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Abstract We extend the recently developed Jacobi no-core
shell model to hypernuclei. Based on the coefficients of frac-
tional parentage for ordinary nuclei, we define a basis where
the hyperon is the spectator particle. We then formulate
transition coefficients to states that single out a hyperon—
nucleon pair which allow us to implement a hypernuclear
many-baryon Hamiltonian for p-shell hypernuclei. As a first
application, we use the basis states and the transition coef-
ficients to calculate the ground states of ‘}‘He, ﬁH, iHe,
%He, 614, and ALi and, additionally, the first excited states
of j“He, iH, and ALi. In order to obtain converged results,
we employ the similarity renormalization group (SRG) to
soften the nucleon—nucleon and hyperon-nucleon interac-
tions. Although the dependence on this evolution of the
Hamiltonian is significant, we show that a strong correlation
of the results can be used to identify preferred SRG parame-
ters. This allows for meaningful predictions of hypernuclear
binding and excitation energies. The transition coefficients
will be made publicly available as HDF5 data files.

1 Introduction

After more than 65 years of research on hypernuclei, our
knowledge of the interaction of hyperons with nucleons or
with other hyperons still remains on a modest level. This sit-
uation is rather unsatisfactory given the important role hyper-
ons play for various aspects of nuclear physics as well as for
astrophysics [1-5]. For example, as extensively discussed in
recent years, the hyperon interaction could have a signifi-
cant impact on the properties of neutron stars [3-5]. The rea-
son for the large uncertainty is the tremendous difficulty to
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perform scattering experiments involving hyperons and the
fact that no two-baryon bound state has been found so far,
except for the well known deuteron. An important source
of information has been the spectroscopy of hypernuclei [6].
New experiments are planned at facilities like J-PARC, FAIR,
MAMI and JLab [7-12], some to study the scattering of
hyperons on nucleons, but mostly measurements of bound
states of ordinary nuclei with hyperons. Such new and very
probably more precise data will not only be phenomenolog-
ically interesting, but also enable us to explore the under-
lying interactions in more detail. The latter is now possible
because even fairly complex systems can be treated theoret-
ically on a microscopic level, thanks to improved algorithms
and increasing computational resources. Indeed, nowadays,
one can solve the Schrodinger equation for hypernuclei up
to the p-shell based on realistic and rather elaborate baryon-
baryon interactions [13—15]. Thus, it has become feasible to
study detailed features of the baryonic forces, like the spin-
dependence of hypernuclear interactions, which are inacces-
sible in direct scattering experiments. With these theoretical
advances, the new data on hypernuclei will definitely pro-
vide valuable input to pin down the underlying interactions.
Eventually, the hypernuclear data could be directly utilized
in fits of interaction parameters.

However, a direct use of hypernuclear data requires solv-
ing the hypernuclear many-body problem many times and,
therefore, calls for a very efficient calculation scheme. Sev-
eral methods have been employed in the past to study hyper-
nuclei. For local interactions, configuration space meth-
ods, e.g. hyperspherical harmonics, Green’s function Monte
Carlo, expansion in Gaussians or stochastic variational
method (SVM), have been successfully used to predict prop-
erties of light hypernuclei [16-20]. For very light systems,
that goal can be likewise achieved by solving the Faddeev-
or Yakubovsky equations in momentum space [15,21-25].
Those methods allow one also to deal with non-local two-
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body interactions, but itis difficult to extend the approaches to
larger systems. Alternatively, shell model calculations have
been a quite successful tool to understand properties of hyper-
nuclei, in particular the energy level splittings [26-29]. How-
ever, that approach requires specific effective interactions
that are not easily related to free-space baryon-baryon inter-
actions. The same disadvantage also holds for density func-
tional approaches, which have been applied to rather complex
hypernuclei [30,31]. Recently, nuclear lattice effective field
theory (NLEFT) has been extended to hypernuclei using the
impurity lattice Monte Carlo technique [32]. Although this
first study has been performed with somewhat simplified
(spin-independent) interactions, that method promises the
application of free-space interactions up to medium-heavy
hypernuclei.

One specifically interesting approach to tackle bound
baryon systems is the no-core shell model (NCSM) [33].
An essential tool is here the representation in terms of a har-
monic oscillator (HO) basis. There are several variants of
the approach. In most applications so far, a single-particle
Slater-determinant basis has been chosen. This realization
has been very successfully employed for studying ordinary
nuclei and even hypernuclei [ 14,34-36], especially, when the
so-called importance truncation is implemented [14,35,36].
Highly accurate results for binding energies, excitation ener-
gies and even radii have been obtained. Generally, the prob-
lem becomes very high dimensional, not least because the
center-of-mass (CM) motion cannot be separated off and
because angular momentum and isospin conservation can-
not be exploited to limit the basis size.

Such a complication can be avoided by using a Jacobi rel-
ative coordinate basis. This, however, requires a very tedious
antisymmetrization for the nucleonic states [37,38]. Never-
theless, the method can be advantageous when many calcu-
lations are required for variations of the underlying interac-
tions, e.g. in fitting procedures, since the antisymmetrization
and other preparatory steps can be accomplished indepen-
dently of the interactions. The final step of the calculation
itself can then be much more efficiently performed than in
the standard NCSM so that it becomes feasible to solve the
problem hundreds or even thousands of times or with limited
computational resources. The work of Gazda et al. [14,34]
has already been employing this Jacobi NCSM (J-NCSM) for
s-shell hypernuclei. It is the main aim of the present work
to extend the J-NCSM approach to p-shell hypernuclei. The
new approach is then used to study in more detail the ﬁHe,
iHe, (j‘Li and Z‘Li systems based on the next-to-leading order
(NLO) hyperon-nucleon (YN) interaction derived within chi-
ral effective field theory (EFT) [25,39,40]. For interactions
from chiral EFT, it is possible to obtain reliable uncertainty
estimates of the results [15,25], utilizing different orders
of the chiral expansion and/or by exploiting the regulator
(cutoff) dependence of these interactions (where the latter
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method provides only a lower limit for the error). For ordinary
nuclei, such estimates are now regularly performed [41,42].

As usual, the NCSM requires a further softening of the
nucleon-nucleon (NN) and YN interactions. To this aim, we
apply the similarity renormalization group (SRG) to the NN
and YN potentials [43,44]. This method has the advantage
that an effective interaction can be systematically derived
from the starting NN and YN interactions, which can then be
equally well employed in momentum space and HO space.
The SRG evolution gives rise also to so-called induced three-
body and many-body forces. In the present study, we will not
take into account such induced many-body forces (for the
application of the SRG induced YNN forces see [35,36,45]).
Therefore, a part of this work is devoted to study the SRG
dependence of the binding energies, excitation energies and
A-separation energies.

In Sect. 2, we start with a definition of our basis states
based on the totally antisymmetrized nucleonic states defined
in [38]. Practical calculations can only be performed when
the transition matrix elements to states that single out NN
or YN pairs are known. The calculation of these matrix ele-
ments is explained in detail in Sect. 3. This already concludes
the description of the Jacobi NCSM. As mentioned above,
for explicit calculations, we, however, also need soft inter-
actions. In Sect. 4, we therefore discuss the basic features
of chiral interactions and their SRG evolvement including
the impact on the binding energy for %H when the SRG-
induced three-baryon force (3BF) is neglected. For this study,
we will make use of solutions based on the Faddeev equa-
tions. The application of the Jacobi NCSM then follows in
Sect. 5. We first present a detailed benchmark for ﬁ‘H/‘}‘He
to Yakubovsky results and then continue towards A = 5-7
hypernuclei. Our conclusions are finally given in Sect. 6.
Some technicalities are relegated to the appendices.

2 NCSM basis in Jacobi coordinates

The translationally invariant many-body Hamiltonian of
a system consisting of (A — 1) nucleons and a single-
strangeness hyperon Y (Y = A or X) in Jacobi relative
coordinates can be written as follows

H = g5 4 gs=—1
A=l 50

- Z (M]()rii)JerfNN)

i<j=1

3 (mzv +m(ty) Ply
M(ty) 2puny

YN
+Viy

o (may) —ma)). M
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Here, my, m(ty) and uyy are nucleon-, hyperon-, and their
reduced masses, respectively, which we define by my =
2mymp/(my +mp), m(ty = 0) = my, and m(ty = 1) =
(my+ +myx- + msxo)/3. For simplicity, we assume isospin
symmetry. A generalization to unequal masses within the
isospin multiplet of nucleons and of X’s is straightforward
but will not be considered here. The total rest mass of the
system, M (ty) = (A — 1)my +m(ty), depends explicitly on
the hyperon isospin ¢y because an explicit A-X conversion
is allowed. The term m(ty) — m 4 then accounts for the dif-
ference in the rest masses of the two hyperons. The relative
Jacobi momenta of NN and YN pairs,

1
Dij = E(ki —kj), (2)
and
t
Diy = my) ki — N 3)

i kY
my + m(ty) my +m(ty)

are linear combinations of the momenta k; and ky of the i-th
nucleon and the hyperon, respectively. Vl?] N and Vll{,N are
the corresponding NN and YN potentials.

Since hyperons (A, X') and nucleons are distinguish-
able, hypernuclear basis functions, denoted as |a*(Y)), can
be formed by coupling the hyperon HO states |Y), which
describe the relative motion of a single hyperon Y with
respect to the CM of the (A — 1)N core, to the fully anti-
symmetrized states of the core |oa—1yn)

l* M WNIT)) = lea—nyn) ® 1Y)
= |NJT, aa—1yn nylyty;
(Ja—1Uysy)Iy)J, (Ta—1ty)T) = |@—), 4)

where a4—1)n stands for a complete set of all necessary
quantum numbers characterizing the fully antisymmetrized
states of an (A — )N system: the total HO energy quan-
tum number N4_1, total angular momentum J4_1, isospin
Ta—1, and the state indices {4—1 (that distinguish different
|aa—1)n) states with the same set of Na_1, Ja—iand T4_1).
These antisymmetrized states for A > 4 systems are com-
puted iteratively starting from the naturally antisymmetrized
basis for two nucleons, for more detail we refer to Ref. [38].
Here, the superscript (xY) represents the separation of the
hyperon Y from the (A — 1)N core. The hyperon states |Y)
are described by a similar set of quantum numbers: the HO
energy quanta ny, the orbital angular momentum /y and spin
sy which are coupled to the relative angular momentum [y,
and the isospin ty as well. The last line in Eq. (4) defines
the ordering in which the quantum numbers of the two sub-
clusters are combined to form the total angular momentum
and total isospin of the system, J and T, respectively, whose
values are given by the physical state of interest. Also, for
practical realization, the total HO quantum numbers A of the
basis states are constrained by the maximum number of the

single-particle oscillators AV, (also referred to as the model
space size), i.e. N = Ny_1 + 2ny + Iy < Nuax. The state
index ¢ that distinguishes different basis states |a*(¥)) with
the same V, J and T is omitted for simplifying the notation.
Finally, on the right-hand side of Eq. (4), the graphical repre-
sentation of the basis is shown. The small red circle denotes
a hyperon spectator while the big black circle represents the
system of (A — 1)N.

3 Separation of NN and YN pairs

With the basis defined in Eq. (4), the matrix elements of the
Hamiltonian in Eq. (1) now read

<a*(Y)|H|a/*(Y)> — (a*(Y)|HS=O|a/*(Y)>
+ <a*(Y)|HS=71|a/>k(Y)>. (5)

The basis states |o*(¥)) are however not suitable for evalu-
ating the HS=C and H5="" matrix elements as they do not
depend explicitly on the relative coordinates of the involved
NN or YN pairs. To facilitate the evaluation of Eq. (5), we
expand |o*(")) in two additional bases of intermediate states
|(a*(2))*(y)) and |a*Y M) that explicitly single out the active
NN or a YN pairs, respectively. Also the superscripts repre-
sent subsystems that are separated out. Clearly, the former
states | (a*(z))*(Y)) are needed for evaluating the first part in
Eq. (5) involving H5=Y, while the latter ones are necessary
for the evaluation of the second part that involves H5="1.
The first set of auxiliary states | (a*(z))*(y)) can be directly
constructed by coupling the hyperon states |Y'), depending on
Jacobi coordinates of Y relative to the CM of (A-1)N, to the
(A — 1)N states that consist of antisymmetrized subclusters
of (A — 3)N and 2N. In the notation of Ref. [38], this reads

(@) ) =12 @ 1Y)
= ’NJT, Olz;(\z,)l) ﬁyiyfy;
(A Aysn)InJ (T80 T) = [ 1HO). ©)

Here, “?2221) stands for the total HO energy quantum num-
ber Na*<2)

(A—1
and state index g“:(_zi, as introduced in [38]. Naturally, the

g the total angular momentum JZ(_Z{, isospin T;(_zf

total HO energy quantum number N in Eq. (6) is also
restricted by N < Njqx. With the graphical representations

of | (a*(z))*(y) ) and |a*()), one can quickly relate the expan-
sion coefficients (a*(y)l(a*(z))*(Y)) to the transition coeffi-
cients of the (A — 1)N system (Q|]—0>A_1,
)
(@ (@) = (@~IHO)
= Sxpectator <.|I_.>A7] > @)
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for which an explicit expressions has been derived in [38,46].
The Kronecker symbol 8;pecraror 18 to ensure the conservation
of the quantum numbers of the hyperon and the (A — 1)N
system,

avpectator = (SNN(SY(ScorEa
1yiy51yiy5
core = SNA—INX??S«]A—I 734 8TA—1T:(,21) ’

6Y = (SnY;lYS tyfy’

1)

Hence, the matrix elements of the nucleonic Hamiltonian
(a*P | HS=91¢*¥)) now become

<a*(Y) | HS:0|(X/*(Y)>

= (@-IHo)(@[lH*~’ o) er-0)
= Sspectaror (@O @ H ' -@) (@]I@). (8

with summations over intermediate states |]—[.) being implied.

The remaining unknown term in Eq. (8) is simply the matrix
elements of  HS=0 in the  basis of
(A — 1) nucleons.

Similarly, in order to construct the intermediate states
la*¥N)yone combines the states describing a YN pair,
|Y N'), with the antisymmetrized basis of an (A —2)N system,
loa—2))

lo*IM) = Jayy) ® loea—a)
=|NIT,aynymraa—z; ((lyn(sysn)Syn)
JynJa—2) )T, (tytn)TynTa—2)T)

= |1o). ©)

Again, |ayy) and |os—o) represent the complete sets of
quantum numbers characterizing the states of the two-body
hyperon-nucleon and the (A — 2)N subsystems. Note that,
in contrast to two-nucleon states, there is no antisymmetry
requirement for |ay ). The relative motion of the (A — 2)N
cluster with respect to the separated out YN pair is specified
by the HO energy number n), and the orbital angular momen-
tum A. For evaluating the overlap (o*) |a* M), we need to
exploit another set of auxiliary states I(oe*(l))*(y)) in which
a hyperon and a nucleon are explicitly singled out

(@) ) =13 @ 17)
= |./\7./T, O[z:gl_)l) nylyty;
O Uysy) ) J, (1)) T)
= o). (10)

With the help of Eq. (10), the transition coefficients
(a*Da*¥N)y can be computed in two steps as follows

(M"Y = (@10 (@IHO)
= 3speclutor <‘|._'>A71<‘T|I_‘> (1)
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Here also an explicit summation over the auxiliary states
|(a*(1>)*(y)) = |@~~) is assumed. Clearly, the first overlap
(@~|@r) is essentially given by the coefficients of fractional
parentage (cfp) (@|@—)4—1 of an (A — 1)N system, which
basically determine the antisymmetrized basis of (A — 1)
nucleons in terms of the |ozz:§1_) 1)) states [38], and is therefore
well known. Hence, only the second transition (QI—-|I—Q> in
Eq. (11) needs to be taken care of. This transition is a trans-
formation between different Jacobi coordinates and there-
fore given by the general coordinate transformation formula
derived in [38]. We skip the detailed derivation but provide
the final expression in Appendix A. Finally, a summation
over the intermediate states |-IQ) is carried out. Let us again

stress that both, the transition coefficients (o*(¥)| (a*(z))*(Y)>
and (o*M)|a*¥M) " are independent of the HO frequency
(HO-w) as well as of the interactions employed. They can
therefore be prepared in advance and stored in the machine-
independent HDFS format so that the parallel input and out-
put can be performed most efficiently. The corresponding
files can be found at [47].

Once the transition coefficients (o*® |a*¥ M) are known,
the single-strangeness Hamiltonian matrix elements
(a* D HS5==11/*¥)y are computed similarly as in Eq. (8):

<a*(Y) |HS:—1 |a/>l<(Y)>

= (@~10 e "0l (12)

Thus, the evaluation of the matrix elements
(@* N HS=01¢*M)y and (o*¥) | HS=~1a*(¥)) can be traced
back to multiplications of very large but sparse matrices. As
usual, we solve the eigenvalue problem using the Lanczos
method so that these matrix multiplications must be com-
puted again and again. Therefore, an efficient method to
evaluate such product matrices is extremely important. More
details on the technical realization are given in Ref. [48].

4 SRG evolution for chiral NN and YN interactions

We follow the formalism initially applied by Wegner [43] to
solid state physics and later employed by Bogner, Furnstahl
and Perry [49] to nuclear interactions, which defines the SRG
evolution in terms of a unitary transformation depending on
a flow parameter s

H =UHU =T, +V,. (13)

Here Hy = H_g is the initial (bare) Hamiltonian and 7}..; is
the intrinsic relative kinetic energy operator that also includes
the mass difference term when one allows for particle con-
versions in the Hamiltonian. The parameter s has the unit of
energy 2 and varies continuously from zero to co. Note that,
although the flow equation is solved with respect to s, for
characterizing the SRG-evolved potentials, we will utilize a
more intuitive variable
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2 /4
A= (ﬂ) , (14)

N

with w = mymp/(my +m,) for YN interactions and
u = mpy/2 for NN forces. A similar definition for A was
introduced in [49]. A can be (to some approximation) iden-
tified with the width of the band for which the SRG evolved
matrix elements of the interaction are non-zero. By differen-
tiating the transformation Eq. (13), one obtains the evolution
equation for the Hamiltonian

dH, _ dVy
ds — ds

= [ns, Hs] (15)

where the generator

de UT

—U = —n! (16)

Ny =
is an anti-hermitian operator. Usually, n; is taken as a com-
mutator of an hermitian operator G with the Hamiltonian,
ns = [Gy, Hs]. The operator Gy is often chosen such that the
evolved Hamiltonian H possesses a desired form. For our
purpose of decoupling the low- and high-momentum com-
ponents, the simplest, but yet very useful generator, is the
relative kinetic energy excluding the mass shift. We take

p2

Gy = —
s 2

(a7

with p being the particles relative momentum. The flow equa-
tion Eq. (15) now becomes an operator equation

2
el

=[[5: Vs], HS] . (18)

This is then solved in a partial-wave relative momentum basis
lp (Us)J; timy S amy, $2) = |par), (19)

where [ is the orbital angular momentum that combines with
the total spin s to form the total angular momentum J. Fur-
ther, (t;, my;, S;)i=1,2 are sets of the intrinsic quantum num-
bers that distinguish different particle states: isospin, isospin
projection and strangeness. The normalization of the basis
states Eq. (19) simply reads

> / dpp* |pa)(pa| = 1. (20)

After projecting Eq. (18) onto the basis Eq. (19), one obtains
the flow equation in form of an integro-differential equation

AV PP _Tra P P
— = I:Trel(p)m + T (p )ZM"‘
2 2

o p o o P ad’ /
TPy~ T Ve op)

98 [fm~1] 3[fm~1] 1.6 [fm™] 0.868 [fm~!]
An— An lzo
7.5 . 4 N
= E
E 501 / o 3
¥ 25 / )
20
2°n—2°n 20
754 » )
= E
£ °°7 03
* 25 4 §
20
rp-I'p 20
7.5 4 -
T E
£ 50 . Lo 3
= =
- =
25 =
20
An—2°n 20
7.5 4 -
T E
£ 50 . Fo 3
< s §
20
A —-3p 20
7.5 4 -
T E
e 5.0 . Fo 2
¥ 25 §
20
n—-1p 20
7.5 4 . '
T E
£ , / 03
< =
. bo”
20
SN S S ——
25 50 75 25 50 75 25 50 75 25 50 75
K[fm~1] K[fm=1] K[fm=1] K[fm=1]

Fig. 1 Contour plot of the YN potential matrix elements for all possible
particle channels with charge O = 0 and in the ' Sy partial wave. The
potentials are evolved to four different values of the YN flow parameter:
Ayy = 98 fm~! (first column, almost non-evolved), Ayy = 3 fm™!
(second column, slightly evolved), Ayy = 1.6 fm~! (third column) and
Ayn = 0.868 fm~! (last column). The initial potential is the YN NLO
interaction with a regulator of Ay = 650 MeV

00 2 2 2

k
+5 f dkkz[p +p,——~]
= Jo 2p* o 2pr pe

XV (plyVE (kp'). 1)

Here, the reduced mass u and T,.,; depend explicitly on the
particle states « since physical masses are employed for the
SRG evolution. We solve the flow equation Eq. (21) numer-
ically using a non-equidistant momentum grid characterized
by the ultraviolet momentum cutoff p,,,, and N Gauss-
Legendre integration points p, with corresponding weights
wp(n = 1,--- N). Since the initial potentials often vary at
low momenta faster than at high momenta, it is useful to
define the grid such that it is sparse at high momenta but
denser at the low-momentum region.

Discretizing the flow equation leads to a set of coupled dif-
ferential equations which is then solved using the advanced
multi-step Adams PECE (Predict Estimation Correct Estima-
tion) method [50]. The SRG-evolution of the YN interaction
NLO19 with a regulator of Ay = 650 MeV is illustrated in
Fig. 1. The contour plots are the potentials for all the particle
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Amlfm=1]

Fig. 2 Dependence of B4 (1H) on Ayy for Ayny = 1.6 (blue +) and
2.4 fm~! (orange x). Starting point of the NN SRG evolution is the
Idaho-N3LO(500) interaction [51]. For YN, the NLO19(600) interac-
tion [25] is used. The black solid horizontal line and cyan band indicates
the experimental value [52] and its uncertainty. The blue dashed and
orange dash-dotted lines are results for the bare YN interaction and for
Any = 1.6 and 2.4 fm ™!, respectively

channels with zero charge and in the ! Sy partial wave. The
initial potential NLO19(650) is evolved to four different val-
ues of the YN flow parameter: Ayy = 98 fm~! (almost non-
evolved, bare interaction), Ayy = 3 fm~! (slightly evolved),
ryny = 1.6 fm™! (commonly used) and the extreme case
Ayn = 0.868 fm~1. As expected, the SRG evolution steadily
drives the potentials toward a diagonal form decoupling the
low- and higher-momentum states. While the bare NLO19
shows a strong repulsive behavior for almost all particle
channels over the entire momentum range, the SRG-evolved
potentials become slightly attractive at low momenta but
remain repulsive at high momenta.

We explicitly checked that NN and YN scattering observ-
ables remain unchanged by this unitary transformation. At
this point, we neglect induced three-baryon forces (3BFs).
In this approximation, the evolution of NN and YN forces is
not linked to each other and we can choose Ayy and Ayy
independently.

As afirstapplication, we apply the SRG transformed inter-
actions to obtain binding energies E (iH) and the A separa-
tion energies By (%H) = E(*H) — E(E‘H) ofiH.

Since the iH is predominantely a weakly bound A to a
significantly stronger bound deuteron, it is very difficult to
obtain converged results for the binding energies using the
NCSM. Therefore, for this study, we use solutions based on
Faddeev equations (see Appendix B). With this method, an
accuracy of 1 keV for these energies is routinely achieved.

In Fig. 2, By (%H) is shown for one typical choice of
the NN and YN starting interactions. It can be seen that the
dependence on the flow parameter of the NN interaction is
of the order of 20 keV. But, unfortunately, it is also clear that
the dependence on Ay is rather significant, indicating a non-
negligible contribution of SRG induced three-baryon interac-
tions. We will discuss later in Sect. 5.5 how this issue could

@ Springer

be possibly resolved without explicitly taking the induced
3BFs into account. Note that, for Ayy < 1.0 fm—!, the sep-
aration energy is in fair agreement with experiment and the
result of calculations based on the bare YN interaction.

5 Results

As first application of the Jacobi NCSM, we employ the
approach to investigate some interesting hypernuclear sys-
tems up to the p-shell. Since 3BFs are not included in the cur-
rent study, our primary focus will be the impact of different
chiral NN and YN interactions as well as their SRG evolution
on the separation energies. For the NN interaction we con-
sider the next-to-next-to-next-to-leading order potential from
the Idaho group with a regulator of Ay = 500 MeV (Idaho-
N3LO(500)) [51], and the high-order semilocal momentum-
space (SMS) potential regularized with Ay = 450 MeV
(SMS N*LO+(450)) [53]. Two chiral potentials at next-to-
leading order, namely NLO13 and NLO19 [25,40] with the
range of regulators Ay = 550-650 MeV, are chosen for the
YN interaction. In all calculations, contributions of the NN
and YN potentials in partial waves higher than J = 6 are left
out. The high partial waves affect the energies only by a few
keV. For simplicity, the electromagnetic part of the NN inter-
action [54] as well as the Coulomb point-like contribution in
some YN channels are not included in the SRG evolution,
but only added afterwards. We observed that evolving these
interactions changes hypernuclear binding energies only by
few keV.

5.1 Extrapolation of the binding energies

Due to the finite truncation in the single-particle Hilbert
space, results from the NCSM calculations are dependent
on the HO frequency w as well as on the model space size
N. Both parameters can be understood in terms of an ultra-
violet and infrared cutoff. Based on this insight, theoretically
founded extrapolations can be performed with respect to the
infrared cutoff [55-58]. This is especially interesting for the
calculation of expectation values of long range operators, like
radii, because the infrared dependence is pronounced in this
case. Since we will be most concerned about the ultraviolet
dependence, we follow here a simple, but practical approach.

In order to obtain converged binding energies, and, at the
same time, to be able to systematically estimate the numerical
uncertainties, we follow a two-step procedure as employed
in [38]. The first step is to minimize (eliminate) the HO-w
dependence. For each model space size A/, we first calculate
the binding energies, E (w, N), for arange of HO-w and then
utilize the following ansatz,

E(w,N) = Ex + k(log(w) — log(wop)?, (22)
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Fig. 3 E(‘/‘XHe, 07) as a function of HO w. Solid lines with differ-
ent colors and symbols represent numerical results for different model
spaces V. Dashed lines are obtained using the ansatz Eq. (22). The cal-
culations are based on the Idaho-N3LO(500) (NN) and NLO19(600)
(YN) interactions, SRG-evolved to Ayy = 1.6 fm~! and Ayy =
2.00 fm~!, respectively

to extract the lowest binding energy E ar for the considered
model space AV and the corresponding optimal HO frequency
wopt- As an example, we show in Fig. 3 the HO-w dependence
of E (j He, 0™) for model space A varying from 10 to 22. We
notice that the optimal frequency wop shifts to lower values
as the model space size N increases, and the w-dependence
of E(w, N) flattens out as we move forward to the largest
model space NMpax-

In the second step, the binding energies with the minimal
w-dependence, E z, are used for extrapolating to a converged
result in infinite model space assuming an exponential ansatz

En = Eoo + Ae BN . (23)

The confidence interval for each E nr in Eq. (23) can be deter-
mined either from the spread of the energy in the vicinity of
wopt Or from the slope between two successive energies, Enr
and E ary;. The latter is mostly employed in our calculations.
It should however be stressed that the two ways of assign-
ing confidence intervals are practically equivalent and lead
to the same results within the numerical uncertainties. The
determined intervals will serve as a weight for each E s in
the model-space fit using the ansatz in Eq. (23). The model-
space extrapolation for E (i‘He, 07) is illustrated in Fig. 4.
The final uncertainty (shaded area) is then taken as the dif-
ference between the extrapolated E, and E afpax-

In hypernuclear physics, we are generally more interested
in the so-called A—separation energy, B4, which is defined
as the difference between the binding energies of a hypernu-
cleus and of the corresponding core nucleus. Hence,

Ba(4He) = ECHe) — E(4He) . (24)

—10.644

—10.66 1

—10.681

MeV]

= -10.701

E

-10.721
-10.741
~10.76]
10 12 14 16 18 20 22

N

Fig. 4 N -dependence of E (‘kHe, 0%). The symbols and uncertainties
represent results extracted from Eq. (22). The black line is obtained
using Eq. (23). The (red) straight line with shaded area indicates the
converged result and its uncertainty. Same description of interactions
as in Fig. 3

—3.081

—3.10

—-3.124 L ]

—3.14

—Ba[MeV]

-3.16

—3.18

10 12 14 16 18 20 22
N

Fig. 5 N-dependence of By (ﬁ He, 0"). Same description as in Fig. 4

Following the definition Eq. (24), in principle, one can sub-
tract the separation energy for each w and NV,

Bs(4He,w,N) = ECHe, 0, N) — E(4He, 0, N) , (25)

and then employ the described two-step procedure to extrap-
olate the converged B 4. We have however observed that for
each model space size V, the useful ranges of @ and hence the
optimal frequencies wop for the nuclear core 3He and hyper-
nucleus ‘kHe are somewhat different. It is therefore advis-
able to eliminate the w-dependence of the binding energies
of *He and ‘j‘He separately. After that, one subtracts B4 (N)
for every model space N

Bs(4He, N') = ECHe, N) — E(4He, \) , (26)

and utilizes the ansatz Eq. (23) to extract the converged result
for By (‘}‘He) together with its uncertainty, see Fig. 5. Clearly,
the A-separation energy B4 (‘/‘X He) exhibits a slightly faster
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Fig. 6 N -dependence of: a B, (i He),b B4 (Z‘Li, %+O). Same description as in Fig. 4. The Idaho-N3LO NN and NLO19(600) YN potentials are

SRG evolved to Ayy = 1.6 fm~! and Ayy = 2.6 fm~!, respectively

convergence pattern as that of the binding energy E (‘}‘He).
This tendency is also observed for all other investigated
hypernuclei. For completeness, the model-space extrap-
olations of B4(3He) and Bs(},Li, 1/2T) are shown in
Fig. 6.

It is stressed that there is no fundamental reason that the
separation energies monotonically converge with increasing
model space, but we observed this monotonic behavior in all
systems computed so far. This motivated the use of Eq. (23)
for the extrapolation of the separation energies. Note that the
resulting energies are consistent with results of FY calcula-
tions and/or with a fit of the N dependence to a constant. The
latter way of fitting is less preferable since it generally leads
to larger uncertainties.

Let us finally emphasize that, although the described pro-
cedure is computationally rather expensive, it allows for a
systematic and, most importantly, reliable extraction of the
final results of the NCSM calculations. Within the Jacobi-
basis formalism such a robust extrapolation is feasible and
yields plausible results for light p-shell hypernuclei as one
will see in the following sections.

5.2 Benchmark results for ‘j‘He

As mentioned above, to validate the J-NCSM we benchmark
our converged results with the binding energies obtained
when solving the Faddeev-Yakubovsky equations [23]. More
details are given in Appendix B.

The binding energies for the ground state (07) and first
excited state (1) of jHe are tabulated in Table 1. Clearly,
within the numerical accuracy of better than 20 keV, the two
approaches, J-NCSM and FY, agree very nicely.

@ Springer

Table 1 Ground- and excited-state energies (in MeV) of ‘;He obtained
from the Faddeev- Yakubovsky (FY) and J-NCSM approaches. The cal-
culations are based on the Idaho-N3LO(500) NN interaction, SRG-
evolved to Ayy = 1.6 fm~!, and the NLO19(600) YN potential,
evolved to three different SRG flow values, namely Ayy = 1.6, 3.0
and 14.0 fm™!

AYN 0t 1t

[fm~1] J-NCSM FY J-NCSM FY
1.6 —10.700(1) —10.70 —9.863(3) —9.86
3.0 —10.751(6) —10.77 —9.81(1) -9.82
14.0 —9.27(8) —9.31(3)

5.3 Effects of NN chiral interactions on B4

It is known that the nuclear binding energy E (*He) and con-
sequently E (‘/‘\He) are very sensitive to the employed NN
potentials when three-nucleon (3N) and higher-body forces
are not included. This is noticeable in the binding energies of
the ‘lee(O“L) state shown in Fig. 7, obtained for various NN
forces: the Idaho-N3LO(500), the improved chiral N?LO and
N*LO with a configuration-space regulator of R = 0.9 fm
[59,60] and the SMS N*LO+(450).

All NN forces are evolved to an SRG parameter of
Ann = 1.6 fm~!. For that value overall the binding ener-
gies of the A = 3-6 nuclei are reasonably well described.
Of course, this requirement can be fulfilled within a cer-
tain range of Ayy values so that the actual choice is to
some extent arbitrary. The YN potential is evolved to a wide
range of flow parameters, 1.0 < Ayy < 3.0 fm~!. One
clearly sees that the binding-energy variations due to dif-
ferent chiral NN forces can be as large as 270 keV. How-
ever, being evolved to the same Ayy = 1.6 fm~1, these NN
potentials have a rather similar impact on the A removal
energy, in particular for low SRG-YN flow parameters
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Fig. 7 E (‘}lHe, 07) as a function of Ayy. The calculations are based
on the NLO19(600) YN potential and four chiral NN interactions: the
Idaho-N3LO(500) (red circles), two improved chiral-N*LO (blue tri-
angles) and chiral-N2LO (green diamonds) interactions regularized in
configuration space with a cutoff R = 0.9 fm [59,60], and the SMS
N4LO+(450) potential (black crosses). All NN potentials are evolved
to a flow parameter of Ayy = 1.6 fm~!. The error bars show the esti-
mated numerical uncertainties
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Fig. 8 B, (‘;He, 0T) as a function of Ayy. Same description of the
curves as in Fig. 7

Ayn < 1.6 fm~! where there is practically no difference in
BA(i‘He, 0t), see also Fig. 8. For higher values of Ayy,
the discrepancies among the computed values of By (‘kHe,
07) somewhat increase but remain relatively small, about
50keV at most (at Ly y = 2.0 fm~!). We stress that a similar
behavior is also observed for the A-separation energies of
4 He(17), S He and 7, Li(} ™, 0).

Hence, in order to further explore the effect of the NN
interaction on B,, we perform calculations using the two
most accurate NN potentials, namely Idaho-N3LO(500) and
SMS N*LO+(450) evolved to several Ay y flow variables. It
is remarked that, although these two NN potentials describe
the available NN scattering data almost perfectly, they indeed
have very different matrix elements, particularly in the high-
momentum region. It is therefore of great interest to study
their predictions for BA(A = 4 — 7) more carefully. To

speed up the convergence of the results, the NLO19(600) YN
potential is evolved to a flow parameter of Ayy = 2.0 fm™!.
This specific choice of Ay is based on the above observa-
tion (cf. Fig. 8) that the largest discrepancy in B, is gen-
erally observed at that flow parameter. The results for the
A = 4-7 hypernuclei are displayed in Fig. 9 where the A-
separation energies are plotted against the binding energies
of the corresponding core nucleus. For the chosen YN flow
parameter, the hypernuclei are strongly overbound compared
to experiment. We show the results here to emphasize the
effect of different NN interactions. For a direct compari-
son with the experimental separation energies, see below.
The energies obtained with the Idaho-N3LO(500) and SMS
N*LO+(450) potentials are denoted by red squares and blue
crosses, respectively. Also, the error bars are added in order
to indicate the estimated numerical uncertainties, which in
many cases are hardly visible. The light colored bands indi-
cate the variation of the separation energies depending on the
binding energy of the core nucleus. Evidently, there is a gen-
eral trend that stronger nuclear binding energies lead to larger
A-separation energies. Furthermore, the overall variations in
the A-separation energies of the two states jHe(O"’, 17) due
to the change in the *He core binding energies are noticeable,
i.e. around 400 keV (see panels (a), (b)). However, the width
of the band is rather small, of the order of 80 keV only.
For the iHe system, panel (c), the variation of B4 stem-
ming from the SRG evolution of the individual NN inter-
actions is roughly 600 keV while the overall discrepancy
caused by these two NN potentials can be twice as large.
It can be also clearly seen that the width of the band for
iHe is rather large, about 220 keV. However, given the con-
siderable variation in B4 (i He), the relative width (roughly
22% of the 1 MeV total variation for all NN interactions
employed) is of the same order of magnitude as that for the
two states of ‘j\He. Similarly, the effect of the SRG-NN evo-

lution on B4 (Z‘Li, %+) for the SRG-YN flow parameter of
Ayny = 2.0fmisalso pronounced. Here, one of the individ-
ual NN potentials, i.e. the Idaho—N3LO(500), already causes
a discrepancy in B4 (Z‘Li, %+) of about 0.8 MeV, which is
almost twice the variation in B4 (iHe). The total variation
when considering both interactions is however similar for
both hypernuclei, namely 1.1 MeV. But the relative varia-
tion (i.e. the relative width of the colored band in panel (d))
is rather large, about 400 keV (40% of the 1.1 MeV). For
larger Ay (Ann > 1.6 fm_l), the numerical uncertainties
become visible for Z‘Li and its core. Since the larger Ay v sig-
nificantly increase the width of the band, its width might be
further reduced when more converged calculations become
available also for these flow parameters. In any case, one
can expect from the correlations shown in Fig. 9 that the
dependence of B, on the nuclear interactions can be sub-
stantially reduced once the 3N forces are properly included
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Fig. 9 A-separation energies versus binding energies of the nuclear
core: a 4He(0%) and *He, b 4 He(1*) and 3He, ¢ 3 He and *He,

d Z‘Li({r,O) and °Li. The calculations are based on the Idaho-
N3LO(500) (red circles) and the SMS N*LO+(450) (blue aster-

so that nuclear core binding energies are in fair agreement
with experiment. Work in this direction is in progress.

5.4 Effects of the NLO YN interactions on B4

We are now in the position to study the impact of the NLO13
and NLO19 YN interactions on the A-separation energies.
The two NLO potentials are practically equivalent in terms of
describing two-body YN observables. Furthermore, by con-
struction, they reproduce the experimental binding energy of
ilH within its uncertainty (of order of 50 keV). However, as
discussed in Ref. [25], the NLO19 interaction is characterized
by a different (somewhat weaker) A-X' transition strength,
particularly in the 3| partial-wave channel, a feature that is
believed to be closely related to the strength of chiral YNN
forces [25,35]. The latter is expected to manifest itself in
the predictions of observables (e.g. separation energies) for
A > 4 hypernuclei and in infinite nuclear matter. Indeed, it
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isks) NN potentials, evolved to several values of Aypy, in com-
bination with the NLO19(600) YN interaction, SRG evolved to
Ayn = 2.0 fm~!'. The error bars show the estimated numerical
uncertainties

has been found that the NLO19 potential is more attractive
in the medium than NLO13 [25]. In addition, in that work,
the possible impact of the NLO13 and NLO19 potentials on
the A = 4 hypernucleus has been thoroughly investigated,
using the Faddeev-Yakubovsky approach. We provide here
again results for the spin-doublet states of ‘ﬁ‘He for bench-
marking. Furthermore, we extend the study to the A = 5-7
hypernuclei. For our purpose, it is sufficient to choose the
SMS N4LO+(450) potential with Ayy = 1.6 fm™~!.

The separation energies B, of the ground- and first-
excited states of the A = 4-7 hypernuclei evaluated for the
two NLO YN potentials with various regulators Ay = 500—
650 MeV are presented in Fig. 10. In that calculation, both
YN interactions are evolved to the same range of the SRG-
YN flow parameters, 0.8 < Ayy < 3.0 fm~!. For the two
states of Z‘Li, the calculations have only been performed
up to Ayy < 1.6 fm~! in order to save some computa-
tional resources. Overall, the dependence of B4 on the chi-
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Fig. 10 A-separation energies
of a4 He(07), b4 He(1%), ¢
SHe(4 ™), a7 Li(1/2h), e

7 Li(3/2%) as a function of the
SRG-YN flow parameter Ay y.
Black lines with grey bands
represent experimental value of
B 4 and the uncertainties,
respectively. The calculations
are based on the NN interaction
SMS N*LO+(450) with the
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ral regulator Ay is somewhat stronger for the NLO19 than
for the NLO13 potential. This, however, does not relate to
any physical reason but simply reflects the fact that, in the
NLO19 realization, one has less freedom to absorb regulator
artifacts into the parameters of the chiral interactions (low-
energy constants, LECs) because some of the LECs are deter-
mined (and taken over) from fits to NN phase shifts in line
with SU(3) flavor symmetry, see [25]. There are also notice-
able differences between the A-separation energies obtained
with the two interactions, which apparently exceed the Ay-
dependence. For all states except ‘kHe(O‘*‘), see panels (b—
e), one observes a general tendency toward larger B4 val-
ues predicted by NLO19 than those calculated with NLO13.
In other words, the interaction with a weaker A-X' conver-
sion potential generally leads to larger A-separation energies.

That trend is, however, not clear for the ground state of ‘k He as
can be seen in panel a. We remark that a similar (chiral) regu-
lator dependence and sensitivity to the YN potential has been
observed in the Faddeev—Yakubovsky results for A = 3, 4
hypernuclei, computed directly with the bare YN interactions
[25]. There, it was already found that NLO19 leads to some-
what stronger binding which might be a result of the weaker
A-X conversion of NLO19 compared to NLO13. The pro-
nounced variations of B, predicted by the two interactions
are a striking evidence for possible contributions of 3BFs to
the A separation energy. These discrepancies are expected to
be largely removed once proper chiral YNN forces are taken
into account explicitly [61].

Let us mention that the strong sensitivity of the A-
separation energies of iHe(l*) and iHe to the A-X transi-
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tion potential can be understood using a simple approxima-
tion for the effective spin-dependent AN potential in s-shell
hypernuclei, which can be written as [62,63]

3 .7 ,\,3 s 1 t
AH' VAN’\'ZVAN+ZVAN
~ 1 1
YHe(0h): Vay ~ —Viy +=Viy
2 2
27
4 + 7 1 s 5 t
S He(1T) : VAN'\’EVAN_I_EVAN
5 . ,.\,1 s 3 t
“He : VAN"“_VAN+ZVAN’

where V3 and V), are the singlet- and triplet two-body
potentials, respectively. It follows clearly from Eq. (27) that
the two states, 4 He(11) and iHe, are dominated by the
spin-triplet AN interaction, which is, as already mentioned,
strongly influenced by the A-X' conversion. Interestingly, as
can be seen in Fig. 10, the results for 4 He (1%),5He (1/2%)
and ALi (3 / 2+) in panels (b), (c) and (e) are clearly differ-
ent for the NLO13 and NLO19 set of interactions. To a lesser
extend this can also be seen for Z‘Li (1 / 2+) in panel (d). Since
‘/L‘He(l"’) and iHe are dominated by the 3S, interaction,
cf. Eq. (27), this suggests that the >S; contribution is also
very important for ALi, especially for the 3/27 state. A future
more detailed study will be necessary to validate this hypoth-
esis.

In this context, the probabilities of finding a X' particle
in the hypernuclear wave functions (Pyx) are of great inter-
est, too. Clearly, they are an indication for the strength of
the A-X conversion of the YN interaction. Moreover, it can
be expected that there are some correlations to the charge-
symmetry breaking (CSB) of A separation energies of mirror
hypernuclei as well [23,24]. Our calculated X -probabilities
for A = 4-7 hypernuclei obtained with the two NLO poten-
tials are shown in Fig. 11. It is interesting that in all systems
Py decreases with decreasing Ayy for Ayy > 1 fm~—! but
increases again for Ayy < 1 fm~!. Additionally, The results
displayed in panel (a) clearly indicate a noticeable depen-
dence of Px (i‘He, 07) on the chiral cutoff Ay. That regu-
lator dependence, however, becomes somewhat less visible
for all other states, see panels (b-e). Also, the variation of
the X -probabilities caused by the two chiral interactions is
most pronounced for iHe(O*). This is exactly opposite to
the observations for the A-separation energies as discussed
above. Moreover, there is an overall tendency toward larger
Py predicted by the interaction with a stronger A-X' transi-
tion (i.e. NLO13) although it is somewhat blurred by the regu-
lator dependence. We further note that, while there is a visible
difference between the X'-probabilities of the s-shell spin-
doublet states (in particular for the predictions of NLO13),
the p-shell doublet Px(’,Li, 1/2%) and Py (}|Li, 3/2%) are
quite similar for both interactions. Clearly, one sees that the

@ Springer

A-separation energies and X'-probabilities in A =4-7 hyper-
nuclei are somewhat correlated. However, we do not observe
a definite one-to-one correlation between the two quantities.

5.5 Correlation of A-separation energies

In Sect. 5.4, we have observed surprisingly similar trends
of the A-separation energies for all investigated hypernuclei
with respect to the running SRG-YN flow parameter Ay y.
This probably hints at some intriguing correlations between
the A-separation energies of these systems. In order to quan-
titatively study these correlations, we compute B, for all
considered hypernuclei, for the same range of Ayy evolu-
tion parameters, and compare the results with each other
for selected values of Ayy. It is known that iHe is the
experimentally best studied hypernucleus so far. Also, our
J-NCSM results for this hypernucleus are well-converged.
We therefore use SAHe as a benchmark system and plot
B4 (i‘ He) against the separation energies of other hypernu-
clear systems (A = 3-7), see Fig. 12. For that, we choose
Idaho-N3LO(500) evolved to an SRG-NN flow variable of
Ann = 1.6 fm~! for the NN interaction and NLO19 with a
regulator of Ay = 600 MeV for the YN interaction. How-
ever, we want to emphasize that similar trends are observed
for SMS N*LO+(450) and in combination with other YN
interactions, see also [48]. Let us first look at the correlation
between the A removal energies of the f‘He hypernucleus
and of the hypertriton. Here B4 (iH) are computed within
the Faddeev—Yakubovky approach since NCSM calculations
are very difficult for this weakly bound system. The correla-
tion plot is presented in panel (a) of Fig. 12. Here each symbol
represents the numerical B4 of the two systems calculated at
the same flow parameter Ayy, and it also includes the esti-
mated uncertainties that are small in most of the cases. The
straight line is obtained from a linear fit to the results, remind-
ing one of the Tjon line between the binding energies of “He
and 3He [67—72]. We observe a nearly perfect linear correla-
tion between B 4 (iH) and By (iHe) for flow parameters up
to Ayy = 2.0 fm~! and a slight deviation from the straight
line as Ayy further increases. The latter can be attributed
to the possible contribution of 3BFs [48]. Interestingly, the
correlation line goes through the experimental A-separation
energies of the two systems at Ayy = 0.836 fm~!. The
value of Ayy, at which the iHe hypernucleus is properly
described, will be referred to as the magic flow parameter
Ay - For that value, the separation energy of iH is 92 keV.
Using the bare NLO19(600) and the same NN interaction,
we found 119 keV which is in reasonable agreement with
the result at A}/,,. Obviously, the concrete value of A}, will
depend on the YN interactions as well as their regulators.
The correlation plots for the ground and excited states of
jHe/‘j‘H are displayed in panels (b) and (c), respectively.
While there is a strictly linear correlation between the sepa-
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ration energies B 4 (4, He/4 H, 11) and B (5 He), the correla-
tion line for B4 (4, He/4 H, 07) and B 4 (5, He) exhibits a small
loop to the right for large values of Ayy, Ayy > 2.4 fm™!
similar to the behavior of the correlation line for B 4 (iH) and
Ba (iHe). Also, from panels (b) and (c), one easily notices
almost identical results for the isospin mirrors ‘AHe and ‘}‘H.
This is because there are no CSB terms in the employed ver-
sion of the chiral YN potential. The CSB effect arising from
the point Coulomb interactions is included in the calcula-
tion, but its contribution is minor [73,74]. It is interesting
that, at the magic flow parameter, A’;’N = 0.836 fm~!, the
experimental value of B4 (‘;He, 17) is exactly reproduced
while the ground state is somewhat underbound. Further-
more, at this A}, our J-NCSM results for the spin dou-
blet of 4 He, B4(07(17)) = 1.57(0.97) MeV, are surpris-

14 16

ingly close to the those obtained within the exact Faddeev-
Yakubovsky method using the non-evolved bare YN interac-
tions, B4 (07 (17)) = 1.61(1.18) MeV. The slight deviation
between the two results is consistent with the size of 3BFs
expected from the power counting of chiral EFT [25].
Similarly, almost perfectly linear correlations are also
found between B4 (iHe) and the ground-state energies E 4
of the p-shell iHe and %Li hypernuclei, panel (d), as well
as the A-separation energies B, of the ground and first
excited states in ALi, panels (e) and (f), respectively. Note
that the resonance energies E 4 (Z Li/ aHe) are computed as
the difference between the hypernuclear binding energies
E (iLi / nge) and the binding energy E(*He). This removes
most of the NN-interaction dependence. In panel (d), one
notices a pronounced difference in the binding energies E 4
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Fig. 12 Correlations of
A-separation energies between
iHe and a ZH b the 07 state of
4 He (red) and 4 H (blue), ¢ the
17 state of Zj‘He (red) and %H
(blue), d § He (red) and § Li
(blue), e 7, Li(1/27F, 0) and f
7Li(3/2%, 0), for a wide range
of flow parameters Ayy. The
error bars represent numerical

uncertainties which are small in 31 An=0836

most of the cases. The
experimental A-separation
energy for g\He is from [52].
The results for other systems are (a)
taken from a [52], b—c [64] for

010 015 020 0.5
1
BAGH, 1)

4 He (black asterisk) and 4 H

(grey square), d [65] for %He
(black asterisk) and %Li (grey
square), e [52] and f [66]. The

Idaho-N3LO(500) evolved to 5 61
1.6 fm~! and NLO19(600) was z
used for the NN and YN =51

interaction, respectively
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of tE‘He and ‘j‘Li (about 1.08 MeV), which simply results
from different contributions of the Coulomb interactions of
the two nuclear cores He and SLi. We remark that the
NLO19(600) YN potential with the magic flow parame-
ter Ay, = 0.836 fm~! underbinds the ?‘He/gLi systems
while it slightly overbinds the first excited state in ALi.
The obtained A-separation energy for the ground state,
B,(lLi, 1/2%) = 5.59 £ 0.01 MeV, is, however, in very
good agreement with the result from emulsion experiments,
B4 (Z‘Li, 1/2%) = 5.584+0.03 MeV [52]. It should be noted
that counter experiments reported a somewhat larger value
for 7 Li(1/2%, 0), namely Bo(’,Li, 1/27) = 5.854+0.13 £
0.1 MeV [75].
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The observed linear correlations between the separation
energies of different hypernucler systems is rather striking
and interesting. It will be important to examine those corre-
lations using different YN bare interactions in order to check
whether this useful property is a universal feature or just a sig-
nature of the chiral interactions. Nevertheless, our finding for
the chiral forces with SRG evolution suggests that the miss-
ing SRG-induced three-body forces might be parameterized
by only one adjustable parameter (effects of SRG-induced
higher-body forces on B, are expected to be insignificant
[35]). If this is the case, one is able to minimize the effects
of the omitted three-body forces by tuning the SRG-YN flow
parameters Ayy to the magic value for which a particular
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hypernucleus, for example iHe, is properly described. This
magic flow parameter A}, then can serve as a good start-
ing point for hypernuclear calculations requiring a SRG-YN
evolution — which, in turn, may provide a good opportunity
to study hypernuclear structure as well as the YN forces in a
less expensive but realistic approach. A possible application
of this finding has been considered in [15,48]. In this context
let us mention that similar linear correlations have been also
observed in Ref. [19] for the double- A hypernuclei AS 4 Hand
L He.

As discussed in Ref. [25], the contribution of chiral 3BFs
is comparable to the uncertainty at NLO of approximately
200-300 keV for A = 4. The full Ayy dependence of the
result is an order of magnitude larger than what is expected
for 3BFs by chiral power counting. This situation is very
different from that for ordinary nuclei where SRG-induced
and chiral 3BFs are of comparable size. Wirth and Roth have
pointed out that the size of the SRG-induced 3BFs is prob-
ably enhanced because the X' contribution is significantly
weakened when Ay y is lowered [35]. Our observation here
is that, for extreme values of Ayp below 1 fm~!, the Px
value increases again and the overbinding disappears. For
such Ay y, the contribution of 3BFs is again in line with the
expectation from the chiral power counting. Especially, it
seems to be neglible for ZH

6 Conclusions

In this work, we have extended the nuclear J-NCSM to
describe baryonic systems with strangeness S = —1. The
inclusion of the strangeness degree of freedom significantly
complicates the implementation of the approach in part
because the particle conversion A-X is explicitly taken into
account. Accordingly, the Jacobi basis now consists of two
orthogonal subsets, characterized by the A and X' hyperons.
For the applications of the two-body NN and YN forces, we
introduced two auxiliary bases that explicitly single out the
involved NN and YN pairs, respectively. Like the coefficients
of fractional parentage, the expansion coefficients can also be
computed in a preparatory step separately from any binding-
energy calculations. Once they are known, the evaluation of
the many-body Hamiltonian matrix elements in the Jacobi
basis (and therefore the energy calculations) are straightfor-
ward.

As a first application of the Jacobi NCSM, we utilized the
approach to investigate hypernuclear systems with A =4-7.
Here, the A-separation (binding) energies are extracted sys-
tematically via a two-step procedure that enables an effective
removal of the HO-w sensitivity of the final results as well
as a reliable estimation of the numerical uncertainties.

We performed the energy calculations based on various
SRG-evolved chiral interactions. In particular, we considered
the Idaho N3LO and SMS N*LO NN potentials in combina-
tion with the next-to-leading order YN interactions, NLO13
and NLO19. We found that at low values of the SRG YN
flow parameter, Ayy < 1.4 fm~1, the separation energies
are not very sensitive to the NN potentials. The dependence
somewhat increases for higher Ayy, however, the relative
variations remain quite similar for all systems.

It turned out that, for some of the considered hypernu-
clei, there are large differences between the predictions of
the two practically phase-equivalent YN potentials NLO13
and NLO19. Those can be attributed to possible (but so far
neglected) contributions of chiral three-body (YNN) forces
[61]. We also observed that there are almost perfect linear cor-
relations between the A separation energies of the A = 4-7
hypernuclei calculated for a wide range of the SRG-YN flow
parameter. Interestingly, at the magic value Ay that yields
the empirical B4 (iHe), the separation energies of ZH and
iHe(O*, 1) are in good agreement with the results for the
non-evolved YN interactions (at least within the expected
contributions of the chiral 3BF), while the one for Z‘Li is
surprisingly close to the experiment. This may suggest that
by tuning the SRG parameter such that the iHe hypernu-
cleus is correctly reproduced, one can effectively minimize
the effects of the missing SRG-induced 3BF. Therefore, the
special flow parameter Ay, can be a good starting point
for hypernuclear calculations that require an SRG evolution.
Such calculations will be useful to develop improved YN
interactions. Eventually, taking SRG-induced and chiral 3BF
into account will be necessary. Work in this direction is in
progress.
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Appendix A: Transition ((oz*(l))*(Y) l*(¥N))

The states |o*¥™)) and |(a*(]))*(y)) with directions of
momenta are illustrated in Figs. 13 and 14, respectively. The
explicit quantum numbers of these states are

(@) =1 @17)
= \NIT. af" | nyIyiy:
1 D~
3 ysryInd, (T30 T) = @),

(A.1)
with
1 1 1 1) ~
|Ol?/§_)1)1v> = |N(j_)1)JZ(_iT:(_f, aa—NnNINty;
a2 Uns)IN T (Ta_atn) T
=|@—).
(A.2)
and
le* TNy = Jay ) ® laa—2)

=|NIT,ayy mraa—z; ((lyn(sysn)Syn)
JynAJa—2) L) T, ((tytn) TynTa—2)T)

= |Fol.

(A.3)

Thereby, the total HO quantum number is given by N =
./\f(tfl_)l) +2ny +1ly and N = Nyy + Na—p + 2n; + A

The transition ((a*(l))*(y) lo*¥N)) can be interpreted as a
transformation between different Jacobi coordinates. We can
therefore make use of the general Jacobi-coordinate trans-
formation formula Eq. (11) in [38]. For that, we first need to
specify the directions of the relative motions of particles (sub-
clusters) in the two states |o*¥ ™)) and |(a*(1))*(Y)). These
directions are depicted in Figs. 13 and 14.

Comparing the definitions of our two states |o*¥ ™)) and
} (a*(l))*(y)) with the corresponding ones in Eq. (11) in [38],
one notices that the directions of the relative momenta are the
same, however, the ordering of the coupling of the angular

@ Springer

momenta and isospins in | (a*(l))*(y>) and |a)(13)2 are differ-
ent. The recoupling from (TA_z tN)T:(_ll) to (ty TA_Z)T:(_?

requires a simple phase factor,

5 - (D) -
(a2 )T = (=12t =T38 1y Ty )73 0)),
(A.4)

And, changing the coupling |(Ja—2(ysn)In)JE0) to

|Un (v Ta—2)Sa—1)J 1)) can be done with the help of 6,-
symbols

|(Taalysm)In J30) = (— 1)y 2Taatlvesy

Ja_ Sa_
% Z A-2 SN Al}

*(1)
= Iy JA—l In
Sa—1=Ja-2+sN

X ’(ZN(SNjA72)SA71)JZ(_1{),

iNsA_l{

(A5)

where the abbreviation I N = /21N + 1, etc., is introduced.
Now taking into account Egs. (A.5) and (A.4) and then mak-
ing use of the Jacobi-coordinate transformation formula in

ayn @ NynJynTyn [

[ J
1 @a—2: Na2Ja-2Ta—2Ca—2

Fig. 13 |o*(YV)) state with directions of momenta

nNINsSNtN
1 aa—2:Nao2Ja2Ta 2Ca—2

2 ’nylySyty

Fig. 14 | (a*(l))*(y) ) state with directions of momenta
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[38], one obtains
((a*(l))*(Y> |a*(YN)>

= 8N/\7 81ny 8fA72TA72SfAfzfA—zSNA—ZNA—Z(SEA*ZZA*Z
S e e A ) Ak
x Iy Iy Jyn Syn IA—2]:(—{ T:(—f Tyn
X (—1)3JA—2+2TA—2+TYNJrSYNJF)LJF’YJFIVJF”VHNJFINJrl
N Ja—2 sy Sa-
x —1)Sa-183
2. D A_l{ v 1O Iy
Sa—1=Ja—2+sN

v Saa ) (rw Syn Jvw
X ZLzSZ ly sy Iy A JaaIan
L.S L S J L s J

x nylynyly : L|nynlynnyA:L)g
< Sy SN SYN ty IN TYN
Ja—2 S Sa— Tar T T:(,lf ’
(A.6)
where the HO bracket (ny Iy nyly : L|nyylynny A : L)y

follows the same convention as in [76] with the mass ratio
given by

(A —=2)m(ty)

d= .
(A—=1Dmpy +m(ty)

(A7)

Appendix B: Faddeev-Yakubovsky equations for hyper-
nuclei

Faddeev-Yakubovsky equations in momentum space are a
well established tool to solve the Schrodinger equations for
light hypernuclei with A = 3 or 4 [21,23]. We use A = 4
results to benchmark the NCSM and to provide results for
bare interactions. For A = 3, momentum space is much
more efficient for the representation of wave functions and,
therefore, for the solution of the Schrodinger equation than
HO wave functions. The weak binding of ZH leads to an
extremely slow convergence of the energy with respect to
N.

Our solution follows Ref. [77]. For A = 3, we need to
solve a set of coupled Faddeev equations

[Va) = Gotio(1 — P12)|¥)
[WB) = Gota1 (|Ya) — Pr2l¥B))

for two Faddeev amplitudes | 4) and | p). Here, we assume
that particles 1 and 2 are nucleons and particle 3 is the
hyperon. The permutation operator Py, exchanges all coor-
dinates and quantum numbers of the two nucleons. Gy is the
free three-baryon propagator. The two off-shell #-matrices #12
and 73 are solutions of the Lippmann-Schwinger equation of
subsystem (12) or (31), respectively. For the solution, we use

(B.8)

two momentum Jacobi bases:

. 1
|p12p3a) = |p12p3 |:(ll2S12)]12<13§>13i|](IIZZY)TMT>
(B.9)
and
1 1
|p31p2B) = P31P2|:(l31S31)J31<12§)12]J(t31§)TMT>.

(B.10)

Here, p;; denotes the magnitude of the relative momentum
in subsystem (ij) and py the relative momentum of particle k
relative to the other two particles. The angular dependence is
expanded in corresponding orbital angular /;; and ;. These
are coupled to the spin of the two-baryon subsystem s;; to
the total angular momentum of the subsystem j;;. [; and the
spin 1/2 of the third baryon couple to the spectator angular
momentum /. Finally, the total angular momentum J of the
three-body system is obtained by coupling j;; and I. The
isospin of the pair #; is coupled either with the isospin of
the hyperon ty = 0, 1 or with the isospin of the nucleon
1/2 to the total isospin T and its third component M7. For
the hypertriton M7 = 0 and T = 0 is the by far dominant
component of the wave function. For the solution, the two
Faddeev amplitudes | 4) and |yp) are expanded in terms
of their natural set of basis states |p12p3a) and |p31p2B),
respectivley. Because of the short-ranged hypernuclear inter-
actions, the f-matrices converge quickly with respect to par-
tial waves which is then also true for the Faddeev components
if expressed in their natural set of basis states. Note that tran-
sitions between these states are required in order to solve the
equations. In this work, we restrict the partial wave so that
Jij < 6. This ensures that energies are converged to better
than 1 keV. We also calculated the wave function

W) = [Ya) + (1 — P2)|¥B)

and checked explicitly that the expectation value of the oper-
ator agrees with the energy obtained by solving the Faddeev
equations. For this check, we need to include the T = 1 and
T = 2 contributions to reach an accuracy of the order of 1
keV.

For A = 4 hypernuclei, we need to solve a set of five
coupled Yakubovsky equations

[¥14) = Got12(P13 P23 + P12 P23)
[1¥14) + [¥1B) + [¥24)]

[¥18) = Gofiz [(1 — Pr2)(1 — Pa3)¥ic)
+(P13 P23 + P12 P23)|Y2)]

[Yic) = GotiallYia) + |Y1B) + [¥24) — Pr2l¥ic)
+P13P3|¥ic) + PiaPaslYas)]

[Y24) = Goti2 [(P12 — D) Pi3|yic) + [¥28)]

[Y2) = Gotza [|Y14) + Y1) + |¥24)]

(B.11)

(B.12)
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for the five Yakobovsky components |Y¥14), |V¥18), |¥1c),
|[Y24) and |Yrop). Each of these components is expanded in
terms of its natural Jacobi coordinate, respectively, as defined
below

[P12P3g40a)

1 1
P12D3q4 H(hzﬁz)]’u (13 5) 13} J123 <l4§> 14:| J

1
|:(t12 §)f123ly} TMT>

|P12paq3op)

) 1 . 1
P12p4q3 H(lm“n)m (145) 14} J124 <13 5) 13} J

1
|:(t12tY)7124§] TMT>

|p1ap2q3oc)

1 1
P14P2g3 [[(114S14)j14 <12§) 12} J124 (13 5) 13} J

[(m%)rmé] TMT>
|P12P349Ba)
= |p12p3aq [[(L12512) j12 A] 1 (I34534) j34] J
(t12134)T M)
|p34P129BB)
=|p3api2q [[(34534) j3a A1 1 (Li2s12) ji2]l J
(134112)T M) .

(B.13)

Here, the free propagator Go and the f-matrices #;; are of
course embedded into the four-baryon system. The cou-
pling scheme is much more complicated than in the three-
baryon system. Now there are two types of Jacobi coordinates
required. The first three basis sets are of the “3+1” type. Here,
three momenta p;;, px and g; are required that are relative
momenta within the pair ij, of particle k with respect to pair
ij and of particle [ with respect to the three-body subsytem
ijk. Additionally to the quantum numbers of the three-body
system, we have now introduced j;jx and 7;j; for the total
angular momentum and isospin of the three-body subsystem.
J, T and M7 are the total angular momentum, isospin and
third component of isospin of the four-baryon system. We
have again omitted the spins and isospins of the two baryons
in the inner most subsystem since only 74 = ty differs from
1/2. The last two basis sets are of the “2+2” type. Here, rel-
ative momenta of two two-body subsytems p;; and py; are
introduced together with angular momenta and isospins for
these subsystems. Additionally, the relative momentum of
the two pairs g and its angular momentum A is required. In
order to finally define the total four-body angular momen-
tum, an additional intermediate angular momentum / needs
to be introduced as seen in the definition of the states.

@ Springer

For four-baryon states, it is not sufficient to constrain the
two-body angular momenta in order to get a finite num-
ber of partial waves. Additional constraints on other angular
momenta are necessary. For the calculations of this work,
we chose Jij =< 50, <6, A <6, l,‘j +L+L <10
and /;; + Iy + A < 10. In order to save computational
resources, we restrict ourselves to the by far most impor-
tant isospin component 7 = 1/2, although the contribution
to the energy of the Yakubovsky equations induces an uncer-
tainty of 10 keV. Interestingly, the other isospin components
are more important when calculating the expectation value
for which they contribute approximately 20 keV. Note that
also our J-NCSM results are based on the dominant isospin
components only. We therefore need to take an uncertainty
of approximately 20 keV in the four-baryon systems into
account due to missing isospin components.

Once the Yakubovsky components are found, we obtain
the wave function by

|¥) = (1 + P13Py3 + P12 P23)|v14)
+(1 + P13 P23 + P12 P23)|V18))
+(1 = Pi2)(1 + P13 P23 + P2 P3) Y1)
+(1 + P13 P23 + P12 P23)|v24))

+(1 + Pi3P23 + P12 P23)|Y2B) . (B.14)

This briefly summarizes the Faddeev-Yakubovsky approach
as we used it for benchmarking our J-NCSM results.
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