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Abstract We present a theoretical analysis of the D™ —
nta~¢v and D° — 7t 7% decays. We construct a gen-
eral angular distribution which can include arbitrary partial
waves of 7. Retaining the S-wave and P-wave contributions
we study the branching ratios, forward—backward asymme-
tries and a few other observables. The P-wave contribution
is dominated by po resonance, and the S-wave contribution
is analyzed using the unitarized chiral perturbation theory.
The obtained branching fraction for D — p{v, at the order
1073, is consistent with the available experimental data. The
S-wave contribution has a branching ratio at the order of
10~*, and this prediction can be tested by experiments like
BESIII and LHCb. Future measurements can also be used to
examine the w—m scattering phase shift.

1 Introduction

The Cabbibo—Kobayashi-Maskawa (CKM) matrix elements
are key parameters in the Standard Model (SM). They are
essential to understand CP violation within the SM and search
for new physics (NP). Among these matrix elements, |V, 4|
can be determined from either exclusive or inclusive weak
D decays, which are governed by ¢ — d transition, for
example, ¢ — d{lv transitions. However, for a general D
decay process it is difficult to extract CKM matrix elements,
because strong and weak interactions may be entangled.
The semi-leptonic D decays are ideal channels to deter-
mine | V4|, not only because the weak and strong dynam-
ics can be separated in these process, but also the clean
experimental signals. Moreover, one can study the dynam-
ics in the heavy-to-light transition from semi-leptonic D
decays. For leptons do not participate in the strong interac-
tion, all the strong dynamics is included in the form factors;
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thus it provides a good platform to measure the form fac-
tors. The D — p form factors have been measured from
D — p~etv, and Dt — pYeT, at the CLEO-c experi-
ment for both charged and neutral channels [1]. Because of
the large width of the p meson, D — p€vy is in fact a quasi-
four body process D — s fv,. The p can be reconstructed
from the P-wave w7 mode. However, other 77t resonant or
non-resonant states may interfere with the P-wave wr pair,
and thus it is necessary to analyze the S-wave contribution
toD — mwmlvy.

In addition, the internal structure of light mesons is an
important issue in hadron physics. It is difficult to study
light mesons by QCD perturbation theory due to the large
strong coupling in the low-energy region. On the other hand,
because of the large mass scale, one can establish factor-
ization for many heavy meson decay processes, thus heavy
mesons like B and D can be used to probe the internal struc-
ture of light mesons [2,3]. As mentioned above, D — mwm{v,
can receive contributions from various partial waves of 7.
p(770) dominant for D to P-wave wr decay, at the same
time, D meson can decay into S-wave w7 through f;(980).
The structure of f;(980) is not fully understood yet. Anal-
ysis of D — mm{v, may shed more light on understand-
ing the nature of f(980). The BESIII collaboration has col-
lected 2.93 fb~! data in eTe™ collisions at the energy around
3.773 GeV [4], which can be used to study the semi-leptonic
D decays. Thus it presently is mandatory to make reliable
theoretical predictions. Some analyses of multi-body heavy
meson decays can be found in Refs. [5-19], where the final
state interactions between the light pseudoscalar mesons are
taken into account.

In this paper we present a theoretical analysis of D™ —
nta vy and D — 7T 7%b, decays. In Sect. 2, we will
present the results of D — fy (980) and D — p form fac-
tors. We also calculate D to S-wave mr pair form factors
in non-resonance region, the 7 form factor will be calcu-
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lated by using unitarized chiral perturbation theory. Based
on these results, we present a full analysis on the angular
distribution of D — mmw{v,. We explore various distribu-
tion observables, including the differential decay width, the
S-wave fraction, forward—backward asymmetry, and so on.
These results will be collected in Sect. 3. The conclusion of
this paper will be given in Sect. 4. The details of the coeffi-
cients in angular distributions are relegated to the appendix.

2 Heavy-to-light transition form factors

Feynman diagram for the D — ww ¢~ v, decay is shown in
Fig. 1. The lepton can be an electron or a muon, £ = e, K.
The spectator quark could be the u or d quark, corresponding
to DY — 7t7% vy and D~ — 77~ £ V. Integrating
out the virtual W-boson, we obtain the effective Hamiltonian
describing the ¢ — d transition

GF
V2
where G is the Fermi constant and V., is the CKM matrix
element. The leptonic part is calculable using the perturba-

tion theory, while the hadronic effects are encoded into the
transition form factors.

Hett = —=Vea [dyu(1 — ys)c] [5y* (1 — ys)€] + hc., (1)

2.1 D — p form factors

For the P-wave mm state, the dominant contribution is
from the p(770) resonance. The D — p form factors are
parametrized by [20]

2V oo

T I
(p(p2. ©ldy*c|D(pp)) = Py

erprPZm
€*-q
qﬂ

(o(p2. ©ldy" ysc|D(pp)) = 2im,Ao(g) 2

Fig. 1 Feynman diagram for the D — nmw{ vy decays. The lep-
ton could be an electron or a muon, £ = e, u. Depending on the
D meson, the spectator could be a u# or a d quark, corresponding to
D° - 7t7% 9y and D~ — nta 0,
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with ¢ = pp — p2, and P = pp + p>. The V(¢?), and
A; (q2)(i =0, 1, 2) are nonperturbative form factors.

These form factors have been computed in many different
approaches [21-25], and here we quote the results from the
light-front quark model (LFQM) [23,24] and light-cone sum
rules (LCSR) [25]. To access the momentum distribution in
the full kinematics region, the following parametrization has
been used:

F;(0)
2 2\
1 _airz_%) + b; (;Z?,)

Their results are collected in Table 1. We note that a different
parametrization is adopted in Ref. [25], where A3 appears
instead of Ag. The relation between Ag and A3 is given by

Fi(¢h) =

3

Ao(g?) = [Al(qz)(mD +m,)?

2m,(mp +my)

+A2(qD)m% = mh) = As(gD)a? . )

2.2 Scalar w7 form factor and D to S-wave
We first give the D — f(980) form factor parametrized as

So(p)ldvaysel D™ (pp)) = =i {FY 772

(&)

where Ff%f % and FODHf O are D — fy form factors. We
will use LCSR to compute the D — [;p(980) transition
form factors with some inputs, and we refer the reader to
Ref. [26] for a detailed derivation in LCSR. The meson
masses are fixed to the PDG values mp = 1.870 GeV and
mf, = 0.99 GeV [27]. For quark masses we use m. = 1.27
GeV [27] and mg = 5 MeV. As for decay constants, we
use fp = 0.21 GeV [27] and f7, = 0.18 GeV [28]. The
threshold sq is fixed at s = 4.1 GeV?2, which should cor-
respond to the squared mass of the first radial excitation of
D. The parameters F;(0), a; and b; are fitted in the region
—0.5GeV? < ¢? < 0.5 GeV?, and the Borel parameter M>
is taken to be (6 £+ 1) GeV~2. With these parametrizations,
we give the numerical results in Table 2.

In the region where the two pseudo-scalar mesons strongly
interacts, the resonance approximation fails and thus has to
be abandoned. One of the such examples is the S-wave partial
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Table 1 D — p form factors derived by LFQM (left) [23,24] and LCSR (right) [25], respectively

LFQM F(0) a b LCSR F(0) a b
vb=e 0.88 +0.03 1.23+£0.01 0.40 & 0.04 vb=e 0.801 & 0.044 0.78 +0.24 2.6140.29
AJTr 0.69 & 0.02 1.08 4 0.02 0.45 4 0.04 AYTP —0.719 £ 0.066 1.05+0.15 1.77 £0.20
APTP 0.60 + 0.01 0.46 +0.03 0.01 4 0.00 AP 0.599 4 0.035 0.44 +0.10 0.58 +0.23
AYTP 0.47 £ 0.00 0.89 £ 0.02 0.23+0.03 AYTP 0.372£0.031 1.64£0.16 0.56 +0.28

Table 2 Fitted parameters of the D — fp form factors derived by
LCSR, which are fitted using Eq. (3)

D— fy  F(0) a b
Fi 0.321£0.010  0.990 + 0.032 0.543 +0.023
Fo 0321 +£0.010  0.344+0.019  —0.735+0.001

wave under 1 GeV, for which we can use the form factors as
defined in Ref. [29]:

((r)s(pra)luyuyselD(pp))

2 2
mey—m
{[Pu - %%}ﬁb”(’ﬂ%w q*)

=—i

My
m%) —m; D 2 2
T
Tqufo T (MG . q )}» (6)

The Watson theorem implies that phases measured in 77
elastic scattering and in a decay channel in which the 7 x
system has no strong interaction with other hadrons are equal
modulo 7 radians. In the process we consider here, the lepton
pair £v indeed decouples from the 7 final state, and thus
the phases of D to scalar 7 decay amplitudes are equal to
o scattering with the same isospin. It is plausible that

((m)sldTc|D) o Frx(m3 ), @)
where the scalar form factor is defined as
(0ldd|m 7 ™) = BoFrr(m},), (®)

where By = (1.7 £ 0.2) GeV [10] is the QCD condensate
parameter.

An explicit calculation of these quantities requires knowl-
edge of generalized light-cone distribution amplitudes
(LCDAS) [30]. The twist-3 one has the same asymptotic form
with the LCDAs for a scalar resonance [31]. Inspired by this
similarity, we may plausibly introduce an intuitive matching
between the D — fpand D — (mwm)g form factors [7]:

1 D

FP7 nn 4% % Boe Frn (m ) F, .
0

It is necessary to stress at this stage that the Watson the-

orem does not strictly guarantee that one may use Eq. (9).

Instead it indicates that, below the opening of inelastic chan-

nels the strong phases in the D — mwr form factor and 7

scattering are the same. First above the 47 or K K thresh-
old, additional inelastic channels will also contribute. The
K K contribution can be incorporated in a coupled-channel
analysis. As a process-dependent study, it has been demon-
strated that states with two additional pions may not give siz-
able contributions to the physical observables [32]. Secondly,
some polynomials with nontrivial dependence on m, have
been neglected in Eq. (9). In principle, once the generalized
LCDAs for the () s system are known, the D — mr form
factor can be straightforwardly calculated in LCSR and thus
this approximation in the matching equation can be avoided.
On the one side, the space-like generalized parton distribu-
tions for the pion have been calculated at one-loop level in the
chiral perturbation theory (xPT) [33]. The analysis of time-
like generalized LCDAs in xPT and the unitarized frame-
work is in progress. On the other side, the yy* — 777~
reaction is helpful to extract the generalized LCDAs for the
(mm)s system [34,35]. The experimental prospects at BEPC-
IT and BELLE-II in the near future are very promising.

In the kinematic region where the 7 is soft, the crossed
channel from D + m — m will contribute as well and this
crossed channel would modify Eq. (9) by an inhomogeneous
part. For the analogous decay of K or B mesons, it has been
taken into account either dynamically in terms of phase shifts
(in the case of the kaon decay) [36] or approximately in terms
of apole contribution (in the case of the B meson decay) [15].
However, if both pions move fast, the D— invariant mass is
far from the D* pole and this contribution is negligible. In
this case, the transition amplitude for the D to 2-pion form
factor can be calculated in light-cone sum rules [7]. This will
lead to the conjectured formula in Eq. (9).

The scalar 7w v form factor can be handled using the unita-
rized chiral perturbation theory. In the following, we will give
a brief description of this approach. In terms of the isoscalar
S-wave states

1 1

e = s mta)+ NG }non‘)), (10)
L P S P

KKy = 72|1< K )—i—ﬁ’K g ) (11

the scalar form factors for the 7 and K mesons are defined
as

V2B FI"/S(S) = (Oln/5s|m ), (12)

@ Springer
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2By Fy (s) =

where s = m - The nn = (itu + dd)/~/2 denotes the non-
strange scalar current, and the notation (7r = 1, K = 2) has
been introduced for simplicity. With the above notation, we
have

2
ﬂrr(m )—\/7F1(m )

Expressions have already been derived in x PT up to next-to-
leading order [37-40]:

3 " 16m?
F1"(S)=\/;[1+Mn—7”+ fz”

2m? + 3m?2 8s 4s
K T
Iz + f2 Ly + f2 5

2s — . m2 ,
+< 272 >er()+4f2-]1(]((5)+18f2-],m( )]
(14)

(Olan /55| K K );—o,

13)

(2L5 - L5)

+8(2Lg — LY)

. 8
* (LG - L) + L

2
3]

2f2
Fy(s) = }[lJrg;‘z’ (ZS*m 76m,<>+4f£(sf4mk>
32Lg 2

16L7
6 2
+7(6 x+tm )+7 K+3/‘L'7

9s — 8m , .
+ (36f2> Jun($) + 4f2 Jeg () + i ij(s)i|
(16)

Fi(s) = —

V3 [ 16m2
=

2m
JKK(S)+ (15)

F() =1+ 872 (s —m2 —ami ) + i (s = 4nk)

6Lr 5 2 32L§ 2
+ f2 (4mK+mn)+ f2 mK+§lLr/

9s —8m3% \ 3s
+ W Jnﬂ(s)+4f2]KK(‘)

Here the L] are the renormalized low-energy constants, and
f is the pion decay constant at tree level. The u; and J/; are
defined as follows:

(17)

m2 m2

) —L. 18
rl’Ll 327T2f2 /1,2 ( )

1 m? oi(s) + 1
Jis)=——=|1-1 —~ ) —o0i(s)]1 — |,

() o2 |: og (M2> oi(s) log (ai(s) — 1)

(19)
with o;(s) = /1 — 4ml.2/s. It is interesting to note that

the next-to-next-to-leading order results can also be found
in Refs. [41,42]. Imposing the unitarity constraints, the
scalar form factor can be expressed in terms of the algebraic
coupled-channel equation

F(s) =[1+ K(s) g()I ' R(s) (20)

@ Springer

= 1[I — K(s)g(s)] R(s) + O(p®),

where R(s) has no right-hand cut and in the second line,
the equation has been expanded up to NLO in the chiral
expansion. K (s) is the S-wave projected kernel of meson-
meson scattering amplitudes that can be derived from the
leading-order chiral Lagrangian:

2s — m2 3s 3s
T, Kin=Ky= V3

The loop integral can be calculated either in the cutoft-
regularization scheme with gmax ~ 1 GeV being the cutoff
(cf. Erratum of Ref. [43] for an explicit expression) or in

dimensional regularization with the MS subtraction scheme.
In the latter scheme, the meson loop function g; (s) is given

by
1 m? oi(s) +1
62 |:1 — log (ﬁ) — oi(s) log <—0i o) = 1>:|

= —gi(s). 2L

Ky =

J5i (5

The expressions for the R; are obtained by matching the
unitarization and chiral perturbation theory [44,45]:

3 m 16m2
R(s) = \/;{1 + g — ?n + fZ” (2Lg — L)

r r 2m2 +3m 8s 4s r
+8(2L6_L4)KT f2L4+ f2L5
m> m?2
T 141 _n o)
zggﬂzfz[ +log 2 ]}’ (22)
s V3(1emd . 8s
Ri(s) = 7{ 72 2Ly — L}) + f2L4
m2 m2
T 72n2f2 1 +log 2 , (23)
L) 4L
Rg(s)=7{l+—24 2576m%<7m%)+f—25<s74m%<)
16L 32L% 2
+f (6 §<+ )+ fzs K+3/Ln

X m
+ T2 + log (;ﬂ) , (24)
. 8L 4
Ry(s) = 1+ f;‘ (s —amk —m2) + f25 (s —4m3)
16L7 32L% 2
+ f26 <4m%< +m%> + fzsm%( g/“‘n
2 2
s my
14+log( — |- 25
N "

With the above formulas and the fitted results for the low-
energy constants L! in Ref. [45] (evolved from M, to the
scale it = 2¢gmax/+/€), we show the non-strange 77 form
factor in Fig. 2. The modulus, real part and imaginary part
are shown as solid, dashed and dotted curves. As the figure
shows, the chiral unitary ansatz predicts a form factor F}
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0.2 0.4 0.6 0.8 {0
My, [GeV]

Fig. 2 The non-strange 7w scalar form factor obtained in the unita-
rized chiral perturbation theory. The modulus, real part and imaginary
part are shown in solid, dashed and dotted curves

Fig. 3 Kinematics in the D — nww¢v. The 77 moves along the z
axis in the D rest frame. 6 (6;) is defined in the 7 (lepton pair) rest
frame as the angle between z-axis and the flight direction of 7+ (£7),
respectively. The azimuth angle ¢ is the angle between the w7 decay
and lepton pair planes

with a zero close to the K K threshold. This feature has been
extensively discussed in Ref. [46].

3 Full angular distribution of D — wx{v

In this section, we will derive a full angular distribu-
tion of D — mmlv. For the literature, one may consult
Refs. [47,48]. We set up the kinematics for the D~ —
atw~¢v as shown in Fig. 3, which can also be used for
50 — wt70¢b. The w7 moves along the z axis in the D~
rest frame. 6, +(6;) is defined in the w7 (lepton pair) rest
frame as the angle between z-axis and the flight direction
of 7T (€7), respectively. The azimuth angle ¢ is the angle
between the 7 decay and lepton pair planes.

Decay amplitudes for D — mm€v, can be divided into
several individual pieces and each of them can be expressed

in terms of the Lorentz invariant helicity amplitudes. The
amplitude for the hadronic part can be obtained by the eval-
uation of the matrix element:

iGg
Ay = \/Nfo/pﬁ

where €, (h) is an auxiliary polarization vector for the lepton
pair system and h = 0, £, ¢, Nfy/p = «/quﬁl/(96n3m3D),
B = l—rle2 andmy; = ml/\/qj. |V.q|is takentobe 0.22 [27].
The functions A; can be decomposed into different partial
waves,

en ) (mmley* (1 — y5)d|D),  (26)

D ALG mE )Y )0+, 0),
J=0,1,2...

AL(g® miy 000) = > Al @ mE )Y (04, 0),
J=1,2...

ALia® m2) = /Nppo Mo (fo/ £, 0/D(G)L o0 (m3 )
= |A({/,|e"53/z,

Al L@@ mE) = Ny Mp(fo/p 1) D@Ly p M)
= |A] /L|e"5n’/i. (27)

Aoji(q2 m2, 0,4) =

Here J denotes the partial wave of the mwm system and
the script ¢ denotes the time-like component of a virtual
vector/axial-vector meson decays into a lepton pair. The
L fy/0(mz5) is the lineshape and for the P-wave p we use
the Breit—Wigner distribution:

m,I 1
Ly(m2,) =220 ) 28
p (M) T m2._ — m% +im,l, (28)

e

Considering the momentum dependence of the p decay, we
have the running width as

- 3 -
Doty =10 (1) me L+ (RiGoD?
PR P \Igol) mzn 14+ (RIG])?’

and the Blatt—Weisskopf parameter R = (2.1 £ 0.5 £
0.5) GeV~! [49].

The spin-0 final state has only one polarization state and
the amplitudes are

(29)

A
iMp(fo.0) = Nli[Jiq»zFl(qz)],

2

2
mp —m
—2f0F0(612)], (30)
V4

with N1 = iGF V;‘;[/\/E. For mesons with spin J > 1, the
m T~ system can be either longitudinally or transversely
polarized and thus we have the following form:

iMp(fo, 1) = N1i|:

af Ny
2m,+/q?

x[onh —m2 = g mp +mp) 4y

iMD(,O, O) = -

@ Springer
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: }
_—A2 9
mp +mp
py
iMp(p,£) = —BINii [(mp +mp)AL Lv} :
mp +mp
(3D
Y
iMp(p,t) = —aZiNliAo. (32)

\/CF

The o i and ﬂ% are products of the Clebsch—Gordan coeffi-
cients

J _ A0 J—1,0 2,0
o = Cl,o;J—l,ocl,o;J—z,o T CI,O;I,O’

J _ 1 J-1,0 2,0
Br =Ciy—1.0C 0:0-2.0 " Cllo1.00 (33)

For the sake of convenience, we define

1
iMp(p, L/I) = E[i/\/lu(p, +) FiMp(p, -],

iMp(p, L) = —ifs~2N, [ﬂ}
mp +mp
iMp(p.|l) = —iBf~2Ny [(mp +mp)A1]. (34)

Using the generalized form factor, the matrix elements for
D decays into the spin-0 non-resonating w final state are
given as

1 A
AY = Nzi—[if}”’(mfm, qz)},
T \/(]2
t Mo \/[? 0 T ’

Ny = NiN,pz/(1672), with p; = /T —4m2 /m2_.
The above quantities can lead to the full angular distribu-
tions

d°r
dm2 _dg?*d cos 0,+d cos 6;d¢

3
= gl:ll (qzv m%ﬂ? 07T+)

+1h(q%, m2 ., 65+) cos(26y)
+13(q%, m2 ., 0,+) sin® O cos(2¢)
+14(q%, m2 ., 6,+) sin(26;) cos ¢
+15 (qz, min, O.+) sin(6y) cos ¢
+16(q2, m72m , 0,+) cos O

+17(g%, m2 ., 6,+) sin(6y) sin ¢
+13(q%, m2 ., 6,+) sin(26y) sin ¢

FIo(g? m> ., 0,+) sin 6y sin(2¢)]. (36)

For the general expressions of [;, we refer the reader to the
appendix and to Refs. [48,50] for the formulas with the S-,
P- and D-waves. In the following, we shall only consider the

@ Springer

S-wave and P-wave contributions and thus the above general
expressions are reduced to:
1 N A
I = [a+ap AP +2if1af]
T
3 A A
+E cos? O+ [(l +mj )IA(l)I2 + 2mj |Azl|2]
n 24/3 086, +
4
34m? 3
L sin? 0, [lAL P + 14 ] ]

1 3
L= —ﬂz{gmgﬁ + o cos” B+ | Ag

[(1 +mDRe[AJAN*] + Zn%}Re[Ag’A,‘*]]

+ 2\f3 cos O+

4 elAo4o ]}

1,3 .2 12 4l 2
+5 e sin 0 (14112 + 141 ).

3 .
I3 =fg sin 6, + (|A1L|2 - |A‘1‘|2>,

V3sin6_+
=2 7”Re[AOA]*]
4 /31|: 4«/571 04|
+3sin0n+ cos 0+ Re [AIAI*]
4\/§7t cal '
3sin 6
Is =4 %(Remgﬂ*] —rh%Re[A?Alll*])
35in 6 o
W (Re[A(l)Alf] — ih?Re[A] A|‘|*1> }
3 o
Io =41 o sin? 9n+Re[A|1|A1l*] +mIZERe[A?A8*]

+

3
~2 2 141
riy 4 cos 0,+Re[A; AO*]}

sin 0+ <Im[A8 A= miTm[APAY *]>
442

- &5,

+—— sin 6O+ cos O+ (Im[A(])Alll*] —mAm[A} AL >}

4ﬁrr

V3 [01]
=281 ——sinf_+Im| AgA'*
ﬁl{4ﬁn et 041

sin O+ cos O +Im [AS)AL*] }

&

+

3
4\/§7t
Io = 28— sin 6. +Im [A‘ A‘*] (37)

9 = 2Pl 87 A L4 |-
Since the phase in P-wave contributions arise from the line-

shape which is the same for different polarizations, the Iy
term and the second line in the 7 are zero.

3.1 Differential and integrated decay widths
Using the narrow width approximation, we obtain the inte-
grated branching fraction:

B(D™ — ple ) = (2.24 £ 0.09) x 1073/(2.16 &+ 0.36)
x1073(LFQM/LCSR), (38)
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B(D™ = p%u D)
= (2.15£0.08) x 1073/(2.06 & 0.35) x 1073(LFQM/LCSR),
(39)
BMD® > pte D)
= (1.73 £ 0.07) x 1073/(1.67 £ 0.27) x 1073 (LFQM/LCSR)
(40)

where theoretical errors are from the heavy-to-light transition
form factors. These theoretical results are in good agreement
with the data [27]:

B(D™ — ple i) = 2.187017) x 1073, (41)
B(D™ — p°u" ) = 2.4+ 0.4) x 1073, 42)
B(D® — pte v) = (1.77£0.16) x 1073, (43)

The starting point for detailed analysis of D — w7 lv is
to obtain the double-differential distribution d*T"/dg>dm?
after performing integration over all the angles

dr

dg?>dm2

~2
m
_ (1 + %) (|A3|2 AP+ 1A + |Ai|2)

3.
+5iif (1417 +1477) (“4)
where apparently in the massless limit for the involved lepton,
the total normalization for angular distributions changes to
the sum of the S-wave and P-wave amplitudes

d’r

———— = |AQ” + [Ag* + 1A} > + 1AL 1.
dg*dm? . I

(45)

In Fig. 4, we give the dependence of branching fraction on
My in the D~ — w+tmw~e™ 1, process. The solid, dashed,
and dotted curves correspond to the total, S-wave and P-
wave contributions. For the S-wave contribution, there is no
resonance around 0.98 GeV, and theoretically, this should be
a dip.

Due to the quantum number constraint, the process D —
nt700b receives only a P-wave contribution and D~ —
70797 is generated by the S-wave term.

To match the kinematics constraints implemented in
experimental measurements, one may explore the generic
observable with m2__ integrated out:

(mp+5)71)2 dO
(0) = / dm?
(

—. (46)
mp_(gm)Z T dm%ﬂ

We use the following choice in our study of D — wmlv:
S =Tp. (47)

In the narrow width-limit, the integration of the lineshape is
conducted as

‘/dmiﬂLp@ﬁwN2=lﬂp°—>n‘n*):1. (48)

/g
£ o)) o)

<dB/dm_> (107 GeV!)
\S]

Man (GeV)

Fig. 4 The dependence of branching fraction on my, in the D~ —
7w~ e v, process. The heavy-to-light form factors are evaluated by
using LCSR

However, with the explicit form given in Eq. (29), we find
that the integration

(m,o +8nz)2 5 5 2
f( dm?_|L,(m>,)* = 0.70 (49)

mp—38m )2
is below the expected value. On the other hand, the integrated
S-wave lineshape in this region is

(mp+8m)2 5 2 5
/ dm?_|Ls(m?)* = 0.37, (50)
(

m/)fﬁm)2
which is smaller but at the same order. Integrated from m, —
[ptom, + T, we have
B(D™ = p'(—= ntr)e v)
= (1.57 £0.07) x 1073/(1.51 £ 0.26) x 1073 (LFQM/LCSR),
(5D
B(D™ — po(—> a7t ) D)
= (1.57 £0.07) x 1073/(1.51 £ 0.26) x 10~ (LFQM/LCSR)
(52)

The S-wave branching fractions for 2m, < mz, < 1.0GeV

are given as

B(D™ — (w77 )se D) = (6.99 £ 2.46) x 1074,
B(D~™ — (xta7)gu™p) = (7.20 £2.52) x 1074,

(33)
(54
Above 1 GeV, the unitarized x PT will fail and thus we lack
any reliable prediction.

Furthermore, one may explore the ¢>-dependent ratio
(dT(D — 7w uvy,)/dg?)

neg?y =
R7r7r (g7 = (dr(D — ﬂﬂeﬁe)/dq2> .

(55)

Differential decay widths for D — mw €y, are givenin Fig. 5,
with £ = e in panel (a) and ¢ = p in panel (b). The q*-
dependent ratio R%° is given in panel (c). Errors from the
form factors and QCD condensate parameter Bj are shown
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LS I a
> b >
3 j 3
7 1.0 T
2 2
o~ o
o A o
2 0.5¢ LFQM | 3
) oo
o o

LCSR

|

.

1.0p

0.8¢
s 0.61
K

0.4f

0.2f

Ru/e

LFQM

LCSR

0.0k . . . . . .
0002040608101.214
& (Gev)  (Q)

Fig. 5 Differential decay widths forthe D~ — wtm~4i, with = ¢

in (a) and £ = w in (b). The q -dependent ratio R#,/f as defined in

Eq. (55) is given in (c). The dashed and dotted curves are produced

as shadowed bands, and most errors cancel in the ratio RE% e
given in panel (c).

3.2 Distribution in 6, +

We explore the distribution in 6;,+:

d&r _ T a1 — by
dg2dm2 dcosf,+ 2 ' 2

= {<4+2A1>|A * + 6| AL
+v/38 + 4i?) cos O+ Re[AA L]
+12+/31} cos 6+ Re[AV A}

+(12 + 67| A% cos? 6,5+
+1877 cos® 0.+ | AL

+(6+3m1)sm 9n+(|AL| + |4 |2)}
(56)

Compared to the distribution with only P-wave contribution,
namely D — p(— mm){v, the first two lines of Eq. (56)
are new: the first one is the S-wave 7w contribution, while
the second line arises from the interference of S-wave and
P-wave. Based on this interference, one can define a forward—
backward asymmetry for the involved pion,

d3
= dcos 6
FB [/ / j| 7 4g2dm2 _dcos 6+ dqzdm2 dcosf,+

V3 3v3

=@+ mPRe[AJAY*] + —m}Re[AOAl*] (57)

We define the polarization fraction at a given value of ¢>
and m2
(1 + 7 /2)|AGI* + 3/2i} | A7)
d2T'/(dg>dm2 )
(w7 /(AP + AL 2+ 1AL D) +3/2m7 1A} 2
d2r'/(dg2dm2 )

Fs(q* m%,) =

)

i

j:P(qzvniin)
(58)

@ Springer

00b e
0002040608101214
7* (GeV?)

00b
0.0 02 040608101214

(b) 7 Gevd)  (©)

using the LFQM and LCSR results for D — p form factors. Errors

from the form factors are shown as shadowed bands, and most errors
cancel in the ratio REL’ given in (c)

and also

Fr(g* m%,)
(1+m2/2)| A%, m2 )12 + 3722 A2
T a2l + A2+ 1AL 12) + 327 1A 2

AT (% mrr)
V322 + m])Re[AJAG*] + 3v/3/ 27 Re[ AP A}

(59
d?r/(dg%dmZ )

By definition, Fs + Fp = 1.

In Fig. 6, we give our results for the S-wave fraction (F)
(panel (a)), longitudinal polarization fraction (F ) in P-wave
contributions (panel (b)) and the asymmetry (A7) (panel
(c)). Only the curves for the light lepton e are shown since
the results for the 1 lepton are similar. These observables and
the following ones are defined by the integration over m72”Z
for instance,

[dm2 [(1 +m?/2)|AQ* + 3/2m? | AY)?]

[ dm2_d°T/(dg?dm2 )

(Fs(g*)) =

(60)

and likewise for the others.
3.3 Distribution in 6; and forward—-backward asymmetry

Integrating over 6+ and ¢, we have the distribution:

d°’r 3 /d 0
——————— =" [ dcos
dg%dmZ_dcos6 4 i

X (I1 + I cos(26;) + Ig cos 6y)
3. 3
= 1m,2 (1A% + 1A 2)) + 5 cos o

x (Re[A”A *] + m2Re[AAY* + Al A) ])
3 .

+3 [1— (1 —m?)cos® 6] (IAS]? + 1A§1%)
3 . .

+5 [ +mP) + (1 =) cos® 6]

x (A2 +1ALP). (61)
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Fig. 6 Same as Fig. 5 but for the S-wave contributions (a) and the lon-
gitudinal polarizations in P-wave contributions (b) to the D — w vy,
and the forward—backward asymmetry A%, (c). Notice that, for the

Fig. 7 Same

(a)

q* (GeV?)

as Fig. 5 but for

the asymmetry AlF g in the

D — nmly,

The forward—backward asymmetry is defined as

l
AFB

A

e
<Apg>

d3

dcosf
/ } O 4g2dm2_dcos6;

and the results for AIF  are given in Fig. 7.

3.4 Distribution in the azimuth angle ¢

The angular distribution in ¢ is derived as

5 (Re[AHA “] + m?Re [AOAO* +AlAl ]) (62)

0.0k
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
(b)

7% (GeV?)

0.0020406081.01214

q* (GeV?)

(c)

A%, there is a sign ambiguity arising from the use of Watson theorem.

These diagrams are for the light lepton e, while the results for the
lepton are similar

0.00 f{ 7 '
—0.05} % LT 0.1} 4 LFQM
LCSR % LCSR
—o010p Y, g
—0.15F ‘\"-.z ’,’ 1 =2 \“
\\‘.\ /l ‘\C/ _oll \\'\.»\ i
—-0.20¢ N\ // \ /
—025F \\\ o . /” —02F AN N //,/’
—030f T .‘/‘ ] 03 ool
0.0 02 04 0.6 08 1.0 1.2 1.4 0.0 02 04 06 08 1.0 12 1.4
7 Gev?)  (a) 7 Gevy)  (b)
33
= —(Im[AOA ] — mHm[AY Al ]),
3242n
. 1
cp = §/I3dcosé‘,,+
1 12 12
= —B(AL > — 1A,
dr Bi(l J_l | ||| )
s 1
€ =3 Iod cos O+
= iﬂllm[AiA.l.*]. (64)
2

d3r . bc‘ bS :
m = a¢+ ¢COS¢+ ¢Sll’l¢
+c§) cos(2¢) + cé) sin(2¢)
with
1 d’r
agp =

3
0= 167" /
33
3227

27 dg2dm2

Isdcos 6, +

<R [ASA*] — m?Re[A%AL ]>,

3
= Rn/hdcos@ﬁ

Since the complex phase in the P-wave amplitudes comes
from the Breit—Wigner lineshape, the coefficient cfz',

vanishes.

(63)

Numerical results for the normalized coefficients using the

two sets of form factors are shown in Fig. 8. The coefficients
b; and b;) contain a very small prefactor, 33 / (32\/571) ~
0.037, and thus are numerically tiny, as shown in this figure.
The c; is also small due to the cancellation between the |A | |

and | A%

3.5 Polarization of px lepton

In this work, we also give the polarized angular distributions

as

@ Springer
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Fig. 8 Same as Fig. 5 but for

0.0020 0.0020
the normalized coefficients in T
the ¢ distributions of the 0.0015 [ / A\ ]
D~ — ntm4vy. The left ’ 1z, 0.0015
panels (a, ¢, e) are for the light A i A i A
lepton e, while the right panels l"ﬁg 0.0010 :' |$$ 0.0010 :" ]
(b, d, f) are for the 1 lepton ; B i B
0.0005 i LFQM 0.0005 |! LFQM ]
| LCSR LCSR =\
0.0000 E 0.0000 4
000204060810121.4 000204060810121.4
7 Gevh)  (a) 7 Gevy)  (b)
0.0006 F
0.0006
0.0005 F e \ 7 0
e \ 0.0005 | .
p Q0008 b } A 00004 F T
S [ \ Y Vo K
5 00003 | O 00003 |
0.0002 |/ - Lrom 0.0002 f LFQM 4
0.0001 ; ~ LCSR 0.0001 tf LCSR
0.0000 & : 0.0000 ]
0.00204060810121.4 0.002040608101214
7 Gevy)  (¢) 7 Gevy)  (d)
0.00 £ 0.00 <7
—0.01 F —001 |
~0.02 | M ~0.02
A =003} R A =0
[ N s 7008
Vo004 | Vo004 ]
-0.05 COLFQM s -0.05 - LFoM .
—0.06 & LCSR B —0.06 LCSR Ty
=007 B ~0.07 b
0.0 02 04 06 08 1.0 1.2 14 0.0 02 0406 08 1.012 14
7% (GeV?) (e) q* (GeV?) (f)
00— ' ' ' ' ' " +Iik”) sin(26;) cos ¢ + Is()w) sin(6;) cos ¢ + Iék”) cos 6;
|
' ) . A) .
—oal :I 1 +17( w sin(6y) sin ¢ + Ié w sin(26;) sin ¢
|
i‘ +13) sin2 6) sin(2q))], (65)
—041l } ]
I
V o6l \ ] with the coefficients
\
\
—os] N —1/2) 2,342 >
TN 1 I = |Ao| +§(|A¢| + A1),
e ~1/2) ) 1 2 2
_10L . . . e ; 1 = Ao+ =(IALI* + |A; %),
00 02 04 06 08 1.0 12 14 2 | 4ol 2(| ! | ”l )
2 2 (—1/2) 2 2 (=1/2)
7 (GeV?) BV = AL — 1A 1P = 2Re(A0AD),
Fig. 9 Same as Fig. 5 but for the polarization distribution of D — 15(_1/2) = 4Re(ApA%Y),
m vy, Theoretical errors are negligible _1/2 _12
1§77 = 4Re(AAY), 17P = 4Im(A0A]),
1P =21m(AAY), 17VP =2Im(ALA}).  (66)
& ()
dm2 , dg2d cos 0, +d cos 6;d¢ The coefficients for the A, = 1/2 are easily obtained by
30 000 0w Ou) . o comparing Egs. (66) and (37). For instance, the lepton polar-
= *[11 "+ 1) cos(260) + I3 sin” 6 cos(24) ization fraction is defined as
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_ a?r/2 jdg?dm? — d>1 V2 jdg?dm?

d2I'/dg?dm2
(= 1+ A7 /2) (AP + 1A + A1 + AL + 3m7 (1AL 12 + A1)
d2I'/dg?dm2 ’

A (g m2 )

(67)

and we show the numerical results in Fig. 9.

3.6 Theoretical uncertainties

Before closing this section, we will briefly discuss the theo-
retical uncertainties in this analysis. The parametric errors in
heavy-to-light transition form factors and QCD condensate
parameter By have been included in the above. As one can
see, these uncertainties are sizable to branching fractions and
other related observables, but are negligible in the ratios like
R%e. This is understandable, since most uncertainties will
cancel in the ratio.

For the heavy-to-light form factors, we have used the
LCSR and LFQM results. In LCSR, the theoretical accuracy
for most form factors is at leading order in «;. An analysis of
By — fo [26] has indicated the NLO radiative corrections to
form factors may reach 20%. The radiative corrections are,
in general, channel-dependent but should be calculated in a
high precision study. It should be pointed out that radiative
corrections in the light-front quark model is not controllable.

A third type of uncertainties resides in the scalar wm
form factor. In this work, we have used the unitarized results
from Refs. [44,45], where the low-energy constants (L;s) are
obtained by fitting the J /¢ decay data. A Muskhelishvili—
Omnes formalism has been developed for the scalar 7 form
factor in Ref. [18]. Compared to the results in Ref. [18], we
find an overall agreement in the shape of the non-strange
wr form factor, but the modulus from Ref. [18] is about
20% larger. This would induce about 40% uncertainties to
the branching ratios of the D — mm vy, while the results
for the ratio observables are not affected.

Finally, the Watson theorem does not always guarantee
the use of Eq. (9), the matching of D — s form factor and
D — fo form factors. As we have discussed in Sect. 2, such
an approximation might be improved in the future.

4 Conclusions

In summary, we have presented a theoretical analysis of the
D~ — mtn v and D° — 7t7%b decays. We have
constructed a general angular distribution which can include
arbitrary partial waves of . Retaining the S-wave and P-
wave contributions we have studied the branching ratios,
forward—backward asymmetries and a few other observables.
The P-wave contribution is dominated by p° resonance, and
the S-wave contribution is analyzed using the unitarized chi-

ral perturbation theory. The obtained branching fraction for
D — plv, at the order 1073, is consistent with the available
experimental data, while the S-wave contribution is found
to have a branching ratio at the order of 10™*, and this pre-
diction can be tested by experiments like BESIII and LHCb.
The BESIII collaboration has accumulated about 107 events
of the D° and will collect about 3 fb~! data at the center-of-
mass /s = 4.17 GeV to produce the D D; [51,52]. All
these data can be used to study the charm decays into the fj
mesons. In addition, sizable branching fractions also indicate
a promising prospect at the ongoing LHC experiment [53],
the forthcoming Super-KEKB factory [54] and the under-
design Super Tau-Charm factory. Future measurements can
be used to study the 77 scattering phase shift.
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Appendix A: Angular coefficients

In the angular distribution, the coefficients have the form

Iy = (L +mH|Ag? + 27| A > + B+ w204 L 17 + A1)
L =—BlAol* + Bi/2(1ALI> + A1),

Iy = Bi(IALI> = |A)1%), T4 =2p[Re(AgA])],

Is = 4[Re(AgA%) — rhlzRe(AtAﬁ)],

Ig=4 [Re(AHAp + n%,zRe(A,Ag)] ,

=4 [Im(AoAl*l) — P Tm(A A% ] ,

Iy = 2B [Im(AgA™)], g = 2B [Im(A | A])]. (AD)

Substituting the expressions for A; into the above equation,
we obtain the general expressions

Li(g? m2g Op4) Y {|Y9<97,+,0)|2
J=0,...
=[a+mpiag? + 2if1a! 2]
2y
J'=J+1,...

! !/
x [cos(a] - 8311143

Y0Ort, 0¥, 05+, 0)
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~ ! !
+2m12 cos(S[J — 5[1 )\AZJHAzJ |] }

3 4y 1 2[rad 12 1 a2
APy {\Y] @, 0 [141 12 + 147 1]

2

J'=J+1,.

[2m(5l —s{y1ad 114 ] }

;‘(9n+,o>Y;‘(e,,+,o>

(A2)

D(g? m2. 04)=—F Y. {\Y?\2|A5<o,,+, 0)?

J=0,...
+2 Z

J'=J+1,.
+5ﬂz > {w, O+ OPAAT P +14] )
J=1,...

123 Y7 0. 07 04,0
J'=J+1

! !
Y90,+. 0079, 6,+.,0)cos(8] — 8] )14 A |

x [cos(&i —slyalal |+ cos(3] — 8 )|AJAJ q } (A3)

BG* My O, ) =B Y {\Y;‘(en+,0)\2
1,...

x(1alP=1a]P)+2 >

J'=J+1,..

! ’ ! !
x [cos(s] — 7)1a{ 4l = cosi - o] 1af A1) }

Yy O+, 0 (04, 0)

(A4)

14(‘]2’m72r7t’97r+):2'3[ Z Z

J=0,... J/=1,.

X [¥9O+, 07, Or, 0147 A *|cos(80 5], (A5)

I5(g? meq. O0p4) =4 Y Z Y,(e,,+,0>Y], (Og+.0)
J=0,... J/=1,.

’ ’ .
[143 A7 *1cos@s] - 81) — if1a} A”\cos(s, 5], (A6)

le(q® mby . 0,4) =4 Y
J,J'=1,...

! A
{ T+ O)YJ, (G 0)|AJAJ*\cos(5ﬁ Si)}+m12

!’ !
x Yy {Y9(9”+,0)Y9,(9n+,0)\A{A({*|cos(3{ -8 )},
J,J'=0,...

(A7)

I7(q2’m72m’97r+) =4 Z Z Y?(€n+’0)YJ_’](97T+’O)
J=0,...J'=1....
x [|A0A’ *|sin@ — 8 ) — A7 47" sin(s] —ai’)}, (A8)

I3(q% m3 . 0,4) = 2B Z >

LJ'=1.

X [0+ 07, 0 O)|A0Ai*|sin(8({ -5, (A9)
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Io(g m2 0. 0,4) =261 Y Z

J=1,..J/=1,.

x [V O 07 O 0141 A " sines] - 5] (A10)
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