AB) + o' 85 y(AY T+ B,;Y")

+ 3,y yYTY 7). (22)

For simplicity we begin with our analysis with the minimal
case when A; = B; = 0.

3.1 Minimal case

First of all we should demand that when we solve the equa-
tions of motion for A*, A~ the Lagrangian (18) with addi-
tional contribution given in (22) reduces to the original one
with G, = 0. This condition implies

Gy +YTY =0 (23)
that can be solved as Y* = /Gy, Y~ = —/Gy,. In this
case (22) is equal to
1
AB = [vnyv,,y — — 3, Y0y y:| YY" (24)
1)

Inserting this result into (18) and comparing with (8) we
obtain following relation between original metric and NSNS
two form fields and hatted ones:

Gij = éij, Giy = Gi}w By = By, (25)

Now we return to (18) that for A; = B; = 0 has the form
T N . ~
L=-3NVo [V GiyVux! = Va3 Gy Viy
A 1 . . A
—2Vyx'GiyVpy + —0,x'0,x7 Gjj
’ 1)
2 i A 1 N
+—0,X'Giydsy + —05yGyy0sy
w w
Loy ) Y (Vv ——ipy ) Y-
«/6 oy ny «/6 oY
+x+r} —T By 05" 95 x". (26)

+)\+ (Vny_

As the next step we proceed to the canonical formalism. From
Lagrangian density given above we obtain

pi = TNolGijVux! + GiyVyyl —

~ ~ . 1
py=TVo [nyV,,y + Gy Vpx' — §A+Y+

Té,-uagx”,
| ) i
—32 Y| = TByidyx

PN =0, py,~0, pyo X0 p=~0, (27)

@ Springer

and hence Hamiltonian density has the form

N
= ot (n,G’ mj + 21, G (n + = \/_)L+Y+
T
+3¢5A—Y—> + (ny + EﬂA+Y+
r —v—) A T Fyt
+E«/5)x Y G ﬂy+5ﬁk Y

T TN N .
-|——\/5)»_Y_>> + —3(7le,']'3ng

2 2[
TN N
+ «/_3 o X thaoy+ 2\/_ 9o yGyy 05y

TN .. . TN __ __

T
+ ENJEA+A_ + NH,. (28)
Performing rescaling
JorT =1t Jor =i~ (29)

and introducing N* = we can rewrite the Hamiltonian

N
2JoT

density into the form
H=N"H;+N"Hgy, (30)
where
Hy = 1,G"r, + T, G GFYY T +57Y7)
+ TTZWY* +AYO)GYATYT+A7Y)
— T2 0 yY T + T20 "0, yY ™ + T20150"
+T280x”“é,w8gx”, Ho = pudsxt. 31

Now we are ready to proceed to T-duality transformation that,
according to the general discussion presented in previous
section, is given by following transformations

py=-T3y, py=-Tdsy (32)
so that

Ty = —Tag& + TByidsx' = -TV,

i = ki — Biyps, ki = pi + TBjjdpx’. (33)

Inserting this result into (31) we obtain T-dual Hamiltonian
constraint in the form

H! =He(py =T33, 0y =—T""py)
= (ki — typy)G” (kj — /ypy)
—2T (ki — Biypy) GV + T*V2G
+T (ki — Biyps) GV GFY T +17Y7)
—T2VGYRAY T +47Y))

T? . - A = -
+T(A+Y+ + A YO)GPOTYT+1TY )
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+ T p; YT —TA ps Y~ + T2ATA~
+T236xié,'jang — 2T30xiéiyp}7 + p};éyypy.
(34
As the next step we derive corresponding Lagrangian density.
With the help of Hamiltonian H = [ do(N"HI + N HYL)
we obtain following equations of motion
X' =2N"GY (kj — Bjyp;) —2NTTGVV
+TNTGYGIYT +17Y),
Y =By X + NTTATYT —37Y)
—2TN"83,x Gy + 2N Gyy ps, (35)
where

X' =09x' —N%9yx', Y =0,5—N°3,7. (36)

Now we see that we can express p; from the last expression
as

1 . - _
——— Y + By X' = N'TOQTYt—=17Y")
2N7Gy,

+2TN 3, x'Giy). (37)

py =

To proceed further we have to introduce metric inverse to
GY. It is easy to see that it has the form

- ~ 1 ~ -
G)V)’
that obeys
~ Gk sk & g Gu
GGk =68k, G Gl =-22 (39)
Gyy
Then we find
N 1 - , ~
(ki — Bl'yp};) = WGU(X] +2N'TG’V
—TGPNTGFTYT +17Y")) (40)

and hence after some calculations we obtain T-dual
Lagrangian density in the form
L7 = pioex' + P30y — NIHTT - N“Hg

1
= e (80 = 2N%g10 + (V"))

— N'T?g,, — T B, ;%" 065"

T T+ i Yt o D 5 Y*
+ EN A V,x' = (Giy - Biy) - Viy—
ny ny

Y+ Y+
42Ty §—— — 2T —
ny yy

(éiy - éiy)aﬂxi)

Ty — i Y A ) Y
N™ A Vux' — (Giy + B,'y) + V,y—=
ny ny

N

+

Y™ YT L N
+2T 0,y =— + 2T 0, x" = (Giy+Biy)
yy yy
.~ 1
— NTT?3 0 (1 + A—Y+Y> , (41)
Gyy
where
8op = G 0a X" 0p%", ¥ = (")) (42)
and where
G =G G BB
ij ij éy) iyyj ny iyBjys
G.= Biy / __Byj G.. = 1
56 YT 6 W4
yy yy yy
éiy A ély A
Bi/j = Bij — == Byj — =—G);,
Gyy Gyy
Gi Gy,
By= g =gt )
Gyy Gyy

that are standard Buscher’s rules [1,2]. However the crucial
point of the T-dual Lagrangian is an absence of the term
proportional to A%~ since Y*Y~ = — G, from definition.
In fact, let us introduce more compact notation

Yt . A YT

yy yy

, Y . A Y™

B, = [ =—(Giy + By =— | . (44)
Gyy Gyy

so that the Lagrangian density can be written as

1
ET = W (g‘/[‘[ - ZNGg‘/(cr + (NG)2g(/rcr)

— N'T?g,, — T B],, ;%" 95"
T .-
+ ~ ~
+ 5N (VaXlA), — 2T 0, 5"A),)
T oo - -
+ 5 NTAT (Vi By, + 270, 5"B),) . (45)

Now the equation of motion for AT, A~ implies
VaitAl =2T 3, X*A),, V"B, = —2T3,%"B), . (46)

We can solve these equations as follow. We multiply the first
equation with d,% "B/, and the second one with 9, X"A’, and
sum so that we obtain

8 M0, 7

N° =
O XM, 05 57

1
My = 3 (ALB, +BLA). (47)

where explicitly we have

&>

1 iy

Mjj = —=—(GiyGjy — BiyBjy) . Miz = =
ny ny

’

@ Springer



103 Page 6 of 8

Eur. Phys. J. C (2020) 80:103

M5 = —. (48)
¥y
Gyy

Further, if we multiply two equations given in (46) together
we obtain

NT — ,/—detMa,g

M. Mg = 9, X"* M, 055" (49)

and hence final Lagrangian density has the form of non-
relativistic string action [5]

T A
ol = _?/— detMM“P g/, — T B/, 0, 5" 95 %", (50)

where M* is matrix inverse to Mg so that M* Mg, =
8%‘. This is very interesting result that shows that T-dual of
the string in the background with light-like isometry is non-
relativistic string in dual background.

It is instructive to find explicit form of the Lagrangian
density (50). Using (48) we find that Mg is equal to

1 . A A oA
M(xﬂ = [(aay + Bay)(aﬁy + Bﬂy) - GayGﬂy] ’
ny
éay = 80,Xiéiy, éozy = aaxiéiy (5D

so that

1 LA A A A

detM = _G_z((ary + Bry)Gay — (0oy + Bay)Gry)%Sz)
yy

We further observe that the induced metric g/, p an NSNS two

form é;n are equal to is equal to
g’(;ﬁ = 3axiG,’j3ﬂXj + Mgg,
B}, 07" 0, %" = Bjj0: %' 0,%/ — v/—det M, (53)

where we also used the fact that in the minimal case G; s éiy
and éij, éiy coincide with G;j, G;y and B;;, B;y respec-
tively. With the help of these result we obtain Lagrangian
density in the form
o T
2((3r§ + Br)Goy - (3a§ + Boy)Gry)
x [@ar3 + Bury) (g5 + Byry) — Gary Gy ]
XG0y % dp%) — TB;jd. 5 0,5 (54)

! /
e 6/3,3

We see that resulting non-relativistic Lagrangian does not
depend on the auxiliary metric éyy. Further, this Lagrangian
density agrees with the model studied in [12] when we iden-
tify G,'y = 1, G,’j = h,’j — mﬂj — rjmi, B,'y = 0, where
7;,m; and h;; define torsional Newton—Cartan background
[12]. We mean that this is very nice consistency check.

In the next section we will study this problem for more
general form of terms proportional to Lagrange multipliers.

@ Springer

3.2 The case of non-zero A;, B;

Now we return to the case when A; and B; are not equal to
zero. Recall that extended Lagrangian density has the form

T . A . 1 . A
L = —EN\/E [—anlGijanJ 4+ —05x"' 0, x7 Gij
w
i A 2 i A
—2Vyux'GiyVyy + Zagx Giydsy
. 1 . B
—VuyGyyVpy + aagycyyagy +ATA+A"B
+x+x} — T By drx™d,x", (55)
where now we assume that A and B have the form

. 1 .
A=V, x'A; + VYT — —w[agxlAi + 3 yY "],

7

. 1 .
B=V,x'B; + V,3Y  + —[0:x'B; + 9, yY" 1], (56)
(0]

7

where A;, B;, YT, Y™ are general space-time fields.

In order to find relation with the original Lagrangian in
the background with light-like isometry let us solve the equa-
tions of motions AT and A~ and insert the results into (55).
Explicitly we find that the resulting contribution is equal to

T T o
S NVoAB = EN\/E[an’V,,xJAiBj
+Vx'V,y(A; Y™ +Y'B))

1 . .
+ﬁvnx’8<,xf (AiBj — AjBl‘)

1 .
+ —=Vux' 9 y(Y A, —Y'B))
w

7

o ,
+V,,yVnyY+Y —i—ﬁvnyagxl

X(Y+Bl‘ — Y_Ai)
1 . . .
— —(05x' 9 X" AjBj + 05, x' 05y
0}
x(A; Y +B;YN) + 80y80yY+Y_)] )
(57)

Since we demand that extended Lagrangian density describes
string with the light-like isometry after solving equations of
motion for AT, A~ we have to demand that

Gy +YY =0 (58)
that can be again solved as

Y= \/E Y = —\@. (59)

It is important to stress that remaining fields A;, B; appear
in the relations between original space-time fields and hatted
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ones that can be easily derived when we insert (57) into (55)
and use (59)

Gij=G ;(AB +AB)),

Gij = G —%(A,-—B,-) Gyy

Bij = Bij — l(AiBj —A;B)),

Biy = Biy +3 1 Gyy(A; +B)). (60)

For further purposes we introduce notation

1
A=V, x'A, — ﬁz?ax“Aﬂ, A, = (AL YD),
1
B = VnXMBH + ﬁagquﬂ,
B, =B, Y), x*=("y). (61)

Now we are ready to proceed to the Hamiltonian formula-
tion of the Lagrangian density (55) when we have following
conjugate momenta

A T
pu = TG, Vyx’ — E\/E(A+AM +1"By)

— Té,w 0sx",
pN =0, pne =0, pu+ =0, p-=0. (62)
Following the same analysis as in previous section we obtain
Hamiltonian density in the form

H=N"H;+N°H,, (63)
where
H, = nué’“’nv + Tzﬁgx“é,wﬁgx”
+Tr,G* AT A, + 17 B,)
. - T2 . -
+T20,x*(A"B,, — ATA,) + T(HAM +17A,)
G" (A, +A7By) + T2 . (64)

Performing the same T-duality transformation as in previous
section we obtain T-dual Hamiltonian

HT = NT’HT + N"HZ, HT = pidgx’ + P50y,
= (ki — lypy)Gl](k — Bjypy)
—2TVGy’ (ki — Biypy) + T*V2G»
+T (ki — Biyp5) G (G.TA, +A7B,)
—T*’VGY" (A, + 17 By)
+T2%0,x' (A" B; — ATA))
—Tp;(A"By —1TA,)

+T20,x' Gijdox) — 2Tp5Gridex’ + p3Gyy

T? . A -
—i—T(A*AM + A" B)G" (A TA, + A7B,)

+T23F%", po 0. (65)
Asthe next step we again determine corresponding Lagrangian
density using equations of motion for x’, y. Since the anal-
ysis is completely the same as in previous section we write
the final result

LT - 4NT (grr - ZNggtd + (Na)ngT) —N°¥ ngmf
— TB,“,E)T)E"B(,)E”
T - - -
+ ENﬁ(vnx“A’u —2T9,3"A))
T -
+ 3N (VadB), + 2T3, 5" By,), (66)
where
A;L=<<(A;lyA_BzyA —A) AA)’>
G Gyy Gyy

= \/: (Gl) Bzy)a =D,
B;:<<€;”B + ’yB —B) B”)
G Gyy Gyy

= ——=—=((Giy + Biy). 1), (67)

V ny

and where glw was given in (42) with the background fields
given in (43). Note that A’ , B;L given in (67) agree with (44).
On the other when we use (60) together with (43) we obtain

following form of the metric G}, and By,
GiyGjy BiyB;j 1
Gij=Gij - lé =+ l(}; 2 — ——=—=Giy(A; ~B))
yy yy 2,/ Gyy
1 1
——F——Ai =B))Gjy - ——(A; +B)Bj,
2/ Gyy 2\ Gyy
1
- — Biy(Aj +B]) ,
2,/Gyy
Giy B; 1
Bij = Blj - A_UBy] - Aly Gy] + — — (Al - Bl)Bl]
Gyy Gyy 2,/ Gyy
1
——F——=Biy(Aj —B; + (A; +B)Gy

1
2,/Gyy 2,/Gyy

1
2J5m

G,'y(Aj +B)),
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’ Biy 1
G, = & ——(Ai +B)),
oo 2,/ Gyy
Giy 1
B = i+—A(A,-—B,~). (68)

iy A
Gyy 2,/ Gyy

We see that relativistic background with light-like isometry
that is defined by the metric G, and NSNS two form B,
is mapped to the family of non-relativistic background fields
G;w, B;w that differ by redefinition given by A;, B; and G yy-
This result is in agreement with the analysis presented in [5]
and it is again nice consistency check of our analysis.

As the final step we solve the equations of motion for
At, 2~ and we obtain final form of the Lagrangian density

for T-dual theory

T
£l = =2 V= detMM*P g, — T By, 0:5" 82",

My = 3o 5" M,, 055", (69)
where
Myp = L [(3aF + Bay)(@pY + Bpy) — GayGpy].
yy
Gay = 34x'Giy, Bgyy = 34X Biy. (70)

Let us outline our results. We analyzed T-duality of rel-
ativistic string along light-like isometry and we argued that
T-dual theory has the form of non-relativistic string action
on T-dual background.
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Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3.

References

1. T.H. Buscher, A symmetry of the string background field equa-
tions. Phys. Lett. B 194, 59 (1987). https://doi.org/10.1016/
0370-2693(87)90769-6

2. T.H. Buscher, Path integral derivation of quantum duality in non-
linear sigma models. Phys. Lett. B 201, 466 (1988). https://doi.org/
10.1016/0370-2693(88)90602-8

@ Springer

10.

11.

12.

13.

14.

15.

16.

17.

. E. Alvarez,

E. Alvarez, L. Alvarez-Gaume, Y. Lozano, A canonical approach
to duality transformations. Phys. Lett. B 336, 183 (1994). https://
doi.org/10.1016/0370-2693(94)00982- 1. arXiv:hep-th/9406206
L. Alvarez-Gaume, Y. Lozano, An introduc-
tion to T duality in string theory. Nucl. Phys. Proc. Suppl.
41, 1 (1995). https://doi.org/10.1016/0920-5632(95)00429-D.
arXiv:hep-th/9410237

. E. Bergshoeff, J. Gomis, Z. Yan, Nonrelativistic string theory and

T-duality. JHEP 1811, 133 (2018). arXiv:1806.06071 [hep-th]

. J. Kluson, Note about T-duality of non-relativistic string.

arXiv:1811.12658 [hep-th]

. J. Gomis, H. Ooguri, Nonrelativistic closed string theory. J.

Math. Phys. 42, 3127 (2001). https://doi.org/10.1063/1.1372697.
arXiv:hep-th/0009181

. U.H. Danielsson, A. Guijosa, M. Kruczenski, IIA/B, wound

and wrapped. JHEP 0010, 020 (2000). https://doi.org/10.1088/
1126-6708/2000/10/020. arXiv:hep-th/0009182

. J. Gomis, J. Gomis, K. Kamimura, Non-relativistic super-

strings: a new soluble sector of AdS(5) x S**5. JHEP
0512, 024 (2005). https://doi.org/10.1088/1126-6708/2005/12/
024. arXiv:hep-th/0507036

J. Gomis, J. Oh, Z. Yan, Nonrelativistic string theory in background
fields. arXiv:1905.07315 [hep-th]

R. Andringa, E. Bergshoeff, J. Gomis, M. de Roo, ’Stringy’
Newton—Cartan gravity. Class. Quant. Gravit. 29, 235020
(2012). https://doi.org/10.1088/0264-9381/29/23/235020.
arXiv:1206.5176 [hep-th]

T. Harmark, J. Hartong, N.A. Obers, Nonrelativistic strings
and limits of the AdS/CFT correspondence. Phys. Rev.
D 96(8), 086019 (2017). https://doi.org/10.1103/PhysRevD.96.
086019. arXiv:1705.03535 [hep-th]

J. Kluson, Remark about non-relativistic string in Newton—Cartan
background and null reduction. JHEP 1805, 041 (2018). https://
doi.org/10.1007/JHEP05(2018)041. arXiv:1803.07336 [hep-th]

J. Kluson, Nonrelativistic string theory sigma model and its canon-
ical formulation. Eur. Phys. J. C 79(2), 108 (2019). https://doi.org/
10.1140/epjc/s10052-019-6623-9. arXiv:1809.10411 [hep-th]

T. Harmark, J. Hartong, L. Menculini, N.A. Obers, Z. Yan,
Strings with non-relativistic conformal symmetry and limits of the
AdS/CFT correspondence. JHEP 1811, 190 (2018). https://doi.org/
10.1007/JHEP11(2018)190. arXiv:1810.05560 [hep-th]

J. Klusor, (m, n)-string and D1-brane in stringy Newton—Cartan
background. JHEP 1904, 163 (2019). https://doi.org/10.1007/
JHEP04(2019)163. arXiv:1901.11292 [hep-th]

J. Kluson, Hamiltonian for a string in a Newton—Cartan back-
ground. Phys. Rev. D 98(8), 086010 (2018). https://doi.org/10.
1103/PhysRevD.98.086010. arXiv:1801.10376 [hep-th]


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(87)90769-6
https://doi.org/10.1016/0370-2693(87)90769-6
https://doi.org/10.1016/0370-2693(88)90602-8
https://doi.org/10.1016/0370-2693(88)90602-8
https://doi.org/10.1016/0370-2693(94)00982-1
https://doi.org/10.1016/0370-2693(94)00982-1
http://arxiv.org/abs/hep-th/9406206
https://doi.org/10.1016/0920-5632(95)00429-D
http://arxiv.org/abs/hep-th/9410237
http://arxiv.org/abs/1806.06071
http://arxiv.org/abs/1811.12658
https://doi.org/10.1063/1.1372697
http://arxiv.org/abs/hep-th/0009181
https://doi.org/10.1088/1126-6708/2000/10/020
https://doi.org/10.1088/1126-6708/2000/10/020
http://arxiv.org/abs/hep-th/0009182
https://doi.org/10.1088/1126-6708/2005/12/024
https://doi.org/10.1088/1126-6708/2005/12/024
http://arxiv.org/abs/hep-th/0507036
http://arxiv.org/abs/1905.07315
https://doi.org/10.1088/0264-9381/29/23/235020
http://arxiv.org/abs/1206.5176
https://doi.org/10.1103/PhysRevD.96.086019
https://doi.org/10.1103/PhysRevD.96.086019
http://arxiv.org/abs/1705.03535
https://doi.org/10.1007/JHEP05(2018)041
https://doi.org/10.1007/JHEP05(2018)041
http://arxiv.org/abs/1803.07336
https://doi.org/10.1140/epjc/s10052-019-6623-9
https://doi.org/10.1140/epjc/s10052-019-6623-9
http://arxiv.org/abs/1809.10411
https://doi.org/10.1007/JHEP11(2018)190
https://doi.org/10.1007/JHEP11(2018)190
http://arxiv.org/abs/1810.05560
https://doi.org/10.1007/JHEP04(2019)163
https://doi.org/10.1007/JHEP04(2019)163
http://arxiv.org/abs/1901.11292
https://doi.org/10.1103/PhysRevD.98.086010
https://doi.org/10.1103/PhysRevD.98.086010
http://arxiv.org/abs/1801.10376

	Note about canonical description of T-duality along light-like isometry
	Abstract 
	1 Introduction and summary
	2 T-duality in canonical formalism
	3 Extended Lagrangian and T-duality
	3.1 Minimal case
	3.2 The case of non-zero Ai,Bi

	References




