
Eur. Phys. J. C (2015) 75:41
DOI 10.1140/epjc/s10052-015-3270-7

Regular Article - Theoretical Physics

The dark energy star and stability analysis

Piyali Bhara, Farook Rahamanb

Department of Mathematics, Jadavpur University, Kolkata 700 032, West Bengal, India

Received: 23 September 2014 / Accepted: 11 January 2015 / Published online: 3 February 2015
© The Author(s) 2015. This article is published with open access at Springerlink.com

Abstract We propose a new model of dark energy star
consisting of five zones, namely, the solid core of constant
energy density, the thin shell between core and interior, an
inhomogeneous interior region with anisotropic pressures, a
thin shell, and the exterior vacuum region. We discuss vari-
ous physical properties. The model satisfies all the physical
requirements. The stability condition under a small linear
perturbation is also discussed.

1 Introduction

The study of dark energy stars has become a subject of inter-
est due to the fact that the expansion of the universe is acceler-
ating, which was suggested by the High-z supernova Search
Team in 1998 by observing type 1a supernovae. Dark energy
is the most acceptable hypothesis to explain this accelerating
expansion of the universe. According to the work done by
the Planck mission team and based on the standard model
of cosmology the total mass energy of the universe contains
4.9 % ordinary matter, 26.8 % dark matter, and 68.3 % dark
energy. Dark matter is attractive in nature which can not seen
by a telescope and it does not absorb or emit light or any grav-
itational waves. But its existence has been proved by gravi-
tational effects on visible matter and gravitational lensing of
background radiation. On the other hand dark energy needs
to have a strong negative pressure in order to explain the rate
of accelerating expansion of the universe.

To construct a model of a relativistic star we generally
assume that the underlying fluid distribution is homoge-
neous and isotropic. But it is proved by advanced research
that highly compact astrophysical objects like the X-ray pul-
sars, Her-x-1, X-ray buster 4U 1820-30, millisecond pulsar
SAXJ1804.4-3658 etc. whose density of core is expected
to be beyond the nuclear density (∼1015 gm/cc) shows
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anisotropy. Anisotropy may occur in the existence of solid
core, in the presence of a type P superfluid, phase transition,
rotation, magnetic field, mixture of two fluid, existence of
external field etc. In the case of an anisotropy distribution
the pressure inside the fluid sphere is not homogeneous in
nature, it can be decomposed into two parts: radial pressure
pr and transverse pressure pt . So obviously pr �= pt . Here pt

is in the orthogonal direction to pr. � = pt − pr is defined as
the anisotropic factor whereas �

r is defined as the anisotropic
force which is repulsive in nature if pt > pr and attractive if
pt < pr.

In this paper, we are going to model an anisotropic dark
energy star characterized by the parameter ω = pr

ρ
, where

pr and ρ are, respectively, the radial pressure and energy
density. For accelerating expansion the dark energy param-
eter ω < − 1

3 is required. −1 < ω < − 1
3 is referred to

as quintessence. The region where ω < −1 is named the
phantom regime and this has a peculiar property, namely an
infinitely increasing energy density. ω = −1 corresponds to
the Einstein cosmological constant and this value is called
the cosmological constant barrier or phantom divide.

A two dimensional Brans–Dicke star model with exotic
matter and dark energy was studied in [1]. In that paper,
the author has taken the matter state equation as p = γρ,
where γ is the state parameter of exotic matter which satis-
fies − 1

4 < γ < 0 and has shown that the mass of the star
decrease if γ decrease. An anisotropic dark energy star has
been discussed in [2]. A star model with dark energy has
been proposed in [3]. In this paper the authors have proposed
a model of the dark energy star consisting of four regions
and by analyzing the model they conclude that for a static
solution at least one of the regions must be constituted by
dark energy. An anisotropic dark energy star was studied by
Ghezzi et al. [4]. These authors have assumed a variable dark
energy which suffers a phase transition at a critical density
and the anisotropy. The anisotropy is concentrated on a thin
shell where the phase transition takes place, while the rest
of the star remains isotropic. The solutions shows several
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features similar to the gravastar model. Lobo [5] has given a
model of a stable dark energy star by assuming two spatial
types of mass function: one is of constant energy density and
the other mass function is a Tolman–Whitker mass. All the
features of the dark energy star have been discussed and the
system is stable under a small linear perturbation. The van
der Waals quintessence stars have been studied in [6]. In that
work, the construction of inhomogeneous compact spheres
supported by a van der Waals equation of state is explored.
van der Waals gravastars and van der Waals wormholes have
also been discussed. A variable equation of state for a gen-
eralized dark energy model has been studied in [7]. Yadav et
al. have given a dark energy model with a variable equation
of state parameter in [8]. Some other works on dark energy
stars are [9–16].

The plan of the paper is as follows: In Sect. 2 the basic field
equations are given. The model of the dark energy star, exte-
rior spacetime and junction condition, TOV equation, energy
condition, and the mass–radius relation are, respectively, dis-
cussed in Sects. 3, 4, 5, 6, and 7. The stability analysis under a
small radial perturbation is studied in Sect. 8. Finally in Sect.
9 we provide a short discussion and make some concluding
remarks.

2 Basic field equations

A static and spherically symmetry spacetime in curvature
coordinates is given by the following metric:

ds2 = −exp

[
−2

∫ ∞

r
g(r̃)dr̃

]
dt2 + dr2

1 − 2m
r

+r2(dθ2 + sin2 θdφ2), (1)

where g(r) and m(r) are arbitrary functions of the radial
parameters r. The function m(r) is the quasi-local mass and
is denoted the mass function. The factor g(r) is termed the
‘gravity profile’, which is used to measure the acceleration

due to gravity by the relationship A =
√

1 − 2m
r g(r). For

inward gravitational attraction g(r) > 0, and g(r) < 0 for
outward gravitational repulsion. One can note that �(r) =
− ∫∞

r g(r)dr , here �(r) is denoted as the redshift function.
The stress energy momentum tensor is given by the equa-

tion

Tμν = (ρ + pt)UμUμ + pt gμν + (pr − pt)χμχν (2)

where Uμ is the vector 4-velocity, χμ is the spacelike vec-
tor. ρ(r) is the energy density and pr is the radial pressure
measured in the direction of the spacelike vector. pt is the
transverse pressure in the orthogonal direction to pr and
� = pt − pr is called the anisotropic factor.

Using the Einstein field equations Gμν = 8πTμν we get
the following relationship:

m′ = 4πr2ρ, (3)

g = m + 4πr3 pr

r(r − 2m)
, (4)

p′
r = − (ρ + pr)(m + 4πr3 pr)

r(r − 2m)
+ 2

r
(pt − pr) (5)

where Gμν is the Einstein tensor and the prime denotes the
derivative with respect to the radial coordinate r .

The dark energy equation of state is given by the following
equation:

pr = ωρ (6)

where ω < 0 is the equation of state parameter.
Now one can note that we have five unknown functions

namely ρ, pr, pt, m(r), g(r), and four equations, (3)–(6). To
solve the set of equations let us assume a particular choice of
the energy density ρ. This particular choice of ρ was chosen
earlier by Dev and Gleiser [17] to discuss the anisotropic star
model. Rahaman et al. have also used this density function in
[18]. Using this particular choice of energy density we will
find the other parameters in explicit form.

3 Model of the dark energy star

Let us choose the energy density of the star as

ρ = 1

8π

( a

r2 + 3b
)

(7)

where both a and b are constants, e.g. a = 3
7 and b = 0

corresponds to relativistic Fermi gas which can be seen in the
ultradense cores of a neutron star [19]; and for a = 3

7 , b �= 0
we get a relativistic Fermi gas core in a constant density
background.

Using (7) into (3) we obtain the expression of the mass
function as

m = 1

2
r(a + br2). (8)

Solving Eqs. (4)–(6) we get

g(r) = a(1 + ω) + br2(1 + 3ω)

2r(1 − a − br2)
, (9)

From the Buchdahl limit, 2m(r)
r < 1 one can see from Eq. (8)

that 1 − a − br2 > 0. This provides a constraint on the
parameters a, b, and radius r ; thus
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r2 <
1 − a

b
. (9.1)

This yields the restrictions on a, b of

a < 1 and b > 0.

We have chosen a = 0.5 and b = 0.001, motivated by the
choice of Dev and Glaiser [17]. They chose a = 3/7 and
b = 0 to describe their model. Our chosen values of a and b
are very close to their choice. Now using those values for a
and b from Eq. (9.1), we get r2 < 500 i.e. r < 22.36. Now,
g(r) > 0 gives

ω > − a + br2

a + 3br2 . (9.2)

For large r i.e. in the maximum limit, we get by using (9.1)
in (9.2)

ω > − 1

3 − 2a
.

For small r, from (9.2) we have ω > −1.
Therefore,

ω > max

(
−1,− 1

3 − 2a

)
. (9.3)

For the above choice, a = 0.5, max
(
−1,− 1

3−2a

)
=

−0.5 i.e. ω > −0.5.
Again for g(r) < 0, we have

ω < − a + br2

a + 3br2 . (9.4)

For small r, Eq. (9.4) yields
ω < −1 and for large r i.e. in the maximum limit,

ω < − 1

3 − 2a
.

Thus,

ω < min

(
−1,− 1

3 − 2a

)
. (9.5)

For our choice of a, we get ω < −1. So, we have to choose
for ω either ω > −0.5 or ω < −1 for the plot.

The profiles of g(r) are plotted in Figs. 1 and 2 for
−0.45 ≤ ω ≤ −0.1 and ω < −1 respectively.

From Fig. 1 we see that g(r) > 0 when −0.45 ≤ ω ≤
−0.1 and Fig. 2 shows that for ω < −1, g(r) < 0 for the
above choice of a and b.

The radial and transverse pressure can be obtained as

pr = ω

8π

( a

r2 + 3b
)

, (10)

pt = (1 + ω)(a + 3br2)

32πr2(1 − a − br2)
[a(1+ω)+br2(1+3ω)]+ 3bω

8π
.

(11)

Fig. 1 Gravity profile, g(r), against r when −0.45 ≤ ω ≤ −0.1

Fig. 2 Gravity profile, g(r), against r when ω ≤ −1, a = 0.45, and
b = 0.001

The matter density, radial, and transverse pressures are
depicted in Fig. 3.

The anisotropy factor � is given by

� = (1+ ω)(a+ 3br2)

32πr2(1− a − br2)
[a(1+ω)+ br2(1+3ω)] − ωa

8πr2 ,

(12)

which is shown in Figs. 4 and 5, respectively, for −0.45 ≤
ω ≤ −0.1 and ω < −1. Now �

r represents a force due to the
pressure anisotropy. The force will be repulsive in nature i.e.
in the outward direction if pt > pr and attractive if pt < pr or
alternatively � < 0. For our stellar model configuration (see
Figs. 4, 5) � > 0 for both the cases when −0.5 < ω < −0.1
and the phantom regime, i.e. for ω < −1.

Now, one may notice that there is a problem in the model
such as the divergence of the physical quantities (energy den-
sity and pressures) in the origin. To overcome this problem
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Fig. 3 Matter density ρ, radial pressure pr , and transverse pressure pt
of the dark energy model against r

Fig. 4 The anisotropy parameter � = pt − pr against r for −0.45 ≤
ω ≤ −0.1

Fig. 5 The anisotropy parameter � = pt − pr against r for ω < −1

in order to model a star, we propose that the star contains a
core up to radius r1.

3.1 Core solution

To avoid this central singularity we cut the spacetime (1)
around its origin and placed an anisotropy fluid of constant
density ρ0 (say).

Now, to find the core solution, we assume the radial equa-
tion of state to be

pr = kρ0, k < 0. (13)

Here, the mass function becomes

m(r) = Br3 (14)

where B = 4πρ0
3 .

Using this expression of m(r) from Eq. (4) and using
Eq. (14) we get

g(r) = Br(1 + 3k)

1 − 2Br2 . (15)

Therefore the spacetime metric of the core is given by

ds2 =(1−2Br2)−
1+3k

2 dt2+ dr2

1 − 2Br2 +r2(dθ2+sin2 θdφ2).

(16)

The transverse pressure can be obtained as

pt = kρ0

[
1 + (1 + k)(1 + 3k)Br2

2k(1 − 2Br2)

]
(17)

and the anisotropic factor � can be obtained as

� = 3

8π
(1 + k)(1 + 3k)

B2r2

1 − 2Br2 . (18)

From the expression of � it is clear that � > 0 if k < −1
and � < 0 if −1 < k < − 1

3 . At the center of the star � = 0,
which is expected for a physically reasonable solution. It can
also be noted that for k = −1 and k = − 1

3 the anisotropic
pressure of the core reduces to the isotropic pressure.

4 Energy conditions

Our particular model of dark energy star consists of five
regions:

1. Solid core of constant matter density.
2. Thin shell between core and interior.
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Fig. 6 The energy conditions in the interior against r

3. Interior.
4. Thin shell between interior and exterior spacetime.
5. Exterior Schwarzschild spacetime.

To check whether our model satisfies all the energy condi-
tions, we have to verify the energy conditions in the first four
regions described earlier.

At first check all the energy conditions, for regions 1 and
3, and later we will discuss it for regions 2 and 4. We will
consider the following inequalities:

(i) NEC: ρ + pr ≥ 0, (19)

(ii) WEC: ρ + pr ≥ 0, ρ ≥ 0, (20)

(iii) SEC: ρ + pr ≥ 0, ρ + pr + 2pt ≥ 0, (21)

(iv) DEC: ρ > |pr|, ρ > |pt|. (22)

Figure 6 indicates that for our model all the energy conditions
are satisfied in the interior region. Figure 7, however, shows
the SEC is violated within the core.

5 Exterior spacetime and junction condition

In this section we match our interior spacetime to the exterior
Schwarzschild vacuum solution along the junction surface
with the junction radius ‘R’.The exterior spacetime is given
by the metric

ds2 = −
(

1 − 2M

r

)
dt2 + dr2

1 − 2M
r

+ r2(dθ2 + sin2 θdφ2).

(23)

Here, the event horizon lies at r = 2M . So obviously R >

2M .

Fig. 7 The energy condition within the core against r

Previously, we have matched our interior spacetime to the
exterior Schwarzschild at the boundary r = R. Obviously
the metric coefficients are continuous at r = R, but it does
not ensure that their derivatives are also continuous at the
junction surface. In other words the affine connections may
be discontinuous there. To take care of this let us use the
Darmois–Israel [20,21] formation to determine the surface
stresses at the junction boundary. The intrinsic surface stress
energy tensor Si j is given by the Lancozs equations in the
following form:

Si
j = − 1

8π
(K i

j − δi
j K k

k ). (24)

The discontinuity in the second fundamental form is given
by

Ki j = K +
i j − K −

i j (25)

where the second fundamental form is given by

K ±
i j = −n±

ν

[
∂2 Xν

∂ξ1∂ξ j
+ �ν

αβ

∂ Xα

∂ξ i

∂ Xβ

∂ξ j

]
|S, (26)

where n±
ν are the unit normal vector defined by

n±
ν = ±

∣∣∣∣gαβ ∂ f

∂ Xα

∂ f

∂ Xβ

∣∣∣∣
− 1

2 ∂ f

∂ Xν
, (27)

with nνnν = 1. Here ξ i is the intrinsic coordinate on the shell.
+ and − correspond to exterior i.e., Schwarzschild spacetime
and interior (our) spacetime, respectively. The model of our
dark energy star consists of five zones, namely, the core,
the thin shell between core and interior, an inhomogeneous
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interior region with anisotropic pressures, a thin shell and the
exterior vacuum region.

Considering the spherical symmetry of the spacetime
the surface stress energy tensor can be written as Si

j =
diag(−σ,P,P), where σ and P are the surface energy den-
sity and surface pressure, respectively. We have

K τ+
τ =

M
R2 + R̈√

1 − 2M
R + Ṙ2

, (28)

K τ−
τ =

(1+ω)a+bR2(1+3ω)
2R + R̈ − (1+ω)Ṙ2(a+3bR2)

2(R−Ra−bR3)√
1 − a − bR2 + Ṙ2

, (29)

K θ+
θ = 1

R

√
1 − 2M

R
+ Ṙ2, (30)

K θ−
θ = 1

R

√
1 − a − bR2 + Ṙ2. (31)

The expressions of σ and P are given by

σ = − 1

4π R

[√
1 − 2M

R
+ Ṙ2 −

√
1 − (a + bR2) + Ṙ2

]
,

(32)

P = 1

8π R

⎡
⎣1 − M

R + Ṙ2 + R R̈√
1 − 2M

R + Ṙ2

+1 + Rg(R)(1 − a − bR2 + Ṙ2) + R R̈ + bR2

1−a−bR2 Ṙ2

√
1 − a − bR2 + Ṙ2

⎤
⎦ .

(33)

Using the conservation identity Si
j,i =−[σ̇+2 Ṙ

R (P+σ)
]
,

one can obtain

σ ′ = − 2

R
(P + σ) + � (34)

where � is given by

� = − 1

4π R

m − m′ R
R − 2m

√
1 − a − bR2 + Ṙ2. (35)

The surface mass of the thin shell is given by

ms = 4π R2σ. (36)

Using the expression of σ given in Eq. (32) (considering the
static case) from Eq. (36) we get

ms = R

[√
1 − (a + bR2) −

√
1 − 2M

R

]
. (37)

Fig. 8 The velocity of the sound for different values of mass M against
r when the dark energy parameter ω is fixed

After a little manipulation of Eq. (37) the total mass of the
dark energy star can be obtained as

M = 1

2
R(a + bR2) − m2

s

2R
+ ms

√
1 − (a + bR2). (38)

From Eq. (36) one can obtain

(ms

2R

)′′ = ϒ − 4πσ ′η (39)

(for details of the calculation see the appendix), where

η = P ′

σ ′ , ϒ = 4π

R
(σ + P) + 2π R�′ (40)

where the prime denotes the derivative with respect to R.
We will use the parameter η to discuss the stability analysis

of the system. This
√

η is generally interpreted as the velocity
of the sound. So, for physical acceptability one must have
0 < η ≤ 1. The profile of η is shown in Figs. 8 and 9.

Next we will discuss the evolution identity given by

[
Tμνnμnν

]+
− = K̄ i

j S j
i (41)

where K̄ i
j = 1

2 (K i+
j + K i−

j ). From Eq. (41) using Eqs. (28)–
(31) one can obtain

pr + (ρ + pr)Ṙ2

1 − a − bR2

= − 1

2R

(√
1 − 2M

R
+ Ṙ2 +

√
1 − a − bR2 + Ṙ2

)
P
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Fig. 9 The velocity of the sound for different values of energy param-
eter ω against r when the mass of the dark energy star M is fixed

+1

2

⎛
⎝ M

R2 + R̈√
1 − 2M

R + Ṙ2

+
(1+ω)a+bR2(1+3ω)

2R + R̈ − (1+ω)Ṙ2(a+3bR2)

2(R−Ra−bR3)√
1 − a − bR2 + Ṙ2

⎞
⎠ σ. (42)

Considering static solution at R = R0 with Ṙ = R̈ = 0,
we get

pr = − 1

2R0

(√
1 − 2M

R0
+
√

1 − a − bR2
0

)
P

+1

2

⎛
⎝

M
R2

0√
1 − 2M

R0

+
(1+ω)a+bR2

0(1+3ω)

2R0√
1 − a − bR2

0

⎞
⎠ σ. (43)

Here, σ < 0, therefore, pr < 0, i.e. the tension is in the
radial direction. Hence a positive tangential surface pressure
P > 0 is required to keep the shell stable i.e. to hold the shell
against collapsing.

5.1 Junction conditions between core and interior solution

Since the core radius is r1, we match the core solution with
interior solution at the junction surface with junction radius
r1.

The core extrinsic curvature is given by

K −
ττ = −Br1(1 + 3k)(1 − 2Br2

1 )−
1
2 ,

K −
θθ = r1(1 − 2Br2

1 )
1
2 .

Therefore the surface energy density and surface pressure
can be obtained as

Fig. 10 The energy condition of the thin shell between core and interior
region against r

σ = − 1

4πr1

[√
1 − a − br2

1 −
√

1 − 2Br2
1

]
, (44)

P = 1

8πr1

⎡
⎣1+r1g(r1)(1−a − br2

1 )√
1−a − br2

1

− 1 + (1 + 3k)Br2
1√

1 − 2Br2
1

⎤
⎦ .

(45)

5.2 Energy conditions for both thin shells i.e. the interior
thin shell between core and interior region and the
outer thin shell between the interior region and the
Schwarzschild spacetime

According to [22] for a thin shell all the energy conditions
namely Null Energy conditions (NEC), Weak Energy Con-
ditions (WEC), Dominant Energy conditions (DEC), and
Strong Energy Conditions (SEC) will be satisfied if the fol-
lowing inequalities hold.

1. NEC: σ + P ≥ 0;
2. WEC: σ ≥ 0 and σ + P ≥ 0;
3. SEC: σ + P ≥ 0 and σ + 2P ≥ 0;
4. DEC: σ + P ≥ 0 and σ − P ≥ 0.

Figures 10 and 11 show all energy conditions except DEC
are satisfied within both interior and exterior thin shells.

6 TOV equation

The generalized Tolman–Oppenheimer–Volkov (TOV) equa-
tion is given by [23]
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Fig. 11 The energy condition of the thin shell between interior region
and the exterior Schwarzschild spacetime against r

− MG(ρ + pr)

r2 e
λ−ν

2 − d pr

dr
+ 2

r
(pt − pr) = 0. (46)

Here MG = MG(r) is the effective gravitational mass inside
a sphere of radius r given by the Tolmam–Whittaker formula
which can be derived from the equation

MG(r) = 1

2
r2e

ν−λ
2 ν′. (47)

The above equations describe the equilibrium conditions of
the fluid sphere subject to gravitational, hydrostatics, and
anisotropy forces.

Equation (34) can be modified in the form

Fg + Fh + Fa = 0 (48)

where

Fg = −ν′

2
(ρ + pr), (49)

Fh = −d pr

dr
, (50)

Fa = 2

r
(pt − pr). (51)

The profiles of Fg, Fh, Fa are shown in Fig. 12. The figure
shows that our dark energy model is in static equilibrium
under gravitational (Fg), hydrostatics (Fh), and anisotropic
(Fa) forces.

7 Mass radius relation

The mass of the dark energy star is given in Eq. (8).
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Fig. 12 The dark energy star is in static equilibrium under gravitational
(Fg), hydrostatics (Fh), and anisotropy (Fa) forces
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Fig. 13 Mass function m(r) against r
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Fig. 14 The compactness of the dark energy star against r

The compactness of the star is defined as

u = m(r)

r
= 1

2
(a + br2), (52)

and the surface redshift is defined by

Zs = (1 − 2u)−
1
2 − 1 = (1 − a − br2)−

1
2 − 1. (53)

The profile of mass function, compactness, and surface red-
shift of the dark energy star are given in Figs. 13, 14, and 15,
respectively.
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Fig. 15 The surface redshift Zs against r

8 Stability analysis

In this section we are going to analyze the stability of our
model.

Rearranging Eq. (32) we get

Ṙ2 + V (R) = 0. (54)

Here V (R) is given by

V (R) = 1 − M − m

R
−
(ms

2R

)2 −
(

M − m

ms

)2

(55)

(for details of the derivation see Appendix 1).
To discuss the linearized stability analysis let us take a lin-

ear perturbation around a static radius R0. Expanding V (R)

by a Taylor series around the radius of the static solution
R = R0 one can obtain

V (R) = V (R0) + (R − R0)V ′(R0) + (R − R0)
2

2
V ′′(R0)

+O[(R − R0)
3] (56)

where a prime denotes the derivative with respect to R.
Since we are linearizing around the static radius R = R0

we must have V (R0) = 0, V ′(R0) = 0. The configuration
will be stable if V (R) has a local minimum at R0 i.e., if
V ′′(R0) > 0.

Now from the relation V ′(R0) = 0 we get

(
ms(R0)

2R0

)′
= A

[
F ′(R0)−2

(
M − m(R0)

ms

)(
M − m(R0)

ms

)′]

(57)

where A is defined later
Now the configuration will be stable if V ′′(R0) > 0, i.e.,

if

η
d

dR
(σ 2) >

1

2π

[
σϒ − 1

2π R0
(H2 − G2)

]
. (58)

Fig. 16 dσ 2

dR against R

For details of the derivation see Appendix 3. We have

G(R0)= A

[
F ′(R0)−2

(
M − m(R0)

ms(R0)

)(
M − m(R0)

ms(R0)

)′]
,

(59)

A =
(

R0

ms(R0)

)
,

{H(R0)}2 = 1

2
F ′′(R0) −

[
M − m(R0)

ms(R0)

]2

,

−
(

M − m(R0)

ms(R0)

)(
M − m(R0)

ms(R0)

)′′
. (60)

Now from Eq. (58) we get

η0
dσ 2

dR
|R0 > � (61)

where � = 1
2π

[
σϒ − 1

2π R0
(H2 − G2)

]
. From Eq. (61) the

stability regions are dictated by the following inequalities:

η0 > �

(
dσ 2

dR
|R0

)−1

if
dσ 2

dR
|R0 > 0, (62)

η0 < �

(
dσ 2

dR
|R0

)−1

if
dσ 2

dR
|R0 < 0. (63)

From the plot of dσ 2

dR (see Fig. 16) we see that dσ 2

dR < 0. So
the stability region for our model is given by Eq. (63).
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9 Discussions and concluding remarks

In this work we have obtained a new class of exact interior
solutions by choosing a special form of the energy density
which describes a model of the dark energy star parame-
terized by ω = pr

ρ
< 0. For our choice of a = 0.5 and

b = 0.001, we have shown that the dark energy parameter ω

lies in either −0.5 < ω < −0.1 or ω < −1. The obtained
solutions are well behaved for r > 0. From Figs. 1 and 2, we
see that the gravity profile g(r) > 0 when −0.5 ≤ ω ≤ −0.1
and g(r) < 0 when ω lies in the phantom regime. The energy
density ρ, radial pressure (pr), and transverse pressure (pt)

all are monotonic decreasing function of r . The anisotropy
factor � > 0 for −0.5 < ω < −0.1 as well as for ω < −1,
which implies pt > pr i.e. the anisotropic force is repul-
sive in nature. We have matched our interior spacetime to
the exterior Schwarzschild spacetime in the presence of a
thin shell where we have assumed a positive surface pres-
sure to hold the thin shell against collapse. The mass of the
dark energy star in terms of the thin shell mass has been pro-
posed as well as the relationship among pr, σ,P has been
given. By keeping ω fixed and choosing different values of
M , we have shown that 0 < η < 1. Similarly by keeping the
mass M fixed and for −0.45 ≤ ω < −0.1, we have shown
that 0 < η < 1. All the energy conditions in the interior
region are satisfied. However, in the core SEC is violated
and both thin shells i.e. for the interior thin shell between
the core and interior region and the outer thin shell between
the interior region and the Schwarzschild spacetime, DEC is
violated.

The mass function is monotonic increasing and regular
at the center. For (3 + 1) dimensional astrophysical object,
Buchdahl [24] has shown that 2M

R < 8
9 . For our model

2M
R = 0.564 < 8

9 . The stability analysis under a small radial
perturbation has also been discussed.
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Appendix 1

We have

ms = 4π R2σ ;

using the expression of σ we get

or
ms

4π R2 = 1

4π R

[√
1 − 2m

R
+ Ṙ2 −

√
1 − 2M

R
+ Ṙ2

]
,

or
ms

a
=
√

1 − 2m

R
+ Ṙ2 −

√
1 − 2M

R
+ Ṙ2,

or
ms

a
−
√

1 − 2m

R
= −

√
1 − 2M

R
+ Ṙ2.

Squaring both sides we get

(ms

R

)2 − 2
ms

R

√
1 − 2m

R
+ Ṙ2 = 2

R
(m − M),

or
ms

R

[
ms

R
− 2

√
1 − 2m

R
+ Ṙ2

]
= 2

R
(m − M),

or
ms

R
− 2

√
1 − 2m

R
+ Ṙ2 = 2

ms
(m − M),

or
ms

R
− 2

ms
(m − M) = 2

√
1 − 2m

R
+ Ṙ2,

or
ms

2R
+ M − m

ms
=
√

1 − 2m

R
+ Ṙ2;

again squaring both sides we get

(ms

2R

)2 +
(

M − m

ms

)2

+ 2
M − m

2R
= 1 − 2m

R
+ Ṙ2,

which gives

Ṙ2 =
(ms

2R

)2 +
(

M − m

ms

)2

+ M − m

R
− 1.

Now,

Ṙ2 = −V (R),

which gives

V (R) = 1 − M − m

R
−
(ms

2R

)2 −
(

M − m

ms

)2

.

Appendix 2

We have

ms = 4π R2σ,

or
ms

2R
= 2π Rσ.
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Differentiating both sides with respect to R we get

or,
(ms

2R

)′ = 2π(Rσ ′ + σ)

= 2π R

{
− 2

R
(σ + P) + �

}
+ 2πσ

= −4πP + 2π R� − 2πσ.

Differentiating both sides with respect to R we get
(ms

2R

)′′ = −4πP ′ + 2π(R�′ + �) − 2πσ ′.

Using the value of σ ′ we get
(ms

2R

)′′ = −4πP ′ + 2π(R�′ + �)

−2π

{
− 2

R
(σ + P) + �

}

= 4π

R
(σ + P) + 2π R�′ − 4πησ ′;

therefore,
(ms

2R

)′′ = ϒ − 4πησ ′

where

ϒ = 4π

R
(σ + P) + 2π R�′

Appendix 3

We have

V (R) = F(R) −
(ms

2R

)2 −
(

M − m

ms

)2

,

V ′(R) = F ′(R) − 2
(ms

2R

) (ms

2R

)′

−2

(
M − m

ms

)(
M − m

ms

)′
.

Now, V ′(R0) = 0 gives
(

ms(R0)

2R0

)′
=
(

R0

ms(R0)

)

×
[

F ′(R0) − 2

(
M − m(R0)

ms

)(
M − m(R0)

ms

)′]
;

let

(
ms(R0)

2R0

)′
= G(R0) =

(
R0

ms(R0)

)

×
[

F ′(R0) − 2

(
M − m(R0)

ms(R0)

)(
M − m(R0)

ms(R0)

)′]
;

now

V ′′(R) = F ′′(R) − 2

[(
ms(R)

2R

)(
ms(R)

2R

)′′
+
{(

ms(R)

2R

)′}2
]

−2

[(
M − m(R)

ms(R)

)(
M − m(R)

ms(R)

)′′
+
{(

M − m(R)

ms(R)

)′}2
]

,

V ′′(R0) = F ′′(R0) − 2

[(
ms(R0)

2R0

)(
ms(R0)

2R0

)′′
+ G(R0)

2
]

−2

[(
M − m(R0)

ms(R0)

)(
M − m(R0)

ms(R0)

)′′
+
{(

M − m(R0)

ms(R0)

)′}2
]

.

Now V ′′(R0) > 0 gives

H(R0)
2 > [G(R0)]2 +

(
ms(R0)

2R0

)(
ms(R0)

2R0

)′′

where

H(R0)
2 = 1

2
F ′′(R0) −

[
M − m(R0)

ms(R0)

]2

−
(

M − m(R0)

ms(R0)

)(
M − m(R0)

ms(R0)

)′′
,

or H2 − G2 > 2π R0σ

[
4π

R0
(σ +P)+2π R0�

′ − 4πησ ′
]

,

or H2 − G2 >2π R0σ(ϒ − 4πησ ′),

or
1

2π R0
(H2 − G2) > σϒ − 2πη

d

da
(σ 2),

or η
d

da
(σ 2) >

1

2π

[
σϒ − 1

2π R0
(H2 − G2)

]
.
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