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Abstract Though not a part of mainstream physics, Salam’s
theory of strong gravity remains a viable effective model
for the description of strong interactions in the gauge sin-
glet sector of QCD, capable of producing particle confine-
ment and asymptotic freedom, but not of reproducing inter-
actions involving SU (3) color charge. It may therefore be
used to explore the stability and confinement of gauge sin-
glet hadrons, though not to describe scattering processes that
require color interactions. It is a two-tensor theory of both
strong interactions and gravity, in which the strong tensor
field is governed by equations formally identical to the Ein-
stein equations, apart from the coupling parameter, which is
of order 1 GeV−1. We revisit the strong gravity theory and
investigate the strong gravity field equations in the presence
of a mixing term which induces an effective strong cosmolog-
ical constant, � f . This introduces a strong de Sitter radius
for strongly interacting fermions, producing a confining bub-
ble, which allows us to identify � f with the ‘bag constant’
of the MIT bag model, B � 2 × 1014 g cm−3. Assum-
ing a static, spherically symmetric geometry, we derive the
strong gravity TOV equation, which describes the equilib-
rium properties of compact hadronic objects. From this, we
determine the generalized Buchdahl inequalities for a strong
gravity ‘particle’, giving rise to upper and lower bounds on
the mass/radius ratio of stable, compact, strongly interacting
objects. We show, explicitly, that the existence of the lower
mass bound is induced by the presence of � f , producing a
mass gap, and that the upper bound corresponds to a decon-
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finement phase transition. The physical implications of our
results for holographic duality in the context of the AdS/QCD
and dS/QCD correspondences are also discussed.
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1 Introduction

One of the most intriguing aspects of short-distance physics
is that the strong interactions of hadrons in the infrared (IR)
regime exhibit certain features bearing a close resemblance to
gravity. For example, string theory – originally proposed as a
theory of strongly interacting hadrons – can be reinterpreted
as a theory of linearized gravity, and the quantum theory of
closed bosonic strings naturally includes a candidate gravi-
ton [1]. On the other hand, it is generally assumed that, in low
energy physics, the gravitational interaction plays a negligi-
ble role. However, it is important to note that the strength of
the gravitational interaction increases with energy, the cou-
pling being proportional to G E2, where E is the total energy
of the particle (including rest mass) and G is Newton’s con-
stant. Hence, gravitational interactions become more and
more important at higher energies. In fact, if the particle
energy exceeds E = ec2/

√
G � 1018 GeV, the gravitational

interaction is stronger than the electromagnetic interaction
and, at energies of the order of 1019 GeV, it is as strong as the
strong nuclear interaction. The important role of gravitation
in fundamental particle physics was also pointed out in [2,3].

At the quantum level, the gravitational interaction is
expected to be mediated by massless spin-2 bosons (gravi-
tons) in a way that is analogous to the mediation of the elec-
tromagnetic interaction by massless spin-1 bosons (photons)
[4]. Strong support for this idea is provided by the fact that
the quantization of linearized gravity, obtained by substitut-
ing gμν = ημν + hμν , where ημν is the Minkowski metric
and hμν is an arbitrary perturbation, into the vacuum Ein-
stein equations (neglecting second order quantities), leads
to the well-known Pauli–Fierz equations for massless spin-2
particles, �hμν = 0, hμν,ν = 0, hμ

μ = 0 [4]. Thus, from
a quantum theoretical point of view, the long range of the
gravitational force is a consequence of the masslessness of
the mediating particles. This result can be extended to the
massive graviton case, and hence it follows that a non-linear
self-interacting spin-2 field can also be described by Ein-
stein’s field equations [5–7].

Classically, the (non-vacuum) Einstein field equations,
Gμν = κTμν , whereκ = 8πG/c4, relate a covariant geomet-
rical quantity, the Einstein tensor Gμν = Rμν − (1/2)Rgμν ,
to a covariant physical quantity, the conserved energy-
momentum tensor Tμν , via the proportionality (coupling)
constant κ [8]. However, the derivation of the Einstein field
equations does not place any restriction whatsoever on the
numerical value of the constant κ . For the canonical gravita-

tional interaction, this must be recovered from the Newtonian
limit of the theory [8]. Noting the existence of strongly inter-
acting, massive, spin-2 meson states (such as the f-meson),
and arguing by analogy with the quantization of linearized
Einstein gravity, it was proposed in [9–12] that a short-range
‘strong gravity’ interaction may be responsible for the prop-
erties of such elementary particles at a microscopic level.

Thus, a new ‘metric’ tensor fμν , which determines the
properties of the strong gravity field, as well as a new strong
coupling constant, determined to be of order 1 GeV−1 to
ensure consistency with the known physics of strong inter-
actions, were introduced [9–12]. Throughout the rest of this
paper, we follow Salam’s original (though slightly uncon-
ventional) notation, denoting the canonical gravitational and
strong gravity coupling constants as

k2
g = 8πG/c4, k2

f = 8πG f /c4, (1)

respectively. The dimensionless strong gravity coupling is
taken to be of the same order of magnitude as the strong
interaction coupling, giving

αs = G f m2

h̄c
� 1. (2)

This is equivalent to G f � 1038G = 6.67×1030cm3 g−1 s−2

for a strong interaction scale of m � 10−19mPl � 10−24 g,
where mPl = √

h̄c/G � 10−5 g is the Planck mass.
It is interesting to note that the ratio G f /G yields ‘Dirac’s

number’, i.e.

G f /G � 1038, (3)

the same dimensionless quantity that formed the basis of his
Large Number Hypothesis (LNH) [13–16]. (See also [17–
19] for contemporary viewpoints of the LNH.) The possible
implications of this, and its relation to more recent results
that imply a relation between the cosmological constant and
physics at the electroweak scale, à la Dirac, are discussed
below, and at length in Sect. 4

Hence, in order to describe strong interactions, the follow-
ing Lagrangian density was proposed [9–12]:

L = − 1

2k2
g

√−gR(g) − 1

2k2
f

√− f R f ( f ) + L f g + Lm (4)

where L f = R f ( f ) and R f ( f ) is the scalar curvature con-
structed from fμν and its derivatives. The termL f g describes
the interaction between f-mesons and gravitons andLm is the
Lagrangian for both strongly interacting and non-strongly
interacting matter. If one drops the interaction term L f g

and considers that the dominant term in the field equation
obtained from (4) is given by L f , one obtains an Einstein-
type equation for the fμν field, with the strong coupling con-
stant k2

f in place of k2
g . This explains the name strong gravity

given to the theory. The physical and mathematical properties
of the strong gravity model were investigated in [20–24]. For
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a comprehensive review of the early results in strong gravity,
and the corresponding references, see [25].

An alternative attempt to describe the physics of strong
interactions using a geometric, general-relativity-inspired
picture is the reformulation of Yang–Mills theory proposed in
the so-called ‘chromogravity’ model [26,27]. In this model,
QCD in the IR region is approximated by the exchange
of a dressed two-gluon phenomenological field Gμν(x) =
Ba

μBb
ν ηab, where ηab is a color-SU(3) metric, and Ba

μ is
the dressed gluon field. This model produces color con-
finement, explains the successful features of the hadronic
string, predicts the spectrum of baryons and mesons with
their Regge trajectories, justifies the interacting boson model,
and also it ‘predicts’ scaling. The effective Ricci tensor
Rμν constructed from the field Gμν induces Einsteinian
dynamics. Alternative approaches were proposed in [28–30]
and [31], respectively. The relations between Yang–Mills
fields and Riemannian geometry were also investigated in
[32,33], where it was shown that it is possible to define
gauge invariant variables in the Hilbert space of Yang–Mills
theories that manifestly implement Gauss’ law on physical
states.

From a ‘true’ gravitational perspective, the conditions
under which upper and/or lower mass bounds exist for differ-
ent physical systems is of fundamental importance in theo-
retical general relativity and relativistic astrophysics. A clas-
sic result by Buchdahl [34] states that, for stable, compact,
charge-neutral objects of mass M and radius R, the condition

2G M

c2 R
≤ 8

9
, (5)

must be satisfied. If the bound (5) is violated, collapse to a
black hole becomes inevitable. In [35] the general-relativistic
maximum mass of a stable compact astrophysical stellar-
type object was found to be of the order of 3.2M�. This
result was obtained with the use of the principle of causality,
requiring that in the dense matter nuclear matter the speed
of sound cannot exceed the speed of light, and of Le Chate-
lier’s principle. The Buchdahl limit (5) has been extended
to include the effects of a nonzero cosmological constant
(� �= 0) [36], of the electric charge of the sphere [37], and
of an anisotropic interior pressure distribution [38]. Sharp
bounds on the mass/radius ratio for neutral and charged com-
pact objects, with both isotropic and anisotropic pressure dis-
tributions, in the presence of � �= 0, were also obtained in
[39–43].

If the existence of an upper mass bound for stellar-type
structures seems to be a reasonable physical requirement of
general relativity, the possible existence of a minimum mass
is less obvious. In [44] it was shown that the presence of
a positive cosmological constant implies the existence of
a minimum classical mass and of a minimum density in
nature. These results rigorously follow from the general-

ized Buchdahl inequality in the presence of � > 0, given
by
√

1 − 2G M

Rc2 − �R2

3
≥ 1

3
− �c2

12πGρ
, (6)

which implies the existence of a lower bound for the
mass/radius ratio or, equivalently, the density of a stable,
charge-neutral, gravitating compact object, i.e.

2G M

Rc2 ≥ �

6
R2 ⇐⇒ ρ = 3M

4π R3 ≥ ρmin: = �c2

16πG
. (7)

Though the derivation of this condition is somewhat
involved [44], its physical meaning is intuitively obvious.
The dark energy density is given by

ρ� = −p�/c = �c2

8πG
. (8)

Hence, Eq. (7) simply states that spherical objects with
densities significantly lower than the dark energy density
have insufficient self-gravity to overcome the effects of dark
energy repulsion. For ρ � ρmin = ρ�/2, the classical
radius R becomes unstable and dark energy repulsion blows
the object apart. For future convenience, we note that the
current experimental value of the vacuum energy density,
inferred from observations of high-redshift type 1A super-
novae (SN1A), Large Scale Structure (LSS) data from the
Sloan Digital Sky Survey (SDSS) and Cosmic Microwave
Background (CMB) data from the Planck satellite, is ρ� =
5.971 × 10−30 g cm−3 [45–49]. This corresponds to a value
of � = 1.114 × 10−56 cm−2 for the cosmological constant.

The minimum-mass/radius bound, in the absence of dark
energy (i.e., for � = 0), was extended for the case of charged
objects in [50], where it was shown that a stable object with
charge Q must obey the relation

2Mc2

R
≥ 3

2

Q2

R2

[

1 − Q2

36R2 + O
(

Q2

R2

)4
]

. (9)

This result was extended to include the presence of a cos-
mological constant (� �= 0), and the mass/radius ratio of a
stable charged object was found to obey the relation

M ≥ 3

4

Q2

Rc2 + �R3c2

12G
. (10)

to leading order in Q2/R. For � = 0, this relation recovers
an earlier result due to Bekenstein [51], which demonstrated
that the expression for the classical radius of a charged par-
ticle – obtained from equating its rest mass with its electro-
static potential energy – remains rigorously valid in general
relativity.

In [52–54], Eq. (10) was combined with minimum
length uncertainty relations (MLURs), obtained from gravi-
tational extensions of canonical quantum theory, leading to a
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minimum-mass bound for stable, charged, quantum mechan-
ical and gravitating compact objects of the form

M � MQ = 2−1/3αQ(m2
PlmdS)1/3, (11)

where

αQ = Q2/q2
Pl, (12)

and qPl = h̄c is the Planck charge. Evaluated for Q = ±e,
this gives

M � 2−1/3αe(m
2
PlmdS)1/3 = 7.332 × 10−28 g

� me = 9.109 × 10−28 g, (13)

where αe = e2/q2
Pl � 1/137 is the usual fine structure con-

stant and me is the electron mass, which is equivalent to

Q2

M
�
(

3h̄2G2c6

�

)1/6

= 3.147 × 108 Fr2 g−1

� e2

me
= 2.533 × 108 Fr2 g−1. (14)

According to this relation, if the electron were any less mas-
sive (with the same charge e) or more highly charged (with
the same mass me) a combination of electrostatic and dark
energy repulsion would destabilize its Compton wavelength
[52–54]. We also note the close similarity between the phys-
ical picture of the electron, modeled as an extended charged
fluid sphere [51], used to derive Eq. (14) in [52], and Dirac’s
‘extensible’ model of the electron, proposed in [55]. Equa-
tion (14) may also be rewritten as

� � l4
Pl

r6
e

= 3h̄2G2m6
ec6

e12 � 1.366 × 10−56 cm−2, (15)

yielding an upper bound for � which is consistent with the
current best fit value inferred from cosmological observa-
tions [45–49]. Interestingly, Eq. (15) was previously derived
via three different methods (see [56–58]) and, for the mass
scale m = me/αe, is equivalent to Zel’dovich’s estimate of
�, based on his reformulation of Dirac’s LNH for an asymp-
totically de Sitter Universe [59,60]. These results suggest
the existence of a deep connection between gravity, the pres-
ence of a positive cosmological constant, and the stability of
fundamental particles, and they are discussed further in the
context of the strong gravity model, with a ‘strong cosmo-
logical constant’ � f , in Sect. 4.

The particle physics and cosmological implications of the
mass scale MT = (h̄2

√
�/G)1/3, which corresponds to tak-

ing Q2 → q2
Pl in Eq. (11), were considered in [61], where,

based on an MLUR, it was shown that a black hole with age
comparable to the age of the Universe would stop radiating
and form a relic state when its mass reaches the dual mass
scale M

′
T = m2

Pl/MT = c(h̄/G2
√

�)1/3. Moreover, it was
shown that a holographic relation exists between the entropy

and horizon area of the remnant black hole in generic dimen-
sions.

Though, in the present work, we derive mass bounds in
the context of the original strong gravity theory, based on the
analogy between general relativity and strong interactions,
we note that, in recent years, many theories of modified grav-
ity have been proposed in the literature [62–64]. In general,
these aim to solve the problems posed by modern observa-
tional cosmology without the need to posit the existence of
exotic states of matter and energy, i.e. dark matter and dark
energy [65–67]. Theoretically, such approaches may also be
extended to the physics of strong interactions: if modified
gravity theories possess desirable properties from a cosmo-
logical perspective, could modified strong gravity theories
possess desirable properties from a particle physics point of
view?

Though beyond the scope of this paper, we note that upper
and lower bounds on the mass/radius ratio of stable compact
objects in modified gravity theories were obtained in [68], in
which modifications of the canonical gravitational dynam-
ics were described by an effective contribution to the mat-
ter energy-momentum tensor. As an application of the gen-
eral formalism developed therein, compact bosonic objects,
described by scalar-tensor gravitational theories with self-
interacting scalar potentials, and charged compact objects
were considered. For Higgs-type potentials, it was found that
the mass bounds can be expressed in terms of the value of the
potential at the surface of the compact object. The general
implications of minimum-mass bounds for the gravitational
stability of fundamental particles and for the existence of
holographic duality between bulk and boundary degrees of
freedom were also investigated.

It is the goal of this work to investigate the existence of
mass bounds in the strong gravity model proposed in [9–12],
and to discuss the relevance of these bounds for hadronic
physics and cosmology via the holographic principle. To
prove the existence of both minimum- and maximum-mass
bounds, we consider a static, spherically symmetric ‘geom-
etry’ for the strong gravity metric, together with the Einstein
gravitational field equations, in which the matter energy-
momentum tensor consists of two components: ordinary mat-
ter, described thermodynamically by its energy density and
anisotropic pressure distribution, and a mixing term. With a
specific choice of metric tensor, the coefficients of the con-
tribution from the mixing term take the form of an effec-
tive strong cosmological constant, � f , whose repulsive (or
attractive) force is ‘felt’ only inside the strongly interacting
matter.

After determining the effective Einstein field equations,
the Tolman–Oppenheimer–Volkoff (TOV) equation describ-
ing the equilibrium properties of the strong gravity system is
obtained. With the use of this equation, and adopting some
physically reasonable assumptions about the behavior of the
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physical and geometrical quantities, we derive the general-
ized Buchdahl inequality, which is valid at all points inside
the compact objects. By evaluating this bound on the surface
of the hadronic ‘particle’, we therefore obtain both upper
and lower bounds of the mass/radius ratio of the hadrons in
the strong gravity model. These bounds depend on the mass
parameter (i.e. coupling) in the mixing Lagrangian L f g , as
well as of the geometric properties of the hadrons. The phys-
ical implications of our results are also discussed.

This paper is organized as follows. The TOV equation for
strong gravity is derived in Sect. 2. The generalized Buch-
dahl inequality, and the resulting upper and lower bounds
on the mass/radius ratio of strongly interacting particles, are
derived in Sect. 3. The strong gravity mass gap, and its impli-
cations for holography, are discussed in Sect. 4. In Sect. 5,
we combine the mass bounds obtained in the strong gravity
model with MLURs motivated by quantum gravity research,
exchanging G → G f and � → � f where necessary. Iden-
tifying the ‘strong dark energy density’ with the bag constant
of the MIT bag model, which is of the order of the nuclear
density, B � 2 × 1014 g cm−3, then gives rise to new mass
bounds for both neutral and charged strongly interacting par-
ticles. Section 6 contains a brief summary and discussion
of our main conclusions, of outstanding problems, and of
prospects for future work.

2 Tolman–Oppenheimer–Volkoff equation in the strong
gravity model

In the present section we briefly review the physical basis
and mathematical formalism of the strong gravity model, in
which it is assumed that a tensor field, obeying an Einstein-
type equation, plays a fundamental role in strong interaction
physics. In this approach, strong interactions are governed
by a set of field equations formally identical to the Einstein
equations, apart from the coupling parameter k f � 1 GeV−1,
which replaces the Newtonian coupling kg � 10−19 GeV−1.
Under the assumption of static spherical symmetry we write
down the field equations of the model in the presence of
an energy-momentum tensor containing an anisotropic fluid
term, and derive the generalized Tolman–Oppenheimer–
Volkoff (TOV) equation describing the equilibrium proper-
ties of stable, compact, hadronic objects. Throughout, we
use the sign conventions and the definitions of the geometric
tensors given in [8].

2.1 Strong gravity

As stated in the Introduction, the Lagrangian for the interact-
ing strong field metric fμν and gravitational metric gμν can
be constructed as

L = − 1

2k2
g

√−gR(g) − 1

2k2
f

√− f R f ( f ) + L f g + Lm

(16)

where the corresponding ‘volume element’
√− f is defined

via f = det fμν . Here the first term represents the standard
general-relativistic Lagrangian for the gravitational field,
while the second is its strong interaction analog, obtained by
replacing kg by k f and gμν by fμν . To give the ‘elementary’
particles mass, as well as their weak gravitational interaction,
a mixing term between the strong and weak gravitational
fields, L f g , is needed. Lm represents the matter Lagrangian
for both strongly interacting matter and non-strongly inter-
acting matter, where it is assumed that the latter contains
terms in gμν and its derivative only, whereas the former may
depend (generically) on both gμν and fμν . Hence, although
the strong gravity metric minimally couples to all forms of
matter (see below), strongly interacting particles and non-
strongly interacting particles ‘feel’ the curvature of the strong
metric differently. A simple covariant mixing term was pro-
posed in [21] and is given by

L f g = M2

4k2
f

√−g( f μν − gμν)( f κλ − gκλ)

×(gκλgλν − gμνgκλ), (17)

where M is a constant with the dimension of mass. For
later use, the full dimension of the mass mixing parameter
is given by M2 → M2c2/h̄2, the inverse Compton wave-
length squared.

In the limit in which the gravitational field may be ignored,
gμν → ημν , the field equations of the strong gravity theory
can be written as

Rμν( f ) − 1

2
fμν R( f ) = k2

f T (s)
μν , (18)

where

k2
f T (s)

μν = −1

2
M2 ( f κλ − ηκλ

) (
ηκνηλν − ημνηκλ

) √−η√− f
.

(19)

In the following, we will consider the effect of the strong
gravity interaction for a static sphere filled with strongly
interacting matter fluid. In spherical polar coordinates {t, r, θ,

φ} the line element with respect to the strong gravity metric
fμν is assumed to be of the form

dq2 = fμνdxμdxν = eν(r)c2dt2 − eλ(r)dr2 − �(r)d
2,

(20)

where d
2 = dθ2 +sin2 θdφ2 is the line element for the unit
2-sphere and ν(r), λ(r) and �(r) are arbitrary functions of
the radial coordinate. Furthermore, we assume that the fluid
can be described by the standard energy-momentum tensor

T μ
ν = diag(ρc2,−Pr ,−P⊥,−P⊥), (21)
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where ρc2 is the fluid energy density, Pr is the radial pressure
and P⊥ denotes the tangential pressure.

Ignoring the weak gravitational interaction, the field equa-
tions for the strong gravity field coupled to the matter fluid
are, therefore,

Rμ
ν ( f ) − 1

2
f μ
ν R( f ) = k2

f (T
μ(s)
ν + T μ

ν ), (22)

where the raising and lowering of space-time-like indices is
performed via the tensors f νλ and fμν , respectively, satisfy-
ing the condition

fμν f νλ = δλ
μ. (23)

Note the universality of coupling between strong gravity and
any form of matter energy-momentum tensor.

2.2 Strong gravity field equations

The stress tensor of the mixing term between massive and
massless gravitons can be computed straightforwardly, giv-
ing

k2
f T t (s)

t = −M2

2

r2e−(ν+λ)/2

�

(
3 − 2r2

�
− e−λ

)
e−ν, (24)

k2
f T r(s)

r = −M2

2

r2e−(ν+λ)/2

�

(
3 − 2r2

�
− e−ν

)
e−λ, (25)

k2
f T θ(s)

θ = −M2

2

r4e−(ν+λ)/2

�2

(
3 − r2

�
− (e−ν + e−λ)

)
,

(26)

For simplicity, and also to make T t (s)
t interpretable as a proper

density, we fix the gauge so that [21]

� = 2r2

3
, e(ν+λ) = � = constant > 0. (27)

As a result, T r(s)
r = T t (s)

t c2, giving rise to an equation of
state, P(s)

r = −ρ(s)c2, which is characteristic for the cosmo-
logical constant. The particular gauge choice, � = const.,
forces the equation of state of matter to satisfy

Pr + ρc2 = 0, (28)

since the sum of Eqs. (31) and (32) is identically zero.
Such an equation of state is uncommon for ordinary mat-
ter, but it is satisfied by a U (1) gauge field in the Coulomb
gauge, for example, in the description of a static charged
sphere [52]. With this choice of gauge, there is an anisotropic
Poincaré stress associated with the θ -component of the
energy-momentum tensor, given by

k2
f T θ(s)

θ = 9

8

M2

√
�

(
3

2
− (e−ν + e−λ)

)
. (29)

Moreover, from the second of Eq. (27) it follows that, since
(ν′ + λ′)� = 0 (where a prime denotes differentiation with
respect to r ), the functions ν and λ satisfy the condition

ν′ + λ′ = 0, (30)

at all points inside the strongly interacting fluid sphere. The
field equations of the strong gravity model may then be writ-
ten in the form

e−λλ′

r
+ ( 3

2 − e−λ)

r2 = 3M2

4�3/2 + k2
f ρ, (31)

e−λν′

r
− ( 3

2 − e−λ)

r2 = − 3M2

4�3/2 + k2
f Pr , (32)

0 = d

dr

(

Pr − 3M2

4k2
f �

3/2

)

+ ν′

2
(ρ + Pr ) (33)

+ 2

r

[
Pr − P⊥ − 3M2

4k2
f �

3/2
+ 9M2

8k2
f

√
�

×
(

−3

2
+ e−ν + e−λ

)]
, (34)

where the last equation is simply the conservation law, 0 =
f κμ∇κ Tμν , with respect to the strong gravity metric fμν .

2.3 The Tolman–Oppenheimer–Volkoff equation in strong
gravity

Equation (31) can be directly integrated to give

e−λ = 3

2
− M2

4�3/2 r2 − k2
f M0(r)

r
2
, (35)

where the accumulated mass inside radius r is defined by

M0(r) ≡ 
2

∫ r

0
ρr2dr , (36)

and 
2 = ∫ d
2 = 4π . After substituting M0 into Eq. (32),
we have

ν′ =
(

k2
f r2 Pr − M2

2�3/2 r2 + k2
f M0(r)

r
2

)
eλ

r
. (37)

Substituting ν′ into the conservation law, we obtain the TOV
equation for a fluid sphere in the strong gravity model, in the
presence of anisotropic stresses, as

dPr

dr
= − (ρ + Pr )eλ

2r

(

k2
f r2 Pr − M2

2�3/2 r2 + k2
f M0(r)

r
2

)

−2

r

[

Pr −P⊥− 3M2

4k2
f

√
�

(
9

4
+ 1 − 3

2 (eν + eλ)

�

)]

.

(38)
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Note that, by taking into account that ν + λ = 0, Eq. (37)
can also be written as

d

dr
e−λ =

(

k2
f r2 Pr − M2

2�3/2 r2 + k2
f M0(r)

r
2

)
1

r
, (39)

which, combined with Eq. (35), gives an alternative definition
of the mass of the fluid,

dM0

dr
= −
2r2 Pr . (40)

3 The Buchdahl inequality and the minimum- and
maximum-mass/radius ratios of stable compact
objects in strong gravity

In the present section we derive the generalized Buchdahl
inequality that constrains the values of the mass and pressure,
as well as the geometric quantities of the strong gravity field
(i.e. the strong cosmological constant) at an arbitrary point r
inside a compact object. From this inequality, both lower and
upper bounds on the mass/radius ratio of a static, spherically
symmetric object, interacting according to the strong gravity
law, can easily be obtained.

3.1 The Buchdahl inequality

In order to obtain the generalized Buchdahl inequality for
strong gravity, we define the following Buchdahl variables:

y2 ≡ e−λ = 3

2
− 2w(r)r2, ζ ≡ eν(r)/2, x ≡ r2, (41)

where

w(r) = k2
f M0(r)

2
2r3 + M2

8�3/2 . (42)

From Eqs. (35), (37) and (38), we then have

y2ζ ′(x) = ζ

(
k2

f

4
Peff + w(x)

2

)

, (43)

where we have defined

Peff ≡ Pr − 3M2

4�3/2k2
f

, (44)

which denotes the effective radial pressure. From here on,
a prime indicates differentiation with respect to x , though
this convention does not apply to the notation for the radial
coordinate r ′. Further manipulation then leads to

y(yζ ′)′ = ζw′

2
+ k2

f ζ(x)

4x

[

P⊥ − Pr

+ 3M2

4
√

�k2
f

(
9

4
+ 1 − 3

2 (eν + eλ)

�

)]

. (45)

To separate positive and negative terms on the right-hand
side of Eq. (45), we introduce two new quantities, γ and γ−,
defined as

γ

r
≡ k2

f ζ(x)

x

(

P⊥ − Pr + 27M2

16
√

�k2
f

)

, (46)

γ− ≡ k2
f ζ(x)

4x

3M2

4
√

�k2
f

(
1 − 3

2 (eν + eλ)

�

)

. (47)

From Eq. (35), it follows that, since eλ ≥ 2/3 and eν ≥
0, γ− is always negative. On the other hand, γ is positive
definite for P⊥ > Pr−27M2/16�3/2k2

f . For a static charged

sphere, P⊥ = −Pr = Q2(r)/2r4 [52], where Q(r) is the
accumulated charge, this condition is valid as long as the
pressure from the mass mixing contribution satisfies

27M2

16
√

�k2
f

> Pr − P⊥ = − Q2

r4 . (48)

Note that the mixing term could be negative.
Equation (45) can be further simplified by defining

dz ≡ 1

y
dx = 2r

y
dr,

ψ ≡ ζ − η,

η ≡
∫ r

0

(∫ r1

0

γ (r2)

y(r2)
dr2

)
r1

y(r1)
dr1, (49)

to obtain

d2ψ(z)

dz2 = w′(x)ζ

2
+ γ−. (50)

Assuming monotonically decreasing profiles for both the
density ρ(r) and γ (r), it follows that for all r > r ′ the
conditions

M0(r ′)
r ′ >

M0(r)

r

(
r ′

r

)2

, γ (r ′) > γ (r), (51)

must hold at all points inside the compact object. We then
immediately obtain w′(x) < 0 and, thus, it follows that the
right-hand side of Eq. (50) is always negative. Using the mean
value theorem, we therefore obtain the following inequalities
for the first and second derivatives of ψ with respect to z:

d2ψ(z)

dz2 < 0 ←→ dψ

dz
≤ ψ(z) − ψ(0)

z
. (52)

For ψ(0) = ζ(0) − η(0) > 0, this leads to

y

2r

dζ

dr
− 1

2

∫
γ (r)

y(r)
dr <

⎛

⎝
∫

2r
√

3
2 − 2wr2

dr

⎞

⎠

−1

×
[
ζ −

∫ r (∫ r1 γ (r2)

y(r2)
dr2

)
r1

y(r1)
dr1,

]
. (53)
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Using condition (51), we find

∫ r

0

γ (r ′)
y(r ′)

dr ′ ≥ γ (r)

√
2

3

∫ r

0

dr ′
√

1 − 2meff
r3 r ′2

≥ γ (r)

(
r3

3meff

)1/2

arcsin

√
2meff

r
, (54)

where

meff(r) ≡ 1

3

(
k2

f

∫ r

0
ρr2 dr + � f r3

)

= 1

3

(
k2

f


2
M0(r) + � f r3

)

, (55)

and

� f ≡ M2

4�3/2 , (56)

is the effective cosmological constant of the strong gravity
model.

Similarly,
∫ r (∫ r1 γ (r2)

y(r2)
dr2

)
r1

y(r1)
dr1

≥ γ (r)

∫ r

0

(∫ r1

0

[
3

2
− 3meff

r3 r2
2

]−1/2

dr2

)
r1

y(r1)
dr1

≥ γ (r)

(
r3

3meff

)1/2 ∫ r

0
dr1r1

(
3

2
− 3meff

r3 r2
1

)−1/2

× arcsin

√
2meff

r3 r1

= γ (r)

(
r3

3meff

)3/2
[√

3meff

r
− y arcsin

√
2meff

r

]

.

(57)

Finally, we substitute Eqs. (54), (57) and (37) into the
inequality (53) and divide by ζ to obtain the Buchdahl
inequality in strong gravity as

{(
1 − 2meff

r

)−1/2

− 1

} (
k2

f r3 Peff + 3meff

)

3r3

<
2meff

r3 + 2k2
f D
3

⎛

⎝
arcsin

√
2meff

r
√

2meff
r

− 1

⎞

⎠ , (58)

where

D ≡ P⊥ − Pr + 27

16

M2

√
�k2

f

. (59)

Equation (58) is valid for all r inside the strong gravity par-
ticle. Moreover, its validity does not depend on the sign of
D.

3.2 The minimum- and maximum-mass/radius ratios of
hadrons

3.2.1 The upper bound on the mass/radius ratio of hadrons

As a simple application of the Buchdahl inequality in strong
gravity (58), we consider the quasi-isotropic limit D = 0,
corresponding to the condition

P⊥(r) = Pr (r) − 27

16

M2

√
�k2

f

. (60)

Moreover, we assume that the effective pressure also vanishes
at the surface of the massive particle, so that

Peff = 0, Pr (R) = 3M2

4�3/2k2
f

,

P⊥(R) = 3M2

4
√

�k2
f

(
1

�
− 9

4

)
. (61)

By evaluating Eq. (58) at the surface of the hadron r = R,
using the conditions (61), we obtain

1
√

1 − 2Meff
R

≤ 2

[

1 −
(

1 − 2Meff

R

) 1
2
]−1

, (62)

where we have denoted Meff = meff(R), leading to the
well-known result 2Meff/R ≤ 8/9 [34]. This shows that,
in strong gravity, the maximum possible mass/radius ratio
for hadrons should be constrained (at least approximately)
by a Buchdahl-type relation. Written in a dimensional form,
the Buchdahl inequality for strongly interacting particles of
mass Meff and radius R can be written as

2G f

c2

Meff

R
≤ 8

9
= 0.88.. (63)

For G f = 6.67×1030 cm3 g−1 s−2, this relation is obviously
satisfied in the case of proton, with mass m p = 1.672 ×
10−24 g and classical radius rp = 0.875 × 10−13 cm, such
that 2G f m p/c2rp = 0.288. Interestingly, a particle radius
around 3.2 times smaller than rp would make the proton
unstable from the point of view of strong interactions.

Next we consider the case Peff �= 0. In the quasi-isotropic
limit D = 0, Eq. (58) gives the upper mass-radius bound

2Meff

R
≤ 1 − 1

9

[
1 + k2

f Peff(R)/3〈ρeff 〉
1 + k2

f Peff(R)/9〈ρeff 〉

]2

, (64)

where we have defined the mean density of the compact
object as 〈ρeff 〉 = Meff/R3. We assume that the matter radial
pressurePr vanishes at the surface of the strong gravity par-
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ticle, and thus we obtain for the surface effective pressure the
expression

Peff(R) = − 3M2

4k2
f �

3/2
= −3

� f

k2
f

. (65)

Taking into account that

Meff = 1

3

[
k2

f


2
M0(R) + � f R3

]

, (66)

〈ρeff 〉 = 1

3

k2
f


2
〈ρ0〉 + 1

3
� f , (67)

k2
f Peff

〈ρeff 〉 = −3
� f

〈ρeff 〉 = − 9

1 + k2
f 〈ρ0〉/
2� f

, (68)

where we have defined the mean fluid density as 〈ρ0〉 =
M0/R3, with M0 ≡ M0(R), we obtain the following upper
limit for the ordinary matter mass/radius ratio of a stable
compact object in strong gravity:

k2
f M0


2 R
≤ 3

2

(
1 − 2

3
� f R2

)

×
⎡

⎢
⎣1 − 1

9

(
1 − 2
2� f /k2

f 〈ρ0〉
)2

1 − 2
3� f R2

⎤

⎥
⎦ . (69)

Next, we consider the anisotropic case withD �= 0. We define
the function f (Meff , R,� f ,D) as

f
(
Meff , R,� f ,D

) = k2
f D (R)

3〈ρeff 〉

⎧
⎪⎪⎨

⎪⎪⎩

arcsin

[√
2Meff

R

]

√
2Meff

R

− 1

⎫
⎪⎪⎬

⎪⎪⎭
.

(70)

Assuming again that the effective pressure vanishes at the
surface of the compact object, Peff ≡ 0, Eq. (58) leads to the
following general restriction on the mass/radius ratio for a
spherical hadronic fluid:

2Meff

R
≤ 1 − 1

[1 + 2(1 + f )]2 = 1 − 1

9

1

(1 + 2 f/3)2 .

(71)

By taking into account the definition of the total effective
mass as given by Eq. (66), we immediately find

k2
f M0


2 R
≤ 3

2

(
1 − 2

3
� f R2

)

×
⎡

⎢
⎣1 − 1

9

1
(
1 − 2

3� f R2
) (

1 + 2 f
3

)2

⎤

⎥
⎦ . (72)

With the use of the Taylor series expansion of the function
arcsin x/x − 1,

arcsin x

x
− 1 = x2

6
+ 3x4

40
+ O(x6), (73)

for small values of the argument, we can approximate the
function f

(
Meff , R,� f ,D

)
as

f
(
Meff , R,� f ,D

) � 1

9
k2

f D(R)R2. (74)

Then the maximum-mass bound for compact objects in
strong gravity with vanishing surface effective pressure can
be reformulated as

k2
f M0


2 R
≤ 3

2

(
1 − 2

3
� f R2

)

×
⎡

⎢
⎣1 − 1

9

1
(
1 − 2

3� f R2
) (

1 + 2k2
f D(R)R2/27

)2

⎤

⎥
⎦ .

(75)

Finally, we consider the case of strong gravity compact
objects with vanishing surface radial pressure, i.e. with
Pr (R) = 0, and Peff �= 0, given by Eq. (65). In this case, we
obtain for the maximum-mass/radius bounds the expressions

2Meff

R
≤ 1 − 1

9

[
1 + k2

f Peff(R)/3〈ρeff 〉
1 + 2 f/3 + k2

f Peff(R)/9〈ρeff 〉

]2

, (76)

and

k2
f M0


2 R
≤ 3

2

(
1 − 2

3
� f R2

)

×

⎧
⎪⎨

⎪⎩
1 − 1

9

(
1 − 2
2� f /k2

f 〈ρ0〉
)2

(
1 − 2

3 � f R2
) [

1 + 2 f
(

1 + 
2� f /k2
f 〈ρ0〉

)
/3
]2

⎫
⎪⎬

⎪⎭
,

(77)

respectively.
The maximum-mass/radius bound for compact objects

is generally obtained in the constant density regime, with
ρeff � ρ0 = constant. Hence the total mass of the compact
object can be approximated as M0 = 4πρ0 R3/3. There-
fore, in the mass/radius ratio bounds obtained above, we
can approximate the effective mean density as 〈ρeff 〉 �
M0/R3 � ρ0 = constant, a relation that is satisfied by
the maximum-mass objects with a very good approxima-
tion. Therefore, in all the above results, the ratio � f /〈ρeff 〉
can then be approximated as a constant. Hence, it follows
that, generally, the right-hand sides of the upper bounds on
the mass/radius ratio can be regarded as independent of the
masses of the compact objects.
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3.2.2 The lower bound on the mass/radius ratio of hadrons

On the vacuum boundary of the anisotropic fluid distribution,
r = R, Eq. (58) takes the general form

√

1 − 2Meff

R
≥ k2

f Peff/3 + Meff/R3

3Meff/R3 + k2
f Peff/3 + 2k2

f D(R)

{
arcsin

[√
2Meff

R

]
/

√
2Meff

R − 1

}
/3

, (78)

where we have assumed that k2
f Peff/3 + Meff/R3 > 0. In

addition, we assume that the surface radial pressure Pr is
negligibly small on the hadron’s surface, so that Peff(R) =
−3� f /k2

f , and therefore Peff(R) < 0. Again using the
fact that, for small values of the argument, the function
arcsin x/x − 1 can be approximated using Eq. (73), and per-
forming the replacement Peff → −Peff, Eq. (78) can be writ-
ten as
√

1 − 2Meff

R

≥ Meff/R − k2
f Peff R2/3

[
3 + (2k2

f /9)D(R)R2
]

Meff/R − k2
f Peff R2/3

. (79)

By introducing a new variable v, defined as

v = Meff

R
, (80)

Eq. (79) takes the form

√
1 − 2v ≥ v − p

qv − p
, (81)

where we have denoted

p = 1

3
k2

f Peff R2 = � f R2 = M2

4�3/2 R2, (82)

and

q = 3 + 2k2
f

9
D(R)R2, (83)

respectively. Then, by squaring Eq. (81), we can reformulate
the corresponding inequality as

v[2q2v2 − (q2 + 4pq − 1)v + 2p(p + q − 1)] ≤ 0, (84)

or, equivalently,

v(v − v1)(v − v2) ≤ 0, (85)

where we have denoted

v1 = q2 + 4pq − 1 − (1 − q)
√

(1 + q)2 − 8pq

4q2 , (86)

and

v2 = q2 + 4pq − 1 + (1 − q)
√

(1 + q)2 − 8pq

4q2 . (87)

In the following analysis, we keep only the first order terms
in both p (depending on � f ) and q (depending on D) in the
expressions involving square roots. Since v ≥ 0, Eq. (85) is
satisfied if v ≤ v1 and v ≥ v2, or v ≥ v1 and v ≤ v2. How-

ever, one can easily check that the condition v ≥ v1 contra-
dicts the upper bound on the mass/radius given by Eq. (72).
Therefore, it follows that Eq. (85) is identically satisfied if
and only if, for all values of the physical parameters deter-
mining the total mass of the hadronic particle, the condition
v ≥ v2 holds. This result is equivalent to the existence of
a minimum bound for the mass/radius ratio of particles in
strong gravity, which is given by

v ≥ 2p

1 + q
. (88)

By explicitly substituting the expressions for p, q and v,
as defined above, we then obtain the following (alternative)
form of lower bound for the mass/radius ratio of hadronic
particles in strong gravity:

k2
f Meff


2 R
≥ 1

2
� f R2 1

1 + (k2
f /18)D(R)R2

. (89)

By taking into account the explicit expression for the effective
mass of the hadron, Eq. (89) may be rewritten as

k2
f M0


2 R
≥ 1

2
� f R2

1 − (k2
f /9)D(R)R2

1 + (k2
f /18)D(R)R2

. (90)

Hence, we see that the presence of the anisotropic matter
distribution weakens the lower bound on the hadron mass.
Nonetheless, in the strong gravity theory, there still exists an
absolute minimum mass for hadrons in nature. If the surface
anisotropy, described by the coefficient D, can be neglected,
the existence of a minimum mass is determined by the pres-
ence of the effective strong gravity cosmological constant
only. This is constructed from the mass parameter of the
model, M, and the arbitrary constant �, which fixes the
value of the metric tensor coefficients inside the hadrons.
For � f ≡ 0, the minimum-mass bound simply reduces to
the positivity requirement for the bare mass, M0 ≥ 0.

By taking into account the explicit expression for the
strong gravity cosmological constant and by assuming that
(k2

f /9)D(R)R2 � 1, i.e. assuming that the pressure
anisotropy vanishes at the vacuum boundary of the hadron,
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the minimum-mass/radius ratio of hadronic particles, given
by Eq. (90), can be written as

G f M0

c2 R
≥ M2

16�3/2 R2. (91)

This equation imposes strong (pun intended) constraints on
the mass parameter M, which controls the strength of the
mixing between the fμν and gμν fields, i.e.

M2 ≤ 16G f

c2 �3/2ρmin, (92)

where ρmin = M (min)
0 /R3 is the density corresponding to the

minimum-mass hadron.

3.3 The energy localization problem in strong gravity

An important issue in general relativity is the problem of
energy localization. Tentatively, we assume that the total
effective energy in strong gravity can be described in a similar
way as in canonical Einstein gravity. This assumption allows
us to derive explicit limits on the total energy of compact
hadronic objects. Hence, we define the total energy inside
an equipotential surface S, which includes the contribution
from the strong tensor field fμν , by analogy with general
relativity, as [69,70]

E f = EM + EF = 1

8π
ξs

∫

S
[K ] dS, (93)

where the vector ξ i is a time translation Killing field, ξs

denotes its value at S, and [K ] is the jump across the shell of
the trace of the extrinsic curvature of S, assumed to be embed-
ded in the 2-space t = constant. EM = ∫S T k

i ξ i√−gdSk and
EF are the energies of the ordinary matter and of the strong
gravitational field in the fμν metric, respectively. This defi-
nition of the total energy is manifestly coordinate invariant.
In the case of static spherical symmetry, for both the gμν and
the fμν fields, we obtain the total energy for the hadron, from
Eq. (93) [70]:

E f = −reν/2
[
e−λ/2

]

S
, (94)

where, as usual, [ ]S denotes the jump across the surface
S. We also make the fundamental assumption that the metric
outside the strong gravity system is of de Sitter type, under
the replacement � f → �.

Next, for the sake of convenience, we rescale the metric
tensor component so that (2/3)e−λ → e−λ. Equation (35),
which may be expressed in terms of the effective mass of the
strong gravity object Meff , can then be written as

e−λ =
(

1 − 2Meff

R

)
. (95)

Such a rescaling is always possible and is performed explic-
itly via coordinate transformation r2 → r ′2 = 2r2/3.

Note that the mass per unit radial distance transforms as
M(r ′)/r ′ = 2M(r)/3r . For convenience, we will also rede-
fine � f → � f /3.

Then, by taking into account the relation ν+λ = 0, as well
as the definition of the strong gravity cosmological constant,
the total energy of a compact self-gravitating object may be
written as

E f = R

(
1 − 2Meff

R

)1/2
[

1 −
(

1 − 2Meff

R

)1/2
]

, (96)

or, equivalently,

E f = R

(

1 − k2
f M0


2 R
− � f R2

3

)1/2

×
⎡

⎣1 −
(

1 − k2
f M0


2 R
− � f R2

3

)1/2
⎤

⎦ . (97)

With the use of Eq. (58), we find the following upper limit
for the total energy of the compact hadronic object in strong
gravity:

E f ≤ 2R
(1 + f ) (1 − 2Meff/R)

1 + k2
f Peff(R)/3〈ρeff 〉

. (98)

In the case of a vanishing strong cosmological constant,
� f → 0, and also assuming that the matter pressure is zero at
the vacuum boundary of the object, from Eq. (98) we obtain
the strong gravity equivalent of the standard upper energy
bound [69,70]:

E f ≤ 2R

(

1 − k2
f M0


2 R

)

. (99)

For a quasi-isotropic matter distribution with D = 0, with
the assumption of vanishing radial pressure Pr (R) = 0, we
obtain

E f ≤ 2R

1 − � f /3〈ρeff 〉

(

1 − k2
f M0


2 R
− 1

3
� f R2

)

. (100)

Equation (97) also allows one to obtain a mass/radius rela-
tion for hadronic objects in strong gravity by requiring that
the particle is in its minimum energy state, corresponding to
∂ E/∂ R = 0. This gives the following mass/radius relation,
as a function of the strong cosmological constant, which is
valid for 2� f R2 > 1:

k2
f M±

0


2 R
= 2� f R2

(
4

3
− � f R2

)
± 2R

√
� f
(
� f R2 − 1

)3
.

(101)

The two values of the mass differ by a quantity

�M0 = M+
0 − M−

0 = 4R2
2

√
� f
(
� f R2 − 1

)3

k2
f

. (102)
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4 The mass gap in strong gravity

In Sect. 3.2.1, we have considered the upper bound on the
mass/radius ratio in the situation where Peff(R) = 0 and
D = 0, Peff �= 0. In Sect. 3.2.2, the lower bound is derived
when we set Pr (R) = 0 in order to highlight the effect of
anisotropic parameterD on the bound. In this section, we will
consider the most generic case, without making any assump-
tions as regards the value of pressure at the surface of the
object, and we will simply define Peff(R) ≡ Peff .

In order to simplify our formalism, we define the addi-
tional dimensionless quantities

u ≡ k2
f M0(R)


2 R
, b ≡ � f R2,

a ≡ k2
f Peff R2

2
, F ≡ k2

f DR2

4
, (103)

which allows us to express the inequality (58) at r = R as
√

1 − 2(u + b)

3
>

(u + b + 2a)2

[(3 + 8F
9

)
(u + b) + 2a]2

. (104)

This may be written in the following, explicitly quadratic
form:

0 > (u + b)2 + B(u + b) + C, (105)

where

B =
(

3

2(3 + 8F/9)2 + 4a

(3 + 8F/9)
− 3

2

)
,

C = 2a

(3 + 8F/9)2

(
2a − 6 − 8F

3

)
. (106)

The inequality can be satisfied if

u1 < u < u2, (107)

for

u1 = −B
2

(

1 −
√

1 − 4C
B2

)

− b,

u2 = −B
2

(

1 +
√

1 − 4C
B2

)

− b, (108)

for B < 0. For B > 0, the mass bounds cease to exist. The
condition B < 0 leads to the following constraint on F :

F >
3

8
(4a − 9 +

√
9 + 16a2), for a > 0,

F >
3

8
(4a − 9 −

√
9 + 16a2), for a < 0. (109)

Another condition for the existence of mass bounds is
B2 > 4C, which is trivially satisfied for a > 0. However, for
a < 0, B2 > 4C requires

F >
3

2
(
√

4a2 + 3a − 3 − 2a). (110)

To simplify these results, we consider the case when
4C/B2 � 1 and also a, F � 1, to obtain

u1 � − C
B − b � −a − b + 2a

3

(
F

3
− a

)
, (111)

u2 � −B + C
B − b � 4

3
− b − a

3
+ 8F

81
. (112)

Under these conditions, the contribution from the anisotropic
stress, F = k2

f DR2/4, only appears at the next-to-leading
order for the lower bound. Finally, the mass bounds for small
a, b and F are
(

M0

R

)

min
= 4π

k2
f

(

−k2
f

2
Peff R2 − � f R2

)

, (113)

(
M0

R

)

max
= 4π

k2
f

(
4

3
− k2

f

6
Peff R2 − � f R2 + 2k2

f

81
DR2

)

.

(114)

The nontrivial minimum-mass/radius exists when Peff <

−2� f /k2
f . This is valid even for � f < 0.

Mixing conventional massless gravity with massive ‘grav-
ity’ from the covariant interaction term results in the
minimum- and maximum-mass bounds for any static spher-
ical configuration within the framework of the theory. If we
take the QCD glueball as the massive spin-2 state to be mixed
with the massless graviton, the model will predict the mass
gap of any object composed of particles that couple to the
glueball. This does not solve the mass gap problem explic-
itly, since we assume the glueball mass a priori. However, the
mass gap of the glueball is then transmitted to other particles
via the universal interaction of the strong gravity field. The
mass gap is given by the minimum mass and it is proportional
to M2/k2

f .
That the mass is generated by mixing with strong gravity

induced by the glueball and not by chiral symmetry break-
ing is a remarkable aspect of this mechanism. It is a uni-
versal way to generate mass for a stable static object in the
strong interaction. On the other hand, the upper limit rep-
resents the maximum mass of the QCD sphere at a given
radius (i.e. maximum density) before it undergoes ‘gravita-
tional collapse’ to form a quark–gluon plasma, which cannot
be contained within a static sphere. This strong gravitational
collapse is nothing but the deconfinement phase transition in
the strong interaction. The critical density predicted by this
strong gravity model is proportional to 1/k2

f at the leading
order.

However, we may ask: what determines the strong grav-
ity coupling, k2

f , of the gauge singlet massive ‘graviton’
interaction? As in conventional general relativity, where the
Planck mass defines the energy scale at which quantum
effects become comparable to those of classical gravity, the
analogous mass scale for the strong gravity theory can be
used to determine the coupling k f by setting the Compton
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wavelength of the particle, λC, equal to R in Eq. (114) with
Peff,� f ,D = 0. We then have

k2
f = 16π

3

h̄

c3 M2
max

, (115)

in the standard units. We define Mmax to be the corre-
sponding ‘Planck mass’ of the strong gravity. Whereas, for
M > mPl, fundamental particles inevitably collapse to form
black holes, strongly interacting particles with M > Mmax

inevitably undergo a deconfinement phase transition. The
corresponding length scale, given by a Compton relation,
Rmin = h̄/Mmaxc, may be referred to as the strong gravity
‘Planck length’.

The mass gap generation mechanism discussed in this
paper assumes the glueball mass to be proportional toM (i.e.
the mass mixing term is proportional to M2), while the mass
gap itself, given by Eq. (113), is proportional to M2 R3/k2

f ,
yielding

mgap � M2 R3

k2
f

= R3

R3
f

M2

Mmax
< M R3

R3
f

. (116)

If we set the mass gap equal to the mass of the π -meson,
mgap = mπ � 140 MeV, R � R f /2 and M = 2 GeV, the
strength of strong gravity becomes

Mmax � 3.6 GeV. (117)

Any quantum particle with a strong gravity interaction will
inevitably collapse to form a strong gravity ‘black hole’ once
the mass exceeds Mmax. The corresponding Hawking tem-
perature of the strong gravity black hole is

Tmax = 1

k2
f Mmax

= 3Mmax

16π
� 0.2 GeV � 2 × 1012 K.

(118)

This is the Hagedorn temperature, i.e. the maximal pos-
sible temperature of the nuclear matter, before the phase
transition occurs. Hence, we can identify this temperature
with the deconfinement temperature of the hadron. In this
picture, strong gravitational collapse is the deconfinement
of the strong nuclear interaction. The strong gravity field
fμν becomes zero/infinity at the ‘horizon’ and reverses sign
inside the ‘black hole’. We interpret this as the non-existence
of the glueball in the deconfined phase.

From the point of view of holographic duality, this looks
very familiar. The correspondence between the maximum
mass of a spherical object in AdS space and the deconfine-
ment temperature of the dual gauge matter is well known [71–
74]. Furthermore, the thermal phase of an AdS black hole is
argued to be dual to the thermal phase of deconfined gauge
matter living on the boundary of the AdS space. Hence, grav-
itational collapse in the bulk AdS space corresponds to the
deconfinement phase transition of the gauge matter on the

AdS boundary. This relationship is holographic in nature,
since it relates two theories living in different dimensions of
space-time. It is interesting to note similar features of the
strong gravity model.

In [52,68], it was argued that the minimum-mass bound
should be interpreted as the minimum density required for
the nuclear matter to maintain its static configuration with-
out evaporating into a hadron gas. However, in the light of
the strong gravity model presented here, the minimum-mass
bound in the bulk AdS could also very well be interpreted
as corresponding to the minimum mass of any nuclear parti-
cle which is stable under the strong interaction. (Note, how-
ever, that such particles may still be unstable with respect to
other interactions, such as weak decay.) In this picture, the
minimum-mass bound in the bulk simply is the mass gap in
the strong interaction on the boundary.

Finally, before concluding this section, we comment on
the requirement that Pr + ρ = 0, which originates from the
choice � = const. in the ‘gauge fixing’ of the interaction
term of the strong gravity Lagrangian. Even though a U (1)

charged sphere satisfies this equation of state, generic mat-
ter does not obey this condition. In this case, the quantity
� becomes physically relevant and we need to allow � to
depend on the radial coordinate r , setting � = const. →
�(r). We then have

�(r) = eν+λ = exp

(∫ r

k2
f (Pr + ρ)eλ(r)r dr

)
, (119)

resulting in an increasing function �(r) ≥ 1 for a positive
(Pr + ρ) matter profile. The mass bound analysis above can
then be repeated with

ρeff ≡ ρ + 3M2

4�3/2k2
f

, (120)

replacing ρ in Eq. (31) and by setting b = 0. The result-
ing minimum- and maximum-mass/radius ratio bounds are
exactly the same as in Eqs. (113) and (114) under the replace-
ment � f → �

(min)
f ,�

(max)
f where

�
(min)
f = 3M2

4�3/2(r = R)
,

�
(max)
f = 3M2

4�3/2(r = 0)
= 3M2

4
,

respectively. The existence of mass gap is generic in this kind
of model.

For convenience, here and henceforth we rewrite the met-
ric in a rescaled coordinate r ′ = r/

√
3/2 and redefine

� f → � f /3 so that our metric is in the conventional form.
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5 Quantum mechanical implications of the classical
mass/radius ratio bounds in strong gravity

In the present section, we investigate the quantum mechani-
cal implications of the mass/radius bounds in the strong grav-
ity model. We begin with a brief discussion of the quantum
implications of mass bounds in conventional general relativ-
ity, in the presence of a cosmological constant � �= 0, before
extending these to the strong gravity case via the substitutions
G → G f , � → � f .

5.1 Quantum mass bounds in standard general relativity

For fundamental particles, viewed as stable compact objects,
the radius of an uncharged particle may be identified with the
Compton wavelength λC, or reduced Compton wavelength,
k−1

C , given by

λC = h

Mc
⇐⇒ k−1

C =
(

2π

λC

)−1

= h̄

Mc
. (121)

For order of magnitude relations, we use these two expres-
sions interchangeably from here on. The combination of
Eqs. (8) and (121) then implies the existence of minimum
mass for a stable, charge-neutral, quantum mechanical and
gravitating compact object,

M � M� = √
mPlmdS = 6.833 × 10−36 g, (122)

where, for future reference, we define the (reduced) Planck
mass and length scales mPl = √

h̄c/G = 2.176 × 10−5 g,
and lPl = √

h̄G/c3 = 1.616 × 10−33 cm, respectively, and
the (reduced) first/second de Sitter mass and length scales,
denoted using unprimed/primed quantities, respectively, as

mdS = h̄

c

√
�

3
= 2.145 × 10−66 g,

m′
dS = c2

G

√
3

�
= 2.210 × 1056 g,

ldS =
√

3

�
= 1.641 × 1028 cm,

l ′dS = h̄c

G

√
�

3
= 1.593 × 10−94 cm. (123)

Note that in previous work [52,68,75] the de Sitter scales
defined in Eq. (123) were also referred to as the first and
second Wesson scales, following the pioneering work [76].
The physical interpretations of these scales are discussed in
detail in [75]. For now, we simply note that the first and
second de Sitter scales are related via

m′
dS = m2

Pl

mdS
l ′dS = l2

Pl

ldS
, (124)

and that the numerical value of the minimum mass, m� �
10−3 eV is consistent with current experimental bounds on

the mass of the electron neutrino, the lightest known neu-
tral particle, obtained from the Planck satellite data, mν ≤
0.23 eV [45–48]. To within numerical factors of order unity,
m� is also the unique mass scale for which the Compton
radius of the particle is equal to its gravitational turn-around
radius,

rgrav = 2−1/3(l2
dSrS)1/3, (rS = 2G M/c2), (125)

in the presence of dark energy [53,54,77]. This represents the
radius beyond which the repulsive effects of the background
dark energy dominate over the attractive force of canoni-
cal gravity. Eq. (125) may be obtained by considering the
Newtonian limit of general relativity for the Schwarzschild–
de Sitter metric, which gives rise to an effective Newtonian
potential of the form

�(r) = −G M

r
− �c2

6
r2. (126)

This, in turn, gives the effective gravitational field strength
[78]

�g(r) = −�∇�(r) =
(

−G M

r2 + �c2

3
r

)
�̂r , (127)

which changes sign at r = rgrav. However, to within numer-
ical factors of order unity, Eq. (125) remains rigorously
valid in full general relativity [77]. This gives a neat way
of reinterpreting the stability bound (7). If the quantum
mechanical (i.e. Compton) radius of the particle lay out-
side its gravitational turn-around radius, it would clearly
be unstable due to dark energy repulsion. Interestingly, we
may also ask: for what mass is the turn-around radius equal
to the Schwarzschild radius? The answer is M � m′

dS =
(c2/G)

√
3/�, which is comparable to the present day mass

of the Universe [52,75].

5.2 Quantum mass bounds in strong gravity

5.2.1 Mass bounds for neutral particles

The Planck mass and length scales are obtained by equating
the Compton wavelength of a quantum mechanical particle
with the Schwarzschild radius induced by its classical grav-
itational field (ignoring numerical factors of order unity). In
the strong gravity model, an analogous construction using
the Schwarzschild radius of the fμν field gives

msP =
√

h̄c

G f
= 2.176 × 10−24 g,

lsP =
√

h̄G f

c3 = 1.616 × 10−14 cm, (128)

where msP and lsP denote the strong gravity Planck mass and
strong gravity Planck length, respectively. Note that msP and
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lsP are equivalent to Mmax and Rmin, defined in Sect. 4. We
here relabel these quantities for the sake of easy compari-
son with results from standard general relativity. Likewise,
analogs of the de Sitter scales may be obtained by replacing
G → G f and � → � f in Eq. (123). In addition, based on
purely dimensional arguments, we may define two additional
mass scales, and their corresponding lengths, by mixing and
matching {G,�, G f ,� f }.

To investigate the physical meaning (if any) of these
scales, and of other mass/length scales constructed using
the strong gravity model parameters, we must first consider
the physical interpretation of the mass term M2 in the mix-
ing Lagrangian L f g . This appears in the strong gravity field
equations in combination with the ‘geometric’ parameter �,
through the definition of the strong cosmological constant,
� f = M2/4�3/2 (56). By analogy with Eq. (8), we define
the energy density associated with � f as

ρ� f = −p� f /c = � f c2

8πG f
. (129)

This may be related to the equation of state for deconfined
quark matter, obtained from perturbation theory in QCD, as
follows. Neglecting quark masses in the first order perturba-
tion, the relation between the pressure and energy density of
nuclear matter is given by

p/c = (ρ − 4B)/3, (130)

where B � 2 × 1014g cm−3 is the difference in energy
density between the perturbative and the non-perturbative
QCD vacuums, and is of the order of the nuclear density.
This model is known as the MIT ‘bag’ model and the con-
stant B is called the bag constant. When nuclear matter is
compressed to sufficiently high density, a phase transition is
thought to occur which converts confined hadronic matter
into free, three-flavor (strange) quark matter. The collapse
of the quark fluid is described by the bag model equation of
state (130).

In [21], it was already pointed out in that the QCD
bag constant effectively resembles a cosmological constant
for strongly interacting matter. Qualitatively at least, it is
not difficult to understand how the effective potential of
the strong gravity model mimics the effective (‘bag-type’)
potential obtained from QCD. The Newtonian limit of the
Schwarzschild–de Sitter-type metric for the fμν field gives

�s(r) = −G f M

r
− � f c2

6
r2, (131)

�gs(r) = −�∇�s(r) =
(

−G f M

r2 + � f c2

3
r

)
�̂r , (132)

by analogy with Eqs. (126) and (127). However, here the fμν

‘vacuum’ corresponds to the presence of strongly interacting
matter and the ‘cosmological constant’ � f is generated by

the interaction term in the strong gravity Lagrangian, L f g .
Hence, the strong force is attractive on small scales, r ≤
rgrav(s), where rgrav(s) is the strong gravity turn-around radius,

rgrav(s) = 2−1/3(l2
sdrsS)1/3, (rsS ≡ 2G f M/c2), (133)

repulsive on intermediate scales, rgrav(s) ≤ r ≤ R, and
quickly tends to zero in the true vacuum (r � R), where the
density of the strongly interacting matter also falls quickly
to zero. Here rsS denotes the strong gravity Schwarzschild
radius.

However, if we may identify the outer radius of the
strongly interacting ‘particle’ with the strong gravity turn-
around radius R � rgrav(s), the repulsive phase is never
realized. The effective potential is strongly attractive over
short distances and is (in principle) capable of countering the
effects of electrostatic repulsion if the matter is also charged.
It then vanishes at R � rgrav(s) and remains zero outside the
particle. Furthermore, if the analysis presented above is mod-
ified to include r -dependence in the geometric parameter �

in Eq. (35), i.e. such that

� → �(r) ∝ r2/3, (134)

we may generate a confining potential, �s ∝ r , for r �
rgrav(s) � R. This possibility is discussed further in Sect. 6.
In the present section, we assume an effective potential of
the form (132), which holds up to r � rgrav, given by (133).
This allows us to treat the ‘bag’ of the MIT bag model within
the context of the strong gravity theory.

Technically, since B has dimensions of density, it plays
the role of the ‘vacuum’ energy density associated with � f

(129), which is nonzero inside the strongly interacting par-
ticles. We note also that, for ρ = B � const., we have
ρ = −p/c � const., a dark energy-type equation of state.
Hence, we may identify

B � 2 × 1014 g cm−3 ≡ ρ� f = � f c2

8πG f
,

= ρ� × � f

�

G

G f
, (135)

where ρ� = �c2/(8πG f ) = 5.971 × 10−30g cm−3, � =
1.114 × 10−52 cm−3 are the current best fit values obtained
from cosmological observations [45–49]. For G f � 1038G
(3), this implies

� f � 3.733 × 1025 cm−2 � 3.351 × 1081�. (136)
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For this value of � f we obtain, by analogy with Eq. (123),

msd = h̄

c

√
� f

3
= 1.241 × 10−25 g,

m′
sd = c2

G f

√
3

� f
= 3.818 × 10−23 g,

lsd =
√

3

� f
= 2.835 × 10−13 cm,

l ′sd = h̄c

G f

√
� f

3
= 9.214 × 10−16 cm, (137)

where the subscript ‘sd’ stands for ‘strong de Sitter’. Remark-
ably, we note that, for G f � 1038G (3), the strong gravity
Planck and de Sitter scales are approximately equal,

msP � msd � 10−24 − 10−25 g (G f � 1038G). (138)

As we shall see, this has important implications for the model
as an effective theory, able to mimic confinement.

Additional mixing and matching of {G,�, G f ,� f } also
yields

mSa = m2
Pl

msd
= c2

G

√
3

� f
= 3.817 × 1015 g,

m′
Sa = m2

sP

mdS
= c2

G f

√
3

�
= 2.210 × 1018 g,

lSa = l2
Pl

lsd
= h̄c

G

√
� f

3
= 9.214 × 10−54 cm,

l ′Sa = l2
sP

ldS
= h̄c

G f

√
�

3
= 1.592 × 10−59 cm, (139)

based on purely dimensional arguments. We christen these
the first and second Salam mass/length scales, though their
physical interpretations are not investigated here as such an
analysis lies beyond the scope of the present work.

Instead, in the analysis that follows, we focus on the strong
gravity analogs of mass/length scales which are well defined
and understood in standard general relativity, and on addi-
tional mass/length scales that may be derived from them
using quantum gravity arguments. These include the strong
gravity Planck scales (128), strong gravity de Sitter scales
(137), the strong gravity Schwarzschild and turn-around radii
(133) and the analogs of the charge-neutral and charged par-
ticle mass bounds, M � M� (122) and M � MQ (11),
obtained by replacing G → G f and � → � f . In addition,
we consider a modified charge-neutral bound, M � M̃�,
which corresponds to replacing G → G f , � → � f and
identifying the compact radius R with the scattering radius
of the particle, rather than its Compton wavelength. As we
shall see, this allows us to recover the mass of the neutron as
the mass of the lightest, stable, compact, charge-neutral and

strongly interacting quantum mechanical particle in nature,
according the strong gravity theory.

In strong gravity, the analog of the stability condition for
neutral particles in general relativity with � > 0, Eq. (7), is

2G f M0

c2 R
≥ � f

6
R2 ⇐⇒ ρ ≥ ρmin(s) := 3M0

4π R3

≥ � f c2

16πG f
, (140)

where M0 is the bare mass of the hadron. (However, from
here on, we simply use M0 → M to denote the bare mass.)
This follows directly from Eq. (90) for the quasi-anisotropic
case, D = 0.

Even though the bounds obtained in previous sections are
derived from the classical strong gravity field equations, we
would like to extend them to the quantum mechanical regime.
Thus, we consider the situation where the minimum bound
is saturated by a ‘classical’ particle that is equally quantum
mechanical, in the sense that its classical size is equal to
its Compton quantum wavelength. The particle will become
‘purely’ quantum if its classical radius becomes even smaller.
Setting R = k−1

C , where k−1
C denotes the reduced Compton

wavelength (121), Eq. (140) then gives

M � M� f = √
msPmsd = 5.197 × 10−25 g. (141)

This may also be obtained, to within numerical factors of
order unity, by equating the Compton scale with the strong
gravity turn-around radius, defined by Eq. (133).

Hence, according to the strong gravity theory, com-
bined with elementary quantum mechanics, M� f � 10−25g
should correspond to the mass of the lightest possible sta-
ble, compact, charge-neutral, strongly interacting and quan-
tum mechanical particle found in nature. With this in mind,
we note that this is almost equal to the neutron rest mass
mn � 1.675 × 10−24 g, though a discrepancy of around
one order of magnitude remains. That said, also we note
that the neutron is not a fundamental particle. Therefore it
is unclear whether R in Eq. (140) should be identified with
λn = λC(mn) = 2.100 × 10−14 cm – here we estimate the
reduced Compton wavelength but use the standard (ambigu-
ous) notation – or with some other measure of the neutron
radius.

In particular, we may instead consider the neutron radius
obtained from scattering cross section data, σn = πr2

n �
10−24 cm−2, yielding rn � 5.642×10−13 cm � 26.864×λn .
Identifying the radius R in Eq. (140) with the scattering radius
of the particle rscat,

R = rscat ≡ χscatλC (χscat < 1), (142)

yields an alternative estimate of the lightest neutral hadron
in the strong gravity theory, which we denote M̃� f . This is
given by
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M � M̃� f = χ
3/4
scat

√
msPmsd = 5.197 × 10−25χ

3/4
scat g.

(143)

For χscat � 26.864, the relevant value for the neutron, this
yields

M̃� f = 11.800 × m� f = 6.132 × 10−24 g

� mn � 1.675 × 10−24 g. (144)

Finally, we note that, due to the approximate numerical
coincidence of msP and msd, we have

λC(M� f ) � rsS(M� f ) � rgrav(s)(M� f )

� lsP � lsd

∼ O(10−13) − O(10−14) cm, (145)

and similar relations hold for M = M̃� f . This justifies our
earlier assumption that the effective potential (132) holds up
to R � rgrav(s) (133).

For convenience, we denote the reduced Compton scales
associated with M�, M� f and M̃� f

l� = √
lPlldS = 5.150 × 10−3 cm, (146)

l� f = √
lsPlsd � 6.769 × 10−14 cm, (147)

and

l̃� f = χ
−3/4
scat

√
lsPlsd � 5.737 × 10−15 cm, (148)

respectively, from now on.

5.2.2 Mass bounds for charged particles

Having considered neutral particles, we now try to com-
bine classical stability bounds for charged strongly interact-
ing fluid spheres with quantum mechanics. To this end, we
now (briefly) review the derivations of Eqs. (11)–(15) pre-
sented in Refs. [52–54]. (Note that Eq. (15) was also derived,
using different methods, in [56,58] and that its cosmological
implications were investigated in [79], while similar expres-
sions, equivalent to replacing me/αe ↔ m, were obtained in
[59,60,80].)

As we shall see, the approach taken in [52–54], based on
hypothetical minimum length uncertainty relations (MLURs),
may be readily extended to the strong gravity theory, lead-
ing to expressions analogous to Eqs. (11)–(15), but with
G → G f and � → � f . Having obtained these, we again
identify the energy density associated with � f , ρ� f ≡
� f c2/(8πG f ), with the ‘bag constant’ of the MIT bag
model, B � 2×1014 g cm−3. This, in turn, allows us to obtain
a numerical estimate of the minimum mass of a stable, com-
pact, charged, strongly interacting and quantum mechanical
particle. For Q = ±2e/3, this is found to be of the same
order of magnitude as the mass of the lightest known particle

of this form, i.e. the mass of the up quark, which is believed
to lie in the range 1.7–3.3 MeV.

We emphasize that, when estimating the mass of the light-
est stable, charge-neutral and strongly interacting quantum
mechanical particle, we expected to obtain an estimate of the
neutron mass mn , whose density is ρn � B. By contrast,
when considering the lightest possible charged and strongly
interacting quantum mechanical particle, we expect to obtain
an estimate of the lightest known quark mass. This is because
there are no known fundamental, charge-neutral, and strongly
interacting particles in nature, whereas fundamental charged
and strongly interacting particles (i.e. quarks) do exist. How-
ever, in considering the mass of a free quark, we must con-
sider the point at which it becomes unconfined, and identify
this with the ‘strong dark energy’ density after the phase
transition to the quark–gluon plasma.

In [81,82], an MLUR of the form

�xtotal(�v, r, M) � λC

2

c

�v
+ α′ �v

c
r + β

l2
Pl

λC

�
√

2α′√λCr + β
l2
Pl

λC
, (149)

where α′, β = const., was proposed. Here �xtotal represents
the minimum possible uncertainty in the position of a ‘probe’
particle, which is used to measure a distance r = ct by means
of the emission and reabsorption of a photon. Thus, it is equal
to the minimum possible uncertainty in the measurement of
the probe distance r . The first term on the top line of Eq. (154)
is the standard Heisenberg term, rewritten using the relations
�p = M�v and λC � k−1

C = h̄/(Mc), whereas the second
represents a recoil term, due to the emission of the photon
[83]. The third is the ‘gravitational uncertainty’, which is
assumed to be of the order of the Schwarzschild radius rS �
l2
Pl/λC [81,82]. The second line is obtained by minimizing

the first with respect to �v, giving

�v � �vmax � 1√
2α′

√
λC

r
c. (150)

Minimizing the expression on the second line of Eq. (149)
with respect to M then yields

M =
(

α′

2β2

)1/3 ( r

lPl

)1/3

mPl

⇐⇒ r ≡ rmin =
(

2β2

α′

)(
M

mPl

)3

lPl, (151)

and hence

(�xtotal)min � 3

(
α′β
2

)1/3

(l2
Plr)1/3. (152)

The quantity M in Eq. (151) represents the optimum mass for
the probe particle. This yields the minimum possible uncer-
tainty in the measurement of the probe distance r , given by
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Eq. (152). The probe distance which may be measured with
minimum uncertainty, denoted rmin, is defined via Eq. (151).

The canonical quantum part of the MLUR (149),
(�xcanon.)min �

√
λCr , was originally derived by Salecker

and Wigner using the gedanken experiment considered above
(neglecting the particle’s self-gravity) [83] but may also be
derived more rigorously by directly solving the Schrödinger
equation in the Heisenberg picture, before setting t = r/c
[84,85]. Though derived via different means, an MLUR of
the form (152) was originally obtained by Károlyházy, under
the assumption of asymptotically flat space, in [86,87]. In
most of the existing quantum gravity literature, the constants
α′ and β are assumed to be of order unity, α′, β ∼ O(1)

[88,89].
However, in [52–54], it is argued that the introduction

of a constant dark energy density, i.e. � > 0, and, hence,
the existence of a de Sitter horizon, ldS = √

3/�, implies a
fundamental modification of the MLUR (149), equivalent to
the substitution

β = const. → β(r) = β ′ ldS

r
, (153)

where β ′ = const. ∼ O(1). Equation (149) then becomes

�xtotal(�v, r, M) � λC

2

c

�v
+ α′ �v

c
r + β ′ l2

PlldS

λCr

�
√

2α′√λCr + β ′ l2
PlldS

λCr
, (154)

and the analogs of Eqs. (151) and (152) are

M =
(

α′

2β ′2

)1/3 r

(l2
PlldS)1/3

(m2
PlmdS)1/3,

⇐⇒ r ≡ rmin ≡
(

2β ′2

α′

)1/3

(lPll
2
dS)1/3 M

mPl
, (155)

and

(�xtotal)min � Rcell ≡ 3

(
α′β ′

2

)1/3

(l2
PlldS)1/3, (156)

respectively. Here Rcell represents the linear dimension asso-
ciated with a fundamental ‘cell’ within the de Sitter hori-
zon, yielding a holographic relation between the number
of degrees of freedom in the bulk and on the boundary
[52].

In [53] it is also shown that the dark energy-modified
MLUR, dubbed the ‘dark energy uncertainty principle’ or
DE-UP for short, is consistent with the minimum-mass bound
M � M�, obtained independently in [75]. Requiring every
(potentially) observable length scale in the DE-UP, i.e. r ,
(�xcanon.)min �

√
λCr and �xgrav � β ′l2

PlldS/(λCr), to
be super-Planckian leads naturally to Eq. (122). In addition,

since Eq. (154) is invariant under simultaneous rescalings of
the form

�v → α−1
Q �v,

M → αQ M,

r → αQr, (157)

where αQ > 0 is a positive real parameter, the minimum
uncertainty (152) may also be obtained for rescaled values
of �vmax and M , obtained by applying (157) to Eqs. (150)
and (155).

These results may be combined with Bekenstein’s rela-
tion for the stability of charged, self-gravitating fluid spheres
(Eq. (10) in the limit R � rgrav(M)), by identifying
(�xtotal)min � R � Q2/(Mc2). This is equivalent to assum-
ing that the particle simultaneously saturates both the clas-
sical and the quantum stability bounds, and it allows us to
solve the resulting equations explicitly, yielding

M � αQ MT � αQ(m2
Plmds)

1/3, (158)

together with

(�xtotal)min � R � αQλC � rmin/αQ, (159)

where αQ = Q2/q2
Pl (12). Evaluating Eq. (158) for Q2 =

e2 and reinserting the inequality arising from Eq. (10) then
yields Eqs. (13)–(15), given in the Introduction.

For strongly interacting particles, the relevant horizon is
the strong de Sitter radius lsd, defined in Eq. (128), and the
relevant ‘Planck scale’ is lsP, given in Eq. (137). Modifying
Eq. (154) to incorporate the ‘gravitational uncertainty’ of
the strong gravity metric fμν , by making the substitutions
lPl → lsP, ldS → lsd, or equivalently G → G f , � → � f ,
yields

�xtotal(s)(�v, r, M) � λC

2

c

�v
+ α′ �v

c
r + β ′ l2

sPlsd

λCr

�
√

λCr + β ′ l2
sPlsd

λCr
. (160)

Combining this with the analog of the generalized Buchdahl–
Bekenstein bound for the strongly interacting fluid sphere,

M ≥ 3

4

Q2

Rc2 + c2

G f

� f R3

6

� 3

4

Q2

Mc2 ,
(

R � rgrav(M) � (l2
sdrsS)1/3

)
, (161)

gives the radius of a holographic strong gravity metric ‘cell’:

Rcell(s) � (l2
sPlsd)

1/3 � 4.120 × 10−14 cm. (162)

We interpret the associated mass scale,

M � αQ MsT ≡ αQ(m2
sPmsd)

1/3

� (Q2/h̄c)(h̄2√� f /G f )
1/3, (163)
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as the minimum mass of a stable, strongly interacting, quan-
tum mechanical particle with charge Q. Here MsT is the
strong gravity analog of the critical holographic mass scale
MT = (h̄2√�/G)1/3 investigated in [61].

Evaluating this for Q = ±(2/3)e gives

M � (4/9)αe(m
2
sPmsd)

1/3 = 2.155 × 10−27 g

� mu � 4.457 × 10−27 g, (164)

where we have taken the mass of the up quark as mu �
(1.7+3.3)/2 = 2.5 MeV = 4.457×10−27 g. The numerical
estimates in Eqs. (163) and (164) follow directly from the
fact that, assuming G f � 1038G (3) and identifying B �
2×1014 gcm−3 ≡ ρ� f (135), we have � f � 3.351×1081�

(136), so that
√

� f

G f
� 9.154 × 10−21 cm−4 g s2 � 5.789 × 102

√
�

G
.

(165)

Hence, (
√

� f /G f )
1/3 � 8.334 × (

√
�/G)1/3, so that the

estimate for the minimum mass given by Eq. (164) is only
around one order of magnitude higher than the electron mass.
According to the strong gravity model – combined with
analogs of the hypothetical MLURs for an asymptotically de
Sitter Universe derived in [52–54] – this should be the mini-
mum possible mass of a stable, strongly interacting, quantum
mechanical particle of charge Q = ±(2/3)e.

Reinserting the inequality stemming from Eq. (161) then
yields

Q2

M
�
(

3h̄2G2
f c6

� f

)1/6

= 3.776 × 107 Fr2 g−1

� 4

9

e2

mu
= 2.301 × 107 Fr2 g−1. (166)

According to this relation, if the up quark were any less mas-
sive (with the same charge +2e/3) or more highly charged
(with the same mass mu) a combination of canonical quan-
tum pressure and electrostatic repulsion would overcome the
strong force attraction (at the outer regions of its mass distri-
bution), destabilizing the Compton wavelength. (See analo-
gous arguments made in [52–54] for the canonical gravita-
tional case.) Equation (166) may also be rewritten as

� f � l4
sP

r6
u

=
(

3

2

)12 3h̄2G2
f m6

uc6

e12

� 2.434 × 1026 cm−2, (167)

where

ru = 4

9

e2

muc2 � 2.558 × 10−14 cm (168)

is the classical radius of the up the quark. Numerically, this
is of the order of the size of a fundamental strong gravity

‘cell’ Rcell(s), given by Eq. (162). Thus, we obtain the analog
of the maximum charge-squared to mass bound in a dark
energy Universe, Eq. (14), for strongly interacting matter, and
have demonstrated that the ‘strong cosmological constant’
� f may be expressed in a form analogous to Eq. (15), i.e.
in terms of the relevant ‘Planck length’ and the (classical)
radius of a particle that saturates the upper charge-squared to
mass ratio bound.

Finally, we note that, in addition to the dimensionless
constant N = (ldS/ lPl)

2 = 1.030 × 10122, which may be
interpreted as the ratio of the number of ‘cells’ in the three-
dimensional bulk space to the number of Planck sized ‘bits’
on the two-dimensional de Sitter boundary, we can construct
the strong gravitational analog,

N f =
(

lsd

lsP

)2

� 307.768 ∼ O(102). (169)

This implies that approximately 10–102 ‘strong gravity
cells’, each with linear dimension comparable to the clas-
sical up quark radius, ru � Rcell(s) � 10−14 cm, can be
packed within the strong de Sitter radius, lsd � l� f � 10−13

cm. Taking the nucleon radius obtained from scattering cross
sections data, rn � lsP � l̃� f � 10−14 cm, this implies that
1−10 such quarks can exist in a nucleon bound state. This is
(obviously) consistent with known physics, but it is interest-
ing to note that such a requirement may also be viewed as a
holographic relation for the ‘de Sitter’ horizon of the strong
gravity metric. In the holographic picture, the density yield-
ing ∼ 308 cells per cubic femtometer may be interpreted as
the critical density, above which deconfinement will occur.

In addition, using purely dimensional arguments, we may
also define the dimensionless constants

NSa =
(

ldS

lsP

)2

= 3c3

h̄G f �
� 1.031 × 1081,

N ′
Sa =

(
lsd

lPl

)2

= 3c3

h̄G� f
� 3.076 × 1044. (170)

By analogy with Eq. (139), we christen these the first and
second ‘Salam numbers’, respectively, though their physical
meaning (if any) remains unclear and further investigations
lie beyond the scope of the present work.

Returning to the Dirac-type relation G f � 1038G (3), we
now speculate that

G f /G = αe N 1/3 � 3.419 × 1038. (171)

Combining this with Eqs. (167) and (135), we then have

B � 3

8π

(
3

2

)12 h̄Gm6
uc7

e10

(
3c3

h̄G�

)1/3

� 4.463 × 1015 gcm−3. (172)
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where we have used mu � 4.457 × 10−27 g, as before. Sub-
stituting for � from Eq. (15) then gives

B � 3

8π

(
3

2

)12 m6
uc6

m2
ee6 = 2.89 × 1015 g cm−3, (173)

where we have used the previous value of mu together with
the standard value of me. Thus, we have used the strong grav-
ity theory to ‘derive’ two new large number coincidences,
Eqs. (172) and (173), linking the physics of strongly inter-
acting particles to the electroweak scale, gravity and dark
energy.

5.3 The Hagedorn temperature for minimum-mass
particles, the expanding Universe, and deconfinement

As shown in [75], M� may also be interpreted as the effec-
tive mass of a dark energy particle. In this picture, the dark
energy field is composed of a ‘sea’ of quantum particles, each
occupying a volume V� � λ3

C(m�) � l3
�. Based on this, we

now consider an alternative interpretation of the dark energy
density and resultant late-time accelerated expansion of the
Universe. Though speculative, this interpretation gives rise
to a number of interesting results, and it is clear that its ana-
log in the strong gravity model may be relevant for hadronic
physics.

If the dark energy particles are charge neutral and are their
own antiparticles, then, under these conditions (in which the
average inter-particle distance is comparable to the Compton
wavelength ∼ h̄/(M�c)), standard quantum theory implies
that they will readily pair-produce. However, this is impos-
sible without a concomitant expansion of space itself. In this
picture, otherwise ‘empty’ space is full of dark energy parti-
cles, which give rise to an effective constant energy density
on large scales. Borrowing a term from basic chemistry to
describe this state, we may say that the space is ‘saturated’,
and remains so as more space is produced to ‘absorb’ the
newly created particles. Thus, the creation of dark energy
particles and of space-like quanta go hand in hand.

It is straightforward to see that, if the probability of pair-
production remains constant, the scale factor of the Universe
a(t) will grow exponentially, since the number of particles
produced by a given volume, per unit time, is proportional
to the volume itself. Let us assume that, together with the
pair-production of a single dark energy particle, ncell new
fundamental ‘cells’ of space are also produced, with total
volume V = ncellVcell � V�. In [52], it was already shown
that, if there exists a holographic relation between the bulk
and the boundary of our (asymptotically) de Sitter Universe,
such fundamental cells must have linear dimension of order

Rcell � (l2
PlldS)1/3 � 3.500 × 10−13 cm

� re = e2/(mec2) = 2.818 × 10−13 cm. (174)

This is also the Compton radius associated with the critical
mass scale MT = (h̄2

√
�/G)1/3, investigated in [61], and

the Schwarzschild radius of the dual mass, M
′
T = m2

Pl/MT =
c(h̄/G2

√
�)1/3. Equation (174) ensures that the number of

cells in the bulk is equal to the number of Planck sized bits
on the de Sitter boundary, i.e.

N = VdS

Vcell
=
(

ldS

lPl

)2

� 3c3

h̄G�
� 1.030 × 10122. (175)

Next, let us suppose that the probability of a single cell of
space ‘pair-producing’ within a time tPl = lPl/c, due to the
presence of the dark energy density, is given by

P(�V = +Vcell|V0 = Vcell,�t = tPl) = N−1/2

= lPl

ldS
= VPl

Vcell
�
(

h̄G�

3c3

)1/2

� 9.851 × 10−62.

(176)

This leads naturally to a de Sitter-type expansion, modeled
by the differential equation

da3

dt
= N−1/2a3

tPl
= lPl

ldS

a3

tPl
, (177)

or, equivalently,

da

dt
� c

√
�

3
a, a(t) � a0e−c

√
�/3t . (178)

In this picture, the macroscopic dark energy density ρ�

remains approximately constant, in spite of spatial expan-
sion, the additional (positive) mass-energy of a newly cre-
ated dark energy particle being exactly counterbalanced by
the additional (negative) energy contained in its gravitational
field. This may be shown explicitly by considering the Komar
energy (see [52,68,75]).

However, if this picture is correct, we may expect ‘empty’
three-dimensional space to exhibit granularity on scales ∼
l�. It is therefore particularly intriguing that recent experi-
ments provide tentative hints of fluctuations in the gravita-
tional field strength on scales comparable to l� = h̄/(M�c),
which is of order 0.1 mm [90,91]. Though many theoretical
models may account for this, including those exhibiting spa-
tial variation of Newton’s constant G, the results presented
above imply that the ‘granularity’ of the dark energy den-
sity, due to the presence of effective dark energy particles on
sub-millimeter scales, cannot be discounted a priori.

In this model, the number of holographic spatial cells cre-
ated when one dark energy particle is pair-produced is ncell �
(h̄G�/3c3)1/4 = N 1/4 � 3.186 × 1030. As already noted
in [75], this number is also the multiplying factor that natu-
rally generates a sequence of mass scales between mdS and
m′

dS, i.e. m′
dS = N 1/4 M ′

� = N 1/2mPl = N 3/4 M� = NmdS,
where M ′

� ≡ m2
Pl/M�.
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In addition, it is clear that the fundamental field giving
rise to the dark energy density (whatever its precise nature
may be) remains ‘trapped’ in a Hagedorn phase. Any attempt
to further compress (i.e. heat) the ‘sea’ of dark energy parti-
cles – even if such compression results simply from random
quantum fluctuations – results in pair-production rather than
increased kinetic energy. The saturation condition implies the
existence of not-so-UV cut-off for the vacuum field modes,
given by λDE � λC(M�) = l�, yielding

ρvac � h̄

c

∫ 1/ l�

1/ ldS

√

k2 +
(

2π

l�

)2

d3k

� mPllPl

l4
�

� �c2

G
� 10−30 g cm−3. (179)

Thus, the temperature associated with the field remains con-
stant, on large scales, and is comparable to the present day
temperature of the CMB [75],

T� ≡ M�c2

8πkB
� 2.27 K � TCMB = 2.73 K. (180)

Here the factor of (8π)−1 is included in the definition of T�

by analogy with the standard expression for the Hawking
temperature, yielding T�(M�) = TH(M ′

�), where M ′
� =

m2
Pl/M� again denotes the dual mass.
Though this too may seem like another incredible coin-

cidence, we note that, in the dark energy model implied by
the DE-UP (154), it is simply a restatement of the standard
coincidence problem of cosmology, i.e. the Universe begins a
phase of accelerated expansion when rU � ldS, at which point

M � 
� and, hence, TCMB � T�. The question remains:
why do we live at precisely this epoch? However, no new
coincidences are required, in order to explain Eq. (180).

The implications of this picture for the dual strong gravity
model are self-evident. In this case, the mass associated with
the dark energy ‘cell’ M� is replaced by the nucleon mass
mn � M� f � M̃� f . When compressed beyond the nuclear
density, a free quark fluid is formed, and further attempts at
compression (i.e. heating) simply result in the production of
more strongly interacting matter (quark–gluon plasma). The
free strange quark matter remains ‘locked’ in a Hagedorn
phase and the temperature of the plasma remains constant,
given by

T� f ≡ M̃� f c2

8πkB
� M̃� f

M�

T�

� 1012T� � 1012 K. (181)

This is consistent with previous estimates for the temperature
of the deconfinement transition obtained in Sect. 4.

6 Discussions and final remarks

In the present paper, we have considered the mass/radius
ratio bounds for spherical compact objects with anisotropic
pressure distributions in the strong gravity model, which rep-
resents an attempt to describe the gauge singlet sector of
the strong interaction using a ‘geometric’ theory, based on
analogy with general relativity. Though the theory cannot
describe the SU (3) color charge sector of QCD, it remains a
viable candidate for an effective theory which may be used
to model stability conditions and confinement in strongly
interacting particles.

Strong gravity is a two-tensor theory, in which the canoni-
cal (weak) gravitational field is described by the usual space-
time metric gμν and the strong interaction is described by an
additional metric-type tensor fμν . The strong gravity action
contains the usual Einstein–Hilbert term (1/2k2

f )R(g)
√−g,

where k2
g = 8πG/c4 plus an additional ‘copy’ constructed

from the strong tensor field, (1/2k2
f )R( f )

√− f , where k2
f =

8πG f /c4 and G f � 1038G is the strong gravity coupling
constant. The strong gravity Lagrangian also includes an
interaction term L f g and the standard matter term Lm . The
interaction term is proportional to M2, where M is the mass
of the spin-2 ‘strong graviton’.

An appropriate choice of ‘gauge’ for the mixing term gen-
erates an effective strong gravitational constant, � f ∝ M2.
Hence, in the strong gravity theory, there exist analogs
of many results that can be derived from canonical gen-
eral relativity with a ‘true’ cosmological constant term, �.
These include mass bounds obtained using the appropriate
Buchdahl-type inequalities for the physical system under
consideration. Therefore, in strong gravity, it is possible to
obtain explicit inequalities giving upper and lower bounds
on the ratio Meff/R, where Meff is the effective mass of a
compact object, including the contribution from � f . Alter-
natively, these may be reformulated as bounds on M0/R,
where M0 is the bare mass, and the inequality is written as
an explicit function of the strong cosmological constant and
the (pressure) anisotropy parameter D, which also depends
on � f .

As is the case for compact objects in general relativity, in
the presence of a nonzero cosmological constant (� �= 0),
we found two universal limits (upper and lower) for the
mass/radius ratio of strongly interacting particles. However,
due to the presence of the strong cosmological constant
(� f �= 0) and of the anisotropies in the pressure distribution,
the physical and geometric properties of such hadronic-type
compact objects are significantly modified within the par-
ticle interior, as compared to their counterparts in standard
general relativity. Both the upper and the lower mass/radius
ratios depend sensitively on the values of � f and D at the
surface of the hadron.
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In addition, different physical models for the mixing term
that generates the effective strong cosmological constant can
lead to very different mass/radius relations. It is a general fea-
ture of the behavior of the physical and geometrical parame-
ters of anisotropic objects in strong gravity that the increase
in mass is proportional to the deviations from isotropy,
described in our approach by the function D. Since these
deviations from isotropy are arbitrary, there are no math-
ematical or theoretical restrictions that restrict the radii of
hadronic-type strong gravity structures, which may therefore
extend up to the ‘apparent horizon’ of the strong tensor field.
Under the assumption that the exterior of the hadronic objects
is described by the strong Schwarzschild metric, this corre-
sponds (approximately) to the mass Meff ≤ c2 R/(2G f ).

Usually, the upper mass/radius bound can be obtained
when we assume the ultra-stiff equation of state, i.e. con-
stant density inside the sphere. For the minimum-mass/radius
bound, a straightforward interpretation (in the de Sitter case)
is the situation where we have constant pressure equal to
the vacuum pressure throughout the sphere so that the pres-
sure is always balanced inside and outside. Constant pres-
sure implies ρ = −P inside the sphere and this is simply
the vacuum density. The minimum-mass/radius ratio actually
implies the minimum density of the object, which is equal
to the vacuum density due to the presence of dark energy. It
actually implies that no particle should have smaller density
than the vacuum density.

The Schwarzschild–de Sitter-type solution of the strong
gravity field equations describes a microscopic system
embedded in an ordinary, flat space-time, in which the mass
of compact colored objects is localized due to the ‘curva-
ture’ of the strong metric field, which creates a kind of ‘bag’
[21]. By interpreting the energy density of the strong gravity
cosmological constant as the bag constant of QCD [92], it
follows that strong gravity imposes the following classical
lower bound on the minimum-mass/radius ratio of a hadron:

2G f M0

c2 R
≥ 1

6
� f R2. (182)

This is related to the bag constant B, via B � ρ� f �
� f c2/(8πG f ) (135). By assuming a hadronic radius of the
order of R = 0.8 fm (comparable to the proton radius [93]),
and taking the estimate � f � 1025 cm−2, obtained from the
identification (135) together with Eq. (3), we obtain a lower
bound on the bare mass of a hadron as M0 � 10−24 g, a
value which is of the same order of magnitude as the mass
of a nucleon. Smaller particle radii, of the order of 0.1 fm,
will give considerable lower hadron masses, of the order of
M0 ≥ 3.37 × 10−28 g.

All results regarding the mass/radius ratios for anisotropic
hadronic objects have been obtained by assuming the basic
conditions (51) and (52). However, for an arbitrarily large
anisotropy parameter D, with Pr � P⊥, we cannot exclude

(in principle) the situation in which these conditions do not
hold. If, for example

γ
(
r ′) < γ (r), ∀r > r ′, (183)

then, for a hadron in strong gravity with monotonically
decreasing density, the condition

d2�

dξ2 > 0, ∀r, (184)

holds in place of Eq. (52). This situation corresponds to a
tangential pressure-dominated hadronic structure, with the
tangential pressure increasing inside the compact object. In
this case, we obtain a restriction on the minimum-mass/radius
ratio so that, for this hypothetical, ultra-compact hadronic
particle, 4/9 is an absolute lower bound for the value of
G f M/(c2 R).

In addition, we have investigated possible quantum
mechanical implications of the strong gravity model, for both
neutral and charged particles. For neutral particles, the quan-
tum minimum-mass bound follows by identifying the classi-
cal radius R in Eq. (182) with the Compton wavelength λC.
The mass scale thus obtained is roughly comparable to the
mass of the neutron, mn � 10−24 g, the lightest known stable,
compact, charge-neutral and strongly interacting particle.

To treat charged hadronic objects, we combined classi-
cal stability bounds for charged compact objects in strong
gravity, obtained by substituting G → G f and � → � f

into their general-relativistic counterparts, with hypothetical
minimum length uncertainty relations (MLURs). These, in
turn, were based on MLURs obtained by considering canon-
ical gravitational ‘corrections’ to the standard Heisenberg
uncertainty principle, including the effects of dark energy
and the existence of a de Sitter horizon [52–54]. The formal
similarity between general relativity and the strong gravity
theory again allowed us to replace G → G f and � → � f ,
yielding analogous MLURs for strongly interacting parti-
cles. Identifying R � (�xtotal)min, and evaluating the strong
gravity MLUR Eq. (160) for Q = ±2e/3, we obtained an
estimate of the mass of the up quark, mu � 10−27 g, the
lightest known stable, compact, charged and strongly inter-
acting particle. This estimate is equivalent to a new large
number coincidence, ‘derived’ from the quantum mechani-
cal MLUR/strong gravity model, which relates the nuclear
density, dark energy density, and physics at the electroweak
scale, Eq. (172).

The formal equivalence between the mathematical struc-
ture of the strong gravity theory and canonical general relativ-
ity also permits us to draw parallels between the strong grav-
ity model of quark deconfinement and the expansion of the
Universe in the particle ‘sea’ model of dark energy, proposed
in [75]. In the former, an expanding deconfined quark mat-
ter remains ‘trapped’ in a Hagedorn phase, in which further
compression of the quark–gluon plasma, even if this arises
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as a result of random quantum fluctuations, leads to pair-
production rather than increased temperature. By interpret-
ing the minimum mass of a stable, compact, charge-neutral,
and quantum mechanical object as the mass of an effective
dark energy particle [75], we obtained the resulting ‘Hage-
dorn temperature’ (T�) of the dark energy field, which was
found to be comparable to the present day temperature of
the CMB (181). In this model, such a ‘coincidence’ is not
really a new coincidence at all, but simply a restatement of
the standard coincidence problem in cosmology, whereby a
phase of accelerated expansion begins when rU � 1/

√
�

and 
M � 
�, or, equivalently, TCMB � T�.
Finally, we note again that, since there is no explicit SU(3)

gauge symmetry in the strong gravity field equations, these
may describe only the gauge singlet sector of the strong inter-
action, mediated by massless and massive spin-2 particles,
coupled to the energy-momentum tensor of the strongly inter-
acting matter. Hence, strong gravity is not expected to replace
QCD, but may be used to describe interactions involving only
gauge singlet states, using a gravitational-type formalism,
though not the sector including color charges. It is therefore
justified to use strong gravity to explore the stability and
confinement of gauge singlet mesons and baryons, but not
scattering processes that require color charge interactions.
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