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Abstract We investigate the properties of � hyperon in
�-hypernuclei using an effective nuclear density functional
theory which is based on the low-energy effective field the-
ory. It expands the energy density in the power of Fermi
momentum, and consequently has multiple density depen-
dence for the effective many-body interactions. Starting from
the effective density functional for nucleons, we determine
the parameters for the two- and many-body �-N interactions
added to the nucleon energy density functional by fitting to
�-hypernuclear data. The experimental data consist of the
energy levels of a � hyperon in the p-, and d-states as well
as s-state of �-hypernuclei in the mass range from 16

� O to
208
� Pb. The results turn out to properly explain the data rele-
vant to hypernuclei owing to the effective many-body interac-
tion apart from a few data in light hypernuclei. This hyperon
functional is applied to study the � hyperon binding energy
of the neutron-rich 124−136

�Sn isotopes which are under con-
sideration for the measurement at J-PARC. Our results are
shown to be insensitive to the density dependence of symme-
try energy. We also examine the nuclear matter including �

hyperon. We note that the hyperon threshold density depends
on the nuclear matter properties.

1 Introduction

One of ultimate goals of hypernuclear physics is to obtain
information on baryon-baryon interaction in a unified way.
Especially, it becomes an important issue to obtain infor-
mation on hyperon(Y )-nucleon(N ) interaction. For this pur-
pose, hyperon-nucleon scattering experiment is planned at
J-PARC facility. In addition, the study of structure of �-
hypernuclei is essential for obtaining information on Y N

a e-mail: scchoi0211@ibs.re.kr (corresponding author)

interaction in nuclei. To achieve the goal, there have been
intensive efforts by high resolution γ -ray experiments for the
hypernuclei produced by many hadron probes [1,2]. By com-
bining the data and theoretical calculation such as shell model
calculation [3,4] and few-body model calculation [5,6], one
can obtain constraints on the spin-independent, spin-spin,
and spin-orbit terms of �-N interaction. Furthermore, it is
necessary to study �N -�N coupling, which causes charge
symmetry breaking effect in �-hypernuclei, and effective
three-body force mediated by hyperons. Another important
issue is to obtain information on short-range part of the effec-
tive three-body force, which could contribute to the neutron
matter and the core of neutron stars. For the study of this
three-body force, for instance, M. M. Nagels pointed out that
short-range part of �NN three-body force gave a contribu-
tion to the binding energies of �-hypernuclei with A = 16
to 208 using recent Nijmegen Y N potential, Extended Soft
Core 16 potential model [7]. At J-PARC facility, it is planned
to perform systematic measurement of binding energies with
wide mass region by energy spectroscopy [8]. Considering
this situation, it is required to perform energy spectra of �-
hypernuclei over wide mass region using reliable models and
to study the short-range part of �NN three-body force.

Along this line, Skyrme force model provides a simple but
efficient and robust platform for the access to the problem. In
the Skyrme force model, strong forces are approximated to
the low energy limit, in which two- and three-nucleon forces
could be represented in terms of δ functions. Transforming
the three-body force to the form of two-body forces, one
obtains a term that depends explicitly on density. In the stan-
dard Skyrme force, there was only one density-dependent
term that is originated from the effective three-body force.
But it is questionable whether a single density-dependent
term would be sufficient for a proper description of the many-

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epja/s10050-022-00817-4&domain=pdf
mailto:scchoi0211@ibs.re.kr


161 Page 2 of 11 Eur. Phys. J. A (2022) 58 :161

body effects. In addition, the original form of the density-
dependent term is proportional to density, but in later works
the power of the density has taken numbers smaller than one
(e.g. 1/3 or 1/6) to satisfy certain constraints or obtain better
results from the fitting. For example, in the development of
the SLy model, compression modulus of the symmetric mat-
ter K0 is assumed 210 ± 20 MeV, and correlation between
K0 and the power of the density-dependent term (σ ) was
explored [9]. It is shown that small σ gives small K0, and
σ = 1/6 reproduces best the assumed range of K0. In spite
of these ambiguity and arbitrariness, Skyrme force models
have been successful in describing the properties of numer-
ous nuclei, from light to heavy, and also useful for the nuclei
from the valley of stability to the drip lines. Standard Skyrme
force, i.e. a potential with only one density-dependent term
has also been applied to �-hypernuclei [10,11], and the cor-
responding theoretically obtained results are in good agree-
ment to the data of single-particle levels of the � hyperon
over a wide range of mass number. However, the issue of arbi-
trariness in the density-dependent term has not been argued
and explored seriously yet.

In the present work, we revisit the interaction of � hyper-
ons in nuclear medium at finite density and zero temperature
within a non-relativistic framework of nuclear density func-
tional theory. (There are also numerous works based on the
relativistic mean field theory. For recent works, see Refs.
[12–14]). In the KIDS (Korea-IBS-Daegu-SKKU) density
functional formalism, similar to the low-energy effective field
theory for few-nucleon systems, the energy per particle stem-
ming from the strong interaction is expanded in the power of
kF/mρ where kF and mρ are the Fermi momentum and rho-
meson mass, respectively. At zero temperature kF ∝ ρ1/3

where ρ is the matter density, so the expansion in terms
of kF gives rise to multiple density dependence in the in-
medium nuclear potential. The expansion rule of the KIDS
density functional eliminates the arbitrariness of the density-
dependent term in the standard Skyrme force. In addition,
the expansion scheme allows one to account for many-body
effects beyond the mean field approximation, determine the
optimal number of necessary terms to describe finite nuclei
and infinite nuclear matter correctly, estimate the uncertainty
of theoretical results and predictions, and identify the range
of density at which the application of the model is valid. From
an extensive analysis, it was shown that the hierarchical pri-
ority is established in accordance with the order counting,
and the optimal number of terms for both nuclei and nuclear
matter is seven [15,16]. It’s been also shown that with the
seven terms nuclear matter equation of state (EoS) could be
described consistently with existing data and other theoreti-
cal calculations over a density range from as low as ∼ 0.01ρ0

that corresponds to the dilute neutron matter [17] to as high
as ∼ 6ρ0 which is thought to be a typical density at the cen-

ter of most massive neutron star [18], where ρ0 denotes the
nuclear saturation density.

Employing the same expansion rule to the in-medium
interaction of � hyperons, at first we consider the number
of density-dependent terms necessary to describe the exper-
imental data sufficiently accurately. As a measure for the
agreement to data, we consider the mean deviation (MD)
from experimental data. If the objective function for fitting,
MD, gets saturated after using certain number of terms in
the density expansion, the number may correspond to the
optimal number of necessary terms. After the optimal num-
ber is determined, we consider the uncertainty in the density
dependence of the nuclear symmetry energy in determining
the � hyperon interactions in nuclear medium. As a result,
several sets of parameters for the interaction of � hyperons
are obtained by fitting the � hyperon interactions to the �-
hypernuclear data in the mass range A = 16 − 208. Models
thus obtained are applied to the prediction of the properties
of light hypernuclei such as 8

�He, 9
�Li, 10

� B, 11
� B, 12

� B, 12
� C,

and 13
� C. Application is further extended to the single-� Sn

isotopes because the effect of �NN three-body force and
the dependence on the symmetry energy are likely to appear
more clearly in the heavier neutron-rich �-hypernuclei, and
Sn has a lot of neutron-rich isotopes. Therefore, if we could
see contribution of the �NN three-body effect in the single-
� hypernuclear isotopes of Sn nuclei, it would be meaningful
for experimentalists to observe them.

We outline the work as follows. In Sect. 2, we present
the strategy how models and the parameters therein are con-
strained, and determine the number of terms that optimizes
the description of � hyperon interactions in nuclei. In Sect.
3, we determine models within the uncertainty of the sym-
metry energy, and apply them to investigate the properties
of light hypernuclei and single-� hypernuclei in the isotopic
chain of Sn nucleus. In Sect. 4, we calculate the particle frac-
tion of the β-equilibrium and charge-neutral infinite nuclear
matter, and investigate the effect of saturation properties on
the creation of �-hyperon in the neutron star core. In Sect.
5, we summarize the work.

2 Formalism

In the KIDS formalism, energy density functional is
expanded in powers of Fermi momentum, or equivalently
ρ1/3 where ρ is the baryon density. Functionals for the
nucleon are described and explained in detail in the previous
publications (see e.g. Ref. [16]). The total energy density of
the KIDS model for hypernuclei is written as

Htotal = HN + H�. (1)
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The HN is given as follows:

HN = h̄2
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where δ, τ , and J are isospin asymmetry, δ = (ρn −ρp)/ρN ,
kinetic energy density and current density, respectively. In
the interaction of nucleons, density-dependent terms are
summed up to Ms = 3 and Ma = 4. For the hyperon part,
it can be separated into two terms, which are two-body and
many-body terms,

H� = H�N + H�ρ. (3)

For the many-body interactions of � hyperons such as �NN ,
we assume a similar expansion in terms of the nucleon density
as

H�ρ = 3

8
ρ�

N f∑

i=1

u3i

(
1 + 1

2
y3i

)
ρ

1+i/3
N . (4)

This �ρ term is an extention and generalization of the
density-dependent three-body interaction in the Skyrme
force [9]. This new type of functional is added to the two-
body interaction terms given as

H�N = h̄2

2m�

τ� + u0

(
1 + 1

2
y0

)
ρNρ�

+1

4
(u1 + u2)(τ�ρN + τNρ�)

+1

8
(3u1 − u2)(∇ρN · ∇ρ�)

+1

2
W�(∇ρN · J� + ∇ρ� · JN ). (5)

Model parameters u0, y0, u1, u2, W�, u3i and y3i are fitted
to �-hypernuclear data. In this study, �-binding energies are
taken from �-hypernuclei data, which are given by Ref. [10]

B� = Ecore
N − E� =

∫
d3r Htotal(Z , N ,� = 0)

−
∫

d3r Htotal(Z , N ,� = 1). (6)

Fig. 1 Result of fitting to the �-binding energy data in Table 1 with
the YN f (N f = 1 − 5) model for the �ρ interaction and the KIDS0
model for the nucleon

The available data are single-� hypernuclear data over
the mass number from 8

�He to 208
� Pb. Since the mean field

approximation is appropriate for the large mass number sys-
tems, we consider the data of masses above 16

� O. In Table 1,
we summarize the �-hypernuclear data used in fitting the
model parameters. Data of light nuclei are available, but in
order to examine the predictive power of the theory, they and
the energy levels at f and g orbitals in heavy nuclei will
be used in the comparison with the prediction of the present
approach.

In the KIDS formalism, higher order contributions are
added systematically, so it is feasible to determinine the num-
ber of terms that reproduce the nuclear data optimally. In
order to find the optimal number of terms for the interac-
tion of the � hyperon in nuclear medium, we consider the
number of terms N f in Eq. (4) from one to five. Each model
labeled by YN f is fitted to the data in Table 1. It is important
to define the proper objective function to optimize the model
parameter [27]. Most essential concern of the work is search
for methodology to improve the description of hyperon inter-
action in many-body system in a systematic way. To achieve
this goal, the accuracy is measured by the mean deviation
value from experimental data, hereafter referred to as MD,
defined by

MD = 1

Nd

Nd∑

i=1

(
Mexp

i − Mcal
i

σi

)2

, (7)

where Nd and σi are number of data and experimental errors
in Table 1, respectively.

Figure 1 shows the result of fitting together with the data
adopted in the fitting [28]. In this fitting procedure, we use
KIDS0 for the nucleon part, HN [17]. Numbers in the paren-
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Table 1 Experimental data of the binding energy of a � hyperon in nuclei used in fitting the in-medium interaction of � hyperon given by Eqs.
(4) and (5)

Nuclei 1s (MeV) 1p (MeV) 1d (MeV)

16
� O [19,20] 12.50 ± 0.35
28
� Si [2,21] 16.60 ± 0.20 7.0 ± 0.2
32
� S [22] 17.50 ± 0.50
40
� Ca [23,24] 18.70 ± 1.1
51
� V [25,26] 19.9 ± 1.0
89
� Y [2,26] 23.10 ± 0.50 16.50 ± 4.1 9.1 ± 1.3
139
� La [2] 24.50 ± 1.20 20.40 ± 0.6 14.3 ± 0.6
208
� Pb [2] 26.30 ± 0.80 21.90 ± 0.6 16.8 ± 0.7

In the notation of nuclei, mass number includes the contribution of � hyperon. For example, 16
� O means Z = 8, N = 7, and � = 1

thesis denote the MD values. As it has to be, accuracy of
the model is improved as the number of terms is increased.
However rather than a monotonic behavior, MD decreases
stepwise. Improvement from Y1 to Y2 is dramatic, and Y2
and Y3 reproduce the data at a similar accuracy. Agreement
to data becomes more accurate in Y4, and there is a small dif-
ference between Y4 and Y5. The models having multiple �ρ

interactions (Y2 – Y5) reproudce the data within the experi-
mental uncertainty ranges. In the case of nucleon, we learned
that the optimal number of terms is three for the symmetric
nuclear matter and four for the asymmetric nuclear matter
[15,16]. We find that the �-N interaction has similar num-
bers for the optimized description. In the application of the
model afterwards, we will consider only the four-term model
(Y4) for the interaction of � hyperon.

Nuclear symmetry energy is an essential issue for under-
standing the nuclear properties in the vicinity of neutron-rich
region and the EoS of dense nuclear matter. Density depen-
dence of the symmetry energy is conventionally expanded
around the saturation density ρ0 as

S(ρ) = J + Lx + 1

2
Ksymx2 + O(x3), (8)

where x = (ρ − ρ0)/3ρ0. In the numerical calculation,
we assume the saturation density, ρ0 = 0.16 fm−3. Behav-
ior around ρ0 is most sensitive to the value of L , slope
parameter, and then Ksym, the curvature of symmetry energy.
These parameters are critical in determining the structure of
neutron-rich nuclei, and bulk properties of the neutron star,
but uncertainty is still large. In a recent work, several sets of
symmetry energy parameters J , L , Ksym have been derived
[29], which satisfy both nuclear data and neutron star obser-
vation which are mass 2.14+0.10

−0.09 M/M� at 68.3% credibility

interval (MSP J0740+6620 ) [30] and radius 12.71+1.14
−1.19 at

68% credibility interval (PSR J0030+0451) [31]. Five mod-
els labeled KIDS0, and KIDS-A, B, C, D in Table 2 have
different values of J , L , and Ksym as well as the compres-
sion modulus K0 [29]. Using these models, one can explore

the effect of uncertainties in the EoS of nuclear matter to
the in-medium interaction of � hyperons. It has been shown
that the creation of � hyperons in the core of a neutron star,
and consequential bulk properties of neutron stars depend
strongly on the EoS of nucleonic matter [32]. With the num-
ber of density-dependent �ρ terms fixed to four, for each
KIDS model, we will determine the parameters of the �-N
interaction by fitting them to the data in Table 1.

3 Many-body effects on the hyperon in nuclei

For a consistent determination of the �-N interaction,
parameters in the Y4 interaction are fitted to the data in
Table 1 for each KIDS model. Results for the parameters and
the MD are summarized in Table 3. As a whole the param-
eters are similar to each other, but a few notable differences
also exist. Magnitude of u31 differs by a factor of 2. Negative
sign implies attractive force. If a coefficient in the potential
energy is negative and large in magnitude, it makes the chem-
ical potential of � hyperon small, and it leads to early onset
of the hyperon creation, which subsequently makes the equa-
tion of state soft and causes the hyperon puzzle in neutron
star [33].

In order to have better understanding of the behavior of
�-N potential, we consider the Hamiltonian density given
by Eq. (4) and the term proportional to u0 in Eq. (5) divided
by ρ�;

h3(ρN ) = H�ρ

ρ�

= 3

8

N∑

i=1

u3i

(
1 + 1

2
y3i

)
ρ

1+i/3
N ,

h0(ρN ) = u0

(
1 + 1

2
y0

)
ρN . (9)

Since u1 and u2 are smaller than u0 and u3i by orders of
magnitude, we omit those terms in the consideration.

The results corresponding to the Eq. (9) are displayed in
Fig. 2. The models show similar behavior for the two-body
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Table 2 Nuclear matter properties at the saturation density for KIDS models [29]

KIDS0 KIDS-A KIDS-B KIDS-C KIDS-D

K0 240 230 240 250 260

J 32.8 33 32 31 30

L 49.1 66 58 58 47

Ksym −156.7 −139.5 −162.1 −91.5 −134.5

All the models have identical saturation density 0.16 fm−3 and the binding energy per nucleon 16 MeV. Compression modulus K0, and the symmetry
energy parameters J , L , and Ksym are in the unit of MeV

Table 3 Parameters of the Y4 model obtained from fitting to the data in Table 1

KIDS0 KIDS-A KIDS-B KIDS-C KIDS-D

u0 −160.95264 −128.81502 −169.22118 −125.07505 −125.94104

u1 70.76000 94.95210 56.69966 85.71671 75.82594

u2 −15.02857 −5.14575 −12.34702 −7.23919 −11.74793

u31 −422.21514 −398.48003 −371.23408 −231.60546 −206.39651

u32 373.02533 265.47960 222.62548 276.26060 359.13476

u33 248.20334 276.00074 220.71935 208.07528 190.90642

u34 −304.90644 −298.23538 −114.46241 −299.70071 −270.48269

y0 3.95994 5.19600 3.67720 5.75962 5.33203

y31 −6.60578 −7.65872 −8.29438 −9.53907 −8.17689

y32 5.65621 −1.45742 9.06089 7.47400 9.44507

y33 −0.89714 6.40191 −2.14865 7.10293 −4.59458

y34 −2.15451 −5.52651 −4.17324 2.09727 −0.53146

MD 0.1844 0.2096 0.2229 0.2085 0.2093

Units are MeV fm3 for u0, MeV fm5 for u1 and u2, and MeV fm3+i for u3i . y0 and y3i are dimensionless

(a) (b) (c)

Fig. 2 Density dependence of the �-N potential in Eq. (9). a h0, b h3 defined in Eq. (9), and c h0 + h3 as a function of the nucleon density ρN
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contribution h0 around the saturation density, but sum of
h0 and h3 discloses non-negligible model dependence. �-N
potential depth atρ0 is about−30 MeV, so it is consistent with
the depth of empirical optical potential. Behavior of h0 + h3

in ρN = 0.3 − 0.5 fm−3 is relevant to the hyperon puzzle
in the neutron star matter because many models predict that
hyperons begin to show up in the core of neutron stars in this
density region. Hyperons in the neutron star matter will be
considered in the next section.

At densities above 0.5 fm−3, models again show manifest
difference. KIDS-A model increases fastest, KIDS0, B, C
models are similar, and KIDS-D model is by far softer than
the other models. Softness of the KIDS-D model could be
understood from the sign of u33 term: sign of the term in the
KIDS-D model is negative, but it is positive in the other mod-
els. Stiffness at this high density could have significant effect
on the particle fraction in the neutron star core, which affects
the stiffness of EoS, and consequently the mass-radius rela-
tion and the maximum mass. We leave detailed discussions
for neutron stars as a future work.

Next we examine the performance of models by applying
them to hypernuclear properties that are not included in the
fitting data. Results are summarized in Fig. 3. Lines denote
the theoretical results and empty green triangles represent the
data used in the fitting. Data unemployed in the fitting process
are the levels of nuclei lighter than 16

� O [34–40], and the
levels in the f - and g-orbitals of heavy nuclei in Refs. [2,26].
They are marked in filled red circles. Theory lines overlap
so closely that it is not necessary to distinguish models when
nuclear properties are referred to. This coincidence could be
understood from the similarity of MD values in Table 3.

Fig. 3 Same as Fig. 1, but for the KIDS0, KIDS-A, KIDS-B, KIDS-C
and KIDS-D models with Y4 hyperon interaction together with the data
used in the fitting (green triangles) and those not used (red circles)

Present models reproduce the input data well within the
error bars. In the 1 f and 1g states, model predictions are
also within the experimental uncertainties. However, com-
parison with the levels in the light nuclei is not as good as
heavy nuclei. Models consistently underestimate the exper-
imental data. Fitting with light nuclei as well as heavy ones
was performed in Refs. [10,11]. When the light nuclei data
are accounted in the fitting, results for the light nuclei become
better than this work. In that case, however, theory does not
reproduce a few data for heavy nuclei. For example, HP�2
model in Ref. [10] gave a result out of the data of 1s state in
208
� Pb (A−2/3 = 0.0285). There was a mismatch with data
of 28

� Si (A−2/3 = 0.108) in the 1s state [11]. The problem in
light nuclei could be explored in detail in a separate work.

In the comparison with the existing single-� hypernuclear
data, the dependence on the symmetry energy turns out to be
very weak as shown in Fig. 3. But, symmetry energy could
have more evident effect to the properties of neutron-rich
nuclei such as binding energy, size and shape [41]. There-
fore, the measurement of � hyperon binding energy in the
neutron-rich isotopes could show more sensitivity to the sym-
metry energy. In addition, exploration of the order-by-order
contribution will shed light on the significance of high order
terms and convergence behavior of the expansion scheme
for the � hyperon interaction. Indeed, effect of the symme-
try energy in the neutron-rich region of Sn isotopes has been
explored in the KIDS model by considering neutron drip
line [29] and the neutron skin thickness [42]. Both works
showed that the properties of Sn isotopes in the neutron-rich
region are sensitive to the density dependence of the symme-
try energy. Therefore, we consider the single-� Sn isotopes
A
�Sn in the mass range A = 124 − 136.

Figure 4a shows the binding energy per nucleon of non-
hyperonic Sn isotopes B/A = (NMn+ZMp−M(N , Z))/A
obtained from the KIDS models. Experimental data are taken
from Ref. [43]. KIDS-A,B,C,D models show very similar
behavior, and KIDS0 is distinguished from them. KIDS0
model agrees to experimental data better than the other mod-
els for A = 124 − 132, but shows larger discrepancy from
data for A = 134−136. Largest difference between the result
of KIDS0 model and experimental data happens at A = 136,
which is about 1% of the experimental value. For the KIDS-
A,B,C,D models, maximum difference is 0.6% for A = 132.
As a whole, the five KIDS models reproduce the data at suffi-
ciently high accuracy. Figure 4b shows the prediction for the
binding energy of a � hyperon bound in Sn isotopes. Bind-
ing energy increases monotonically, and the shape could be
approximated with a linear function. The biggest difference
within the models occurs at A = 126 between KIDS-B and
KIDS-D. The difference is 0.18 MeV, so it is about 0.7% of
the binding energy of the KIDS-B model. For the theoretical
predictions, we also show the mean and error bars by the
considered models in Fig. 4b.
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Fig. 4 a Binding energy per
nucleon of Sn isotopes. Model
results are drawn in lines, and
experimental values are denoted
with circle. b Prediction of the
� hyperon binding energies in
the �Sn isotopes. Mean values
and possible error bars due to
theoretical models are also
presented

(a) (b)

Fig. 5 Same as Fig. 4 but the
case with and without pairing
effect for the KIDS0 model

(a) (b)

The nucleonic pairing effect is considered in Fig. 5. To
access the role of pairing interactions, we perform the param-
eter fitting with pairing forces. A model for the pairing inter-
action is employed as follows:

Epair =
∑

q∈p,n

Gq

[
∑

α∈q

√
να(1 − να)

]2

, (10)

where Gq stands for pairing strength which are taken to be
constant for q ∈ n, p (Gq = 29/A MeV for each case) and
the occupation probability of state α is denoted by να [44]. In
Fig. 5a, we compare the binding energy of non-hyperonic Sn
isotopes with and without the pairing forces. For A < 132,
the result with pairing overestimates the data, but the agree-
ment to data becomes accurate for A ≥ 132. Maximum dif-
ference from data is about 0.7 MeV for the result with pair-
ing. Similary, Fig. 5b discloses that the �-hyperon binding
energies are affected within 0.35 MeV. From the result, it is
verified that the binding energy of � in Sn-isotope hyper-
nuclei is not sensitive to the pairing interaction because its
contribution is within 1.5% of binding energy.

The idea to expand the energy density in the power of
momentum was inspired by the expansion rules in the low-
energy effective field theory. The expansion is assumed to
be perturbative, and the perturbative behavior of the theory
could be examined by comparing the contributions from each
order. Figure 6 shows the binding energy calculated with only
the u0 term at first, and higher order terms are added in the

Fig. 6 Role of the density-dependent terms in the binding energy of
� hyperon in the �Sn isotopes

increasing order for the KIDS0 model. With only u0 term, �
hyperon is strongly over bound in nuclei. When a repulsion
by the u31 term is added, attraction by the u0 term is signifi-
cantly reduced, but it is not sufficient to obtain the physical
value. Realistic binding energy is achived when the u32 term
is added to the prior u0 + u31 potential. In terms of the mag-
nitude, each u31 and u32 term reduces the binding energy by
about 23 MeV, respectively. The change originated from the
next higher order u33 term is only about 2 MeV. The result
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of full potential (line denoted by +u34) is hardly distinguish-
able from the precedent order (line denoted by +u33), which
demonstrates that the contribution of higher order terms is
highly suppressed. The result confirms that the multiple den-
sity dependence of the EDF is a necessary condition for a
correct and converging description of �-hypernuclei in the
neutron rich domain.

4 �-hyperon in the β-equilibrium matter

� hyperons embedded in hypernuclei are surrounded by
nucleons at densities close to the nuclear saturation. There-
fore, hypernuclear data are valuable in suggesting constraints
relevant to the �-N interactions at the saturation density.
The models calibrated to the hypernuclei data are expected
to describe well the hypernuclear phenomenology at the sat-
uration density, and in addition applicable to densities below
or above the saturation density to a certain extent. Neutron
star provides an ideal laboratory for probing the validity of
hypernuclear models at densities well above the saturation
density. The application to neutron star is especially impor-
tant for exploring a solution to the hyperon puzzle problem
in the neutron star [33].

Equation of state for the matter in the core of neutron stars
is obtained as a function of the particle density. Density of
each particle is obtained as solutions of the charge neutrality

ρp = ρe + ρμ, (11)

and chemical equilibrium

μn = μp + μe− ,

μ� = μn,

μμ = μe− , (12)

where μi denotes the chemical potential of particle i .
Figure 7 shows the particle fraction defined as ρi/ρB

where ρi is the density of particle i and ρB = ρn+ρp+ρ� is
the total baryon density. SLy4+HP�2 model in Ref. [10] is
included for comparison. The density ρcrit at which � starts
to build up varies significantly. In the unit of saturation den-
sity, ρcrit are obtained as 2.8, 4.4, 3.5, 3.3 and 3.2 for SLy4,
KIDS0, KIDS-B, KIDS-C and KIDS-D, respectively. In the
majority of models considering hyperons in the neutron star,
ρcrit is located in the range (2 − 3)ρ0 [32], but the KIDS
models consistently obtain the ρcrit larger than 3ρ0. Even
no hyperon creation is predicted in the KIDS-A model. In
Ref. [45], two-body �N and three-body �NN forces are
calculated with chiral effective field theory (EFT), and the
result is applied to the creation of � hyperons in the core
of the neutron star. Conclusion of Ref. [45] was that � is

not created in the neutron star. Looking into the behavior of
chemical potentials, chiral EFT obtains the result very simi-
lar to that of KIDS-A model. Details will be discussed with
the chemical potential.

Production rate of � also depends on the model. SLy4
model shows relatively slow increase of the number of �

hyperon compared to the KIDS model. Among the KIDS
models, B, C, D models show similar behavior, but the popu-
lation of � increases explosively right after it is created in the
KIDS0 model. The different results in the particle fraction
such as ρcrit and production ratio can be understood well in
terms of the chemical potential.

Figure 8 shows the chemical potential of the neutron and
� hyperon in the core of a neutron star as functions of den-
sity. All the models show that μn increases monotonically
before the chemical equilibrium condition is satisfied. μ�

is in decreasing phase up to 0.2 fm−3 in the SLy4+HP�2
model, but the KIDS models equipped with Y4 interaction
show decreasing behavior up to about 0.1 fm−3, and change
to increasing phase afterwards. Hyperon creation density
ρcrit becomes small when μn increases fast or μ� increases
slowly. Early creation of � hyperons in the SLy4+HP�2
model is mainly originated from slow increase of μ� rela-
tive to the KIDS models. Large ρcrit in the KIDS0 model, on
the other hand, is because of the slow increase of μn com-
pared to other KIDS models. For example, at ρ = 0.6 fm−3,
μn in the KIDS0 model is about 1250 MeV, but it is about
1300 MeV in the KIDS-A model.

Equation of state of nucleonic matter of the SLy4 model is
very similar to that of the KIDS0 model [46], so the compar-
ison of the two models can exhibit clearly the difference aris-
ing from hyperons. In the KIDS-Y4 models, μ� is increasing
faster than the HP�2 model. This difference in the behavior
of μ� makes huge difference in ρcrit between SLy4+HP�2
and KIDS0-Y4. Fast increase of μ� in the Y4 models is
mainly due to the contribution from the higher order terms
in the multiple density-dependent description of interactions.
Contribution of the multiple density dependence is essential
in reproducing the hypernuclear data accurately and obtain-
ing stability in the fitting, but also critical in approaching to a
complete description of neutron star EoS at supra densities.

The results of KIDS-A model, which are presented in
scales of x and y axes larger than other models, show the
non-existence of � hyperon. At densities ρ ≤ 2ρ0, μn is
substantially smaller than μ�. As the density passes through
2ρ0, μn approaches to μ�, and the two chemical potentials
become very close from 3ρ0 to 6ρ0. Above 6ρ0, increase rate
of μ� overwhelms that of μn , so there is no chance for �

hyperon to inhabit in the neutron star. The overall behavior
of μn and μ� such as substantial difference below 2ρ0, and
similar values in (3 − 5)ρ0 resembles the results of chiral
EFT [45].
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Fig. 7 Particle fractions in the
core of neutron stars as a
function of density for the
SLy4+HP�2, KIDS0, KIDS-A,
KIDS-B, KIDS-C and KIDS-D
models equipped with Y4
hyperon interaction

μn of KIDS-B and D models behave similarly at ρ ≤ 5ρ0,
and μn of KIDS-C model is slightly stiffer than B and D
models. On the other hand, μ� of KIDS-B and C models
increases at similar rate before � hyperon is created, and μ�

of KIDS-D model is softer than the B and C models. ρcrit

is lowered when μn is stiff or μ� is soft. Since μn(KIDS-
C) > μn(KIDS-B), and μ�(KIDS-D) < μ�(KIDS-B), �

hyperons are created in the KIDS-C and D models at densi-
ties smaller than the KIDS-B model. In a nutshell, KIDS-Y4
models illustrate the high threshold density for the � appear-
ance compared to other models including hyperons.

5 Summary and conclusion

The work was stimulated by the motivation i) Determine the
in-medium interaction of � hyperon accurately, ii) Under-

stand the effect of the uncertainty in the symmetry energy to
the in-medium �-N interaction.

In order to achieve the first goal, we employed the
KIDS density functional formalism. Many-body contribu-
tions to the �-N interactions are expanded in the power
of ρ1/3, and parameters are fitted to hypernuclear data.
Improvement of fitting is examined by varying the num-
ber of density-dependent terms in the many-body interac-
tion. Fitting becomes accurate with larger number of terms
as expected, but the accuracy is increased stepwise. With a
single density dependence, fitting result is poor indeed, so
a few input data could not be reproduced within the exper-
imental error. Accuracy of fitting is improved greatly when
two or more density-dependent terms are considered. Mean
deviation (MD) values are similar for the two- and three-term
fittings, and it reduces by a factor of about 2 with the four
terms. Fitting with five terms gives only marginal improve-
ment, so we concluded that fitting is sufficiently accurate with
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Fig. 8 Chemical potentials of
the neutron and the � hyperon
for each model

four density-dependent � interactions with many nucleons.
We confirmed that, with the four terms, all the data are repro-
duced within the experimental error bars, and five-term result
is almost identical to that of the four-term functional.

The second topic has been explored by using KIDS0,
KIDS-A, B, C, and D models, which are constrained by
nuclear data and neutron star observations, and have different
density dependence of the symmetry energy [29]. Parame-
ters in the �-N interactions for each nuclear model are fitted
with the number of density-dependent many-body interaction
terms fixed up to fourth order. We obtained similar values of
MD for all the models. The models are applied to the cal-
culation of energy levels that are not included in the fitting.
Single particle energy levels of heavy nuclei agree well with
the data at high orbital states such as f and g states, but the
levels in the s state in light nuclei are consistently smaller
than the experimental data. Deviation from the light nuclei

data is 10 % or less in most cases. Consistent description of
both light and heavy �-hypernuclei will be investigated in
a future work. As a reference for the future experiment, we
apply the five KIDS models to the binding energy of the �

hyperon in the single-� isotopes A
�Sn for A = 124−136. We

obtain the ground state binding energies in the range 24−25
MeV. The result is stable with respect to the variation in the
density dependence of the symmetry energy.

It is shown that the dependence on the symmetry energy
becomes transparent at supra-saturation densities. The effect
is probed by calculating the creation of � hyperons in the
neutron star matter. We find that the density at which �

hyperons start to be created and its population after they are
created depend strongly on the symmetry energy. The issue
of the hyperon puzzle will be investigated thoroughly by con-
sidering the �-� interactions and the creation of � and �

hyperons in a subsequent work.
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All in all, multiple density dependence in the energy den-
sity functional of �-N interaction is not an optional choice,
but a mandatory condition for an accurate and predictive
description of the properties of hypernuclei.
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