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Abstract. A three-terminal heat engine based on resonant-tunneling multi-level quantum dots is proposed.
With the help of Landauer formula, the general expressions for the charge and heat currents, the power
output and efficiency are derived. In the linear response regime an explicit analytic expressions for the
charge and heat currents, the maximum power output and the corresponding efficiency is presented. Next,
the performance characteristic and optimal performance of the heat engine is investigated in the nonlinear
response regime by numerical calculation. Finally, the influence of the main parameters, including the
asymmetry factor, the energy-level spacing, the energy difference, the number of discrete energy levels,
the bias voltage, and the temperature difference on the optimal performance of the heat engine is ana-
lyzed in detail. By choosing appropriate parameters one can obtain the maximum power output and the
corresponding efficiency at maximum output power.

1 Introduction

Thermoelectric devices can be used as power generators
to convert heat to electricity based on Seebeck effect or
refrigerators to cool a spatial region by external elec-
tricity based on Peltier effect, and they could play an
important role in the utilization of energy resources.
However, present thermoelectric devices still have a
very low efficiency in converting heat into electrical
work and deliver only moderate powers. To achieve high
thermoelectric efficiency, we can use the structure with
sharp spectral features, such as quantum dots [1]. Low-
dimensional nanostructured materials may also one
of the choices to achieve high thermoelectric conver-
sion efficiency. Theoretically, reversible transport can
be reached between two electron reservoirs using a
delta-function-shaped electronic density of state, but
its power is very small [2, 3].

Recently, the thermodynamic performance of three-
terminal thermoelectric systems has been researched
extensively [4, 5], especially quantum dots. Jordan
et al. proposed a three-terminal energy harvester with
resonant-tunneling dots and get some important ana-
lytic expressions in limit of small level width [6].
Jaliel et al. have experimentally demonstrated that
this nanoscale energy harvester can generate a ther-
mal power of 0.13 fW when the temperature difference
of each quantum dot is about 67 mK [7]. He et al. pro-
pose a model for three-terminal thermionic heat engines
based on semiconductor heterostructures and the heat
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engine performance is discussed in detail in the linear
and nonlinear regimes [8]. Prance et al. presented exper-
imentally measurements of a quantum-dot refrigerator
designed to cool a 6 µm2 electron gas from 280 mK
to below 190 mK [9–11]. Jiang et al. studied thermo-
electric three-terminal hopping transport through one-
dimensional nano-systems and the near-field inelastic
heat engine in the linear-response regime [12, 13]. Many
scholars have investigated the thermoelectric devices
based on resonant-tunneling quantum dots and capac-
itively coupled quantum dots theoretically [14–26] and
experimentally [27–30]. Besides resonant-tunneling and
coupled quantum dots, other nanostructures, includ-
ing the quantum point contact and electron cavity [31],
quantum wells (or semiconductor superlattices) [32–35],
quantum Hall bar [36, 37], nanowires [38–40], energy
selective tunnel junctions [41], and superconducting
hybrid systems [42, 43] are also the focus of research.
Inelastic transport processes assisted by elementary
excitations such as photons, phonons and magnons have
also been researched extensively in recent years [44–52].

On the basis of the previous works, we propose a
three-terminal heat engine based on resonant-tunneling
multi-level quantum dots. Our work is motivated by
a number of advantages that we expect a multi-level
quantum dot structure to have over a single-level quan-
tum dot setup. Firstly, multi-level quantum dots should
be able to deliver larger currents and therefore, larger
power output because of the multi-level resonating
channels. Secondly, a multi-level quantum dot struc-
ture might be easier to fabricate than a system of self-
assembled single-level quantum dots. Finally, due to
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the small energy-level spacing of large quantum dots
or heavily doped semiconductor quantum dots [53],
they are ideally suited for low-temperature applica-
tions. Of course, we also aim to investigate how the
multi-level structure properties of quantum dots deteri-
orate the efficiency of the heat engine. The main focus
in this work is to analyze the thermodynamic perfor-
mance characteristics and the optimal performance of
a three-terminal multi-level quantum dot heat engine.
The influence of the main parameters, including the
energy-level spacing, the energy difference, the num-
ber of discrete energy levels, the asymmetry factor, bias
voltage, and temperature difference on the engine’s per-
formance is discussed in detail.

This paper is organized as follows. In Sect. 2, we
briefly describe the model and basic physical theory of
a three-terminal multi-level quantum dots heat engine.
In Sect. 3, we obtain the analytical expressions of the
maximum power output and corresponding efficiency in
linear regime. In Sect. 4, we analyze the performance
characteristic and the optimal performance of the heat
engine in nonlinear regime. We summarize the impor-
tant conclusion of this paper in Sect. 5.

2 Model and theory

The model we consider is schematically illustrated in
Fig. 1a. It consists of a central cavity (red) connected
via multi-level quantum dots to the left/right electron
reservoir (blue) with temperature Ti(i = L,R) and
chemical potential μi. Each quantum dot has multi-
resonant levels relevant for transport. The central cav-
ity is kept at temperature TC by a thermal reservoir.
This thermal reservoir is treated as a third terminal
that provides a heat current J but no charge to the
cavity. The cavity is out of equilibrium, here we assume
that fast relaxation processes via electron–electron and
electron-phone scattering give rise to a Fermi distribu-
tion electrons inside the cavity with temperature TC

and chemical potential μC. The temperatures of left
and right reservoirs are same and lower than that of
the central cavity (TL = TR < TC). When no bias volt-
age is applied, the chemical potential of left/right elec-
tron reservoir are equal (μL = μR = μ0). When a bias
voltage V is applied, we take μL = μ0 − 1/2eV and
μR = μ0 + 1/2eV (e is electronic charge). The posi-
tive direction of electrical and energy currents is flowing
from the reservoir i into the cavity. Figure 1b shows a
schematic illustration of the proposed energy-band dia-
gram with multi-resonant levels in the right quantum
dot. Ei is the central energy level of the quantum dot
i which is near the Fermi level of the electron reser-
voir i. The energy difference is ΔE = ER − EL. δE
is the energy-level spacing of the quantum dot which
we assume to be same for both dots in the following.
For simplicity, we assume that each energy level is an
independent transport channel and the position of each

energy level in quantum dot i is equidistant [15, 54, 55],

Ei,j′ = Ei + j′δE

⎧
⎨

⎩

j′ = j
2 j : even

j′ = − j−1
2 j : odd,

(1)

where j is an integer with 0 < j ≤ N when N is the
number of discrete energy levels. One of the candidates
for this three terminal heat engine which may be suited
to experimentally realize is an impurity band in a heav-
ily doped semiconductor quantum dot such as CdS and
CdSe. A heavily doped semiconductor is expected to
have multiple energy levels originating from impurities,
although the process to precisely control the number of
impurities in quantum dots should be developed [15].

According to Landauer formula, the charge current
and the energy current from the reservoir i to the cen-
tral cavity are given by

Ii =
2e

h

N∑

j=1

×
∫

τi,j′(E)[fi(E − μi, Ti) − fC(E − μC, TC)]dE,

(2)

and

Ji =
2
h

N∑

j=1

×
∫

Eτi,j′(E)[fi(E − μi, Ti) − fC(E − μC, TC)]dE,

(3)

where fi(E − μi, Ti) = [exp[(E − μi)/kBTi] + 1]−1 is
the Fermi–Dirac distribution of reservoir i, fC(E −
μC, TC) = [exp[(E − μC)/kBTC] + 1]−1 is the
Fermi–Dirac distribution of the central cavity, h is the
Planck’s constant, τi,j′(E) is the transmission probabil-
ity of discrete energy level j′ in quantum dot i, which
has a resonant energy level Ei,j′ and a width Γi,

τi,j′(E) =
Γ2

i

(E − Ei,j′)2 + Γ2
i

, (4)

Γi is also called the coupling strength of the quantum
dot i to the cavity and the reservoir i. We assume the
asymmetric coupling strength, i.e. ΓL = (1 + a)Γ and
ΓR = (1 − a)Γ, where a is the asymmetry factor which
satisfies the condition −1 ≤ a ≤ 1, and Γ is the total
coupling strength.

According to the conservation of charge and energy
in the cavity, there are the relations, IL + IR = 0 and
JL + JR + J = 0. One can use the conservation of
charge to determine the chemical potential μC of the
cavity, I ≡ IL = −IR is the net electrical current flow-
ing through the system, while the heat current absorb-
ing from the thermal reservoir is J = −JL − JR. In
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Fig. 1 a Schematic diagram of a three-terminal heat engine with resonant-tunneling multi-level quantum dots. A central
cavity (red) with chemical potential μC is connected to the left/right electron reservoir (blue) via multi-level quantum dots.
The direction of the arrow indicates the positive direction of the current and heat flow. b Energy band diagram described
in a with five discrete energy levels (N = 5). δE is the energy-level spacing

the weak coupling regime Γ << kBTC, kBTR, the trans-
mission probability of quantum dot i is treated as a
delta function, i.e. τi,j′(E) = πΓiδ(E − Ei,j′). Thus,
the expressions (2) and (3) for the charge and energy
currents can be simplified as

Ii =
eΓi

�

N∑

j=1

[fi(Ei,j′ − μi, TR) − fC(Ei,j′ − μC, TC)],

(5)

and

Ji =
Γi

�

N∑

j=1

× {Ei,j′ [fi(Ei,j′ − μi, TR) − fC(Ei,j′ − μC, TC)]},
(6)

� is reduced Planck constant. Therefore, the electrical
power output is

P = IV. (7)

And the efficiency is given by

η =
P

J
. (8)

The working region of the heat engine satisfies

P > 0, J > 0, 0 < η ≤ ηC, (9)

where ηC = 1 − Ti/TC is the Carnot efficiency and
ΔT/T < 2. We define the average temperature T =
(TC + Ti)/2, and its difference ΔT = TC − Ti. In the
following numerical calculation, we set Γ = 0.01kBT .

3 Linear response regime

In linear response regime, we need to limit the temper-
ature difference and the voltage bias, i.e. eV, kBΔT �
kBT . In terms of the conservation laws of charge and
energy, the charge current through the system and the
heat current absorbing from the thermal reservoir are
derived by [35, 39]

I = GV + GSΔT, (10)

J = G
∏

V + (K + GS
∏

)ΔT, (11)

respectively, where G is electric conductance, S is See-
beck coefficient,

∏
is the Peltier coefficient, and K is

thermal conductance, i.e.

G =
−2e2

h

GL1GR1

GL1 + GR1
, (12)

S =
kB

e

[
GL2

GL1
− GR2

GR1

]

, (13)

∏
=

kBT

e

[
GR2

GR1
− GL2

GL1

]

, (14)

K =
2k2

BT

h

[

(GL3 + GR3) −
(

G2
L2

GL1
+

G2
R2

GR1

)]

,

(15)

the auxiliary functions are

Gi1 =
N∑

j=1

∫
eE/kBT

[
1 + eE/kBT

]2 τi,j′
dE

kBT
,

Gi2 =
N∑

j=1

∫
(E/kBT )eE/kBT

[
1 + eE/kBT

]2 τi,j′
dE

kBT
,

Gi3 =
N∑

j=1

∫
(E/kBT )2eE/kBT

[
1 + eE/kBT

]2 τi,j′
dE

kBT
.
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The power output is

P = IV = (GV + GSΔT )V, (16)

It can be seen that the power output is a quadratic
function of the voltage. When the voltage is zero or
at the stopping voltage bias Vstop = −SΔT , the power
output vanishes. Moreover, the maximum power output
can be obtained when the voltage is half of the stopping
voltage bias i.e. Vm = Vstop/2. The maximum power
output is

Pm = −G
(SΔT )2

4
, (17)

For the voltage bias Vm, the corresponding heat cur-
rent flowing from the thermal reservoir is

JP =
(

GS
∏

2
+ K

)

ΔT, (18)

The corresponding efficiency at maximum power out-
put is approximately

ηP =
Pm

Jp
=

( −GS2

2GS
∏

+4K

)

ΔT ≈
( −GS2T

2GS
∏

+4K

)

ηC,

(19)

In linear response regime, ηC = ΔT/TC ≈ ΔT/T .
Using Eqs. (7)–(19) we can analyze the thermody-

namic performance of the heat engine in the linear
response regime. In the symmetric coupling strength
case, Fig. 2 shows the maximum power output Pmax and
the corresponding efficiency at maximum power output
ηP/ηC varying with the positions of the energy levels EL

and ER at different number of discrete energy levels N .
It is seen from Fig. 2 that both the maximum power
output and the corresponding efficiency are symmet-
ric with respect to EL and ER. The maximum power
output has a saturation value and its saturation value
increases as N increases. However, the corresponding
efficiency at maximum power output reaches its maxi-
mum value when one of two energy levels is much bigger
than kBT and the another energy levels is much smaller
than −kBT . And the maximum value of the correspond-
ing efficiency decreases as N increases. Therefore, we
can optimize the power output and corresponding effi-
ciency of the heat engine by adjusting the number of
discrete energy levels N . In addition, when N = 1,
the corresponding efficiency at maximum power out-
put ηP ≈ ηC/2, because the Peltier coefficient is equal
to Π= − ST and the thermal conductance K ≈ 0.

4 Nonlinear response regime

4.1 Performance characteristics

For nonlinear regime, it is not necessary to limit the
values of the temperature difference ΔT and the bias
voltage eV . The temperature difference and the voltage
bias are important parameters for studying thermody-
namic performance of heat engine. Therefore, Eqs. (7)
and (8) can be rewritten as

P = ILV = P

(
eV

kBT
,
ΔT

T
,

EL

kBT
,

ER

kBT
,

δE

kBT
,N

)

,

(20)

η =
P

J
= η

(
eV

kBT
,
ΔT

T
,

EL

kBT
,

ER

kBT
,

δE

kBT
,N

)

.

(21)

According to Eqs. (5)–(6) and (20)–(21), we can plot
the power output P varying with the positions of the
energy levels EL and ER at different asymmetry factor
a for given ΔT/T = 1, as shown in Fig. 3. The bias volt-
age given at the top left of Fig. 3 is eV = 5kBT and one
at the bottom right is eV = −5kBT . It is found from
Fig. 3a that the power output has a maximum value at
EL = −ER, i.e. EL = −ΔE/2, ER = ΔE/2. And the
maximum value is at EL ≈ ±5kBT and ER ≈ ∓5kBT .
In Fig. 3b, the power output also has a maximum value
but it is not at EL = −ER when a = 0.5. And the power
output in the symmetric case is greater than one in the
asymmetric case. Therefore, we may set the asymme-
try factor a = 0 and two central energy levels EL and
ER may be donated by the energy difference ΔE. The
power output P is in units of (kBT )2

2�
.

Figure 4 shows the curves of the power output P
and efficiency η/ηC versus the bias voltage eV at dif-
ferent number of discrete energy levels N for given
ΔE = 10kBT , δE = 0.1kBT and ΔT/T = 1. It is found
from Fig. 4a that the power output P first increases
slowly and then decreases sharply with the increase of
eV , and there exist an optimal bias voltage which gives
the maximum output power. As N increases, the max-
imum power output increases. But it is shown from
Fig. 4b that the efficiency first increases slowly and
then decreases sharply with the increase of eV when
N > 1. The maximum efficiency gradually decreases
with the increase of N . When N = 1 the efficiency
increases linearly with the increase of eV . At the stop-
ping voltage the efficiency attains the Carnot value but
the power output is zero. The stopping voltage satis-
fies the relationship eVstop = ΔE(1 − Ti/TC) [6]. This
means the heat engine can operate in the reversible
regime. This result is the same as one in Refs. [2–4,
6, 26]. When N > 1, the maximum power output arises
while the maximum efficiency reduces. The reason is
that as the number of discrete energy levels increases
the number of electrons which can pass through the
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Fig. 2 a The maximum power output Pmax in units of (kBΔT )2

2�
and b the efficiency at maximum power output in units of

ηC varying with two level positions at N = 11. c and d show the same case as a and b but at N = 31, e and f at N = 71
for given δE = 0.1kBT

resonant-tunneling channels increases but energy filter-
ing is not efficient. Especially, the performance charac-
teristic curves of the power output versus the efficiency
are plotted, as shown in Fig. 4c. It is found that when
N = 1 the performance characteristic curve is an open-
shaped one. When N > 1, the performance characteris-
tic curves between the power output and the efficiency
are the closed loop-shaped ones. This means that the
power output does not vanish at maximum efficiency.

For actual heat engine, one always wants to get an effi-
ciency as large as possible and at same time obtain
one large power output. Thus, the optimal operating
regions of the heat engine should be located in those
of the performance characteristic curves with a nega-
tive slope. Thus the upper and lower bounds for the
optimal regions of the power output and the efficiency
should be
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Fig. 3 The power output in units of (kBT )2

2�
versus the two central energy levels EL and ER a at a = 0 and b at a = 0.5.

Other parameters are given as N = 11, eV = ±5kBT , δE = 0.1kBT , ΔT/T = 1

Fig. 4 a The power output in units of (kBT )2

2�
and b the efficiency in units of ηC versus the bias voltage eV at different

number of energy levels. c The performance characteristic curves at different number of energy levels. Here ΔT/T = 1,
ΔE = 10kBT , δE = 0.1kBT
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Pη ≤ P ≤ Pm, (22)

ηmP ≤ η ≤ ηm, (23)

where Pη, Pm, ηmP , and ηm four important parame-
ters which determine the lower and upper bounds of
the optimized power output and efficiency of a three-
terminal heat engine.

4.2 Performance optimization

According to Eqs. (20), (21) and the extremal condition

∂P

∂ΔE
= 0, (24)

the optimized power output Popt and the correspond-
ing efficiency ηP varying with the voltage eV at differ-
ent number of discrete energy levels N are plotted in
Fig. 5. It is seen from Fig. 5 that the optimized power
output Popt first increases sharply and then decreases
slowly with the increase of eV . When the bias voltage
eV ≈ 2.4kBT , the optimized power output reaches its
maximum value. However the corresponding efficiency
ηP is a monotonically increasing function of the bias
voltage and its slope is gradually reduced. The opti-
mized power output increase as the number of discrete
energy levels N increase, but the corresponding effi-
ciency decreases as the number of discrete energy levels
N increase.

Next, using Eqs. (20), (21), (24) and the extremal
conditions,

∂P

∂eV
= 0, (25)

we can further plot the curves of the optimized power
output Popt and the corresponding efficiency ηP ver-
sus the number of discrete energy levels N and energy-
level spacing δE for given ΔT/T = 1, as shown in
Fig. 6. It is found from Fig. 6a that the optimized
power output is a monotonically increasing function of
N and has a saturation value at N → ∞, but devia-
tions from that saturation value are exponentially small
for large N , for example,N = 71. The reason is that as
N increases the energy levels far from the Fermi level
of left/right electron reservoir are not involved in res-
onant tunneling. The corresponding efficiency ηP is a
monotonically decreasing function of N . The results are
reasonable when including more levels—the efficiency is
decreased, because more back-flow of current is possi-
ble, but overall power out is increased because of more
parallel channels. Thus, to achieve the maximum power
output and at the same time obtain a large efficiency,
we should choose a suitable number of discrete energy
levels N ≈ 20 in a quantum dot.

In Fig. 6b, the optimized power output Popt decreases
as the energy-level spacing δE increases and it reaches

the minimum value at δE ≈ 3kBT for given N = 11.
A lot of the energy levels are far from the Fermi level
and the number of effective resonant tunneling channels
decreases. The advantage of using multiple energy lev-
els disappears. For δE much smaller than kBT , optimal
(high) efficiency occurs when all 11 levels are close to
the energy where the two Fermi functions cross. For δE
much larger than kBT , optimization puts one level at
the energy where the two Fermi functions cross, and
the others are at very high energies (where the two
Fermi functions are both close to 0) or very low energies
(where the two Fermi functions are both close to 1). So
the corresponding efficiency ηP first decreases and then
increases with the increase of δE. Thus, to achieve the
maximum power output and at the same time obtain
a large efficiency, we should choose the dense discrete
energy levels in a quantum dot.

Further, we consider the influence of temperature dif-
ference on the performance of quantum dot heat engine.
We plot the curves of the maximum power output Pmax

and the corresponding efficiency ηP versus the temper-
ature difference ΔT/T for given the saturation value
N = 71 and δE = 0.1kBT , as shown in Fig. 7. It is
found from Fig. 7a that the maximum power output is
approximately given by Pmax ≈ 0.126

(
ΔT
T

)2 (kBT )2

2�
=

0.126
2�

(kBΔT )2, independent of average temperature T .
For a small value of ΔT/T , the maximum power out-
put and the corresponding efficiency ηP are almost the
same as those in linear regime when N = 71, as shown
in Fig. 2e,f. Due to the quadratic dependence on ΔT
we obtain the same power output for given value of
ΔT in the linear and nonlinear regime. However, as the
corresponding efficiency ηP at maximum power output
grows linearly with the temperature difference ΔT/T ,
the heat engine should be operated as much in the
nonlinear regime as possible. The optimal position of
energy difference ΔE and the optimal voltage eV as a
function of the temperature difference ΔT/T are plot-
ted, as shown in Fig. 7b. Figure 7b shows that the
optimal position of energy difference ΔE and the opti-
mal voltage eV increases monotonically as the ΔT/T
increases.

5 Conclusions

WE have investigated the optimal performance of a
three-terminal heat engine based on resonant-tunneling
multi-level quantum dots. In linear regime, we have
derived the explicit analytic expressions for the max-
imum power output and the corresponding efficiency.
In nonlinear regime, we have analyzed the performance
characteristics and optimal performance of the heat
engine at the maximizing output power. Then, the main
results are as following: (1) the performance of the heat
engine which works in the symmetry case is better than
that in the asymmetry case; (2) the denser the dis-
crete energy levels, the larger the optimal power output
and the corresponding efficiency. But we should choose
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Fig. 5 a The optimized power output Popt in units of (kBT )2

2�
, b the corresponding efficiency ηP in units of ηC varying with

the bias voltage eV at different number of discrete energy levels N . Here ΔT/T = 1, δE = 0.1kBT

Fig. 6 a The optimized power output Popt in units of (kBT )2

2�
and the corresponding efficiency ηP in units of ηC as a

function of N for given δE = 0.1kBT . b The optimized power output Popt and the corresponding efficiency ηP as a function
of δE for given N = 11

Fig. 7 a The maximum power output Pmax in units of (kBT )2

2�
and the corresponding efficiency ηP in units of ηC as a function

of the temperature difference ΔT/T ; b The optimal energy difference ΔE and the optimal voltage eV as a function of the
temperature difference ΔT/T

123



Eur. Phys. J. B (2023) 96 :1 Page 9 of 10 1

a suitable number of discrete energy levels for given
energy-level spacing to achieve the large power out-
put and large efficiency at the same time; (3) the heat
engine should be operated as much in the nonlinear
regime as possible. The results obtained here are help-
ful to design and operation of the practical quantum
dot heat engines.
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