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Abstract In this paper we discuss the combined effects on
nuclear matter properties of the quark confinement mecha-
nism in nucleon and of the chiral effective potential resulting
from the spontaneous breaking of the chiral symmetry in
nuclear matter. One specific aim is to show that the replace-
ment of a basic chiral potential (linear sigma model type)
by the enriched Nambu–Jona-Lasinio (NJL) model potential
is able to reproduce the saturation properties while strongly
decreasing the tension with QCD properties. Based on this
NJL prediction, it is shown that the chiral potential acquires
a specific scalar field cubic dependence, which contributes
to the three-body interaction. We also discuss the constraints
induced by Lattice-QCD on the model parameters govern-
ing the saturation properties. We introduce the term “QCD-
connected parameters” for these quantities. We demonstrate
that chiral symmetry and Lattice-QCD provide coherent con-
straints on the in-medium nuclear interaction, suggesting a
fundamental origin of the saturation mechanism.

1 Introduction

Relativistic theories of nuclear matter initiated by Walecka
and collaborators [1,2] attract a lot of interest for, at least, two
reasons: (i) this type of approach provides a very economi-
cal saturation mechanism and (ii) a spectacular well-known
success in predicting the correct magnitude of the spin-orbit
potential since nucleons move in an attractive background
scalar field and in a repulsive vector background field which
contribute in an additive way (see a recent discussion for
this specific point in Ref. [3]). If the origin of the repulsive
vector field can be safely identified as associated with the
omega vector-meson exchange, the real nature of the attrac-
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tive Lorentz scalar field has been a controversial subject since
there is no sharp scalar resonance with a mass of about 500–
700 MeV, which would lead to a simple interaction based
on a scalar particle exchange. More fundamentally the ques-
tion of the very nature of these background fields has to be
elucidated. In other words, it is highly desirable to clarify
their relationship with the QCD condensates, in particular
the chiral quark condensate 〈qq〉, and more generally with
the low energy realization of chiral symmetry which is spon-
taneously broken in the QCD vacuum and is expected to be
progressively restored when the density increases. Indeed the
microscopic origin of low-energy nuclear interaction proper-
ties is related to fundamental properties of the theory of the
strong interaction (QCD) and should be implemented in the
modeling of nuclear matter.

To bridge the gap between relativistic theories of the
Walecka type and approaches insisting on chiral symmetry, it
has been proposed in Ref. [4] to identify the “nuclear physics”
scalar sigma meson of the Walecka model at the origin of the
nuclear binding, let us call it σW , with the chiral invariant
s = S − Fπ field associated with the radial fluctuation of
the chiral condensate S around the “chiral radius” Fπ , iden-
tified with the pion decay constant. In the present approach
we take the point of view that the effective theory has to be
formulated, as a starting point, in term of the field W associ-
ated with the fluctuations of the chiral quark condensate and
parameterized as

W = σ + i �τ · �π ≡ S U ≡ (s + Fπ )U ≡ (σW + Fπ )U

with U (x) = ei �τ · �φ(x)/Fπ . (1)

The scalar field σ (S) and pseudoscalar fields �π ( �φ) writ-
ten in cartesian (polar) coordinates appear as the dynamical
degrees of freedom and may deviate from the vacuum value,
〈σ 〉vac = 〈S〉vac = Fπ ∝ 〈qq〉vac. The sigma and the pion,
associated with the amplitude s ≡ σW and phase fluctuations
�φ of this condensate, are considered in our approach to be
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effective degrees of freedom. Their dynamics are governed
by an effective chiral potential, V (σ, �π), having a typical
Mexican hat shape associated with a broken (chiral) symme-
try of the QCD vacuum.

In the simplest linear sigma model (LσM), this effective
chiral potential has the following form

Vχ,LσM(s) = 1

2
M2

σ s
2 + 1

2

M2
σ − M2

π

Fπ

s3

+ 1

8

M2
σ − M2

π

F2
π

s4 , (2)

written with standard notations: Mσ is the sigma mass, Mπ

and Fπ are the pion mass and decay constant. Equation (2)
displays a term in s3, also referred as the tadpole term or
diagram [7,18–20].

Let us make a side remark: the LσM provides a justi-
fication for the introduction of non-linear couplings in the
scalar field s. This is formally equivalent to the Lagrangian
employed in non-linear relativistic mean field approaches
where, however, these couplings are taken as adjustable
parameters.

There is a well identified problem concerning the nuclear
saturation with such usual chiral effective theories [5–8]:
independently of the particular chiral model, in the nuclear
medium the value of S (≡ Smedium) will be different from
the one in vacuum (≡ Svacuum, the minimum of the vacuum
effective potential represented by a “Mexican hat” potential).
By construction, at Smedium the effective chiral potential has a
smaller curvature: V ′′(Smedium) < V ′′(Svacuum). This single
effect results in the lowering of the sigma mass and destroys
the stability, which is a problem for the applicability of such
effective theories in the nuclear context. The effect originates
from the s3 tadpole diagram generating attractive three-body
forces and destroying saturation even if the repulsive three-
body force from the Walecka mechanism is present.

The origin of this problem is most probably related to the
fact that nucleons are not point particles, but in reality com-
posite systems made of quarks. Hence the nucleon will react
against the presence of the nuclear scalar field and get polar-
ized. This effect can be taken into account by introducing the
nucleon response to the scalar field s, κNS = d2M∗

N (s)/ds2

with the nucleon mass M∗
N (s) defined in Eq. (7), which is

the central ingredient of the quark-meson coupling model
(QMC), introduced in the original pioneering work of P. Gui-
chon [9] and successfully applied to finite nuclei with an
explicit connection to the Skyrme force [10–12]. This effect
associated with the polarization of the quark substructure in
presence of the nuclear scalar field, will unavoidably gen-
erate three-body forces which may bring the needed repul-
sion. In practice this response, or more precisely the nucleon
scalar susceptibility κNS, generates a non-linear coupling of
the scalar field to the nucleon, or equivalently a decrease of

the scalar coupling constant with increasing density. Hence
to achieve saturation, in a set of successive works devoted to
the study of ordinary nuclear matter and neutron stars [13–
17], we have complemented the relativistic chiral approach
in such a way that the effect of the nucleon response is able
to counterbalance the attractive chiral tadpole diagram to
get good saturation properties, especially the correct curva-
ture coefficient - the incompressibility modulus which is an
empirical parameter defined at saturation density. All these
aforementioned approaches were based on a chiral effective
potential, see Eq. (2), which displays a strong cubic tadpole
diagram.

In order to get a correct description of the saturation prop-
erties, the dimensionless nucleonic response parameter intro-
duced in our previous works and defined as (see also Eq. (8)),

C ≡ κNS F2
π

2MN
,

is indeed required to be larger than one [13–17]. Such values
are also required by the analysis of Lattice-QCD (LQCD)
data on the chiral properties of the nucleon, with mass MN ,
scalar charge QS = ∂MN/∂m, and chiral susceptibility
χN = ∂2MN/∂m2 [21–24] (m is the current quark mass
governing the explicit chiral symmetry breaking). Moreover
in a recent work based on a Bayesian analysis with lattice
data as an input [25], we found that the response parame-
ter is strongly constrained to a value C ∼ 1.4 very close
to the value where the scalar susceptibility changes its sign:
C = 1.5.

This value for the parameter C raises a new issue: the
problem associated with this large value of C is that it seems
impossible to find realistic confining models for the nucleon
able to generate C larger than one. For instance in the MIT
bag model used in the QMC scheme, one has CMIT 
 0.5.
One possible reason for this discrepancy between the pre-
dictions from confining models and the phenomenological
values of C lies in the use of a chiral effective potential from
the LσM, which is probably too naive. Hence one should cer-
tainly use an enriched chiral effective potential from a model
able to give a correct description of the low-energy realiza-
tion of chiral symmetry in the hadronic world. A good easily
tractable candidate is the Nambu-Jona-Lasinio (NJL) model.
Indeed in Ref. [26], referred as [NJLCONF] (NJL plus con-
finement) in the following, an explicit construction of the
background scalar field was performed in the NJL model
using a bosonization technique based on an improved deriva-
tive expansion valid at low (space-like) momenta [27]. Var-
ious confining interactions have been incorporated (quark-
diquark string interaction, linear and quadratic confining
interaction) on top of the NJL model which seem to be suf-
ficient to generate saturation although the response parame-
ters C remain relatively small on the order of C ∼ 0.5. The
reason is that, for a given scalar mass, the NJL chiral effec-
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tive potential generates a significantly smaller attractive tad-
pole diagram than the simplistic LσM. We will discuss this
point in more details and demonstrate that the repulsive three-
body force generating saturation, is not only determined by
the nucleon response C but also by the cubic term of the
NJL potential, hereafter described by the new parameter Cχ .
Hence, the parameters C and Cχ combine together to gener-
ate a three-body interaction proportional to (gS is the nucleon
scalar coupling constant):

C̃3 
 MN

gS Fπ

C + 1

2
Cχ .

We will also demonstrate how another particular combination
of C and Cχ ,

C̃L 
 MN

gS Fπ

C + 3

2
Cχ ,

is constrained by lattice data [21–24], which constitutes one
main result of this paper. One important consequence of the
introduction of the NJL chiral potential (i.e, Cχ occurring
in the two above expressions with a different coefficient) is
to largely eliminate the tension between lattice data and the
expected range of value of the response parameter C issued
from confining models of the nucleon, as explained in details
in Sect. 3.

In this paper we mainly discuss the effect of the NJL chiral
effective potential, i.e., the contribution of the Cχ parameter,
on the nuclear matter equation of state and on the satura-
tion mechanism, without explicitly specifying the underly-
ing nucleon confinement model. As mentioned above, very
simple confining models have already been presented in
[NJLCONF] and in a longer forthcoming paper referred as
[NJLFCM] [28], we will explicitly introduce an effective
Hamiltonian inspired from the field correlator method (FCM)
developed by Y. Simonov and collaborators [29–36]; some
details can also be found in a recent paper [37]. Modulo
some ansatz prescriptions this approach allows us to gen-
erate simultaneously, at a semi-quantitative level, a con-
fining interaction built from a gluon correlator with long
distance (r � Tg) behaviour V (r) = σg r , where the
string tension σg = 0.18 GeV2, together with an equiv-
alent NJL model with scalar interaction strength G1 =
120πσgT 4

g /(4NcNF ) ∼ 10 GeV−2 and cutoff 	 ∼ 1/Tg ∼
600 MeV, where the gluon correlation length, Tg = 0.25
to 0.3 fm [38], is itself related to the gluon condensate, G2,
according to T 2

g = 9σg/(π
3G2). Note that the string tension

σg and the gluon correlation length Tg are two parameters
measured in Lattice-QCD [38].

2 The NJL chiral confining model

2.1 Basis of the model

The general picture underlying our approach has been
sketched in our previous papers (see, e.g., [NJLCONF]) and
will be precised in our forthcoming work [NJLFCM]. It can
be summarized as follows: nuclear matter is made of nucle-
ons, themselves built from quarks and gluons which look
like Y-shaped strings generated by a non perturbative confin-
ing force, with constituent quarks at the ends. These quarks
acquire a large mass from the quark condensate, which is the
order parameter associated with the spontaneous breaking of
chiral symmetry in the QCD vacuum. When the density n of
nuclear matter increases, the QCD vacuum is modified by the
presence of the nucleons: the value of the quark condensate
decreases and the chiral symmetry is progressively restored.
Hence what is usually called “the nuclear medium” can be
seen as the original “vacuum shifted” by a lower value of the
order parameter. The mass of the constituent quarks coin-
cides with the in-medium expectation value, M = S(n), of
the chiral invariant (in the chiral limit) scalar field S, associ-
ated with the radial fluctuation mode of the chiral condensate.
We define an “effective” or “nuclear physics” scalar field s
by rescaling the chiral invariant scalar field S, according to:

S ≡ M0

Fπ

S ≡ M0

Fπ

(s + Fπ ) → ∂

∂s
= M0

Fπ

∂

∂S (3)

where M0 ∼ 350 MeV is the constituent quark mass in vac-
uum: S(s = 0) = M0. The vacuum expectation value of the
“effective” scalar field, S = Fπ , coincides by construction
with the value of the pion decay constant Fπ . The details of
this construction are given in Ref. [26]. The important point
is that its fluctuating piece, i.e., the s field, has to be identified
with the usual “nuclear physics sigma meson” of relativistic
Walecka theories, σW .

The nucleon is assumed to be described by an underlying
model where constituent quarks (or diquarks) move in a con-
fining interaction. In the previous [NJLCONF] work, ad-hoc
confining potentials have been used on top of the NJL model
generating the chirally broken vacuum. In the forthcoming
longer paper [NJLFCM] the shape of this effective confining
potential and the parameters of the equivalent NJL model
will be obtained simultaneously in a way inspired from the
field correlator method (FCM) [29–36]. The nucleon mass
will thus naturally depend on the chiral invariant scalar field
whose expectation value, M = S(n), is associated with the
in-medium constituent quark mass, namely:

M∗
N (S) = MN + GS (S−M0) + 3

CN

M0
(S−M0)

2+....

(4)
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In passing we can notice that this approach is in spirit iden-
tical with the approach of Bentz and Thomas [7] but with a
different underlying picture of the nucleon; in this latter paper
the nucleon was constructed from the same NJL model as a
bound quark-diquark state and the effect of confinement was
taken into account through the presence of an infrared cut-
off in the NJL loop integrals. We also used in our previous
[NJLCONF] paper [26] a simple quark-diquark NJL model
but with confinement incorporated through a string interac-
tion between the color antitriplet diquark state and the color
triplet quark state as in a heavy QQ meson.

In the expansion (4) the two dimensionless response
parameters, GS which can be seen as the scalar number of
quarks in the nucleon, and the susceptibility parameter CN ,
are defined as:

GS =
(

∂M∗
N (S)

∂S
)
S=M0

,

CN = M0

6

(
∂2M∗

N (S)

∂S2

)
S=M0

. (5)

These two dimensionless parameters only depend on the con-
stituent quark mass M0 and on the confining force, i.e., the
confinement mechanism.

One important purpose of the present paper is to obtain
phenomenological constraints on the two fundamental param-
eters GS and CN , that we will call “QCD-connected param-
eters”. Note that in our forthcoming paper [NJLFCM] [28]
we will provide a model calculation of these parameters in
terms of σg and Tg within the FCM approach (see also [37]).
We use the term “QCD-connected” parameters for two rea-
sons: the first one lies in the fact that the parameters GS and
CN are directly linked to or constrained by Lattice-QCD data
(see Sect. 3); the second reason is that they can be related to
the properties of the gluon correlator according to the FCM
approach mentioned at the end of the introduction.

Let us now perform a change of variable by injecting
the effective “nuclear physics” scalar field s [4,13–17,25]
instead chiral invariant chiral field S, related as:

s = Fπ

M0
(S − M0) . (6)

The expansion (4) of the in-medium mass now reads,

M∗
N (s) = MN + gSs + 1

2
κNSs

2 + O(s3)

= MN

(
1 + gSFπ

MN

s

Fπ

+ C

(
s

Fπ

)2

+ . . .

)
,

(7)

with: gS = M0

Fπ

GS, C ≡ κNSF2
π

2MN
= 3M0

MN
CN . (8)

Consequently the in-medium nucleon mass mainly depends
on two effective dimensionless parameters, the scalar nucleon

coupling constant, gS , and the scalar nucleon susceptibility,
C ≡ κNS F2

π/2MN , which embeds the influence of the inter-
nal nucleon structure, or said differently, the response of the
nucleon to the nuclear scalar field. Notice that the response
parameter C used in our previous work is numerically close
to the QCD-connected susceptibility parameter CN . Its pres-
ence generates a decreasing density dependence of the in-
medium scalar coupling constant, g∗

S(s) = ∂M∗
N/∂s =

gS +κNS s+ .., corresponding to a progressive decoupling of
the nucleon from the chiral condensate, which is an essential
ingredient of the saturation mechanism (recall that s is a neg-
ative quantity varying between zero in the vacuum to −Fπ

at full chiral restoration). Since the parameters gS and C are
directly related to the “QCD-connected parameters” GS and
CN , we also call them “QCD-connected parameters”.

2.2 The effective potential of the NJL chiral confining
model

We now introduce the NJL model and focus on the derivation
of an effective chiral potential. We also suggest a common
framework where the new feature of the NJL model can be
analyzed with respect to the original LσM.

The NJL model is defined in terms of the following
Lagrangian:

L = ψ
(
i γ μ∂μ − m

)
ψ + G1

2

[(
ψψ

)2 + (
ψ iγ5�τ ψ

)2
]

− G2

2

[(
ψ γ μ�τ ψ

)2 + (
ψ γ μγ5�τ ψ

)2 + (
ψ γ μ ψ

)2
]
.

(9)

It depends on four parameters: the coupling constants G1

(scalar), G2 (vector), the current quark mass m and a (non-
covariant) cutoff parameter 	, which is a physical parameter
related to the inverse gluon correlation length (Tg) in FCM.
Three of these parameters (G1, m, and 	) are adjusted to
reproduce the pion mass, the pion decay constant and the
quark condensate. For G2 we consider different scenarios:
G1 = G2 and G2 = 0. We refer the reader to [NJLCONF]
and [NJLFCM] for more details.

Using path integral techniques and after a chiral rotation
of the quark field, it can be equivalently written in a semi-
bozonized form involving a pion field �φ embedded in the
special unitary matrixU = exp(i �τ · �φ(x)/Fπ ), a scalar field,
S, a vector field, Vμ, and an axial-vector field, Aμ. It has the
explicit form given in Eqs. (2, 7-11) of Ref. [26]. Subtract-
ing the vacuum expectation values, the NJL effective chiral
potential can be expressed as:

Vχ,NJL(s) = −2NcN f
(
I0(S) − I0(M0)

)

+ (S − m)2 − (M0 − m)2

2 G1
. (10)
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The quantity, −2NcN f I0(S), is nothing but the total (in-
medium) energy of the Dirac sea of constituent quarks with
the NJL loop integral I0(S) given hereafter. The vacuum
constituent quark mass M0 corresponds to the minimum of
the effective chiral potential, i.e., V ′

χ,NJL(s = 0) = 0, where
V ′ is the derivative with respect to the scalar field s. It is
consequently the solution of the gap equation,

M0 = m + 4NcN f M0 G1 I1(M0), (11)

where I1(M0) is another NJL loop integral given in the set
of equations below

I0(S) =
∫ 	

0

dp
(2π)3 Ep(S),

I1(S) =
∫ 	

0

dp
(2π)3

1

2 Ep(S)
,

I2(S) =
∫ 	

0

dp
(2π)3

1

4 E3
p(S)

,

J3(S) =
∫ 	

0

dp
(2π)3

3

8 E5
p(S)

, (12)

where Ep(S) = √
S2 + p2.

2.3 Effective chiral potential expanded in the s field

For an easy comparison between the LσM effective chiral
potentials of Eq. (2) and the more complex form of the NJL
chiral potential (10), we expand this effective potential to
third order in s as:

Vχ,NJL(s) = Vχ (0) + V ′
χ (0) s + 1

2
V ′′

χ (0) s2

+1

6
V ′′′

χ (0) s3 + .... (13)

An explicit calculation of the derivatives of the potential
yields

Vχ,NJL(s) = 1

2
M2

σ s2

+ 1

2

M2
σ − M2

π

Fπ

s3 (
1 − Cχ,NJL

) + ..., (14)

where Fπ is the pion decay constant and Mπ = √
mM0/G1F2

π ,
the canonical pion mass calculated in the bosonized NJL
model. The effective sigma mass Mσ (considering the axial-
pion mixing) is defined as

M2
σ = 4 M2

0
f 2
π

F2
π

+ M2
π , with: f 2

π = F2
π

1 − 4G2F2
π

(15)

(where the second relation is obtained in the NJL model [26]).
The specific NJL parameter Cχ,NJL implicitly defined Eq. 14
reads:

Cχ,NJL = 2

3

M2
0 J3(M0)

I2(M0)
. (16)

This form of the NJL effective chiral potential deviates
from the original LσM, see Eq. (2), through the presence
of the parameter Cχ,NJL whose net effect is to decrease the
attractive cubic tadpole term of the LσM. The use of this
Cχ,NJL parameter is particularly convenient, since taking
Cχ,NJL = 1 is equivalent to the absence of the tadpole dia-
gram as in the case of the QMC model [9–12].

In the absence of vector interaction (G2 = 0), for typical
value of FCM parameters, σg = 0.18 GeV2, Tg = 0.286 fm,
one obtains G1 = 12.514 GeV−2. The NJL cutoff behaves
necessarily as 	 ∼ 1/Tg but there is a certain arbitrari-
ness in setting its precise value: we take 	 = 0.604 GeV.
Taking m = 5.8 MeV this enables us to obtain reason-
able values for the pion decay constant, Fπ = 91.9 MeV,
the pion mass Mπ = 140 MeV, and the quark condensate
〈q̄q〉 = −(241.1 MeV)3. The resulting vacuum constituent
quark mass, effective sigma mass and Cχ parameter are
M0 = 356.7 MeV, Mσ = 716.4 MeV and Cχ,NJL = 0.488.
Figure 1 shows that the approximate expansion (14) repro-
duces very well the exact NJL potential. Comparing LσM
with NJL scalar potential in Fig. 1, one sees that the attrac-
tive tadpole term is larger in the case of LσM. The effect of
the parameter Cχ,NJL is then to reduce the attractive tadpole
diagram and make the scalar potential more repulsive. Using
another parameter set, G1 = 7.705 GeV−2, 	 = 0.740 GeV
and m = 3.5 MeV, compatible with the π − a1 mixing with
G2 = G1 as suggested by the FCM [29–36], one obtains
M0 = 365.3 MeV and a smaller value of Cχ,NJL = 0.43 but
the reduction of the tadpole diagram is still significant.

In the following, we set Cχ ≡ Cχ,NJL and Vχ ≡ Vχ,NJL

for simplicity.

2.4 Impact on nuclear matter properties

We now combine together the confinement effect presented in
Sec. 2.1 and the NJL effective chiral potential from Sec. 2.2.
We analyse the impact of the NJL chiral potential on the
binding energy, to the lowest order.

The nuclear matter energy density as a function of the
scalar s field is given by

ε0 =
∫

4 d3k

(2π)3 
(pF − k)

(√
k2 + M∗2

N (s) − MN ,vac

)

+ Vχ (s) + εω+ρ + εFock + εpion−nucleon loops,

(17)

where only the scalar field contribution at the Hartree level
together with the kinetic energy are explicitly written, while
omega and rho meson exchanges, Fock terms and pion-
nucleon loops (or correlation energy in the terminology of
Ref. [14]) can be incorporated as well according to Refs. [14–
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Fig. 1 Effective potential (in
units of the string tension σ 2,
with σg = 0.18 GeV2) plotted
against |s|/Fπ for the NJL
model (full line), LσM (dashed
line) and original Walecka
model that is limited to the
quadratic term (dotted line), for
a given effective sigma mass
Mσ = 716.4 MeV. Also shown
is the approximate form of the
NJL potential when limited to
the cubic term in the scalar field
s expansion (14) (dot-dashed
line). The effect of the s3 term is
well seen when comparing to
the Walecka model. Note that
the approximate expansion (14)
is almost identical to the exact
NJL potential

16]. Note that Vχ (s) is the effective chiral potential, which
is expressed in the LσM by Eq. (2) and in the NJL model by
Eq. (10).

At the Hartree approximation (RMF), i.e., ignoring the
effect of the Fock term and the pion loops, the scalar field
minimizing the total energy is the solution of the following
self-consistent equation of motion:

V ′
χ (s) = −g∗

S(s)ns with

ns = 4
∫ kF

0

dk
(2π)3

M∗
N (s)√

M∗2
N (s) + k2

, (18)

where V ′
χ (s) is the derivative of the Mexican hat effective

chiral potential, with respect to the scalar field s. This equa-
tion constitutes an in-medium modified gap equation whose
solution is controlled by the nucleonic scalar density ns .

To second order in s/Fπ or equivalently to second order
in the scalar density ns and accordingly to order s2 in the
nucleon mass M∗

N (s), the in-medium gap equation can be
formally solved with the result:

s = − gS
M2

σ

ns + gS
M4

σ

(
κNS − gS V ′′′

χ (0)

2 M2
σ

)
n2
s

= − gS
M2

σ

ns

+ gS
M4

σ

(
2 MN

F2
π

C − 3 gS
2 Fπ

M2
σ − M2

π

M2
σ

(1 − Cχ )

)
n2
s

= − gS
M2

σ

ns + g2
S

M4
σ Fπ

(
2 C̃s − 3

2

)
n2
s with

C̃s 
 MN

gS Fπ

C + 3

4
Cχ . (19)

For a qualitative discussion, we have supposed Mπ 
 Mσ

to get the approximate expression C̃s .

The scalar field contribution to the energy per nucleon is
defined as Es/A = Vχ (s)/n + M∗

N (s) − MN . To leading
order in density, its contribution is defined as E (2b), which
reads

E (2b)

A
= − g2

S

M2
σ

ns + 1

2

g2
S

M2
σ

n2
s

n

= −1

2

g2
S

M2
σ

n + 1

2

g2
S

M2
σ

(ns − n)2

n
. (20)

In the first expression of Eq. (20), we have separated the
effect of the scalar self-energy of the nucleon and the contri-
bution of the effective potential at leading order in the den-
sities n and ns . In the second form, we display explicitly the
term proportional to (ns − n)2, contributing to the saturation
mechanism, but its effect remains very small. Actually the
expansion of the nucleon kinetic energy (see first term of Eq.
(17)) in the scalar field generates a contribution to the energy,
E (Z)/A 
 (g4

S/2 M4
σ MN ) ρ2

S 〈p2〉, ∼ n(8/3), proportional to
the square of the nucleon momentum, which survives for a
point-like nucleon. This is the so-called Z graph associated
with the excitation of NN pairs [39–42], which is an impor-
tant element of the Walecka saturation mechanism.

To second order in density Es/A provides an effective
three-body contribution to the energy per nucleon:

E (3b)

A 
 g2
S

2 M4
σ

(
κNS − gS V ′′′

χ (0)

3 M2
σ

)
n2
s

= g3
S

2 M4
σ Fπ

(
2 C̃3 − 1

)
n2
s with

C̃3 
 MN
gS Fπ

C + 1
2 Cχ . (21)

We can recover Eq. (44) of Ref. [18] with Cχ = 0.
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2.5 Discussion

We now give a qualitative discussion of the influence of the
three parameters gS , κNS and V ′′′

χ (0) or equivalently gS , C
and Cχ , taking various works as illustrative examples.

If we ignore both the response of the nucleon, i.e., κNS = 0
(or C = 0), and the contribution of the tadpole diagram to
the chiral potential, i.e., V ′′′

χ (0) = 0 (or Cχ = 1), we recover
the original Walecka model since the three-body contribu-
tion (21) is absent and the saturation mechanism is associated
with the Z graph alone, see the discussion after Eq. (20). It
is known that in this case saturation requires a large gS/Mσ

value, which implies a large repulsion induced by gω/mω

in order to obtain the empirical value of the binding energy.
As a consequence one gets a much too large incompressibil-
ity modulus Ksat. One possibility to cure this problem is to
introduce density dependent coupling constants [43,44].

In the QMC model originally proposed in Ref. [9] and pro-
viding a successful phenomenology [10–12], the response of
the nucleon is incorporated, but without explicit connection
with the chiral status of the scalar field. Hence no tadpole dia-
gram is considered, i.e., V ′′′

χ (0) = 0 or Cχ = 1. The original
QMC model is formulated in the MIT bag model, yielding
C ∼ 0.5 and E (3b) ∝ 2C̃3 − 1 = 2C ∼ 1 which turns out to
be sufficient to bring the needed repulsion to get nuclear sat-
uration with a correct incompressibility modulus, although
this approach does not satisfy chiral symmetry requirements.

Soon after the first version of the relativistic Walecka
model, it has been realized [5–8] that in relativistic theory
with a mexican hat-like effective potential, the contribution of
the Walecka Z graph is not large enough to stabilize nuclear
matter against the effect of the attractive tadpole diagram.
This is the typical situation of the original LσM where V ′′′

χ (0)

is large and positive (Cχ ∼ 0) and even of the NJL model
(Cχ < 1) where the response of the nucleon is ignored, i.e.,
C = 0. Some phenomenological approaches, such as the
so-called NL3 model [45], have introduced self-interactions
of the scalar field in the form of an effective potential but
without connection to chiral symmetry. In particular a repul-
sive cubic term, i.e., V ′′′

χ (0) < 0, is introduced in this model.
From Table II of Ref. [45], one can obtain the equivalent
Cχ ∼ 1.47 parameter, which corresponds to C̃3 ∼ 0.74.
One can thus re-interpret the original NL3 model with a neg-
ative value of the c2 parameter (see table II of Ref. [45]) as
a way to simulate in an effective way the nucleon response
with C ∼ 0.74. The way the non-linear potential has been
introduced in the NL3 model was pragmatic, but it can now
be understood in a more fundamental approach.

3 Constraining the chiral confining potential by
Lattice-QCD

In this section, we connect the in-medium properties of the
nucleon mass defined by Eq. (7) with the Lattice-QCD cal-
culations performed in vacuum (s = 0). For this reason, the
nucleon mass will be noted in the following MN (s) (without
the ∗). The derivatives of the nucleon mass could however be
obtained, on the one hand, from the derivatives of the nucleon
mass (7) taken at s = 0 and providing gS and κNS, and, on
the other hand, from the Lattice-QCD calculations.

Within an underlying microscopic confining model for
the nucleon, i.e., [NJLCONF] and [NJLFCM], generating
the quark core wave functions, the axial charge, the πNN
coupling constant and the πNN form factor can be obtained,
allowing the calculation of the pion cloud contribution (pion
self-energy) to the in-medium nucleon (and Delta reso-
nance) mass, as in the Cloudy Bag model [46–48] or similar
approaches using an alternative confinement potential [49].
The pion contribution to the nucleon mass is expressed as

�(π)(M;m) = −3

2

(
gA(M)

2Fπ (M)

)2 ∫
dq

(2π)3 q
2v2(q; M)

(
1

ωq

1

ωq + εNq
+ 32

25

1

ωq

1

ωq + ε�q

)
,

(22)

with ωq = √
q2 + M2

π (M) and M2
π (M) = mM/G1F2

π (M),
the other quantities being defined in Eq. (22) of Ref. [14].
Here the various quantities such as M2

π (M) are in-medium
quantities where the vacuum constituent quark mass M0 is
replaced by M = S (see Eq. (34) of Ref. [26] and the text
just before). Thus in this framework, the nucleon mass is split
according to:

MN (s) ≡ MN (M;m) = Mcore
N (M) + �(π)(M;m) . (23)

3.1 Nucleon response and its chiral properties

The derivatives of the nucleon mass with respect to the con-
stituent quark mass gives the response parameters, which are
defined in Eq. (5), i.e., GS = ∂MN (M;m)/∂M and CN =
(1/6)∂2MN (M;m)/∂M2, where the derivatives are taken at
M = M0(m), i.e. s = 0. To benefit from the lattice data, we
can relate them to two chiral properties of the nucleon, the
scalar charge, QS = ∂MN (M = M0(m);m)/∂m, and the
chiral susceptibility, χN = ∂2MN (M = M0(m);m)/∂m2.
All what we need for this calculation are the derivatives of
the constituent quark mass with respect to the current quark
mass. These derivatives are obtained from the NJL model
and read ([NJLFCM]):
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(
∂M0

∂m

)
=

(
M2

π

m

)
M0

M2
σ

,

(
∂2M0

∂m2

)
≈ −

(
M2

π

m

)2
3M0

M4
σ

(1 − Cχ ). (24)

where in the second expression a correction factor of order
M2

π/M2
σ has been neglected. We now note that in Eq. (23)

the current quark mass appears explicitly only in the pio-
nic self-energy �(π). It appears also implicitly through the
dependence of the constituent quark mass upon the current
quark mass. Hence the scalar charge, QS [18], receives two
different contributions:

QS = ∂MN

∂m
= ∂MN

∂M

(
∂M0

∂m

)
+ d�(π)(M0;m)

dm

= Fπ

M0
gS

(
M2

π

m

)
M0

M2
σ

+
(
M2

π

m

)
d�(π)(M0;m)

dM2
π

=
(
M2

π

m

)
Fπ gS
M2

σ

+
(
M2

π

m

)
d�(π)

dM2
π

≡ Q(s)
S + Q(π)

S ,

(25)

where we have employed the relation (3). The second term,
Q(π)

S , is referred as the pion cloud contribution. It is obtained
by taking only the linear quark mass dependence appearing in
M2

π = M0m/G1F2
π , thus ignoring all the implicit m depen-

dencies through the M dependence of Mπ , gA, Fπ and the
form factor. We refer the first term, Q(s)

S , as the scalar field
contribution despite it contains the implicit m dependence
of the pionic self-energy. In effect Q(s)

S receives itself two
separate contributions:

Q(s)
S = ∂Mcore

N

∂M

(
∂M0

∂m

)
+ ∂�(π)

∂M

(
∂M0

∂m

)

≡
(
M2

π

m

)
Fπ gS
M2

σ

. (26)

The second contribution contains the implicit m dependence
of the pion self-energy coming from the M dependence of the
various quantities (Fπ (M), Mπ (M), gA, form factor) through
the m dependence of the constituent quark mass taken at its
vacuum value M0. Regarding this specific point it is gener-
ally assumed that the pion properties are protected by chiral
symmetry and this is what we find in the model developped
in [NJLFCM] where the pion mass displays a remarkable
stability for a large domain of the constituent quark mass or
equivalently of the nuclear scalar field s. As a consequence
the induced effect on gS is extremely small. However the
combined effect of the modification of the nucleon size and
of the pion decay constant might induce a more important cor-
rection on the πNN vertex (gAv(q)2/2Fπ )2 but we do not
consider this effect which certainly requires a more detailed

study. It follows for Eq. (25) that:

m
∂MN

∂m
= Fπ gS

M2
π

M2
σ

+ M2
π

d�(π)(M0;m)

dM2
π

≡ σ
(s)
N + σ

(π)
N ≡ σN .

(27)

Hence we recover the nucleon sigma term. This result is just
the expression of the Feynman-Hellman theorem. This light
quark sigma term has been abundantly discussed in our pre-
vious papers [14,15,26]. Using a dipole πNN form factor
with cutoff 	 = 1 GeV, the pionic contribution to the sigma
term was found to be σ

(π)
N = 21.5 MeV [14] and a pio-

nic self-energy �(π)(M;m) = 420 MeV. The value of the
non pionic contribution was found to be σ

(s)
N ∼ 29 MeV

[14] to get a total sigma term σN = 50.5 MeV. Evidently
the relative weight of the two contributions may be altered
by the precise values of the parameters, but according to
our model FCM calculation [28] and from the lattice data
constraints discussed below, this modification of the relative
weight should be rather moderate and the value of the sigma
term and its repartition is a rather strong constraint on the
nucleon modelling.

For the scalar susceptibility one obtains from Eq. (25),
ignoring again higher order correction Mn

π/Mn
σ

χN = ∂2MN

∂m2 = ∂MN

∂M

(
∂2M0

∂m2

)
+ ∂2MN

∂M2

(
∂M0

∂m

)2

+ ∂

∂M

(
d�(π)

dm

) (
∂M0

∂m

)
+ d2�(π)

dm2

= −
(
M2

π

m

)2
3 gS Fπ

M4
σ

(1 − Cχ ) +
(
M2

π

m

)2

κNS
F2

π

M4
σ

+
(
M2

π

m

)2
1

M2
σ

d

dM2
π

(
M0

∂�(π)

∂M

)
+ d2�(π)

dm2

≡ χ
(s)
N + χ

(sπ)
N +

(
M2

π

m

)2
d2�(π)(M0;m)

d(M2
π )2

≡ χ
(s)
N + χ

(sπ)
N + χ

(π)
N , (28)

where we have used Eq. (24). One can split the scalar suscep-
tibility into a non pionic (χ(s)

N ), a mixed scalar field-pionic

(χ(sπ)
N ) and a purely pionic (χ(π)

N ) piece. The first two con-
tributions in the second line of Eq. (28) with M2

σ ∼ 4M2
0

(considering small Mπ and G2 in Eq. (15)), gives χ
(s)
N as:

χ
(s)
N = −

(
M2

π

m

)2
Fπ gS
M4

σ

(
3 − 2 C̃L

)
with

C̃L = MN

gS Fπ

C + 3

2
Cχ . (29)
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As for the case of gS , the nucleon susceptibility κNS may
receive a contribution from the pion-self-energy; again the
contribution to the dimensionless C parameter is very small
if the vertex correction is omitted. The mixed scalar field-
pionic susceptibility originating from the scalar field (i.e,
the constituent quark mass) dependence of the pionic self-
energy,

χ
(sπ)
N = −

(
M2

π

m

)2
Fπ

M2
σ

∂

∂s

(
σ

(π)
N

M2
π

)
, (30)

was ignored in our previous works. Using a sharp cutoff in
the expression of the nucleon pionic self-energy, it can be
shown analytically that this term is negligible compared to
the other contributions to the susceptibility.

In view of the comparison with lattice QCD result it is very
important to notice that the chiral susceptibility is governed
by the particular combination:

χN ∼
(

3 − 2 C̃L

)
. (31)

to be compared with the particular combination entering the
expression of the three-body repulsive contribution (21) to
the binding energy per nucleon:

E (3b)

A
∼

(
2 C̃3 − 1

)
n2
s with

C̃3 = MN

gS Fπ

C + 1

2
Cχ . (32)

Limiting ourselves to the pure LσM case Cχ = 0, inducing
C̃L = C̃3, the susceptibility χN (31) and the three-body
repulsive contribution (21) are directly related, as found in
our previous works, e.g., Ref. [18]. This constitutes a very
important result linking chiral properties of the nucleon to
the saturation mechanism. In the general case whereCχ �= 0,
there is still a strong link between the susceptibility and the
three-body repulsive contribution.

3.2 Constraints from Lattice-QCD

Those chiral properties of the nucleon, associated with
explicit chiral symmetry breaking, namely the first and sec-
ond derivatives of the nucleon mass with respect to the cur-
rent quark mass, are thus very sensitive to the modeling of
the nucleon. We have also shown that the scalar coupling
constant, gS , and the nucleon response parameter, CN (or C
or κNS), depend on the quark substructure and the confine-
ment mechanism as well as the effect of spontaneous chiral
symmetry breaking. We will now show how they can be con-
strained by lattice data.

The nucleon mass, as well as other intrinsic properties of
the nucleon (sigma term, chiral susceptibilities), are QCD
quantities which are in principle obtainable from lattice sim-
ulations. The problem is that lattice calculations of this kind

are still difficult for small quark masses, or equivalently small
pion massMπ . HereMπ represents the pion mass to leading
order in the quark mass (i.e., ignoring the NLO chiral loga-
rithm correction), M2

π = 2m B = −2m 〈q q〉χL/F2 (GOR
relation). The quantities F (the pion decay constant in the
chiral limit) and B are two low energy parameters appearing
in chiral perturbation theory [50]. In practice Mπ deviates
numerically very little from the bosonised NJL pion mass
Mπ . Typically at the time of the publication of the pioneering
work from the Adelaïde group [22] (that we will call here-
after AD1), these LQCD limitations were m > 50 MeV and
M2

π > 0.27 GeV2 (to be compared to the physical value,
0.02 GeV2). Hence a technique was needed to extrapolate
the lattice data to the physical region. The difficulty of the
extrapolation is linked to the non analytical behaviour of the
nucleon mass as a function of m (or equivalently M2

π ) which
comes from the pion cloud contribution. The idea of the Ade-
laide group, [21–24] (papers referred herafter as AD0, AD1,
AD2 and AD3) was to separate the pion cloud self-energy,
�π(Mπ ,	), from the rest of the nucleon mass and to cal-
culate it with just one adjustable cutoff parameter 	 enter-
ing the form factor. Actually different cutoff forms for the
pion loops (Gaussian, dipole, monopole, sharp) were used
with the adjustable parameter 	. This formulation of Chiral
Perturbation Theory (ChiPT) is thus called the Finite Range
Regulator (FRR) method. The remaining non pionic part is
expanded in terms of powers of M2

π as follows:

MN (M2
π ) = a0 + a2 M2

π + a4 M4
π + ...

+�π(Mπ , 	) (33)

where �π(Mπ ,	) = �(π)(Mπ , 	) + �
(π)
tad (Mπ , 	).

In AD1, which incorporates in the analysis the effect of a
tadpole contribution �

(π)
tad (Mπ , 	), the best-fit value for a2

shows little sensitivity to the shape of the form factor, with
a value a2 
 1.5 GeV−1, which corresponds to a non pionic
piece of the light quark sigma commutator σ

(s)
N = 30 MeV.

In AD0 (which is actually the preprint version of AD1) and in
the more recent paper, AD3, the contribution of the tadpole
was not considered. Depending on the precise method used in
the lattice simulation, the preferred values for a2 was smaller,
in the range a2 
 1.0 to 1.2 GeV−1. Notice that taking a2

in the range a2 
 1.2 to 1.5 GeV−1 corresponds to a non
pionic piece of the light quark sigma commutator σ

(s)
N = 24

to 30 MeV.
In AD1, (which incorporates the effect of the pion tad-

pole) the best-fit value for a4 shows again little sensitiv-
ity to the shape of the form factor, with a values a4 

−0.5 GeV−3a4 
 −0.5 GeV−3. In AD0 and AD3, depend-
ing on the precise method used in the lattice simulation,
the preferred values for a4 was even smaller, in the range
a4 
 −0.2 to −0.25 GeV−3. Ignoring the pion tadpole con-
tribution to the nucleon mass, we assume that we can identify
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Fig. 2 Full line: original
calculation of the EOS [13] with
C = 1, Cχ = 0. Dotted line:
New calculation with the same
parameters but
C = 0.78, Cχ = 0.44, keeping
all the other parameters
constant. The density is scaled
by the normal nuclear matter
density

the pionic self-energy on the lattice with our model calcu-
lation described above. Consequently the first and second
derivative of the non pionic piece of the lattice expansion,

Q(s)
S,L = ∂M (no pion)

N

∂m
=

(M2
π

m

)
(a2 + 2 a4 M2

π )



(M2

π

m

)
a2 (34)

χ
(s)
N ,L = ∂2M (no pion)

N

∂m2 =
(M2

π

m

)2

(2 a4) (35)

can be identified with the non pionic piece of the scalar
charge, see Eq. (26), and of the chiral susceptibility, see
Eq. (30), derived above:

Q(s)
S ≡ Q(s)

S,L and χ
(s)
N ≡ χ

(s)
N ,L . (36)

One arrives at the important result:

a2 = Fπ gS
M2

σ

(37)

a4 = − Fπ gS
2M4

σ

(
3 − 2 C̃L

)
with

C̃L = MN

gS Fπ

C + 3

2
Cχ . (38)

Our previous works [14,15] coincide with these relations
in the specific case of the LσM effective potential (Cχ =
0). They provide two constraints on the parameters of the
confining model. Also notice that the model results on the rhs
of the above equations should be rigorously understood with
the various parameters calculated in the chiral limit which are
in practice very close to their values at the physical current
quark mass.

The very robust conclusion is that the lattice result is much
smaller than the one obtained in a the simplistic linear sigma

model (C = Cχ = 0), for which a4 
 −3.5 GeV−3. Hence
lattice data require a strong compensation from effects gov-
erning the three-body repulsive force needed for the satura-
tion mechanism.

4 Discussion

The above results demonstrate that the lattice data a2 and
a4, themselves related to the chiral responses of the nucleon,
bring severe constraints on the nuclear matter equation of
state. This suggests to enter these quantities as an input of
a Bayesian analysis to generate the probability distribution
function for the nucleon response parameters gS andC . Such
an analysis limited to the Hartree level has been performed
in a recent work [25], but using the simplistic LσM, with
an output for C very close to C ∼ 1.5, the obvious reason
being the very small input value for a4 (see Eq. (38)). In a
work in preparation [51], we will perform again the same
kind of analysis but with the incorporation of the Fock terms
(and in particular the pion and rho Fock terms in presence
of short range correlation) first with the LσM and second
with the enriched NJL chiral effective potential. As already
mentioned, the problem of the analysis using the LσM chiral
effective potential is a large value of the C response param-
eter in strong disagreement with all the nucleon models cal-
culation which predict a value of C smaller and most of the
time significantly smaller than one (recall the MIT bag value
C ∼ 0.5).

Just to have an insight on the effect of an enriched chi-
ral effective potential we return to the original paper [13].
In this paper where the LσM was used we obtained cor-
rect saturation properties with C = 1 (see Fig. 1 of [13]).
We can retrospectively calculate the a2 and a4 parameters:
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we find a2 = 1.67 GeV−1 and a4 = −1.48 GeV−3. If the
obtained a2 is not very far from the lattice values, a4 is in
magnitude three times larger than the upper value compat-
ible with lattice calculation. To see the effect of the NJL-
like potential (via the parameter Cχ ), we simply incorpo-
rate the (1 − Cχ ) correction in the cubic term term of the
LσM chiral effective potential, fixing Cχ = 0.44 (which
is compatible with G1 ∼ 10 GeV−2, 	 ∼ 600 MeV ).
Keeping all the other parameters at their original value, we
take C = 0.78, so as to keep the same value of the repul-
sive three-body force, i.e., C̃3 = C + Cχ/2 = 1 (21). The
saturation points is only slightly modified (see Fig. 2) but
now C̃L = C + 3Cχ/2 = 1.44 (38) and the a4 parameter
becomes very close to zero, a4 = −0.1 GeV−3, in much
better agreement with lattice data. In passing we can notice
that the adjunction of the enriched NJL potential, for a given
saturation point, has the effect of decreasing the incompress-
ibility parameter. This interesting point will be exploited in
a further work in preparation.

5 Conclusions

The nuclear matter properties originate from the fundamental
theory of the strong interaction and the aim of this manuscript
is to investigate how this microscopic origin can be imple-
mented in the modeling of nuclear matter. Of particular
importance on the QCD side are the quark confinement mech-
anism and the chiral potential associated to the chirally bro-
ken QCD vacuum.

In this article we use an enriched chiral effective poten-
tial, based on the NJL model, in place of the LσM employed
in our previous phenomenological works. This significantly
increases the agreement with LQCD data together with
expected model values of the nucleonic response parame-
ter C . Note that this conclusion should be confirmed by a
more thorough analysis (work in preparation [51]).

Hence the fundamental QCD theory and nuclear matter
modeling are linked by, on the one hand the LQCD data a2

and a4 and on the other hand what we have called the “QCD
connected parameters”, namely the response parameters Gs

and CN . Specifically we have shown that a particular com-
bination of C and Cχ (C̃L ) is constrained by LQCD, which
constitutes one of the main result of this paper. In addition
a closely related combination (C̃3 = C + Cχ/2)) governs
the repulsive three-body force ensuring the saturation mech-
anism.

Indeed these results provide a link between chiral proper-
ties of the nucleon constrained by lattice data (a2 and a4) and
the scalar responses of the nucleon (gS and C) induced by
the confinement mechanism and themselves directly linked
to the saturation mechanism, already obtained in our previous
works, but limited to the pure LσM case. Further investiga-
tions of these results shall be performed to understand more

globally how they modify the properties of nuclear matter.
Works in this direction is being performed.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: This manuscript
has no associated data since the data shown in the two figures can be
obtained from our formalism.]
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