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Abstract We have addressed the study of non-leptonic
weak decays of heavy hadrons (Ap, Ac, B and D), with
external and internal emission to give two final hadrons, tak-
ing into account the spin-angular momentum structure of the
mesons and baryons produced. A detailed angular momen-
tum formulation is developed which leads to easy final formu-
las. By means of them we have made predictions for a large
amount of reactions, up to a global factor, common to many of
them, that we take from some particular data. Comparing the
theoretical predictions with the experimental data, the agree-
ment found is quite good in general and the discrepancies
should give valuable information on intrinsic form factors,
independent of the spin structure studied here. The formulas
obtained are also useful in order to evaluate meson-meson or
meson-baryon loops, for instance of B decays, in which one
has PP, PV, VP or VV intermediate states, with P for pseu-
doscalar mesons and V for vector meson and lay the grounds
for studies of decays into three final particles.

1 Introduction

Non-leptonic and semi-leptonic weak decays of heavy
hadrons have become an important source of information on
hadron dynamics [1-18]. A recent review on the subject can
be seen in Ref. [19]. In non-leptonic decays, the most typical
situations appear in external emission, which we depict in
Fig. 1a for meson decay, and internal emission, depicted in
Fig. 1b [20-23].

In external emission, a ¢g state from the W decay vertex
can lead to a pseudoscalar meson (P) or a vector meson (V),
and then the other two final ¢ and g states again can pro-
duce a pseudoscalar or a vector meson. We have thus four
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possibilities PP, PV, VP and VV for production. In internal
emission, a g state from the first decay vertex and a g from the
second decay vertex merge to produce either a pseudoscalar
or a vector, and the remaining gg pair can again produce
a pseudoscalar or a vector. Once again we have four possi-
bilities, PP, PV, VP and VV for production. Certainly there
are many other decay modes, and most of them originate
from these basic structures after hadronization including an
extra ¢q pair with the quantum number of the vacuum. Final
state interaction of this pair of emerging mesons can give
rise to resonances dynamically generated and the process
provides a rich information on the nature of such resonances
[19].

The primary production of the PP, PV, VP, VV pairs is
thus important for the study of many other processes stem-
ming from hadronization of these primary meson-meson
states. There are other issues where this is important. One
of them has to do with the possible violation of uni-
versality in ete™, utu~ production in B — y*K*0
decay [24], which is stimulating much work [25]. Loops
involving mesons, B? — D; DT, followed by D; —
y*Dy, DYD; — K*, have come to be relevant on
this issue [26] and one can have them with the primary
production, B — Dy DT, D}~D*, D D**, D~ D**,
with all the loops interfering among themselves. One
needs these primary amplitudes including their relative
phase.

On the other hand, there is a very large amount of decays of
this type measured, and tabulated in the PDG [27], including
B, B, D, Dy decays, and the internal or external emission
modes. The problem arises equally in baryon decays as Ap
or A, both in internal or external emission. A correlation of
all these data from a theoretical perspective is worth in itself
and this is the purpose of the present work.

The B and D decays into two mesons have been
thoroughly studied theoretically with different approaches,
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Fig. 1 Meson decay with external emission (a) or internal emission

(b)

pQCD, QCDEF, SCET, BBNS factorization, light front mod-
els, and much progress has been done on the topic [28—47].
One common thing to these approaches is that different struc-
tures appearing in different reactions are identified and con-
veniently parameterized in terms of parameters (the most
popular the Wilson coefficients) that are finally obtained from
experimental data. In the present approach, we do not eval-
uate these matrix elements from QCD motivated models or
elaborate quark models. Our aim is different: we identify
reactions that have the same quarks in the initial and final
states, and the same decay topology, and only differ by the
spin rearrangements in the mesons. We then assume the radial
matrix elements to be similar in these reactions and carry out
the nontrivial Racah algebra on the weak Hamiltonian to
describe the reactions and relate them.

Another aspect of our approach is that it allows us to estab-
lish a relationship with approaches based on heavy quark
symmetry [48,49] and improve upon them, in particular in
the B — VP reactions, where the strict heavy quark sym-
metry gives zero for the matrix element.

Our approach leads to predictions in fair agreement with
experimental data, in particular for final states in the charm
sector, which is not so well studied. The approach, however,
leads to large discrepancies when one has pions in the final
state, which we associate with the failure of the basic assump-
tion of equal radial matrix elements for the same flavour
quarks, since the small pion mass leads to large momentum
transfers in the reactions with the corresponding reduction
of these matrix elements.

An added value to the present work is the prediction of
decay rates for A, and A, baryons into one baryon and a
meson, which unlike B decays, have not been much studied
theoretically.

2 Formalism

We shall apply the formalism to both external emission and
internal emission and for baryon and meson decays. We shall
concentrate on the decay which are most favoured by Cab-
bibbo rules.
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Fig. 2 Quark description in A, — D; A, decay with external emis-
sion
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Fig. 3 Angular momenta for the b, ¢ transition diagram of Fig. 2

2.1 Ap external decay

We look at the process A, — Dg A, which is depicted
in Fig. 2. Recalling the quark weak doublets (%) ($) (})
and that the transitions within the same column are Cabibbo
favored, the bc transition is needed for the b decay, and then
the W~ couples to ¢s = D; . We shall also discuss the D}~
production and the formalism is equally valid for 7~ or p~
production.

The next step is to realize that in Ag the ud quarks are
in isospin I = 0 and spin S = 0, and they are spectators
in the reaction. The final quarks produced are then ¢ and
ud (I =0, S = 0), which form the A}

Since the ud quarks are spectators, we look at the matrix
elements in the weak transition for the diagram of Fig. 3. We
shall use the fact that the D~ and D}~ have the same spatial
wave functions and only differ by the spin rearrangement,
an essential input in heavy quark spin symmetry (HQSS)
[50,51]. We also do not attempt to calculate absolute rates,
which are sensible to details of the wave function and form
factors, but just ratios. Given the proximity of masses of
Dy, D}, weuse again arguments of heavy quark symmetry
to justify that the spatial matrix elements will be the same
in Dy or D}~ production and only the spin arrangements
make them differ. We advance however, that this is the only
element of heavy quark symmetry that we use. We shall see
later that there are terms of type p/m g (m ¢ is the mass of the
heavy quark) that are relevant in the transitions and they are
kept, while they would be neglected in calculations making
an extreme use of heavy quark symmetry.

The weak Hamiltonian is of the type y* (1 — ys) in each
of the weak vertices and then we have an amplitude

t = {cly" (1 = y5)Ib) (slyu(1 = ys)Ic'), ey

where ¢’ corresponds to the ¢ state that forms the D .
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In order to evaluate these matrix elements, we choose for
convenience a reference frame where the D" is produced at
rest. In this frame the A and A, have the same momentum,
p, given by

1/2 2 2 2
WM , Mp M3 )

2 Mp, @

p =

Furthermore, neglecting the internal momentum of the
quark versus p, which is of the order of 5000 MeV, we can
write

" M
Py _ Pay
mp MAb

0
pe _ P

ne MA ’

c

3

since these ratios are related to just the velocity of A or Ap.
In that frame the quarks of D~ will be at rest and we take
the usual spinors

_ Xr (1 (0
T R

with

E,+m 12 1
= _— , B: s 5
A ( 2m ) E,+m )

where p, m and E, are the momentum, mass and energy of
the quark. The spinors v, for the antiparticles in the Itzykson-
Zuber convention [52] are,

vr=A<B G’)‘f”’). ©)

We take the Dirac representation for the * matrices,

o_(10 i_ (0 o (01
Y —(O_I)v y_<_ai 0)’ V5—<10> (7)

By using Eq. (3), we can rewrite

E
Ao [t
2

1/2 |
, Bopo=Bp, B=——,
) MA(+ 72)

3
where My, E 5 refer to the mass and energy of the A or A,

in the D" rest frame, and By, pg, the B factor of Eq. (5)
and the b or ¢ quark momentum, respectively.

DI) BT Py K R

2AAN [3+3(B2+ B2 p2—4BB p2+3(BB)? p*], forj=1,

We also note that in the spinor and y# convention that we
use we have ysu, = v, such that

* =y ys) lue) = H = v vs) vs lur)
=—" =" vs) lu,), 9)

and we can just use spinors corresponding to particles instead
of antiparticles when these occur, just changing a global sign,
since we only have one antiparticle, c.

The next consideration is that we must combine the spins
of S1, $> to form a pseudoscalar or a vector and then we must
implement the particle-hole conjugation. For this let us recall
that a state with angular momentum and the third component
j, m behaves as a hole (antiparticle in this case) of j, —m
with a phase
|jm) — (=D)/7" (j, —ml|. (10)
Since (—1)?" = —1 for the quarks, we incorporate the sign
of Eq. (9) and the phase of Eq. (10) considering the spinor of
spin 7 in Fig. 3 as a state that combines with S; with spin
third component —S, and phase (—1)!/2+52,
1S2) = (=S2| (=D, (1n
Then (1/2, Si| (1/2, —S>| (—1)1/2+52 will combine to give
total spin j = 0, 1 for pseudoscalar or vector production.

The next step is to realize that the state |1/2, S7) [1/2,
—S2), which will form the Dy, is at rest and the y*, y*ys
matrices reduce to y® = 1, y'ys = o' in the bispinor x,
space, such that we are led to evaluate the matrix element

(S1182) (M"Y —yOpsIM)+(S11o"|S2) (M'|y' =y ysIM),
(12)

where the (M’| - - - |M) matrix elements are evaluated in the
D rest frame. This is done in Appendix A.

N

The width for A, — D, A, or D¥~ A is given by

(13)

where, as shown in Appendix A, f 3" |t|? is given by

for j =0; (14)
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with j = Ofor D productionand j = 1 for D}~ production.
The momentum P D~ is the Dy or D}~ momentum in the
decay of the A, in 1ts rest frame

1/2 2 2 2
WRMR, M3 M2 )

P *) — . ) 15
D) M, 15)

and A and B in Eq. (14) are given by Eq. (8), the prime
magnitudes for A, and those without prime for Aj;. We recall
that p in Eq. (14) is the momentum of Aj or A, in the rest
frame of Dﬁ*)_ given in Eq. (2).

We observe that in the absence of the p terms, the produc-
tion of the vector state has a strength a factor of three bigger
than the pseudoscalar one. However, the B terms are relevant
and are responsible for diversions from this ratio, as we shall
see in the Sect. 4.

2.2 External emission in B decays

We will be looking at the decays B — D; D+, D7 D*¥,
D¥~ D™, D~ D**. The quark diagram for the transitions
is shown in Fig. 4, where jm denotes the spin and its
third component of the meson Dﬁ*)_ that comes from the
W~ conversion into ¢s, and j'm’ denotes the spin and its
third component of the meson D™ that comes from the
combination of cd. We must couple the bd quarks to spin
zero, ¢s to jm and cd to j'm’. This is done explicitly in
Appendix B. The results that we obtain there are summarized
as follows.
According to Appendix B, we obtain

(A) j=0,j =0

SN R = (AA)?-2(1+ BB )% (16)
B) j=0, j =1

SN IP = (A 2B+ B) 5 (17)
© j=1j =0

DD

=(AA? 2B+ B) p% (18)

w-

C, M
BO DO i)

d, —M

Fig. 4 External emission for B® — D~ D™+ decay
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D) j=1,j =1t
S5 HR = (AAY[ 64482 52 +4B2
— 1288 p2+6BB) 5], (19

with A, B, A’, B, p given by

E 1/2 Ept 1/2
A=(M_I;+l> A = e
2 ’ 2 ’
(20)
o P A S
Mall ) Mo+ 1

and we must change D to D*T in case of D*T production.
The momentum p, as discussed before, is the momentum of
B or D (D*") in the rest frame of the D (D}™), given by

M2

AI/Z(MZ’ M D(*)+)

2
Dy’

K
2 MDﬁ*)

p= 2

where by Dﬁ*) we indicate either D or D}~ and the same

for D®*. The energies in Eq. (20) are E; = ,/M? + p2.
In this case, following the normalization convention of the

meson fields in Mandl and Shaw [53], the width is given by
87 M3 Dy

with P the D~ momentum in the B rest frame,

1/2 2 2 2
A2(M2, M3 Mp)

P %) — - . 23
D Mg (23)

We can see that the cases (B) and (C), corresponding to
D; D** and D}~ D" productions, have the same strength,
which is in very good agreement with experiment [27], as we
shall see in the Sect. 4.

3 Internal emission

We study now another topology of the weak decay process,
the internal emission, and again we differentiate the case of
baryon decay from the one of meson decay.

3.1 Ap decay in internal emission

We look now at the process depicted in Fig. 5 for the decay

Ap — ne(J/P)A. Once again we look at the most favored
Cabibbo-allowed process. The b quark converts to a ¢ quark
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Fig. 5 Quark description of A, — 1.(J/v¥)A decay by internal emis-
sion

¢, S ¢, Sy

Fig. 6 Description of spin third components of the quarks in the inter-
action line of Fig. 5

and the W™~ produced produces a cs pair. The s quark com-
bines with the ud quarks from A, whicharein/ =0, S =0
and act as spectators. The b quark and the s quark provide the

2AAN[(L+BB >+ B+ B) p2],
+3BB)* p*].

——
2.2 = !Z(AA’)Z [3+3B>+B% p?

—4BB p?

The matrix element of Eq. (24) can be written as

t=AA [n+0+6+10+15+1+17+15], (25)

with
n = (M'1S2) (S11M),
n=-B (M- p|S) ($iIM),
B =—B(M'|S:) (Sil5 - p M),
ty = BB (M'| - p|S2) (Sil6 - p M), (26)
ts = —(M'|0"|S2) (Silo" M),
to=B'(M'|G - 5o'152) (Silo|M),
tr=B(M'|o"[$:) (Silo" G - p M),
ts = BB (M'|6 - po'|S2) (Silo’ & - p|M).
In Appendix C, we evaluate explicitly these terms. We
write here the final results which are relevant to compare

Ap — neA and Ay — J /¥ A, which correspond to j = 0
and j = 1 respectively.

for j =0;
(27)
for j =1,

spin of A, and A respectively. Hence, the whole process is
studied by looking at the upper line in the diagram of Fig. 6,
which shows the spin components of the particles. In this
case we also take the 1, or J/v in the rest frame, where the
Ap and A have the same momentum p, given by Eq. (2) sub-
stituting Dy (D)) and A, by n.(J/¥) and A. Then the ¢ and
¢ have four-spinors at rest while b and s have four-spinors
for moving particles. Then we must evaluate the operator (¢’
standing for the ¢ state)

(isly® — yOyslue) Gicly® — yCyslup)
—itsly" =yl yslue) Gicly' — yiyslup)

= AA/|:(XSa —Xs - ﬁB/)

I —1
() )M( )(
— (Xs» _Xs‘}'ﬁB/)(
—o' o Xb
I

where, A, A, B, B are the coefficients of Eq. (8) for the A,
and A respectively.

Note that in the absence of the p-dependent terms, the ratio
of production of j = 1to j = Oisafactor 3, apart from phase
space. This is what was obtained in Ref. [54] with the strict
application of heavy quark spin symmetry. The p-dependent
terms, however, change this ratio, as we shall see.

It is also remarkable that this result is the same one
obtained for external emission (see Egs. (14) and (27)), even
if the original matrix elements are different in both cases.

3.2 Internal emission for meson decays

Now we look at the diagram of Fig. 7. In the former section we
have coupled the cc to jm. Here we must couple in addition
bd to 00 and sd to j'm’.

Once again we take the different terms and project over
00 for the B® and j’m’ for the final K°. Details of the calcu-
lations are shown in Appendix D.

j'm

d, —M

Fig. 7 Quark description of B — n.(J / Y)KO(K*0) decay with
labels for the spin components

@ Springer
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The results obtained are the following. f > |t]? is given
by

2 (AA)? (1 4+ BB p?)?,
2(AAY? (B+B')? p2,
2(AA)? B+B)? p2,
2(AAN [342B% p2+2B%p2 —

Y=

688 p*+3(BB)? p*],

assume equal for all cases. While this is very good when
dealing with D~ or D}~ production, it is not so much for the

for j =0, j/=0;
for j=0, j/ =1,
forj=1, j/=0;
for j=1, j/ =1,

(28)

These results are the same as those obtained for external emis-
sion in Egs. (16)—(19) even if the original matrix elements
are quite different.

4 Results
4.1 Ap, A, decays in external emission

We apply the above formulas to A, and A, decays, both
with the Cobibbo most favored as well as with Cabibbo-
suppressed modes. The decay width in the Mandl-Shaw nor-
malization is given by Eq. (13) which we reproduce here as
generic for all the decays studied here,

Do PPy, (29)

where A;, Ay refer to the initial A (A, or A.) and the final
A (Acor A)in Ay — D7 A, or A — w(p)A, and Py
is the momentum of the final m y meson,

1 MA/
ZJTM

)\.1/2(M2_,M2 71‘42 )
Py = C_ A (30)
2 Ma,

We apply it to

Ap = Dy Ao, DY Ag;

Ap = T Ae, p~ Ags

Ap — D™ A, D*"A.; (Cabibbo suppressed)
Ap —> K~ A., K*~A;; (Cabibbo suppressed)
Ae — wTA, ptA;

A, — KTA, K*¥TA. (Cabibbo suppressed)

SN e

The Cabibbo-suppressed rate can be calculated using the
same formulas, but multiplying by

ino 2
o (sm c) . sinfe = 0.22534, 31)
cosf¢c

We can then obtain the widths for all these decays using the
same global constant, related to the spatial matrix elements
of the quark wave functions, which we do not evaluate, but

@ Springer

other cases, so we should keep this in mind when comparing
with data.

In Table 1 we give the results. We separate the cases of
Ap and A, decays since they involve different Cabibbo—
Kobayashi-Maskawa matrix elements and the spatial wave
functions can also be different. We also make a different block
for the decays of A, in the light sector for the same reasons.
The experimental data in this table and the following ones
are taken from averages of the PDG [27].

In the first block we show the results for A, —
A.D;7(D¥~, D™, D*7), where the latest two modes are
Cabibbo-suppressed (we do not count for this purpose the
b — ctransition which is common to all these decay modes.).
The theoretical errors contain only the relative errors of the
experimental datum used for the fit (in some cases later on
where the experimental numbers have a different + or —
error, we take the bigger relative error for simplicity in the
results.).

We fit the A, — Dg A, decay rate and make predic-
tions for the other decay modes, we can only compare with
Ap — D™ A, which is Cabibbo-suppressed. We find results
which are barely compatible within uncertainties. We should
stress that on top of the factors found by us, one should imple-
ment extra form factors which stem from the spatial matrix
elements involving the wave functions of the quarks. These
depend on momentum transfers and hence the masses. Our
position is that, given the small mass differences between
Dy, Df~, D™ and D*~, these intrinsic form factors should
not differ much. In any case, the differences found between
our theory and the experimental results could serve to quan-
tify ratios of form factors in those decays. Yet, in the present
case, we can only conclude that they are very similar for these
decays.

Another comment worth making is that Eq. (14), in a
strict use of heavy quark symmetry, neglecting terms of type
p/m g, would give arate three times bigger for the decay into
a vector than for the related pseudoscalar. Yet, the theoretical
ratio obtained is 1.23, indicating the relevant role played by
the p/mg terms (Bp, B'p terms) in the decay rates.

In the second block we fit the rate for A, — K~ A, to the
experimental datum and observe one result which is com-
mon to all the results that follow: the rate for A, — 7~ A, is
grossly overestimated. Two reasons can be given for it. First,
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Table 1 Branching ratios for

Ap, A decays in external Decay process BR (Theo.) BR (Exp.)
emission Ap — D Ae (fit to the Exp.) (110 +0.10) x 102
Ap — DITA, (1.3540.12) x 1072
Ap — D~ A, (Cabibbo suppressed) (6.89 £ 0.62) x 1074 (4.6 +0.6) x 1074
Ap — D*~ A, (Cabibbo suppressed) (8.194+0.74) x 104
Ap = 7 A (8.60 + 0.72) x 1072 (4.9+04) x 1073
Ap = p~ A (2.79 4+ 0.23) x 1073
Ap — K~ A, (Cabibbo suppressed) (fit to the Exp.) (3.59 £ 0.30) x 104
Ap — K*~ A, (Cabibbo suppressed) (1.12 £0.09) x 1074
Ao — A 0.17 £ 0.03 (1.30 £ 0.07) x 1072
Ar — ptA (5.0+1.0) x 1073 < 6%
Ac — K+ A (Cabibbo suppressed) (fit to the Exp.) (6.1£1.2) x 107
A, — K** A (Cabibbo suppressed) (1.8+£0.4) x 10~
trapped by the final A, state. These transfer reactions occur
in nuclear reactions and also reactions using quark degrees of
freedom. Normally these mechanisms involve large momen-
tum transfers and they are highly penalized. Reduction fac-
b tors of three orders of magnitude or more are common in
A) u nuclear reactions involving transfers of nucleons from the

d

Fig. 8 Mechanism with a different topology in the A, — D™ A,
decay

the 7~ has been considered as a gg state, but being a light
Goldstone boson, its structure should be more complex. Sec-
ond, the light ¥~ mass will have as a consequence that the
intrinsic momentum transfers and will be much larger and
consequently the form factors much smaller. This is one of
the cases where the discrepancies found here can be used to
determine empirically the intrinsic form factors of the reac-
tion.

In the last block, where we fit A, — KTA, we observe
again the overestimation of the A, — 7+ A mode. The pre-
diction for A, — pT A is consistent with the experimental
upper bound.

At this point it is mandatory to make one more observa-
tion concerning some of the decays in Table 1. We take the
Ap — D™ A, reaction for the discussion and the arguments
can be applied also to the A, — D* " A., Ap = T A,
Ap = p Ae, Ae - wTA and A, — ptA. For these
decays there is an alternative decay topology to the exter-
nal emission involving transfer diagrams, which for the
Ap — D™ A, case we depict in Fig. 8. The new mecha-
nism is also Cabibbo-suppressed in the upper W™~ vertex, as
the mechanism in external emission of Table 1 (see Fig. 2
replacing ¢s by cd). But there is a very distinct feature in the
new topology: A d quark from the Ay is transferred to the
D™ meson and the d quark originating from W~ — cd is

projectile to the target [S5]. In quark models of hadron inter-
action [56] such mechanisms are taken into account by means
of the “rearrangement” diagrams which are also drastically
reduced compared to the direct diagrams [57,58]. In our case,
to have an idea of the momentum transfers involved, let us go
to the frame where the meson produced is at rest, the momen-
tum of Ay and A, is 5670 MeV/c (see Eq. (2)). Then in the
mechanism of Fig. 8 we have to make a large momentum
transfer to bring the quark d of the A, to the D™ at rest, and
similarly a large momentum transfer to bring the quark d pro-
duced atrestinthe W~ — cd vertex to the fast moving A in
that frame. The matrix elements accounting for such mech-
anisms involve form factors with large momentum transfers
that make these mechanisms extremely small.

It is interesting to compare our results with those of
Ref. [18], where using a quark-diquark picture and light
front dynamics the baryonic decay rates of Table 1 have
also been evaluated. It is not possible to compare absolute
values because they have been fitted to different observ-
ables, but some of the ratios can be compared. Our empha-
sis has been in relating the vector or pseudoscalar decay
modes. In this sense the ratio between the branching ratios
for A, — KtTAand A, — K*T A is3.39 in our case versus
0.53 in Ref. [18]. The ratios between two vector channels
are more similar, in this sense the ratio between the branch-
ing ratios for A, — pTA and A, — K*A is 27.8 in our
case versus 21.5 in Ref. [18]. In the case of A, decays the
ratio of rates between A, — K A, and A, — K* A,
is 3.21 in our case versus 0.55 in Ref. [18]. However, the
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Table 2 Branching ratios for

.. . Decay process
A} decays in internal emission yp

BR(b — Ap)x BR (Theo.) BR(b — Ap)x BR (Exp.)

Ap = J/Y A

Ap = neA

Ap — DA (Cabibbo suppressed)
Ap — D*YA (Cabibbo suppressed)

(fiit to the Exp.) (5.8+0.8) x 1073
(3.940.5) x 1077
89+1.2) x 1076

9.5+1.3) x 1076

ratio of rates between A, — D A. and A, — D}~ A, are
more similar, 0.81 in our case versus 0.67 in Ref. [18]. It is
clear that the models are providing different results and this
makes the measurement of the missing rates more urgent to
keep learning about the theoretical aspects of these reactions.

4.2 Ap, A, decays in internal emission
In this case we have

1. Ap = J/Y A, neA;
2. Ap — DA, D*OA. (Cabibbo suppressed)

There are no decays of this type for A" with A in the final
state.

In Table 2 we make predictions for three decay modes,
fitting A, — J/y A for which there are experimental data.
Once again we see that the ratio of rate for A, — J/¥ A and
Ap — ncA is only 1.49 instead of the factor three that one
would obtain with strict heavy quark symmetry. Once again,
the Bp, B’ p terms are responsible for this difference.

4.3 B decays in external emission
Let us see

B — Dy D*, D}~ D*, D7 D**, D~ D**;
B - 7= D%, p~ DT, n~ D*t, p~ D*T;
B~ — D7 D", D~ D°, D7 D*, D~ D*0;
B~ — 7~ DY, ,o_DO, 7~ D*0, p‘D*O;

BY — D7D}, DI~ D}, D7 D:*, D¥~ DI+
BY — n~ DY, p~Df, n~ D, p~ DI
B — D¢ ne, DY ne, Dy J /Y, DY J /s
B — " ne, p” et I/, 07 T/

PRI WD =

Because we have only mesons, the width in the Mandl—
Shaw normalization is given by

11 =

M= _— — 1 Py, 32
el D3 P Py (32)

with

p, o MMy, ME, M) 33

r= 2 Mg, ’ (33)

@ Springer

Table 3 Branching ratios for B” decays in external emission

Decay process BR (Theo.) BR (Exp.)

B — D7 D* (1.31£0.10) x 1072 (7.2£0.8) x 1073
B — DDt (7.254£0.58) x 1073 (7.4£1.6) x 1073
B — D D*t (7.68 £0.61) x 1073 (8.0£1.1) x 1073
BY — D~ D**  (fitto the Exp.) (1.7740.14) x 1072

B > 7z~ Dt (26.5+4.4)% (2.52 £0.13) x 1073

BY - p~ Dt (fiit to the Exp.) (7.9+1.3) x 1073
BY — 7z~ D** (23.0+£3.8)% (2.7440.13) x 1073
B0 — p~D*t 8.1+£1.3) x 1073 22533 x 1073

Table 4 Branching ratios for B~ decays in external emission

Decay process BR (Theo.) BR (Exp.)

B~ — D;D° (1.27 £0.18) x 1072 (9.04+0.9) x 1073
B~ — D D° (7.03+£0.99) x 1073 (7.6+ 1.6) x 1073
B~ — D7 D*° (7.43 £1.04) x 1073 82+1.7) x 1073
B~ — D~ D*  (fit to the Exp.) (1.71 4+ 0.24) x 1072
B~ — n~ DO (44.9+6.0)% (4.80 +0.15) x 1073
B~ — p~ DY (fit to the Exp.) (1.34 £0.18) x 1072
B~ — 7~ D*0 (38.9+52)% (5.184+0.26) x 1073
B~ — p~ D*0 (1.37 £0.18) x 1072 9.8+ 1.7) x 1073

Table 5 Branching ratios for B? decays in external emission

Decay process BR (Theo.) BR (Exp.)

BY — D; D} (1.06 £0.14) x 1072(4.4 £0.5) x 1073
BY — D~ Df + D7 D+ (1.08 £0.14) x 1072(1.37 £ 0.16) x 102
BY — D~ DIt (fiit to the Exp.) (1.4340.19) x 1072

B — 7~ Df (23.1+4.7% (3.00 £0.23) x 1073

BY — p~D} (fit to the Exp.) 6.9+ 1.4) x 1073
BY — n—Dr+ (20.1 £4.1)% (2.04+0.5) x 1073
BY — p~Drt (71+£1.4) x 1073 (9.6 +2.1) x 1073

where M7, M, are the masses of the final mesons.

The results for B decays in external emission are shown
in Tables 3, 4, 5 and 6.

In Table 3 we distinguish again the heavy sector from the
light sector. In the heavy sector, fitting B — D}~ D** to
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Table 6 Rates of branching ratios for B decays in external emission

Rate Theo. Exp.
AN 1.76
R R AN 0.90
A y— 2.47 25+0.5
A 0.05 3.140.5
A 0.11 104 +3.1+ 1.6
(S 111
P snin/ Uoespmapy 222
P nin/ T spmayy L3
S LI 1.26
Poceprap! Uospipy 3.1
Phesnnd U spmapy 31.52
L 0.94

28.30

Upe =i/ Tozmp-ipy

the experiment, we obtain results in good agreement with
experiment. In the case of BY — D DT, there is an overes-
timate of about 50% counting the extremes of the error bands,
which indicates again the reduction effect that the form fac-
tor would have by going from the masses of D~ D** to
the lighter ones of Dy D*. It is interesting to remark that,
within same masses, the rates for PV and VP decay modes
(D}~ D" and D; D**) are the same. We see this in experi-
ment within errors. Even more, the ratios of the centres of the
results are 1.08 for experiment and 1.06 for the theory. More
interesting is to realize that these two modes are proportional
to (Bp + B'p)? (see Egs. (17), (18)) and would be strictly
zero in the heavy quark counting. Let us also stress that in
this counting the rate for VV decay to PP decay would be a
factor of three. Experimentally it is 2.45, indicating the more
moderate role of the Bp, B’ p terms in this case.

In the light sector we see again the gross overestimate of
the rates in the modes with a pion in the final state. More
surprising is the discrepancy of a factor 1.7, counting the
extremes of the errors, for the B — p~ D** decay, although
given the large experimental errors speculation is not appro-
priate at present time. Concerning the two pionic modes, it
is still rewarding to see that the ratio of the rates of the two
pionic decay modes is in good agreement with experiment.
This should be the case if the discrepancies of the absolute
rates are due to the intrinsic form factor, because this should
be very similar for 7 = DT or 7~ D**.

The results in Table 4 are related to those in Table 3, only
the spectator d quark is substituted by a ii. Once again, in
the heavy sector we find a good agreement with experiment.
There is still a small overestimate of the rate for B~ —
D; DY like in the related former case of B — Dy D, but

counting extremes in the errors the discrepancy is only of
10%.

In the light sector we find again the discrepancy in the
modes with a final pion. Interesting is the rate for B~ —
,o_D*O, where counting the extreme of the errors the dis-
crepancy is only of 10%, unlike the larger discrepancy in
B® — p~D*T that we discussed before. The ratio of the
experimental rates for B~ — D; D* and B~ — D~ D"
is 1.08 versus 1.06 for the theory, and the ratio of the exper-
imental rates of B~ — D D*to B~ — D;D%is 1.9
while in the counterpart of B? decay it is 2.45. However, the
ratios can be made compatible playing with uncertainties.

In the light sector we find again the large rate for the pionic
decay modes and the B~ — p~ D*0 rates are compatible
within uncertainties. The ratio of the two pionic decay rates
is roughly compatible with experiment within errors.

At this point it is important to have a look at the results
of Tables 3 and 4 from a different perspective. As we have
mentioned, the difference between Tables 3 and 4 is that we
have replaced the spectator d quark by a i. In this sense,
within the pure mechanism for external emission, we should
expect the same rates, up to a minor effect of the differ-
ence of masses in the phase space. This is actually the case
in Tables 3 and 4 in the first block, both theoretically and
experimentally. However, in the second block the experi-
mental numbers are about double in Table 4 than in Table 3.
This requires an explantation. Indeed, while the first block of
decays proceeds through external emission, the second block
can also proceed via internal emission, as shown in Fig. 9 for
B~ — 7~ DV, Internal emission is color suppressed and is
expected to be reduced by about a factor of three relative
to external emission and thus about one order of magnitude
in the rate. This is the general rule experimentally, but in
processes where the two mechanisms are possible we expect
an interference, and assuming constructive interference we
would have a factor (1 4 %)2 ~ 1.8 in the rates of the second
block in Table 4 versus the counterpart in Table 3. Thisis actu-
ally the case and has been studied in Refs. [2,59-63]. Two
amplitudes aj, ay are considered to account for the effec-
tive charge current (i.e. the external emission in our case)
and effective neutral current (i.e. the internal emission in our
case). The amplitudes a; and a; are fitted to experiment for
the B — 7~ DT, p~ DT, 7~ D*t and p— D*T, and both
the relative magnitude and the sign are obtained for a; and

Fig. 9 Internal emission mechanism for B~ — 7~ D? decay

@ Springer
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Table 7 Branching ratios for

DO decays in external emission Decay process BR (Theo.) BR (Exp.)
DY - gtK- (18.86 £2.62)% (3.89+£0.04)%
DO — gtK* (fit to the Exp.) (5.83f8:§é)%“
D — 7t7~ (Cabibbo suppressed) (4.36 £0.61)% (1.407 £ 0.025) x 1073
D% — 7t p~ (Cabibbo suppressed) (4.45 £0.62) x 1073 (5.08 £0.25) x 1073
DY — ptK- (fit to the Exp.) (11.1+£0.7)%
DY — ptK*- (8.2+0.5) x 1072
D% — pT 7~ (Cabibbo suppressed) (3.240.2) x 1072 (10.0£0.4) x 1073

DY — ptp~ (Cabibbo suppressed)

(6.5+0.4) x 1073

“This datum is obtained by averaging DY —» K*at; K* — K~ 7%and

D > K*xt: K* — Kgrr*

ap, with az/a; = 0.25 £ 0.07 £ 0.06 [2,62]. In addition to
some coefficient close to 1 in the ap /a; term, this reproduces
the experiment in a picture qualitatively similar as the one
exposed above based on the color counting and construc-
tive interference. Different values for |ay/a;| are obtained in
Ref. [36], with a relatively small phase in the ratio a; /a;, but
qualitatively similar.

Assuming similar relative contributions of the internal
emission mechanism in all cases, the ratios of rates in the
second block of Table 4 would still make sense, exception
made of the pionic production mode for the reasons exposed
along the work. Yet, the ratio between the related 7~ DY and
7~ D** modes should also be meaningful and we see that it
is in good agreement with experiment within errors.

The rates in Table 5 are also related to those in the former
two tables. By fixing the rate for B — D~ D™, the rates
for B — D~ D} + Dy D" are compatible within errors,
and the one for B — D D} is a bit overestimated even
counting errors.

In the light sector we find again a gross overestimate for
the pionic decay modes but the results for B — p~Di+
obtained fixing the rate of B‘Q — p~ D are compatible with
experiment. Once again, the ratio of the two pionic decay
modes is compatible with experiment. Actually, the fact that
the ratio of decays to 7P and 7'V are compatible with exper-
iment in spite of the very different expressions of f 3 e?
comes to reinforce our statement that it is the intrinsic form
factor (independent on whether we have P or V in the final
state) which is responsible for the overcounting of the rates
in the theory.

In Table 6 we show predicted ratios for several decay
modes of B_ . Since we expect the rates for decay modes
with pions in the final state to be grossly overcounted, it is
not surprising to see that ratios of heavy decay modes to those
with pions in the final state are rather small compared with
experiment. Yet, the only ratio that we can compare involving
heavy decay modes (line three of the table) is in very good
agreement with experiment.

@ Springer

4.4 D decays in external emission
We look at

1. D° > ntK—, ptK—,ntK*, ptK*;

2. DY » gta=, ptn=, ntp~, ptp~; (Cabibbo sup-

pressed)

Dt > 7T+I€0, p+I€0, 7.[+[Z*0’ ,0+I€*0;

4. Dt — ata0 pta0 7tp0 ptp% (Cabibbo sup-
pressed)

5. Df — 't pn, w9, pTP;

D — mtn/, pT's

7. D} — 7TK°, pTKO, ntK*0, p* K*0. (Cabibbo sup-
pressed)

et

o

To evaluate the rates with 7%, p°, n, ' production, we
must look at the dd for 7°, p°, and s§ for n, n’. We have
with the 1, " mixing of Ref. [64]

1 - 1 -
0 = 0 -
= — (uu — dd), = — (uu — dd),
1 - 1 -
= — (uii +dd — s5), "= — (uui + dd + 2s%).

Thus in the case of 7°, p® production, we must multiply by
% the standard formula, in the case of n production we must
multiply by % and in the case of " production by %

The results for D decays in external emission are shown
in Tables 7, 8 and 9.

In Table 7 we show results for D? decays. We separate the
sectors with 7t or p in the final state because of the different
masses. In the pionic sector we find that the D° — 77~
mode, with two pions in the final state is overcounted, but the
DY — 7% p~ mode comes out fine when the D° — 7+ K*~
is fitted to experiment. The D° — 7K~ mode is also
overcounted.

In the p sector, once again the p* 7 ~ mode is overcounted,
following the general trend.



Eur. Phys. J. C (2018) 78:528

Page 11 of 26 528

Table 8 Branching ratios for
D decays in external emission

Table 9 Branching ratios for
D} decays in external emission

Decay process

BR (Theo.)

BR (Exp.)

Dt —» 7 tKO
Dt — T K*0
Dt — 770 (Cabibbo suppressed)
Dt — ¥ p0 (Cabibbo suppressed)

(4.84 4+ 0.55)%
(fit to the Exp.)
(5.86 £ 0.66) x 1073
(5.79 £ 0.66) x 1074

(2.94+0.16)%
(1.50 £ 0.17)%
(1.17 £ 0.06) x 1073
8.0+ 1.4) x 10~*

Dt — ptKO
Dt — ptK*0
Dt — pT 70 (Cabibbo suppressed)
Dt — ptpP (Cabibbo suppressed)

(fit to the Exp.)
(8.8+£0.9)%
(1.8+£02)%
(3.5+04) x 1073

(11.873H%

Decay process BR (Theo.) BR (Exp.)

DS+ -ty (fit to the Exp.) (1.70 £ 0.09)%
Df — 'ty (1.09 £ 0.06)% (3.94 £0.25)%
Df > nt¢ (1.33£0.07)% 4.5+04)%

DF — n+ K (Cabibbo suppressed)
D — 77 K*0 (Cabibbo suppressed)

(3.14+0.17) x 1073
(1.04 £0.06) x 1073

(2.4440.12) x 1073
(2.13 £0.36) x 1073

Df — p*n
D — pty
D} — pte
D — p* KO (Cabibbo suppressed)
Df — pTK *0 (Cabibbo suppressed)

(4.7 +1.3)%
(1.4+0.4)%

(fit to the Exp.)
(9.1 £2.5) x 1073
(6.9+1.9) x 1073

(8.94+0.8)%
5.8+ 1.5)%
8.41%

Table 10 Branching ratios for BY decays in internal emission

Table 11 Branching ratios for B~ decays in internal emission

Decay process

BR (Theo.)

BR (Exp.)

Decay process

BR (Theo.)

BR (Exp.)

B® — 5.K"
BY — J/y KO
BY — n.K*0
B — J/y KO

(1.23+0.05) x 1073
(fit to the Exp.)

(4.534+0.17) x 10~*
(1.31 £0.05) x 1073

8.0+1.2) x 107*
(8.734+0.32) x 10~*
(6.3+£0.9) x 1074
(1.28 £0.05) x 1073

B — n.K~
B — J/YyK~
B~ — n.K*™
B™ — J/YyK*~

(1.45 £0.04) x 1073
(fit to the Exp.)

(5.32+£0.16) x 1074
(1.5340.05) x 1073

9.6+£1.1)x 1074
(1.026 £ 0.031) x 103
(10703 x 1073

(1.43 £0.08) x 1073

B > y(29)KO
B — ¢ (28)K*0

(2.9+40.2) x 107*
(fit to the Exp.)

(5.84£0.5) x 107*
(5.94+0.4) x 1074

B~ — Y (25K~
B~ — y(2S)K*~

34+0.7) x 1074
(fit to the Exp.)

(6.26 +0.24) x 10~*
(6.7+1.4) x 1074

BY — DOz0
BY — p*0z0
B0 — DOpO
BY — D*Op()

(2.11+0.14) x 1073
(1.71£0.11) x 1073
(fit to the Exp.)

(4.63+0.30) x 10~*

(2.63+£0.14) x 1074
2.2+0.6) x 107*
(3.214+0.21) x 10~*
<51x107*

The D™ decay modes of Table 8 are closely related to those
of the D° decay discussed before. In the pionic decay sector
we fit DT — 7t K*0 and then the Dt — 77 pY rate is
basically compatible within errors with experiment, and the
DT — 7t K% mode is a bit overcounted. The DT — 7+70
mode, with two pions in the final state, is also overcounted
following the general trend. In the p sector we do not have
experimental rates to compare and we leave there the predic-
tions.

In Table 9 we see results for D decay. There we have
fitted the D" — 77 mode and the rates for D — 7y,
D} — 77¢ modes are a bit smaller than those of exper-
iment. Following the general trend it is better to assume
that the Dj — 7y rate, with smaller masses, would be
a bit overcounted and the rates for the bigger mass modes
would be in better agreement with experiment. The Cabibbo-
suppressed modes of D} — 7*K? and Dy — 7tK*0
would be in fair agreement with experiment within errors.

In the p sector, if we fit D7 — pT¢, the D} — p*nrate
is a bit small compared with experiment and the D" — p ™/
rate smaller by more than a factor of two, counting errors.

@ Springer
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Table 12 Branching ratios for By decays in internal emission

Table 13 Rates of branching ratios for B~ decays in internal emission

Decay process BR (Theo.) BR (Exp.) Rate Theo. Exp.

By — nen (3.63£0.27) x 107 | Y ) e 2.03

By — J/ym (2554+0.19) x 107 (4.0£0.7) x 107 Ty nr/ T ijyns 0.98

By — 1. (3.64 £0.27) x 107 Tg- i/ T 1jynr 3.44 25405
D -3

1?3 — J/Y¢ (fit to the Exp.) (1.08 £ 0.08) x 10 P05/ Ths 0D v

By — nen’ (3.88+0.29) x 10~* c

= Up- o pop—/Tppop- 1.07

By — J/yn’ (224 +£0.17) x 1074 (3.3+0.4) x 107 ¢ ¢

— FB;—>D*UD**/FB{—>D*“D* L.61

By, — DOk (fit to the Exp.) (4.34+0.9) x 1074

By — D*KO 3.4+0.7) x 107 2.8+1.1) x 10~

D 0 0 —4 —4 .o = . .

I?S — DYK* (2.1£0.4) x 10 (4.4 £0.6) x 10 predictions for B — D*?p0 are compatible with the upper
By — D*K*0 (3.04+0.6) x 1074 experimental bound.

4.5 B decays in internal emission

We look at the cases

1. B - 5.K° J/wKO° n.K*, J /¢y K*O;
2. BO > v 29K, v (29K ;

3. BY = DOr0, p*070 D00 p+0,0.

4. B~ = 0K, JJUK =, n.K*, JJYK*;
5. B~ > Yy 2K, v (Q2HK*;

6. B~ — D%, Dz~ , D%, D*0p—;

1. Bs = nen, J/yn, ned, J /s

8. By — ncfl', J/\M’ 5

9. BS — DOKO, D*OKO, DOK*O, D*OK*O;
10. B — n.Dy, J /YDy, neDi, J/¥ D}~
11. B- — DD, p**D~, D°D*~, DO D*~.

Note again that in the case of 77, p* production we must
multiply the standard formula by % and in the case of 7, 1’
production by % and % respectively, considering the dd and
ss content of these mesons. Note also that the case 2) is
unrelated to the other, because we have a different radial
wave function, but we can calculate the ratio of the two, and
relate to the rates of case 5).

Tables 10, 11 and 12 show the branching ratios for BY, B~
and BS decays in internal emission, and Table 13 shows the
rates of branching ratios for l_?c’ decays in internal emission.

In Table 10 we show results for B® decays with internal
emission. In the 1., J /v decay sector, the rates obtained are
in quite good agreement with experiment, with the B® —
n.KO rate a bit overcounted, following the trend for all PP
decays, due to the smaller masses involved, which would pro-
duce larger momentum transfers, and, thus, reduced intrinsic
form factors.

The modes with ¥ (2S) in the final state can be consid-
ered in just rough agreement. In the D°, D*0 decay sector,
once again the pionic modes are grossly overcounted and the

@ Springer

In Table 11 we show results for B~ decays in internal
emission. The results are related to the former ones since
we have just changed a d spectator quark by a i quark. The
results are similar to those of B® decays, with a bit of over-
counting for the B~ — n.K ™ rate. The other rates involving
ne or J /1 are basically compatible with experiment within
errors. We omit to present results in Table 11 for the B~ —
D7~ DO, Dop_, D*Op_ decays. Indeed, these modes
proceed both via internal but also external emission and there
is a constructive interference between these modes. We dis-
cussed this issue when referring to Table 4 in Sect. 4.3. The
external emission mode, color favored, is dominant, but the
color suppressed internal emission mode, through interfer-
ence increases the decay width of these modes by about a
factor of two.

In Table 12 we show results for B decays in internal
emission. In the J /¥, n. sector the results obtained are fair
compared with the experiment. Those in the D, D*0 decay
sector are also fair.

In Table 13 we show results of rates involving B, decays.
The only one measured is in fair agreement with experiment.

At this point we would like to make some discussion
about the momentum transfer involved in the reactions and
the repercussion in form factors. In Table 14 we show some
reactions involving pions in the final state and the reaction
used to normalize the data, together with the overcounting
factor in the 7 decay mode. The momentum transfer from
one hadron to another is calculated in the rest frame of the
decaying particle.

In the second and third blocks, where the & overcount-
ing factor is of the order of 100, we see that the momentum
transfer is very large and the difference between momenta in
the 7~ D™ and p~ DT decay modes of of about 70 MeV /c.
This seems to indicate that we are at the tail of the form fac-
tor where it decreases rapidly and a difference of 70 MeV /¢
can make such a difference. On the contrary in the first block,
where the overcounting factor is of the order of 15, the differ-
ence of momenta between A, — 7~ A, and Ap — K~ A,
is only about 30 MeV/c which makes the changes in the
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Table 14 The momentum transfer (¢) in reactions involving pions in
the final state and the approximated 7 overcounting factor (OCF)

Reaction q [MeV/c] Fitted to OCF
Ap — 7 A 2342 Ap = K™ A 15
Ap — K~ A 2314

Ae — TTA 864 Ac — KTA 15
Ae — KTA 781

B > 7~ Dt 2306 B — p~ Dt 100
B — p~ Dt 2235

B~ — DY 2308 B~ — p~D° 100
B~ — p~ D 2237

B — n—DF 2320 B — p~DF 100
B — p~Df 2248

DY - xtK~ 861 DY — gtK* 5
DY — gtK* 711

Dt - 7tKO 863 Dt — 7tk 2
Dt — 7 tK*0 712

B - 79p0 2308 BY — p0p0 8
BY — p0pO0 2237

B~ — D;D° 1814

B~ — D~ D° 1734

form factor less drastic. For the case of A, — 7 TA and
A, — KTA the difference of momenta is of the order of
83 MeV /c, larger than before, but the total momentum trans-
fers are substantially smaller, so we are in a region where the
form factor do not fall down so fast.

In the fourth block the momenta are similar as in the A,
decay modes. The difference of momenta between D? —
7tK~ and D° — 7tK* is 150MeV/c and the total
momentum transfer is much smaller than in the B decay
modes, so we obtain an overcounting factor of about 5, much
smaller than in the B decays. The overcounting factor is about
a factor of two for the DT — 71tK% and DT — 7+tK*0,
but counting errors in the rates, the difference between these
two cases is not very large, and the important thing is that
qualitatively we can understand the reason for these different
overcounting factors.

In the fifth block for the B — 79D% and B — p°D°
decay modes, we find a surprise, since the difference of
momenta between them is of the order of 70 MeV/c, like
that in the second block and we should also expect an over-
counting factor of the order of 100. Yet, the overcounting
factor is only of the order of 8. The difference between these
decays is that B — 7~ D™ proceeds via external emis-
sion and B® — D970 proceeds via internal emission. We
find a plausible explanation for this: In external emission the
momentum transfer, g, is carried by a single W (see Fig. 4),

while in internal emission this momentum can be shared by
two Wgqq transitions (see Fig. 7). It is well known in nuclear
physics, applying Glauber theory, that in such cases, the opti-
mal rate appears when the momentum transferred is equally
shared in the two scattering points [65,66]. Then, assum-
ing a simple form factor e‘“zqz, typical of quark models,
we would have ¢=%°(@/2? ¢=0*@/2% — ,=e’d*/2 ip internal
emission versus e‘“zq ? in external emission. So, the effect
of form factors should be more drastic in external emis-
sion.

Finally in the sixth block we show for reference the
momentum transfers in the B~ — D; D’ and B~ —
D~ D°. We see that the momenta are smaller than in the
pionic modes studied before, and this should make the pre-
dictions in that sector more reliable.

4.6 D decays in internal emission

We have the following cases.

DO — K070, K070 g0,0, g+0,0,
D — 7970, 0079 7050, p0p0; (Cabibbo suppressed)
Dt — K9+, K0+ K0p+ K*0p+'
Dt — 7%t pOrnt, 70F, pOpt; (Cabibbo sup-
pressed)

0 i\ 0 0 .
5. D} - KK+, KK, KYK*T, K*OK*T,
6. D} — 7K+, p°k*, nOK*F, p?K**. (Cabibbo sup-
pressed)

Sl e

We should note that the decay modes for DT are the
same ones as in external emission of Table 8 and there
can be a mixing. The amplitudes with external emission
are bigger, since the mode is color favored, and this mode
will dominate. However, as we saw in the discussion con-
cerning the B — 77 DT and B~ — 7~ D° decays,
the interference of the two mechanisms can lead to larger
decay rates than with the external emission alone. How-
ever, in the present case by comparing the Dt — 7+ K?
and D° — 7 tK—, if the pattern of interference was like
in B — D decays we should expect a bigger rate for
DT — 77 KO, which proceeds via the two mechanisms.
Yet, experimentally the rate for D — 77K~ is bigger
than for D* — 77 K? and the same happens with the
Dt — 71 p% versus DY — 7+ p~, where the second rate
is bigger than the first, even if we multiply by a factor 2 the
Dt — 7 pY rate to account for the reduction factor of 1/2
mentioned above. It is clear that the pattern of interference
is different for D mesons and B mesons. Yet, as in the case
of Tables 3 and 4, the ratio of rates in Table 8 should be
fair.

For DY and Dy decays, the modes obtained here are dif-
ferent than for external emission, but they can be reached by
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strong interaction rescattering. By looking at Tables 3 and 10
for BY decay in external and internal emission, we see that
the former have one order of magnitude bigger rates than the
latter. It is then quite likely that the internal emission modes
are easier reached by external emission and strong rescatter-
ing, and, thus, predictions made from the internal emission
formulas would be misleading. We thus refrain from showing
results for these modes.

One might argue that the B decay modes from internal
emission could also be obtained by external emission fol-
lowed by strong interaction rescattering. Yet, this is far more
unlikely than in D decays. Indeed, take B — D; D" in
external emission and B — 7.K? in internal emission.
D D™ and 1.K° are coupled channels, but transition from
one to the other requires the exchange of a D} vector meson
in the extended hidden gauge approach and is penalized by
the large mass in the D} propagator [67-69]. On the con-
trary, if we take D° — 7+ K~ from external emission and
D% — 79K from internal emission, the 77 K~ — 79K°
transition requires the exchange of a p and gives rise to the
standard chiral potential. The B decay modes by internal
emission are thus, genuine modes, with expected small inter-
ference from external emission followed by rescattering.

5 Conclusions

We have made a study of the properties of internal and exter-
nal emission in the weak decay of heavy hadrons from the
point of view of the spin-angular momentum structure, differ-
entiating among the vector and pseudoscalar decay modes.
The rest of the structure is given by intrinsic form factors
related to the spatial wave functions of the quark states, which
do not differentiate the spin of the mesons formed. In this
sense, for similar masses of the decay products, like ., J /¥
or D, D*, we can obtain rates of decays up to a global factor.
Yet, we are not using heavy quark symmetry, and actually we
show that the B — PV, VP decay modes are proportional
to (Bp)? or (B p)?, which are terms of type (%)2, with
m g the heavy quark mass, and would be neglected in a strict
heavy quark symmetry counting. We show that these modes
have a similar strength than the B — PP, VV modes which
survive in the heavy quark limit, and these predictions are
corroborated by experiment.

The derivation of the final formulas requires a good deal
of angular momentum algebra that we have written in the
appendices. Yet, the final formulas are rather easy and we
can show that f 3" |t|? is formally the same for internal and
external emission.

We applied the formulas to correlate a large amount of data
in Ap, A decays and B or D decays that involve more than
100 reactions. We have taken a given datum for a certain
decay rate and then have made predictions for the related
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reactions. The agreement in general is quite good and the
discrepancies are systematic. The most remarkable one is
that decay modes involving pions in the final states are over-
counted in our approach. We gave an explanation for that,
because the small mass of the pion leads to larger momen-
tum transfers that reduce the intrinsic form factors related to
the spatial wave functions of the quarks involved, which are
independent of the spin rearrangements, since all the quarks
are in their ground state and only spin rearrangement dif-
ferentiates the pseudoscalar from a vector, say 7., J /¥ or
D, D*.

The results obtained go beyond the evaluation of ratios and
the predictions made for decay rates. We have evaluated the
amplitudes for B — PP, PV, VP, VV with the momentum
and spin structure and proper relative phase, and thus, this
information is valuable if one wishes to evaluate loops that
contain these intermediate channels, as one would like to do
in studies related to the possible lack of universality.

The discrepancies for the case of pion production modes
can be used to find information on the intrinsic form factors
involved in the reactions beyond the spin-angular momentum
structure that we have studied in detail.

The formulas obtained are ready to compare with future
measurements that would involve polarizations of the vector
mesons produced.

In most cases we have made predictions for rates that
have not been yet measured. The results obtained here can
be compared with future measurements. The rates obtained
can also be used in analyses that require estimates of some
rates to induce other rates.

Finally the formalism deduced here also lays the grounds
for further studies in which one can have internal or external
emission, as we have done, and in the final state we hadronize
creating a ¢g pair with the quantum numbers of the vacuum,
which together with the primary ¢’g’ pair formed leads to two
mesons. In this case one would address decay processes with
three particles in the final state and help correlate a larger
amount of decay modes already observed.
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Appendix A: External emission A, — D (DF7) A,
decay

As was shown in Eq. (12), we must evaluate the matrix ele-
ment

t=(S1182) (M'1y° — y ys|M)

+(S11o"[S2) (M |y — ylys|M). (A1)

Using the spinors of Egs. (4), (8) and the y# matrices of
Eq. (7), and the property

0;0j = 0;j +1€iji ok, (A2)

we get the result!

t=AA [4 +t+134+ 14+ 15+ t6], (A3)

where

n=(1+BB p? (51|S:) (M'|M),
nh=—B+B) ($118) (MG - p|M),

5= B+B) (S5 - p1S2) (M'|M),

ty = (—1+ BB p?) (Silo’|S2) (M'|o" | M),
ts = —2BB' (5116 - p|S2) (M'|G - p M),

ts =i(B—B) €iji p/ (S1lo’|S2) (M'|o¥|M),

(A4)

with A, A" or B, B’ coming from Eq. (8) for A, and A,
respectively.

We proceed now to evaluate the terms #; of the former
equation. We use angular momentum algebra following Rose
convention and formalism [70].

1 Term t4

We combine now Si, —S; with the phase (—1)!/2+52 to give
angular momentum jm, with j =0, 1,

t1 = (14 BB p?) s, 5, Sumrs (A5)

and combinating to angular momentum j, m we get

. 11
n— (1+B8p% > c(ﬁj; S1, —Sz,m>
S
x (=D 86 g Spm
1

} 1
= (1+BB p? ZC(EEj; Sl,—Sl,O)
Si

x (=)0 8 000 o (A6)

I We use o = ol i = 1,2, 3 along the derivation, where o; are the
Pauli matrices.

Using explicitly the Clebsch-Gordan coefficients (CGC), we
find the sum in this last equation zero for j = 1 and

1 =—v2(1+BB p?) Symr 8mo 8jo (A7)
for j =0.
2 Term ¢,
We write
(A8)

G- p=) (=" oy pp.
yrs

with o, in spherical basis (—%ﬁ(ax +ioy), %(ax —ioy),
o0;), and

4
Pu = ?pylu,

in terms of the spherical harmonics.
Then

h=—B+B)sss5, Y (=D" pu(M'|o_,|M).
0
Using the Wigner-Eckart theorem

1 1

which implies M — . = M’, one has
nh=—B+B8)3dss, (=DMM by

11
xﬁC(EIE; M, M — M, M’). (A10)

Combining now to angular momentum jm, we find

=Y —(B+B)bs s, (—HMM (-1l
Sy

11
x«/§c<§1§; M,M’—M,M)

(A11)

C —1 —1 i; S1, —S2,m PMm—
X ; 9 k /ﬂ
) 2] 1 2 M—-M

which implies m = 0, and summing explicitly over S; as in
the case of ¢, we get

th=v2(B+B)58;08n0 (—HMM
1 1
x+/3C (515; M,M —M, M/> PM—M'»
(A12)
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which can also be written, using Egs. (A8), (A9), as

o =~2B+B) 80 8uo (MG - p|M). (A13)
3 Term t3
3= B+B) (S5 - p1S2) Sumr

=B+B) > (=D" (Silo-_u|S2) pu Sy, (Al4)

"

and now combining to jm we have

11
n—>Y (B+B)C (5 SRARIE —sz,m> (=2

N
x~/3 Z( 1)Mc< 1— 2, —1, Sl) Py Smmrs
(A15)
which implies m = S — S and u = S — S = —m.

Permuting the order of the arguments in the second CGC,

c( : 82, 81 — Sz,sl) \f( 1!/2=5%

xC (—51 S, =S, 81 —Sz) (A16)
and then
Zc (— —1; 85,8, 8 — Sz>
11
xC Js 81, =82, 81 — 82 ) =61, (A17)
22
where we have fixed S| — S, = m. Hence we have
—V2B+B) (=1)™" p_m Sumr 8j1. (A18)

which can be rewritten in terms of the polarization vector €
of the j = 1 D} state as
—V2B+B)E-p Sym 81 (A19)

since for a vector polarization €, in spherical basis one gets
the expression of Eq. (A18).

4 Term 4

14 = (=1 + BB p?) (S1l0'|S2) (M'|o" M),
which can be written in spherical basis as

ty= (=14 BB 5% Y (=1 (Silo_|S2) (M'|o,| M)
"
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1.1
= (-1 ' p? —1H —1=; 8, —
(=1 + BB p?) EM( ) \/Ec(2 5 52, M,Sl>

xfC( M;L,M).

Combining spins to produce the jm state we have

ts— (—1+BB' 5% Y Y (=" (

N

11,

1 1
xﬁC(E 133 82— S1) (M'low| M),

_1)1/2+52

(A20)

whichimplies §1—S2 = m, S2—p = S andhence p = —m
Then we can permute arguments in the second CGC and find

1 1
Cl=1=: 8, —u S ) =D/
(2 5+ 82 —H 1) (=1

‘l C 111 S1, =S, m
X
3 22 o2 ’

and keeping m fixed
11
Y555 Sim—Si.m
22
NI

1
xC (2 2], Sy, m— Sy, >=5j1-

Hence we get

= —(=1+4 BB p*) V281 (=1)"" (M'|o_n|M),
(A21)
which can be rewritten in terms of the D}~ polarization €, as
th=—(—14BB p) V2 (M'|5 -€|M) §;, (A22)

For later use in meson decay we can write it from Eq. (A21)
as

= —(—1+BB pH V251 (=)™ V3

1
ClzlzsM,—m,M"). A23
< (5 15+ Mo-mar) (a23)
5 Term t5
ts =—2BB' (Sil6 - p|S2) (M'|G - pIM),
We can use the results of 73 and immediately write
ts=2vV2BB §;1€-p (M'|G - p|M), (A24)
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but for later use in meson decay we can write it as

ts = 2V2BB 851 (=) p_w Y (D" py
"

1 1
V3c =1z M, —pu, M
x 22 "
=2V6 BB 8,1 (=) (=D"M p_ py_u
1 1
xCl=1=;: MM —M, M), (A25)
2 2

with m the polarization of the vector meson.

6 Term #¢

to = i(B = B) eijx p’ (Silo'1S2) (M'|a*|M),
which can be written in spherical basis as

to=(B—B)(=v2) D CATL p,v, w+v) (Siloul$:)
J7aY

X (M|oy|M) (=D p_jyy, (A26)

as one can see explicitly by writing o/ in terms of o, (see
also Ref. [70]).
Combining to jm, following the steps of 73, we have

11
Yo (5 i, —Sz,m> (=DVH52 (51]0,15)
N
=S c(il)i s —Sam) (—1y1s
S 22
1

11
xﬁc<51—; Sz,u,51>,

3 (A27)

which implies S1 — S = m and S> + . = S1, hence u = m.
Permuting the arguments of the second CGC, we have

1 1
Cl515: So,m, 81 ) = (D%
(2 75 S 1t 1) (=D

2C 11l‘S S
3 227 17 2’“’

and then keeping m fixed
11
E Cl==1, 8, m—-S;,m
22
NI

11 .
xC (EEJ; Sl,m—Sl,m> =4;1,

SO

(A28)

t6 — (B—B)28j Z C(LLL; mv) (=D p_pu_y

mvy

1.1
x«/§c<§1§; M, v, M/), (A29)

which implies v = M’ — M, or equivalently

to = —2(B=B) ;1 (—v/2)Y_C(111: m,v)

X (=1 p_y—y (M'|0y| M), (A30)

which can be written in terms of the polarization vector € by
analogy to Eq. (A26) as

t6=—iv2(B-B)8j1 Exp)- (M5|M). (A31)

This term does not interfere with any of the other terms and
one easily finds that

D il =4B-B) p>.

pol

(A32)

7 3 3 1¢1* with all terms

Next we perform the sum and average of ||*> which will
appear in the decay width of the Aj state. We have the two
cases:

(A) j = 0. We have contribution from t1, #2,

1 1 _
52 MR =3 Y AN [~ V24 BB 5 sy
MM MM

2
+V2B+B) (M5 - M)
= 2(AAN*[(1 + BB p?)* + (B+B)? p?].

(A33)
(B) j = 1. We get contribution from 3, 14, 5, t6,
= A.A/[ — \/E(B-i-B/) Sym €-p
—V2 (=14 BB p> (M'|5 - M)
+2V2BB - p (MG - pIM)
—iN2(B-B) (Exﬁ)-(M/|8|M)]. (A34)

t3 and #4 interfere with themselves, and there is no further
interference. We then get

XM =3 ¥ Yuf

M, M’ € pol
= (AAY 2B+ B)? p* +6(—1+ BB p?)?
—8(—1+ BB p*)BB p?
+8(BB)? pt +4(B—B)* p?]
= (AA?[6+6(B*+B%) p?
—8BB p*+6(BB) p*]. (A35)
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We can see that, up to the p terms the strength from D}~
production is three times bigger than for D~ production.

Appendix B: External emission in B decays
We evaluate the matrix elements for the case of
B’ — D D*, D7 D*", D~ D*, DI D**.

In this case in addition to coupling the cs pair from the W
vertex to jm, we must couple the quarks forming the B° to
|00) and the final cd pair to j'm’.

We have the diagram of Fig. 4 and we take the terms
evaluated in the former section.

1 Term &

We project over spin zero for the B® and j'm’ for the final
cd state. Since the bd state couples to zero spin, the third
component of the d spin must be opposite to the one of the
b quark, M, hence d has third component —M. The phase
(—1)1/2+M from particle-hole conjugation appears twice and
can be ignored. Furthermore, we will fix m’, whichis M' — M
and sum over the other spin components. Then we have,
taking #; from Eq. (A7) and projecting over spin,

11 1, )
l‘]—)ZC(EEO, M,—M,O) C<22 M, M,m)
M
X (—=v2) Sy 8j0 (1+ BB p?)
= V21 +BB 52 8j0 810 Smo- (B1)

2 Term t
We take t; from Eq. (A12) and project over spins. We obtain

= N2B+B) 80 Y (—HM M
M/

xfc( M, M — M,M’)

11
XpM_M’C EEO, M,—M,O

11
which fixes M’ — M to m’. On the other hand,
11
C(E 50, M, —M,0>
1
= (=l/>M —c< o- M,0, M)
( ﬁ
1
= (=DM —_ (B3)
V2
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1.1
Clzl=s MM —M, M
2 2
2 11
= (-D/*M \/jc ——L;M,-MM —M).
3 22
(B4)
Fixing M’ — M we have
Zc( —1; M, M,M’—M)
1 l
xC M M M M) = 61'/1. (BS)
2 2
The state j'm’ is (1, M'— M), which means we have polariza-
tion of the vector as €/ - - The combination (—1)_’"/ .-

is the contribution of €' - p for a vector with polarization m’'.
Hence, the term is written as

h=v2B+B)5081 ¢ p. (B6)

3 Term t3

Taking the term #3 from Eq. (A19) and proceeding as in term
11, we obtain

—V2(B+B) 8180 € - p. (B7)

4 Term t4

We start from #4 of Eq. (A23) and project over spins. We have
ts = —(=1+BB %) v2 5 Z -H™"

1
-1=; M, M
><\/_C(2 X —m, )

xC(——OM MO)C(%%] M, M,m/>,
(B8)

/

which fixesm to M — M’ and m’ to M’ — M ,hence m = —m’.

Using Egs. (B4) and (B3),

1.1 2
1= M,—m,M' | = (-D'*M |2
C(z 2 ) =D 3

11

1
_ o ip-m
6(220M MO>_(1) 7

(B9)

(B10)

we have, fixingm' = —-m =M — M,

11
Zc 771 M. -M.m')C JiM =M m') =5
22 /

(B11)



Eur. Phys. J. C (2018) 78:528

Page 19 of 26 528

Then
ts — —(=1+BB p* V28181 (=1)™™ 8y —pr. (B12)

Furthermore, now we combine (j, m), (j', —m) to give
spin 00 of the B® and then we get (j = j’ = 1)

Yo e o m —m' 0) (=)™

=) (=" (=ni Lo m omy = -2
~ V3 T V3
(B13)
Hence, altogether we find
2 / =2
ty =3 §8j] §jn (=14+BB p~). (B14)

In order to get the interference with 7s, it is convenient to
write it with the explicit polarization vector of j and j’. For
this we start from Eq. (B12) and realize that (—1) ™" §m, —m’
corresponds to the product of the vectors € - €’ written in
spherical basis. Hence we can write

ts=—~2(—1+BB p?) 8181 €€ (B15)

Note that 2} ¢; €] €; e} = 28;;8;j = 28;; = 6, which is the
same result that we get when we take 74| from Eq. (B14)

(there the polarizations have been already combined in the
amplitude to have j, j/ combined to zero spin).

5 Term t5

We start from the term 5 of Eq. (A25) and project over spins.

ts > 2V2BB 8j1 ) (=D (=DM p pyowr

MM’
11
xV3C(=1=: M, M — M, M
2 2
11 11
cl==0. M, -mo0)Cc(==j M. —Mm.m).
% (22 ) (22] m)

(B16)

Once again, fixing m’ which is M’ — M and proceeding as
done for the former term,

11 11
Zc 1= M,M —M,M)C(==0: M,—M,0
~\2 2 22

11
xCl==js M, —M,m’
272

1
_ _pl2-m _l2-m
ME/( ) _ﬁ (=1

2 11
X\ =Cl==1; M, —M,m’
3 22

11, 1
XC (5 5]/; M/v _M9m/> = _Sj/la

B17
NG (B17)

and we get

ts = 2V2BB 81 81 (=) (=DM p_y pyar.
(B18)

We cannot now combine j, j’ to give zero, because we have
two vectors p_,, py—m’, which can combine to orbital angu-
lar momentum L = O or L = 2, and itis (j ® L) ® j' that
must couple to spin zero. Because of this, it is better to write
Eq. (B18) in terms of the polarization vectors, which is quite
simple because (—1)~" p_,, is € - p in spherical basis and
(=)M-M"p \pis€’ - p. Thus

ts— 2V2BB 8j1 8,1 €-p) E'-p). (B19)

The decomposition of €; p; e} pj into s and d-waves

l -2 l -2
pipj = (pipj— 3P 8ij) + 3P 8ij
shows that the s-wave, % P25 j, has the same structure € - €
as for #4 in Eq. (B15) and thus interferes, while the d-wave

term will sum incoherently.
6 Term #g

We start from the term #¢ from Eq. (A29) and project over
spins. Then

to —>2B—B)8;1 Y Y CALLmv) (="

mv M/

1 1
XP—m—v \/§C<§ 1 E; M, v, M/>

11
Cl==0;M,—M.,0
(330 -40)

37 (B20)

which fixes v = M’ — M. Keeping M’ — M fixed, we use
Eq. (B17) and obtain

11
xC (——j’; M, —M,M’—M),

16 — Z(B—B/) 5]'1 8]'/1

x ) CATLmw) (D" py, (B21)
m,v
which by virtue of Eq. (A26) can be recast as
t6=iv2(B—B)5;1 8 (ExEp. (B22)
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7 Y. 3" |¢]? for all combinations

A) j=0,j =0
Only the term #; contributes and we find from Eq. (B1)

(A4 DY > P =201+ BB p?)* (AA)?. (B23)

B) j=0,j =1
Only the term 7, contributes and we find

(AA? IS 1P =28+ B)2 5% (ALY, (B24)
Cj=1,j=0:

Only the term #3 contributes and we find

(ALY S-S 1P =205+ B)2 5% (AAY.  (B25)

It is interesting to see that the case of j = 1, j/ = 0 gives
the same contribution as that of j = 0, j* = 1, which is
corroborated by experiment.

D) j=1,j =1
Here we have a contribution from #4, ts, fg. As mentioned
before, 4 and ¢5 interfere partially but they do not inter-
fere with t¢.

A2 S S g + 15 + 162
= AP S|V -1+ BB Y E e
+2V2BB (- p) (- p)
+iV2(B-B)ExeH-p ‘2
= (AA)? [6(~1 + BB p?)?
—8BB (—1+BB p?) p?
+8(BB)? bt +4(B—B)* p?]
= (AA [6+ 482 p2 4482 p>
—12BB p2 +6 (BB p*].

(B26)

Appendix C: Matrix element for internal emission for
baryon decay

Using Eq. (A2), we can work out the terms #; in Eq. (26), and
get a more simplified expression, where ¢, 17, tg are incor-
porated in #3, 13, t;, 15 and £,

t=AA [+t + 65+ 415 +15], (CD
with

1 = (1= BB p*) (M'|S) (511M),
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ty=(B—B)(Si|M) (M| - p|S2).
ty=(B—B) (M'S:) (Silo - p|M),

=2BB (M'|G - p|S2) (S1]5 - p |M),
=—(14BB p* (M'|o"|S,) (Silo’|M),
=i(B+B) €iji p! (M'|o"|S) (Si|o¥|M).

(€2

SN N £

We follow here a different approach than in the external
emission and we choose as z direction to write the spin states,
the direction of the momentum p. Hence p = p ii,. Then

(816 - p1S) = (Slo:|S)p = p (=75 555

We proceed to evaluate the contribution of each term for
j=0,j=1

1 Term #;

In order to project over jm, we must multiply by (—1)!/2+52
C(3 % j: S1.—S2,m) and sum over .

11
-y (=n'/tee (5 515 S1, =82, m)
N

X8y, 8sym (1 — BB p?), (C3)
which impliesm = M — M’,
1 — (=M ¢ (% %j; M,—M', M — M/)
x(1—BB p?). (C4)

We can splititfor j =0, j =1.For j =0,M — M' =0,
we get

1§ (j=0) — (=DM (_pyl2=M

1
x—= Sy (1 — BB p?)

V2

1
= ——— Sym (1 — BB p?).

V2

For j = 1 we leave it explicitly as in Eq. (C4),

(C5)

. (11
1G=1) - (=M C(EE 1; M, —M@M-M’)

x(1 — BB p?). (C6)
2 Term té
ty > (B=DB) p (SiIM) (M'|0;]5>)
= B-B) p (=D 85, 85,1, (C7)
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and projecting over jm,

th—> > (- 1)1/2+Szc( = Jji S1.— Sz,m> (B-8)

M

xp (=D)V275 8,010 85,1

= —(B- B/)pcG%],M -M', M — M) (C8)

Once again, for j = 0 we obtain

1
5(G=0— —B-B)p (DM 5 Sumr,  (C9)

for j = 1 we leave it as in Eq. (C8),

i y 11 , ,

(=0 -B-B)pCly5 LM M .M-M).
(C10)

3 Term té
ty— (B = B) S (=DM 8541 (C11)

This term has the same structure as ¢, but the phase is
(—=1)1/2=M ingtead of (—1)1/2~M' Thus

{ = —(B'=B) p (="M
xC <llj; M, —M/,M—M/>. (C12)

22

Then
1

BG=0==-B =B p DM —syp. (CI13
U =0==B =B p DM . (€C13)
BG=D=~B~Bpn""

xC(lél M,—M' M — M) (C14)

4 Term t‘;

1y — 2BB p? (=DY*752 56,0 (=DVEM 564,
which again is like #; but with an extra phase (—1)!/27™.
Hence

2 o
=—— BB p? Sum,

V2
t4(]—l)——288’_'26<1%1 M,-M' M- M)

15(j =0) (C15)

x(—1)1/2=M (C16)

’
5 Term ts

Let us write in spherical basis,
is = (M'|0"]S2) (Silo’|M)

= Z(—l)“ (M'16,,152) (Stlo— .| M)
m

_Z( 1)MIC( 1

s So M)

xﬁc<§1§; M, —p, S1>, (C17)

which implies S> + u = M’, M — u = S1 and hence S, =
M — M+ 5.

5 1
is=3(=DHMSi¢ (51

11
Cl=1=;
X<22

Projecting over spin jm, we have

fS N 3 Z(_I)M—Sl (_1)1/2+M/—M+Sl
M

1
E; M’—M—i—Sl,M—Sl,M/)

M,S| — M, sl> . (C18)

1
C S, MM -5, M- M
X <22] 1 1 )

1
XC(EIE M/—M+S],M_S],M/>

xC(ll
2

Now S appears in the three coefficients and we must con-
struct a Racah coefficient from there. We reorder the CGC

as
12-m |2
M,S1—M,S; )= (-1 5

11
C(zlz

11
xC <—§1 M, -8, M — S])

1
E; M,Sl—M,Sl>. (C19)

(C20)
11 / / 1/241-1/2
c EIE;M—M-i-Sl,M—Sl,M = (=1

11
xC( 375 M — S, M — M+SI,M’>, (c21)

22

1
C AAJ
x (2 2
and then apply Eq. (6.5a) of Ref. [70], summing over S
keeping M — M’ fixed, and we obtain

~ / . 2
is — (=DM M= 3\[3 (@) +1)-31'?
1111 1 1 , ,
xWl=-===;1j) C M M — M, M
2222 2 2’

@ Springer

11 _
C( S, M—M -8, M — M):(_1)1/2+1/21

Sl,M/—M+S1,M/—M>, (C22)
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I 1111
— _1 1/2+M—] _ 1
6(—1) Wis355 L
11, , ,

where W (- - -) is a Racah coefficient, which can be calculated
using formulas from the Appendix of Ref. [70], and we get

w(llll-u — [ -3iGn]
2222 2 3 '

Note that this term has the same structure as t{, and we get
1] + t§ substituting

(1-BB p* — (1-BB p*—3(1+BB p?),
for j =0
(1-BB p*) - (1—=BB pH+(1+BB p?), forj=1

Hence

gy = | —CQHABB B (“DVHMIC (33 js M, =M, M — M), for j = 0;
TR 2 (3 y s MMM = M) for j = 1.

And projecting over spin jm

ty—> =3V2B+B)p Y (-1

M

11,
XC(EEJ, S],-Sz,l’ﬂ)
XZC(I]I' - C l135 M’

IL 7/‘1/’ ll/ 2 27 27/1”
C Ly N (C29)
X = = s — My 5

515 W, S

which requires S» + u = M', M — i = S;. Hence m =
M — M’ and

t5—> =3V2B+B) p Y (=DM e, —p)
I

11
xC(5 5 s M—pu,pu—M,M—M)

c(iil w)e(iilm M
xClz15 M —p,p, Sl M, —p, M —
515 Wy p 715 % ®

(C25)

For j = 0 it gets further simplified like 7{ and we get

1 .
% 2+4BB B> Sy,

(i +1) (=1 =2(=D"*"

(1 +15) (=0 = (C26)

11 , ,
xC 551; M,-M,M— M )(C27)

’
6 Term ty

We take té from Eq. (C2), and using Eq. (A26) we write it in
spherical basis

th - —V2(B+B8) Z CAT1; p,v) (M')0,182)
v
x(Siloy|M) (=D* p__y.

We take again p in the z direction and then 1« +v = 0. Hence

1> —2B+B)p Y CALL p,—p)
"

X (M'10,,|S2) (Silo_|M)
= —V2B+B)p Y CALL; p, —p)
"

11
1=
22
x~/3C 111-M— S
57 y —H, 01 ) -

><~/§C( ; Sz,M,M’>

(C28)

@ Springer

= 3V2B+B)p Y (DM e, —p)
I

11
xC5 50 M—pop—M,.M—M)

’ 2 1 1
X (—1)1/2M+p 3 C <§ 5 LM, - M, M) (=DM

2 11
zCls LM pu—M .

56 55 (C30)

This combination cannot be cast into a Racah coefficient,
but it is easy to evaluate. Indeed, since C(111; 000) = 0, u
can only be 41 or —1. From the last two CGC we have: if
M =1/2then u = +1 and M’ = 1/2;if M = —1/2 then
u = —1and M’' = —1/2 and the two CGC are 1. Then we
have

ty—> 22 (=DM B+B)p Y CALL; p,—p)

%
11
xC(zzj;M—u,u—M/,M—M/). (C31)
Now we have
j=0: M=M =1)2, ty=—2B+B)p;
/

M=M=-1/2, t=v2B+8)p.
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Hence

5 =0)=v2B+B) pdyu ()M, (C32)

j=1 M=M =12, t=v2B+8B)p;
M=M =-1/2, t5=+2B+5)p.
Hence
(GG=1)=v2B+B)psyum. (C33)
We summarize in the following.
1.j=0
H+tl= L 2+4BB p?) Sym
V2
th = —% B—=B)p (=DM sy,
1 = —% (B =B) p (=DM sy, (C34)

té/l = —«/5 BB ﬁz SMm
ty =2 B+B)p (=DM 5y

We can see that 75 and 7} cancel here and 7, adds coher-
ently to 7] +15. Also t; does not interfere with those terms

in 3" 3" |¢t|2. Thus

PSP =2(AA [(+BB 527+ (B+B) 52|
(C35)

e
f 4tk =2(~Dl2M 0(52

11
té:—(B—B/)pC(EEI; M,—M’,M—M’),

ty=—(B —B) p(—HM M

1 ! /
LM, -M . M—-M),

the two terms cancel. We can implement this by means
of the factor

(=) (=DM 2ca1; M —M, M —M,0),
and we can write
B4ty =22B-B)p (DM

22
xC(111; M — M, M — M, 0).

11
XC( —1; M,—M’,M—M’)

In order to see the interference of these terms in i 3t

we will perform the sum over M and M’ — M, and

% Sy = % > m 2 mr— - In most terms we get

11 S | 3
C<f—1;M,—M/,M—M/) == 1==.
> >33 ZM;M .

M-M M

N =

(C37)

However, because of the C(111; M'—M, M —M’, 0) coef-
ficient, #; + #; does not interfere with any term. Similarly 7;
does not interfere with any term, but there is an interference
between ¢] +; and ;. This is because 7, comes from a term of
type (6 - p)(o - p) and p; pj can combine to s-wave % P28
ord-wave (p;pj — % dij). The part of s-wave interferes with
1] + t; and we get it in the following way,

% 2Y N+

M M
— —4BB 7 Y Y (—p'tMM
M-M M

11 ) A\
xCl==1; M, - M, M —M

22
=488 p2 Y (—pM M
M —M
=4BB p2(-1—-1+1)
= —4BB p>. (C38)

11 .
«C (5 3 1. M, —M' . M — M’) ’ (C36) Similarly,

1, =—2BB p* (- M

11
xCl==1;, M, - M, M—M ),
22

t5=~2(B+B) pdum-

We can still work out the sum of 7 and 75, which now does
not cancel. Indeed, if M’ — M = +1, the two terms have
opposite sign which is compensated by having B — B’
in #; or B’ — B in 5. Hence, they sum. If M' — M = 0,

% DO 6+ 1)

M M

L Z ZS(B—B/)Zﬁz
2M’fMM

11 . A\
xCl==1; M,-M',M —M
22
xC(111; M =M, M — M',0)?

1 >
258(8_8/)2p2
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x Z CA11; M' =M, M — M, 0)?
M —-M
=4B-B8)*p? (C39)

and

iZz B+B) p2sym =2B+B)2 p2. (C40)

M M

Thus, altogether

Y 3ur
a3 12 22 D N2 =4
= (A4) [§x4+4(B—B) P2+ 5 x4BB)? j
—483/52+2(3+B’)2ﬁ2]
= (AA)? [6+6B2 52+6B2%p2—8BB p2
16 (BB)> 134]. (C41)

This result is the same obtained in Eq. (A35) for external
emission.

Appendix D: Internal emission for B decays

We look at the diagram of Fig. 7 and take the terms ¢, of
Egs. (C34) and (C36) projecting over spin zero to bd quarks
and to j'm’ the s, d quarks. The phase from particle-hole
conjugation corresponding to the d state appears twice and
can be ignored. We discuss each term in detail.

1 j =0case

We have two terms contributing, 1{ + 15 + 1}, = V24 +
BB p2)sym and t; = 2B+ B) p (=DM s34,
Projecting over spin zero for the B meson and spin j'm’ for
K°, and fixing M’ — M = m’, we obtain

H+ts+t,— Y V20+BB p*) Suw
M

xC<——0 M,—M, 0)
C Ll M, -M, M —M
X - =173 — —
22]5 £l E)
= V2 (1 +BB %) 80 8mo:
ty — Zﬁ B+B) p (=DM 5y,

D)

XC(——O M, MO)

wellYi m o —m
350"

@ Springer

= L VEG+5) p ()

(1w

= —V2(B+B)psindwo. (D2)

2 j =1case

We study the different terms of Eq. (C36) and project them
over spin zero for the B meson and j’m’ for the K°.

In this case we fix m = —m’ = M — M’, which is one
degree of freedom to sum in fz |£|>. The fact that p is
chosen in the z direction forces m = —m’ here.

H+t =) 2 (=M
M/

11
xc<—51 M. —M' M — M)
xC(——OM MO)
(LYo v —m
X —_—
354"
|

_ 2 (M (M
2 Vi

11
XC<_51 M,—M', M — M)

1
Cl==j M, - MM —M
<c(35) )
_ _Zﬁ(_l)M’—M
M/

11
xCl==1; M',—M, M — M
22

11
(=M, -M M —M
% (22’

= 2 M (D3)

Miny Y|t

Recall that we will sum over M —
thtty—> Y 2vV2(B-B)p (=DM
M/

11 , ,
xXC\==z1; M, - M, M—-—M
22
xC(A11; M —

C 0; M,—M,O0
X(zz )

11 ./, / /
xC 75 jiy M, —-M, M —M

=Y 2vV2B-B)p(-)"*M
Ml

M, M —M,0)
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11 , ,
xXC\==z1; M, - M, M—-M
22

xC111; M =M, M —M',0) (—1)/>M _—_

11 / 4 !/
xC M, -M,M —M
227

=2B-B)pc11; M —M,M— M, 0)

ch(ffl M,M/—M)

V2 AA (14 BB 5280,
—V2 AA (B+B') p 8o,
V2 AA (B+B') p 8o,

AN [_ﬁ(_l)M’fM _ﬁBB/ﬁZ
f2(B-B)pCll M —

M,M—M,0)],

11
té—> Z\/E(B-FB/)[?SMM/C(E 50; M, —M,O)

1
Cl=- M MM M
) (nf )

= V2(B+B) psjndwo. (D6)

‘We summarize now,

for j =0, j/=0;
for j=0, j/=1;
forj=1, j/=0; (D7)

forj=1, j/=1.

11 / ! /
xC s M, —M,M' — M
227

=2B-B)pC11l; M —M,M— M, 0);,.

ty —> Y (=2)BB p*
M

xC
1

><C<770 M, MO)

22

11

xC(ff] M, M,M’—M)

22
=288 p*

(D4)

11
( S M, —-M', M — M) (=M
22

XZC( —1; M,—M',M — M)(—l)l/z_M

1

1/2-M
=D C(ZZ

f

M, —M, M’—M)

= -2 BB p? Zc( ~1; M—M’,M—M’)

11
xC(==j M, -M ,M—M
22

= —v2 BB p? 8jn, foranym'.

)

(D5)

For j = 1, j' = 1, we have three terms coming respectively
from¢{ +15, 1) and t;4-15. The last term does not interfere with

the other two in iz |t|?, but the first two terms interfere
and we have

S [-V2EnMM V2B R
M —-M
=2 Z +(BB/2_>4+2( I)M MBB/ —'2]

:2[3+3<BB’>254—2BB’;72], (D8)

Y 4B-B) prcuil; M —M M- M. 0)7°
M—-M'
=4B-B)p> (D9)

Hence finally we get

2(AAN? (1+ BB p2)?, for j =0, j/=0;
_ 2(AA)? (B+B)? B2, for j =0, j'=1;
DN il =1 2(44) B+ B) p2, for j=1, j/ =0;

(AA[6+4B p* +4B” p?
—12BB p2+6BB)? p*],  forj=1, j'=1.
(D10)

It is remarkable that we have obtained the same results
that we obtained for external emission in Sect. 2.2 (see the
summary in Eqgs. (16)—(19)), even if the topology is different
and the original matrix elements also different.
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